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Abstract A real Liouville domain is a Liouville domain with an exact anti-symplectic
involution. The authors call a real Liouville domain uniruled if there exists an invariant
finite energy plane through every real point. Asymptotically, an invariant finite energy
plane converges to a symmetric periodic orbit. In this note, they work out a criterion
which guarantees uniruledness for real Liouville domains.
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1 Introduction

For closed symplectic manifolds, Hu, Li and Ruan [8] have defined the notion of symplectical
uniruledness by requiring the existence of a non-zero Gromov-Witten invariant of genus zero
with a point constraint (see [8]). It was pointed out by Li [9], that it is not meaningful to naively
mimic the definition of algebraic geometry, since he showed that for a simply-connected, closed
symplectic manifold, there always exists a symplectic surface in a suitable fixed homology
class going through a point. On the other hand, for Liouville domains, there are no non-
constant holomorphic spheres, and McLean proposed to use holomorphic planes instead (see
[14]). Roughly speaking, these holomorphic planes are asymptotic to periodic Reeb orbits, and
therefore play an important role in the dynamics on the boundary of the Liouville domains.
For instance, Hofer-Viterbo and Lu used a stretching construction involving related ideas to
prove versions of the Weinstein conjecture (see [4, 11]).

Many interesting symplectic manifolds come equipped with a symmetry in the form of
an anti-symplectic involution, also known as a real structure. In that case, one can investigate
holomorphic curves that are invariant under this involution to get more specialized information.
In the case of closed symplectic manifolds, this was done by Welschinger [20] in the form of
real Gromov-Witten invariants and it is the subject of ongoing research (see for instance [3]).
Therefore it is also natural to investigate the notion of uniruledness for Liouville domains that
have such a symmetry. An application of this notion consists of existence results for symmetric
periodic Reeb orbits.
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We will now state our notions and results more precisely. We define a real Liouville do-
main (W, A o) as a triple consisting of a Liouville domain (W, A) and an exact anti-symplectic
involution ¢ € Diff (W), i.e., a map p satisfying

0> =id, o*\= -\

If we restrict g to the boundary OW of the Liouville domain W, we get a real contact manifold,
meaning a contact manifold together with an involution, under which the contact form is anti-
invariant. If R denotes the Reeb vector field on OW, then R is anti-invariant under o as well,
ie.,

T > 0andve C>®([0,T],0W) is a T-periodic orbit for R, then v, € C*°([0,T],0W) defined
as

vp(t) = o(v(T' — 1))
is a T-periodic orbit as well.

Definition 1.1 A T-periodic orbit v € C*([0,T),0W) is called symmetric if it satisfies
V= 0,.

Symmetric periodic orbits play a prominent role in the restricted three body problem (see
[2]) as well as in the Seifert conjecture on brake orbits (see [19]).

The Weinstein conjecture asserts that on every closed contact manifold, the Reeb flow
admits a periodic orbit. Affirmative answers to this conjecture can be obtained in various cases
by taking advantage of the interplay between holomorphic curves and closed Reeb orbits (see
[4, 10-11, 21]). To examine this connection in the real case, we introduce the notion of an
uniruled real Liouville domain. Note that for a real Liouville domain (W, A, p), the Liouville
vector field X defined by the equation txd\ = X is invariant under ¢ and therefore p extends
to the completion V' of W. By abuse of notation, we will also use the symbols A and g for the
extensions to V. If we choose on V' an SFT-like almost-complex structure anti-invariant under
0, then o induces an involution of finite energy planes on V. Inspired by the paper of McLean
[14], we give the following definition.

Definition 1.2 A real Liouville domain (W, A, p) is called (real) uniruled if for every anti-
invariant SET-like complex structure J on the completion (V,\, o), there exists an invariant
finite energy plane of SFT-energy less than or equal to 1 through any given point on the La-
grangian submanifold Fix(p) C V.

Note that the above consists of a requirement for every anti-invariant complex structure J,
which makes this notion meaningful. In particular, there are real Liouville domains without any
finite energy plane for any SFT-like complex structure, such as the disk bundle D*¥, associated
with a hyperbolic metric on a surface of higher genus. For a simply-connected example, consider
the affine part of Fermat-type hypersurfaces,

{(2:07"' azn) € (CnJrl‘szk = 1}ﬂBR,
k=0

where Bp is a ball of sufficiently large radius R. If the degree k is larger than 3n — 2, then
the Fredholm index of any finite energy plane is negative. This implies that for a generic
choice of the SFT-like complex structure, no finite energy planes exist, and hence such an affine
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hypersurface is in particular not uniruled. Alternatively, one could use the real Gromov-Witten
theory, developed in [20], to formulate the above notion.

The asymptotic behavior of finite energy planes as studied in [5-7, 16] immediately implies
the following theorem.

Theorem 1.1 Assume that (W, X, 9) is a uniruled real Liouville domain. Then there exists
a symmetric periodic orbit of the Reeb vector field R on OW of period less than or equal to 1.

Remark 1.1 If one requires that the SFT-energy of the invariant finite energy planes in
Definition 1.2 is less than or equal to a constant x > 0 instead of being less than or equal to
1, the period of the symmetric Reeb orbit in Theorem 1.1 can be estimated from the above by
the constant x. However, we can always scale A to %/\ so that one does not gain anything by
considering this more general notion.

The purpose of this note is to provide a condition which guarantees uniruledness for a real
Liouville domain. For this, we embed the real Liouville domain into a closed symplectic manifold
and use the Gromov-Witten theory on this ambient manifold. One could use Welschinger’s
invariants (“real Gromov-Witten theory”) as are used for instance in [20], but we will argue
indirectly. Let us now explain the properties we require on the ambient manifold.

Assume that (M,w) is a closed symplectic manifold that satisfies the Bohr-Sommerfeld
condition, that is, the cohomology class represented by the symplectic form is integral in the
sense that the class [w] lies in the image of H2(M;Z) in H*(M;R). We suppose in addition
that [w] is primitive in the sense that for every k > 1, the cohomology class %[w] is not integral.

Definition 1.3 We say that a symplectic hypersurface ¥ C M is primitive if [X] is Poincaré
dual to |w].

Remark 1.2 If H?(M;Z) is torsion-free, this notion is unambiguous. If H2(M;Z) has
torsion, the class [w] € H3x(M) does not uniquely determine an integral cohomology class. In
this latter case, we mean that [X] is Poincaré dual to [w] when regarded as a real homology
class in Hap—o(M;R).

Denote by h: mo(M) — Ha(M;Z) the Hurewicz homomorphism.

Definition 1.4 We say that a class A € im(h) is decomposable if there exist classes B,C €
im(h) satisfying
A=B+C, ([w],B)>0, (w],C)>0.
We say that A is indecomposable if it is not decomposable.

Definition 1.5 A decoration D = (X, A,S) of (M,w) is a triple consisting of a primi-
tive symplectic hypersurface X C M, an indecomposable homology class A € H.(M) and a
submanifold S C X satisfying the following two requirements:

(i) Ao [X] =1.

(ii) The Gromou-Witten invariant GW4([S], [p]) is odd, where [p] is the homology class of
a point.

We refer to the triple (M,w, D) as a decorated symplectic manifold.

Remark 1.3 By Gromov-Witten invariants we mean the variants defined in [13], and for
this we insist that S should be a submanifold rather than a general cycle.

Remark 1.4 Note that for a decoration D = (¥, A4, 5), we have
(w],A) =PD(w)c A=[X]c A=1
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so that each holomorphic sphere contributing to the Gromov-Witten invariant GW ([S], [p])
has a symplectic area equal to 1.

Definition 1.6 Assume that (M,w, D) is a decorated symplectic manifold with decoration
D = (X,4,5). An anti-decorating involution p: M — M is an anti-symplectic involution
satisfying the following conditions:

(i) Both ¥ and S are invariant under p.

(i) poA = —A.
A decorated real symplectic manifold (M,w, D, p) is a quadruple consisting of a decorated sym-
plectic manifold (M,w, D) together with an anti-decorating involution p.

Definition 1.7 Assume that (W, A, 0) is a real Liouville domain and (M,w, D, p) is a dec-
orated real symplectic manifold. An embedding of a real Liouville domain into a decorated

symplectic manifold
e: (WA, 0) = (M,w,D, p)

is an embedding e: W — M \ ¥ satisfying
dA=¢c*w, p=¢"p.
A Christmas tree is a quadruple (W, A, p,e) consisting of a real Liouville domain (W, X, p) and
an embedding €: (W, A\, p) — (M,w, D, p) into a decorated real symplectic manifold.
The main result of this paper is the following theorem.

Theorem 1.2 Assume that (W, )\, p,e) is a Christmas tree satisfying by(W) = 0. Then
(W, A, p) is real uniruled.

Combining Theorem 1.2 with Theorem 1.1, we obtain the following corollary.

Corollary 1.1 Assume that (W, \ p,€) is a Christmas tree satisfying by(W) = 0. Then
there exists a symmetric periodic orbit of a period less than or equal to 1 for the Reeb flow on

ow.

2 Definitions and Notions of the Symplectic Field Theory (SFT for
short)

By a real symplectic manifold we mean a triple (M,w,p) where (M,w) is a symplectic
manifold and p € Diff (M) is an anti-symplectic involution, so

pPP=id, p'w=—w.

A Liouville domain is a compact exact symplectic manifold (W, w = d\) with a global Liouville
vector field, defined by txw = A, such that the boundary is smooth and convex, meaning that
the Liouville vector field X points outward at the boundary.

The boundary of a Liouville domain carries a natural cooriented contact structure. Indeed,
the Liouville condition implies that « := A|gw is a positive contact form on oW, so a A
(da)™~! > 0. The hyperplane distribution defined by

E=kera C TOW
is called the contact structure and the vector field R on W defined by the equations

trae=1, pda=0
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is called the Reeb vector field.

The following procedure can be used to complete a Liouville domain W into a so-called
Liouville manifold, which has cylindrical ends instead of convex boundary components. For
each boundary component C' of W, we attach the positive end of a symplectization, given by
the symplectic manifold ([0, co[xC,d(e’«)), to W along C. The Liouville vector field on the
cylindrical end is

0
X = pre
After this process we obtain a complete Liouville manifold, which we will denote by (V, \).

An almost-complex structure J on a complete Liouville manifold V' is called compatible with
the symplectic form w = dA if w(-, J-) is a Riemannian metric. An w-compatible almost-complex
structure J is called SFT-like if it satisfies the following conditions:

(1) J preserves the hyperplane distribution £ on OW C V.

(2) On OW it rotates the Liouville vector field into the Reeb vector field in the sense that
JX =Rand JR=-X.

(3) On the cylindrical end OW x [0, oo[ the almost-complex structure is invariant under the
Liouville flow ¢% for ¢ € [0, c0).

Pick an SFT-like almost-complex structure J on V' and assume that w: (C,i) — (V,J) is a
J-holomorphic plane. We now explain how to define the energy of w. This will be a variation
of the Hofer energy. Choose a small 6 > 0, indicating the size of a collar neighborhood of W,
and define

A= {peC( = 5,00[[0,1)): ¢/ = 0, ¢l|_s0 = O}

For ¢ € A, define a 1-form Ay € Q' (V) by

~Jor)a(z), ify=(x,7)€dW x[0,00],
Molw) = {¢<O>A<y>, ity cw

and abbreviate wg = dAy. The Hofer energy or SFT energy of w is then defined as
E(w) = sup/ w*we € [0, 00].
peEN JC

The holomorphic plane w is called a finite energy plane if it satisfies
0 < B(w) < 0.

We also have the following non-real version of uniruledness, somewhat different from [14].

Definition 2.1 We call a Liowville domain (W, \) uniruled if for every SFT-like almost-
complex structure J on its completion (V, ), there exists a finite energy plane through every
point of V.

3 Examples of Christmas Trees

In this section, we will discuss some examples of Christmas trees. An interesting example
concerns the canonical contact form and structure on the unit cotangent bundle of a sphere,
(T*S™, Acan, p), which can be embedded as a real Liouville manifold into the projective quadric
with various anti-symplectic involutions p. We will check that the projective quadric can be
decorated by computing a suitable Gromov-Witten invariant. Real Liouville structures on
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T*S? include the regularized, planar circular restricted three-body problem (see [1]), which
has one anti-symplectic involution, and the Hill’s lunar problem, which has two commuting
anti-symplectic involutions.

Before we verify the decoration requirements for the quadric, we start by giving the following
basic lemma.

Lemma 3.1 Let (M,w,D = (X, A, B)) be a decorated symplectic manifold with an anti-
decorating involution p. Then M — vy (X)) carries the structure of a real Liouville domain,
where vp (X) denotes a tubular neighborhood of ¥ in M.

Proof We first show that W := M — vy;(X) is an exact symplectic manifold. For this,
consider the long exact sequence of the pair in cohomology,

H2(M,W) 3 H* (M) ™ H>(W).

By Corollary 11.2 of [15], the cohomology ring H*(M, W) is canonically isomorphic to the
cohomology ring H*(va(X), var(X)o), associated with the normal bundle of 3. Here vy (X)o
denotes the normal bundle of ¥ with its zero-section removed. Thus the Thom class u €
H?(vp (), var(X)o) corresponds to a class v’ in H?(M,W). As the homology class [¥] is
Poincaré dual to [w] (over the reals), it follows that j5u’ equals [w] by Problem 11-C from [15].
By exactness of the long exact sequence of the pair, we see ji [w] = jiy o jsu’ = 0, so there
exists a 1-form A € Qj, such that d\ = Q = w|w .

We now show that we can choose a real Liouville form X, ie., p*X = —\. Since d\ = Q and
p Q= —Q, we see that there exists a closed 1-form p such that

PN= =X+ p.
Since A = p* o p*A = A — p+ P, we see that u = p*u. Define A=\ — %u. Then p*X =
p*A— 3p* = —A+ tp = —X Hence (W, ), p) is the desired real Liouville domain.

3.1 Smooth quadrics in a projective space

We define a quadric in a projective space as the zero-set of a non-zero homogeneous quadratic
polynomial. Note that a homogeneous quadratic polynomial can always be written as p(z) =
2'Bz, where B is a symmetric matrix. By Sylvester’s theorem, we can assume that B is
diagonal. We then easily see the following result.

Lemma 3.2 A quadric is smooth if and only if B has the mazimal rank.

We have the following identification of the smooth projective quadric with an oriented
Grassmannian.

Lemma 3.3 The smooth projective quadric given by
Q"= {[207"' s 2nt1] € (C]P’”“‘ Zz? - 0}
J

is diffeomorphic to the symmetric space Gr+(2,n+2) = S(S)ggf) xSO(n). Furthermore, SO(n+

2) acts transitively via biholomorphisms.

Proof For the first part, we exhibit the diffeomorphism
Gri(2,n+2)—Q",
span(x,y) — z + iy,
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where z,y € R"*2 form an orthonormal basis of the 2-plane they span. We use that > 2]2 =

j
llz||? = |y||? + 2i(x,y). To see that SO(n + 2) acts by biholomorphisms, just observe that

SO(n +2) x Q" — Q",
(A [z +iy]) — [Az +iAy] = [A(z +iy)].

By an affine quadric we mean the zero-set of a non-zero quadratic polynomial in C**!. Away
from possible singular points, an affine quadric inherits a symplectic structure as a complex
submanifold of a Ké&hler manifold. It is well-known (see [12, Exercise 6.20]), that a smooth
affine quadric is symplectomorphic to T*S™ with its canonical symplectic structure.

Lemma 3.4 There is a symplectomorphism

(V - {(207 o ’Z") = (Cn—H‘ ZZjQ = 1}7(4)0) - (T*Sn7wcan) C T*Rn—Ha
J

. x
z=x+1iy — (—, ||a:|\y)
[l

The singular affine quadric appearing in the following lemma is also of interest.

Lemma 3.5 The symplectization of (ST*S™, Acan) s symplectomorphic to
Vo= {(z0,++ ,20) € C| 3722 =0} {0},
J

In addition, the standard complex structure i is an SFT-like complex structure for the symplec-
tization.

3.2 Naive Gromov-Witten invariants of quadrics

We consider a smooth quadric Q™ given as the zero locus of the symmetric bilinear form
B. The Lefschetz hyperplane theorem implies that for n > 2, we have Ha(Q™;Z) =2 Z (see [12,
Example 4.27]). Moreover, this homology group is generated by a line L, by which we mean a
map of the form [\ : u] € CP! — Ap + g, where p,q € Q" C CP"*! (so B(p,p) = B(q,q) =0)
and B(p, q¢) = 0. The quadric Q? in 4-dimensions is diffeomorphic to S? x S2, so Ha(Q?;Z) = 72,
and there are two types of lines, distinguished by their homology classes. We will equip Q™
with its natural complex structure Jy.

Let Hol(Jo, [L]) denote the space of Jo-holomorphic maps from CP! to Q™ representing the
homology class [L]. Write M(Jy,[L]) for the moduli space of Jy-holomorphic curves with the

homology class [L]. We have
_ Hol(Jy, [L])
M(J07 [L]) - Aut((CIP’l) .

We will compute some Gromov-Witten invariants by “naive counting” (see [18]). To show that
this works, we need to establish the regularity of Jy.

3.3 Moduli space and regularity

Let L be a line on a smooth projective quadric with a primitive homology class [L] €
Hy(Q™;Z). We linearize the Cauchy-Riemann equations at a parametrization of L given by
u: CP' — Q.
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Lemma 3.6 The linearized operator at u is surjective. In particular, the space of holomor-
phic maps Hol(Jo, [L]) in Q™ is a smooth manifold of dimension dim Hol(Jy, [L]) = 2n + 2n.

We give two arguments for this statement.

3.3.1 Regularity via sheaves and splitting of the normal bundle

In the language of sheaves, triviality of the cokernel is equivalent to vanishing of the sheaf
cohomology group H'(L,7Q"|1) (see the statement of Riemann-Roch). We have the short
exact sequence of sheaves

0—-7L—-T7Q"|, — v —0,

where vy, is the sheaf of germs of holomorphic sections of the normal bundle of L. A piece of
the corresponding long exact sequence in cohomology looks like

HYL,TL) —» H'(L,TQ"|1) — H*(L,vz).

It is a well-known classical fact that H*(CP',O(k)) = 0 for k > —1 (a generalization of this
formula is known as the Bott formula (see [17, Chapter 1]), so we see directly that H(L, 7 L) =
0 as 7L = O(2). For the normal bundle, note that a line L in a smooth quadric Q™ is always
contained in a tower of smooth quadrics of the form

Lc@’c@*c---cQm

The normal bundle vgr (Q*~!) is isomorphic to O(1), and the normal bundle vg2 (L) is trivial,
so vy, splits as

o e o0.
By the earlier mentioned Bott formula H'(L,vr) = H'(CP!,0(1))®"~2 @ H'(CP',0) = 0,
we conclude that H'(L,7Q"|) = 0.

3.3.2 Regularity via holomorphic transitive actions

Lemma 3.3 tells us that we have a holomorphic transitive action on Q™, so by [13, Proposition
7.4.3], every holomorphic sphere is regular, and the claim of the lemma follows.

3.4 Lines through a point

Now consider the evaluation map

ev HO](.]Q, [L]) X Aut(CP') (CIPl — Qn,

[u, z] — u(z).

By Sard’s theorem we find a regular value p of ev, and in fact, since SO(n + 2) acts transitively
on Qm, every value is regular. Define the moduli space of lines through p as M, = ev"1(p).

Geometrically, we can describe M, as follows. If L = pq is a line through p and ¢ which is
completely contained in Q™, then B(\p + ug, Ap + pq) = 0 for all [\ : u] € CPL. This gives a
quadratic equation in A and p, which should vanish identically, so by looking at the coefficients,
we find

B(p,p) =0, B(p,q) =0, B(q,q)=0.
As p and ¢ lie on Q", we automatically have B(p,p) = 0 = B(q,q). The remaining equation

defines a hyperplane in CP"*!, namely, the “geometric tangent plane”

P:={ze€ CP""' | B(p,z) =0}.
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Since every line through p intersects the quadric at infinity, which is given by Qe = {z = [20 :
i zn 1 0] | 2 € @™}, we can identify the moduli space of lines through p with M, = Q. N P.
To obtain a Gromov-Witten invariant, we will consider lines through p going through an

additional cycle C. First define

ev : Hol(Jo, [L]) X aut(cpry CP' x CP' — Q" x Q™,

[u; 21, 2] = (u(z1), u(z2)).

A dimension count tells us that C' should be a 2-cycle if we want ev™({p} x C) to consist of
points. Hence we take C' to be a line (which is of course a smooth submanifold) in Q. which
transversely intersects M,,, regarded as a subset in (), in a point gop. We get a unique element
in M(Jo, [L]) X Aug(cpr) CP! x CP! which maps to (p,q) € Q™ x Q", and we may represent this
element by (u;[0: 1],[1 : 0]).

To check that the evaluation map is transverse to {p} x C, we observe that C' is transverse
to the set

Cone(p, M) = {q € Q" | g lies on the line from p to some point in M, C Qs C Q"}.

First we show that vectors of the form (v,0) € T,Q™ x T, Q™ lie in the image of Tjy;[0:1],[1:0€V-
Indeed, put ps := expp(sv), and follow the above procedure to define M, . For a small s, we
find a unique intersection point g5 := M, N C. Therefore we find a variation (us, [0 : 1],[1 : 0])
which maps to (ps, ¢s) under ev. Note here that the curve g5 is tangent to C.

To see that a vector of the form (0,w) also lies in the image of Tjy;jo.1),1:01)€v, We first
note that we can assume that w lies in the tangent space to Cone(p, M,,) since the normal to
Cone(p, M,) is tangent to C. The curve g, := exp,(sw) lies in Cone(p, M,), so by definition
of this cone, we find a line from p to ¢s. Hence we find a variation (us, [0 : 1],[1 : z]) which
maps to (p, qs).

We conclude the following result.

n

Proposition 3.1 The 2-point Gromov-Witten invariant GW[% ([p], [C]) equals 1.

We remind the reader that H2(Q?) = Z @ Z, and there are two distinct homology classes
[L] represented by a line in this case. We collect the above results in the following theorem.

Theorem 3.1 The projective quadric Q™ admits a decoration by D = (Q"~1,[L],C), where
[L] is the homology class of a line and C' is the submanifold described above.

Remark 3.1 It is clear that the projective quadric has many anti-symplectic involutions.
For instance, we can compose conjugation with swapping coordinates.

4 Existence of Invariant Curves

Complex conjugation on CP! defines an anti-symplectic involution Ry: CP* — CP*, namely
PO[ZO : 21] = [50 : 51].

Now pick an w-compatible almost-complex structure J on T'M which is anti-invariant under p,
SO

prJ=—J
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Denote the space of parametrized J-holomorphic maps from CP* to M by Hol(J). We define
an involution on this space:

I: Hol(J) — Hol(J),

U POUO .
Now we will write the fixed-point locus of this involution as
Hol(J)? = {u € Hol(J) : I(u) = u}.

Take a point p € M, a submanifold S C M and a spherical homology class A € im(h), where
h: mo(M) — Ho(M;Z) is the Hurewicz homomorphism, and define

Hol(J; (S,p; A)) = {u € Hol(J) : u(v) € S,u(o) = p, [u] = A},

where v = [1 : 0] € CP' is the “north-pole” and ¢ = [0 : 1] € CP' is the “south-pole”. Note
that both the north-pole and the south-pole lie on the real part RP' = Fix(pg) C CP'. The
parametrization has not yet been fully determined by just two marked points, so we still have
a C*-action on this space. Later, we will mod out by this action.

Suppose now that S is invariant under p, that the point p lies in the Lagrangian L = Fix(p),
and that the homology class A is anti-invariant, so p,A = —A. Then the space Hol(J, (S, p; A))
is invariant under the involution I and we set

Hol?(J, (S,p; A)) = Hol(J, (S, p; A)) N Hol(J)".

If ¥ C M is a symplectic submanifold, we will write # (X, p) for the space of all w-compatible
almost-complex structures on M, which are anti-invariant under the anti-symplectic involution
p and are restricted on ¥ to an w|y-compatible almost-complex structure such that ¥ becomes
a J-holomorphic submanifold of M. We will denote the complement of ¥ in M by X°. The
main result of this section is the following theorem.

Theorem 4.1 Assume that (M,w, D, p) is a decorated real symplectic manifold with dec-
oration D = (X, A,S). Then for every point p € L N3¢ and every almost-complex structure
Je _Z(%,p), the moduli space M%(S,p; A) = Hol”(J, (S, p; A))/C* is nonempty.

The proof of Theorem 4.1 needs some preparation. We first recall from [13, Section 2.5] that
a holomorphic curve u: CP* — M is called multiply covered if there exists a holomorphic curve
v: CP' — M and a holomorphic map ¢: CP' — CP! satisfying

u=wvo¢, deg(p)>1.

If a curve is not multiply covered, it is called simple.
Lemma 4.1 A holomorphic curve u € Hol(J) is simple if and only if I(u) is simple.

Proof First suppose that w is simple and that v € Hol(J) and ¢: CP' — CP! is a holo-
morphic map such that
I(u) =vod.

By using that I is an involution, we compute

u=I*(u) = I(v$) = pvdpo = pvpopodpo = I1(v) o (podpo)-
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Since u is simple, by assumption, we conclude that

deg(¢) = deg(poppo) = 1

and therefore I(u) is simple as well. This proves the “only if” part and the “if” part follows
again from the fact that I2(u) = u.

We now need the fact that Aut(CP') = PSLy(C).

Definition 4.1 A simple holomorphic curve u € Hol(J) is called a pseudo-fixed point if
there exists ¢ € PSLy(C) such that I(u) = wo ¢. It is called a fized point if ¢ is the identity,
i.e., I(u) =u.

Remark 4.1 It follows from [13, Proposition 2.5.1] that a simple holomorphic curve has no
nontrivial automorphisms. Therefore the map ¢ for a pseudo-fixed point is uniquely determined.

Lemma 4.2 Assume that u € Hol(J) is a pseudo-fized point, so that I(u) = u¢ for some
¢ € PSLy(C). Then ¢py: CP' — CP' is an anti-holomorphic involution.

Proof It is clear that ¢pg is anti-holomorphic. To check that it is an involution, we
compute

u=1*(u) = I(ug) = pudpo = pupopodpo = I(u)podpo = udpodpo.

Since u is simple by assumption, it follows from [13, Proposition 2.5.1] that « has no nontrivial
automorphisms so that

(6po)® = id.
This finishes the proof of the lemma.
We abbreviate by Z C Diff ((C]P’l) the space of anti-holomorphic involutions of CP*.

Proposition 4.1 The space Z has two connected components.

Proof We first show that 7 is diffeomorphic to the space
J ={[A] € PSLy(C): [A] = [A71]},

where for A € SL2(C) we denote by [A] its equivalence class in the projectivization P.SLy(C)
and by A the complex conjugate of the matrix A. We define a map

®:T—J, ¥ Ppo.

To check that this map is well defined, we first note that 1pg: CP* — CP' is a biholomorphism
so that ¥py = [A] € PSLy(C). Now we compute by using the fact that py as well as ¢ are
involutions

[A] = po(¥po)po = pot = pg ™" = (¥po) ' = [A71].

This proves that ® is well defined. To show that it is a diffeomorphism we construct its inverse
as follows
VT =1, ¢+ 9po.

That W is inverse to ® is an immediate consequence of the fact that pg is an involution. Therefore
it just remains to check that ¥ is well defined, i.e., ¢pg is actually an involution. This follows
from the following computation:

(6p0)* = d(podpo) = dp¢p~ ' = id.
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This proves that Z and J are diffeomorphic.
In view of the diffeomorphism established above, we are left to show that 7 has two con-
nected components. We rewrite J first as the quotient

_J
J = Z—2,
where L N
J=J+UJ-
with

@—{A‘@ 1) €5 (0 )=+ (% _EE)}

and the Zs-action identifies A with —A. Note that both j+ and J_ are invariant under the
Zo-action. If A = (‘; Z) € J+, then this is equivalent to that

a=d, bcciR, la|>—bc=1.
Hence we can identify jJr with the hyperboloid of one sheet
Hy = {(2v1, 22, w3, 24) €R* 1 2% + 22 + 22 — 22 =1}

via the map

H1_>‘7+) (x17$27$37x4)p—> ( xl‘f’ZIQ 1(1‘3—’—])4)).

1(1‘3 — 1‘4) xr1 — i{EQ

The hyperboloid of one sheet H; is connected and therefore we conclude that jJr and ‘%—;“ are
connected as well. B

It remains to show that ‘;—; is connected as well. If A = (‘Z g) € J_, then this is equivalent
to that

a=—d, bceR, |a*—bc=1.

Hence we can identify 7, with the hyperboloid of two sheets
Ho = {(x1, 72, 23, 24) € R*: —2% — 23 — 23 + 27 =1}

via the map
~ Ty + iz T3+ T
H2_>~7*7 (x1,$2,$3,x4)'_>( ! ° ° : )

T3 —Tq4 —x1 +ixg

The pullback of the involution on jj to Hso is given by x — —z. This involution interchanges

the two sheets of Ho and therefore ‘Z—g is connected. This finishes the proof of the proposition.

Keeping the notation from the proof of Proposition 4.1, we abbreviate the two connected
components of the space Z by

Iy =V(Ty), Jy:= %

2
An example of a holomorphic involution in Z; is the involution pg: [20 : z1] — [Zo : Z1] and an
example of an anti-holomorphic involution in Z_ is the antipodal map o¢: [20 : z1] — [Z1 : —Z0)-
Note that the fixed-point set of pg is topologically a circle, while oy has no fixed points. Since
the topological type of the fixed-point set only depends on the connected component of Z, we
conclude with the following lemma.
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Lemma 4.3 FEach anti-holomorphic involution in I_ acts freely, while the fized-point set
of each involution in I, is topologically a circle.

Definition 4.2 A pseudo-fized-point u € Hol(J) satisfying I(u) = u¢ is said to be of type
1if p € Jy. Otherwise u is said to be of type II, meaning that ¢ € J_.

Proposition 4.2 Assume that v € Hol(J) is a pseudo-fized-point of type 1. Then there
exists 1) € PSLy(C) such that w o is a fized point.

Proof Since u is a pseudo-fixed-point, we have I(u) = u¢ for ¢ € PSL2(C) and because
u is of type I, we have ¢pg € 7. By Lemma 4.3 we know that the fixed-point set of ¢pg is
topologically a circle. Identify CP' with the 2-dimensional sphere $? = {x € R? : ||z|| = 1} via
stereographic projection. We first claim that the fixed-point set Fix(¢pg) is actually a small
circle, namely, the intersection of S? with an affine plane in R®. To see this, pick three points
on Fix(¢pp). These three points uniquely determine a small circle. Since ¢ and py map small
circles to small circles, we conclude that this small circle is fixed under ¢pg and hence has to
agree with Fix(¢po). This shows that Fix(¢pp) is a small circle.

Since the group PSLo(C) acts transitively on small circles, we conclude that there exists
1 € PSLy(C) satisfying

¥ (Fix(po)) = Fix(dpo).
This implies that
Fix(¢po) = Fix(¢¥pop™ ).
By analyticity, we conclude that
$po = Ypoth .

Using this equality, we compute

I(up) = puppy = pupopotbpo = udpotpo = uppotp™ 9po = uip.
Hence u1 is a fixed point. This finishes the proof of the proposition.

Proposition 4.3 Assume that X C M is a complex p-invariant hypersurface and u €
Hol(J) is a pseudo-fized-point satisfying [u] o [E] =1 and im(u) ¢ ¥. Then u is of type I.

Proof Since [u]o[X] = 1, the image of u is not contained in 3 and ¥ is complex, we deduce
from positivity of intersections that #u~1(X) = 1, i.e., there exists wg € CP* such that

uw (%) = {wo). (4.1)

Since w is a pseudo-fixed-point, there exists ¢ € PSLo(C) such that I(u) = ugp. We compute
by using the p-invariance of ¥,

ugpo(wo) = pupopo(wo) = pu(wo) € pX = X.
We deduce from (4.1) that
¢po(wo) = wo.

In particular, the fixed-point set of the anti-holomorphic involution ¢py is not empty. We
conclude by Lemma 4.3 that ¢py € Z, or equivalently that ¢ € J,, and therefore u is a
pseudo-fixed-point of type I. This proves the proposition.
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Definition 4.3 Assume u € Hol(J). A point w € CP*' is called a p-injective point of u if

du(w) #0, u™H{u(w), pu(w)} = {w}.

Lemma 4.4 Assume that u € Hol(J) is a simple holomorphic map which is not a pseudo-
fized-point. Then the complement of the set of p-injective points of u is finite.

Proof Denote by Z, C CP' the complement of the set of p-injective points. Abbreviate
further
Z = {w € CP" : du(w) = 0 or #u (u(w)) > 1}

the set of non-injective points of u and
T = {(wo, w1) € CP' x CP" : u(wp) = pu(w), wo # wi}.

Consider the map
7: T — CP?, m(wo,wr) = wp.

Note that
Z, = Z Uim(m).
Since w is simple, the set Z is finite by positivity of intersection (see [13, Theorem E.1.2]).

It therefore suffices to show that the set 7 is finite as well. To see that, first note that by
Lemma 4.1, I(u) is simple as well. Therefore it follows from [13, Corollary 2.5.3] that

im(u) # im(1(u)).
Hence by positivity of intersection
#{(wo, w;) € CP' x CP* : u(wp) = I'(u)(w1)} < .
Note that

#{(wo,w;) € CP" x CP' : u(wp) = I(u)(w;)}
= #{(wo,w1) € CP' x CP" : u(wy) = pu(w:)}.

We deduce that
#T < .

This finishes the proof of the lemma.
We are now ready to prove the main result of this section.

Proof of Theorem 4.1 We argue by contradiction and assume that there exists J €
(%, p) such that the moduli space M’(S,p; A) = Holp% is empty. Since A is inde-
composable, there is no bubbling and therefore it follows from compactness of holomorphic
curves that there exists an open neighborhood #, C _# (%, p) of J such that M, (S,p; A) =0
for every J' € #y. In view of Proposition 4.2, there is therefore no pseudo-fixed-point of type I
in the space of holomorphic maps Hol”(J’, (S, p; A)) for every J' € #,. Together with Propo-
sition 4.3, the assumptions of the theorem show that there does not exist a pseudo-fixed-point
of type II either and therefore there are no pseudo-fixed-points at all in Hol(J’, (S, p; A)) for
every J' € Zo.

Furthermore, A is indecomposable, so each holomorphic curve u representing A is simple and
we conclude by Lemma 4.4 that for every J' € ¢, every holomorphic map u € Hol(J’, (S, p; 4))
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has p-injective points. Transversality arguments (see [13, Section 6.2, Section 6.3]), then show
that there exists an open and dense subset #)°® C _# such that for every J' € _#,°%, the
Gromov-Witten invariant GW4([S], [p]) can be obtained as the signed count of points in the
moduli space M(J', (S,p; A)) = Hol(J', (S, p; A))/C*. Since this Gromov-Witten invariant is
odd by assumption, we conclude that

1= GWA([S], [p]) mod 2 = #M 5/ (S, p; A) mod 2.

However, the moduli space M j/(S, p; A) is invariant under the involution I which has no fixed
points by construction. Therefore the cardinality of the moduli space M j/ (S, p; A) has to be
even. This contradiction finishes the proof of the theorem.

5 The Proof

The basic idea to prove Theorem 1.2 is to embed a real Liouville domain into a decorated
symplectic manifold, making it into a Christmas tree. By hanging up some Christmas balls, or
in other words, taking holomorphic spheres through ¥ and a given real point p, and applying
a stretching construction, we obtain an invariant finite energy plane through a given point in
the real locus.

We need some lemmas to prepare the Christmas tree for the Christmas balls.

Lemma 5.1 Let (M,w,D = (X,A,S)) be a decorated symplectic manifold with an anti-
symplectic involution p, and assume that (Wo, Ao, plw,) s a real Liouwville domain that embeds
into the interior of M —v(X) for some p-invariant neighborhood v(X) of ¥. Suppose in addition
that bl(Wo) =0.

Then Wy := M — v(X) carries the structure of a real Liouville domain (W1, A1, plw,) such
that (Wo, Ao, plw, ) is a real Liowville subdomain in the sense that \i|w, = Xo.

Proof Since we will need a cut-off function, we first extend Ag to a neighborhood of Wj.
By Lemma 3.1, Wy := M — v(X) is a real Liouville domain (W7, Xl, p). Asw = Xm =d) on a
neighborhood of Wy, we see that A1 — Ao is closed, and as by (W) = 0, we find a function f on a
neighborhood of Wy such that A\g = i — df. It follows directly that p*df = —df. If p*f # —f,
then we replace f by 3(f — p*f) .

Find a p-invariant cut-off function g such that ¢ =1 on Wy, and g = 0 on the complement
of a neighborhood of Wj. Then A\ = A1 — d(gf) has the desired properties.

Lemma 5.2 Let (M,w,D = (X,A,5)) be a decorated symplectic manifold, and assume
that (Wo, Ao, plw,) is a real Liouville domain that embeds into the interior of M — v(X) for
some p-invariant neighborhood v(X) of ¥. Suppose in addition that by(Wy) = 0. Let J be an
almost-complex structure on M that is compatible with w and SFT-like near OW.

Assume that u : CP' — M is a J-holomorphic sphere through a point p € Wy such that
[u] o [X] = 1. Then the component C of u=Y(Wy) containing zo with u(zg) = p satisfies the
following:

(1) C is diffeomorphic to a disk.

(2) [pulgw = [ouledho < 1. In particular, the SET energy of u|c is bounded from above
by 1.

Proof After possibly shifting the boundary W a little bit, we can assume that u =1 (W)
consists of finitely many circles. Let C' denote the component of u~1(Wj) containing zo. We
claim that C has only one boundary component. To see why, note that if C' has more than
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one boundary component, then there is a connected component of C :=CP! — int(C) with the
properties

(1) C shares a boundary component with C.

(2) u(C) does not intersect v(X), and is contained in M — int(Wp).

To see that, the latter condition can be imposed. We observe that u intersects ¥ only once,
and we also use that CP* has genus 0.

Now apply the previous lemma to see that M — v(X) carries the structure of a real Liouville
domain (W1, A1) with a real Liouville subdomain (W, A). This allows us to compute the energy

of C' via Stokes’ theorem,

Eu~):/u*~w=/du’i)\1:/ ui )\ < 0.
(vl e ¢ e ¢ ac ©

The last inequality holds, because the orientation induced by the outward pointing normal is
minus the one induced by the Reeb vector field; one can see this by using that J is SFT-like
near 0Wy. Since the energy of the holomorphic curve u|z is positive, this is a contradiction, so
we conclude that C' has one boundary component. It follows directly that C' is diffeomorphic
to a disk. The claimed energy estimate is now also clear, since fcx@l ww=1.

We will now apply a stretching argument to obtain an invariant finite energy plane. This is
illustrated in Figure 1. Let X denote the Liouville vector field on M —X. Take a point p € Wy,

p

<>

up

Figure 1 Hanging up Christmas balls (holomorphic spheres) in a Christmas tree

and for 7 € R>( define p,, by following the Liouville flow backwards, as p, = F 1%X_(p). Define
the stretched Liouville domain W{ by

WJ = (Wo,w = d)\o) Us ([O,T] X 8W0,d(et)\0|awo) )

Choose a compatible complex structure J, on W, which is SFT-like on [0, 7] x 9W,. We choose
this sequence J; such that it is a constant sequence of complex structures when restricted to
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Wo. Since the map = — FIX(x) provides a symplectic deformation from Wy to W, we can
pull back J. to a complex structure on Wy, which is SFT-like near the boundary. Extend this
Jr to a compatible complex structure J, for (M,w).
With Lemma 5.2 applied to an invariant holomorphic sphere obtained with Theorem 4.1,
we find a jT—holomorphic disk
i, :C, C CP' — W,

going through p., with its boundary on OWy. We now stretch the Liouville domain Wy to
a Liouville domain W{ by using the above deformation. This deformation also gives us a

J--holomorphic curve
ur : Cr — Wy

going through p. As the Hofer energy of u, is bounded by 1, so is the Hofer energy of u..
Denote the norm induced by w-(-,J-) by || - |- By rescaling the domain, we can ensure
that max |[dur|l+ = 1; we need to rescale the disk C; for this, but we will continue to write
zeCr

C; for this rescaled disk. Since p lies in Wy and the boundary of the disk, u,(9C;), lies on

{1} x W), we see directly that the radius for the disk C; has to be at least 7 by a very crude

estimate, using max |[dur]|- = 1. Taking the limit 7 — oo, we find a convergent subspace, and
zeCr

obtain a map
Uso : C — W(T,

where W§® is the completion of Wy. As the Hofer energy of u is bounded from above by 1,
we conclude that us is the desired finite energy plane through p € Wj.
This stretching construction also implies the well-known corollary (see also [11]).

Corollary 5.1 Let (W, \) be a Liouville domain admitting an embedding into a decorated
symplectic manifold (M,w, D). Suppose that by(W) = 0. Then W is uniruled. Furthermore,
there exists a periodic orbit of a period less than or equal to 1 for the Reeb flow on OW.
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