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Abstract This paper focuses on nonlocal integral boundary value problems for elliptic
differential-operator equations. Here given conditions guarantee that maximal regularity
and Fredholmness in L, spaces. These results are applied to the Cauchy problem for ab-
stract parabolic equations, its infinite systems and boundary value problems for anisotropic
partial differential equations in mixed Lp norm.
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1 Introduction

Boundary value problems (for short BVPs) for differential-operator equations (for short
DOEs) have been studied extensively by many researchers (see [1-3, 8, 10-11, 14-23, 25-32]
and the references therein). A comprehensive introduction to the DOEs and historical references
may be found in [16, 28]. The maximal regularity properties for differential-operator equations
have been investigated, e.g., in [1, 8, 10-11, 17-22, 26, 28, 30-32].

In recent years, integral boundary conditions (for short IBC) for evolution problems have
found many applications in various disciplines such as chemical engineering, thermoplasticity,
underground water flow and population dynamics (see [4, 7, 9, 13, 24] and the references
therein).

The main purpose aim of the present paper, is to show the separability properties of the
integral boundary value problem (for short IBVP) for the following DOE:

—u®@(2) + Au(z) + I = f(2) (1.1)

and maximal regularity of Cauchy problem for the following abstract parabolic equation:

ou  O%u
a—@-f—/lu(l’,t) *f(xvt)a (12)

with integral boundary conditions, where A is a linear operator in the Banach space E and A

is a complex parameter.
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Unlike the previous results, the boundary conditions here contain nonlocal integral terms.
The maximal L,-regularity and the Fredholmness are obtained. Moreover, it is proven that the
corresponding elliptic operator is R-positive and is a generator of an analytic semigroup. These
results are applied to nonlocal BVPs for partial differential equations and it’s finite or infinite
systems on cylindrical domains.

We shall prove the separability of the problem (1.1), i.e., we show that for each f €
L,(0,1; E), there exists a unique strong solution w of the problem (1.1) and the following
uniform coercive estimate holds:

2

SN2 [ 0,08y + AUl Ly0.155) < ClF L 0.1:8)-
=0

Let E be a Banach space and L,(€2; E) denotes the space of strongly measurable E-valued
functions that are defined on the measurable subset 2 C R™ with the norm

1
11, = 11z = ([ 17@I5de)7. 1<p<oo,
The Banach space F is called a UMD-space if the Hilbert operator

(Hf)(xz) =lim Mdy
70 jg—y|>e T Y
is bounded in L,(R, E), p € (1,00) (see [6]), where R = (—00,00). UMD spaces include, e.g.,
L,, 1, spaces and Lorentz spaces Lyq, p,q € (1,00).
Let C be the set of the complex numbers and

Se={X\ AeC, |arg\| < p}U{0}, 0<p<m.

A linear operator A is said to be p-positive in a Banach space E with bound M > 0 if D(A)
is dense on F and

I(A+AD) M) < M1+ [A)~

for any A € Sy, 0 < ¢ < m, where [ is the identity operator in E, and B(FE) is the space of
bounded linear operators in E. Sometimes A + AI will be written as A+ A and denoted by Ajy.
It is known in [27, §1.15.1] that there exist the fractional powers A% of a positive operator A.
Let E(A%) denote the space D(A?) with norm

1
lull aey = (lul” + [|A%|?)7, 1< p < oo, 0<8 < o0

Let By and Es be two Banach spaces. By (E1, E2)gp, 0 <0 <1, 1 <p < oo, we denote
the interpolation spaces obtained from {FEj, E3} by the K-method (see [27, §1.3.2]).

Let S(R™; E) denote the Schwartz class, i.e., the space of all E-valued rapidly decreas-
ing smooth functions on R™. Let F' denote the Fourier transformation. A function ¥ €
C(R™; B(E1, E3)) is called a Fourier multiplier from L,(R™; Ey) to L,(R™; Es) if the map
u — Au = F1U(E)Fu, u € S(R"; Ey) is well defined and extends to a bounded linear op-
erator

A: L,(R™ Ey) — Ly(R™; Es).
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The set of all multipliers from L,(R"™; E1) to L,(R"; E2) will be denoted by MP(E1, Ez). For
Ey = By = E, it will be denoted by MP(E). The most important facts about Fourier multipliers
and some related references, can be found in [11-12, 27, 30].

Let @5 = {V), € MP(E1, E2), h € Q} be a collection of multipliers. We say that W}, is a
uniform collection of multipliers if there exists a positive constant M independent of h € @
such that

[F U Ful n@nims) < M|z, @n;6,)

for all h € @ and u € S(R™; Ey).

Let N denote the set of natural numbers. A set G C B(FE1, E») is called R-bounded (see [10])
if there is a positive constant C' such that for all 173,75, - ,T,, € G and uj ug, -+ ,un € Ey,
m €N,

m m
T TuH d §C/ H T uH dy,
/QH; ](y) 7%\ g, Yy o jz:; j(y) i g, Y

where {r;} is a sequence of independent symmetric {—1, 1}-valued random variables on € (see
[11]). The smallest C for which the above estimate holds is called an R-bound of the collection
G and denoted by R(G).

A set G, C B(Fi,E>) depending on parameter h € @ is called uniformly R-bounded
with respect to h if there exists a constant C, independent of h € (), such that for all
Ti(h), Ta(h), -, Tim(h) € Gy and uy ug, -+ , Uy € E1, m € N,

/HZT] uj dy<C’/Her u]’ dy.

It implies that sup R(G) < C. Let
heQ

ﬂ:(ﬂlvﬂ%"'vﬂn)a 52(5175%"'75”); 5625161522' gﬁn |ﬂ|:Zﬂka
k=1

)
Djza—é, DP =D¥pY ... DB U =18 B;€{0,1}, j=1,2,--- ,n}.
J

Definition 1.1 A Banach space E is said to be a space satisfying a multiplier condition if,
for any ¥ € C™(R™; B(E)), the R-boundedness of the set {|§|W|D?\I'h(§) ;£ eR"\{0},5€U}
implies that V is a Fourier multiplier, i.e., ¥ € MP(E) for any p € (1, 0).

The uniform R-boundedness of the set |£||B‘D?\I/h(§) ;£ eR"\{0},8 €U}, ie,

sup R(|¢|¥IDLw(): € e RM\{0},B€U}) <K
€

implies that W}, is a uniform collection of Fourier multipliers.

Remark 1.1 Definition 1.1 is a restriction on the Banach spaces E. If F is a UMD
space, then this space satisfies the multiplier condition. All UMD spaces satisfy the multiplier
condition (see [12]).
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The @-positive operator A is said to be R-positive in a Banach space FE if the set
La={6A+& €8}, 0<p<n

is R-bounded.

Note that in Hilbert spaces, all norm-bounded sets are R-bounded. Therefore, in Hilbert
spaces, all positive operators are R-positive. If A is the generator of a contraction semigroup
on Ly, 1 < g < oo or A has the bounded imaginary powers with [|A®|| g < Ce”l*,
[11]) in E € UMD, then those operators are R-positive.

Let D(Q); E') denote the class of all E-valued infinite differentiable functions on domain 2

with compact supports. For E = C, denotes it by D(f2).

v < 3 (see

Let 0o (E) denote the space of all compact operators in E. Let Ep and E be two Banach
spaces and Ej be continuously and densely embedded into E. Let m be a positive integer. Let
us consider the space W)"(Q; Ey, E), consisting of all functions u € L,($; Ep) that have the
generalized derivatives Dj*u = 2°% € [,(Q; E) with the norm

- m
ox}

n
lullwye @20, = 1ully@:z0) + D I DFullL,0:m) < oo
k=1

For = (a,b), a,b € (—00,0), the space W, () Ep, E) will be denoted by W;"(a,b; Ey, E)
and for Ey = E, denotes it by W)"(Q; E).
By using the techniques of [12, Theorem 3.7] we obtain the following proposition.
Proposition 1.1 Let E; and Es be two UMD spaces and
U, € C"(R™\{0}; B(E1, E»)).

Suppose that there exists a positive constant K such that

sup R({|¢[1D WA (€):€ € R™\{0},6 € U}) < K.
€
Then Uy, is a uniform collection of multipliers from L,(R™; Ey) to L,(R™; Ey) for p € (1,00).

From [21, Theorem 4] we obtain the following theorem.

Theorem 1.1 Let the following conditions be satisfied:

(1) E is a Banach space satisfying the uniform multiplier condition p € (1,00) and 0 < h <
ho < oo are certain parameters;

(2) m is a positive integer and o = (a1, 2, -+ ,qy,) are n-tuples of nonnegative integer
numbers such that

e=10<1, 0<p<l-sm

(3) A is an R-positive operator in E with 0 < ¢ < 7;

(4) Q € R™ is a region such that there exists a bounded linear extension operator between
from W (Q; E(A), E) to W (R™; E(A), E) and from Ly(%; E) to Ly(R"™; E).

Then, the embedding D*W (% E(A), E) C Ly(Q; E(A'™*71)) is continuous and there ex-
ists a positive constant C, such that

n
[T 1D ullL, @:mear-=ny) < Cull*[ullwp @:mcay,m + B~ full L, m)] (1.3)
k=1
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for all uw € W (Q; E(A), E) and 0 < h < ho.

Remark 1.2 If Q@ C R" is a region satisfying m-horn condition (see [5, §7]), F = R,
A = I, then for p € (1,00) there exists a bounded linear extension operator from W;" () =
W (R, R) to W (R") = W(R™; R, R).

From [21, Theorem 6] we obtain the following theorem.

Theorem 1.2 Suppose that all conditions of Theorem 1.1 are satisfied. Let 0 < p <1 — s
Then the embedding

DWW (Q; E(A), E) C Lyp(; (E(A), ). p)

is continuous and there exists a positive constant C), such that for all u € W*(2; E(A), E), the
uniform estimate holds, i.e.,

DUl £, (B (A), B s ) < Culh [l umay. ey + ™ |ull L im)]-

Remark 1.3 Note that the constant €', in the above estimate depends only on hg, p and
T. Since these numbers are bounded and fixed, this dependence does not influence the further
results.

Theorem 1.3 (see [22]) Let E be a Banach space and A be a @-positive operator in E
with bound M, 0 < ¢ < w. Let m be a positive integer, 1 < p < oo and « € (1;—1;’, 1;*_1)’}’ + m),
1

N 1
0 < v < pl—1. Then for A € S,, an operator —A3 generates a semigroup e %A% which
is holomorphic for x > 0. Moreover, there exists a positive constant C (depending only on
M, p,m,« and p) such that for every u € (E,E(Am))&fu_w7 and A € S,

m  2mp P

oo 1
_zAZ _liq
| 1age R upatde < Ollullp ppamy ., + N F ).
m ~ 2mp

From [28, §1.7.7, Theorem 2] we obtain the following theorem.

Theorem 1.4 Let m and j be integer numbers, 0 < j < m—1, 0; = %, xo € [0,0].
Then, for w € W,(0,b; Eo, E), the transformations u — u9) (x0) are bounded linearly from

W (0,05 Eo, E) onto (Eo, E)s, , and the following inequality holds:

149 @o)l (2o, B)a, , < CUL™ |z, 0,0:8) + [z, ©0.0:50))-

By using the integral representation formula, in a similar way as in [5, §10.1] we have the
following theorem.

Theorem 1.5 Let m and j be integer numbers, 0 < j < m —1, 0; = RItl 0 < b < ho,

pm ’
zg € [0,b]. Then, for u € W;(0,b; E), 0 < j < m — 1, the transformation u — w9 (zg) is
bounded linearly from W (0,b; E) onto E and the following inequality holds:

14" (@o)l[ & < O~ [ u"™ |1, 0,0:) + h ™" [ullz,, (0,0:m))-

Let A be a positive operator in a Banach space E. Consider the differential-operator equation

Lu = u™ (z) + ZakA% u™ R () =0, x€(a,b). (1.4)
k=1
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Let wy,ws, -+ ,wy, be the roots of the equation
W™ 4 a, =0
and

Wmin :min{argwj7 .7: 1; ,q; arg Wj+777 ]:q+17 am}a

Wmax:max{argwja jzla , 45 arng+7T, jZQ+1a 7m}7

where ¢ is some integer number from (1,m).

A system of complex numbers wy,ws, - -+ ,wy, is called g-separated if there exists a straight
line P passing through 0 such that no value of the numbers wj lies on it, and wi,ws, -+ ,wy are
on one side of P while wg41,- - ,wy, are on the other side.

Lemma 1.1 (see [20]) Let the following conditions be satisfied:
(1) am #0 and wj, j =1,---,m, are g-separated;
(2) E is a Banach space satisfying the multiplier condition for p € (1,00);
(3) A is an R-positive operator in E.
Then for a function u(x) to be a solution of Equation (1.4), which belongs to the space W (a, b;

E(A), E), it is necessary that u = E e~ (@ “)“"Amg + Z e (b ’”)“"A’" gk, where
k=1 k=q+1

gr € (E(A),E) 1

mp P

k=1,2,-,m.

2 Statement of the Problem

In a Banach space E, consider the integral boundary value problem

Lu = —u®(z) + Au(z) + u = f(z), € (0,1),

1 2.1
Lku:/O By (z)u(x)dx = f, (21)

where f € L,(0,1; E), fr € Ep = (E(A), E)ay.p, p € (1,00); A and By, are linear operators in
FE and ) is a complex parameter.

3 Homogeneous Equations

Let us first consider the following problem:
(L + Nu=—u® () + (A+ Nu(z) =0, (3.1)

Lku—/ Bu(@)u(a)ds = fr, fr € By, k=1,2, (3.2)

where A is a complex parameter, A and By, are linear operators in E, E, = (E(A), E)q, p-

Remark 3.1 Let A be a positive operator in E. By definition, the operator Ay = A + \
is p1-positive in E for |arg)A| < ¢ and ¢ + ¢1 < m. From the beginning of the proof of
[28, Lemma 5.4.2/4], for |arg\| < ¢ and |arg u] < ¢1, ¢, 1 € (0,7), we have the estimate

My

[(Ax+p)7H <
|
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with My depending on ¢ only. Then in view of [8, Lemma 2.6], there exist semigroups Uy (x) =
1 1

e—oAX , Uax(z) = e~(1=2)A% which are holomorphic for z > 0 and strongly continuous for z > 0.
Let

1
Nij = / Bi(x)Ujxdzx, 4,5 =1,2, 1 =mn11122 — m12721.
0

Condition 3.1 Assume that

(1) E is a Banach space satisfying the multiplier condition and 7 # 0;

(2) A is an R-positive operator in E;

(3) D(By) C (E(A), E)sete,p for se = ap — ﬁ, % <ap <l ay= m]?x{ak}, ee (0,1—5)
and

IBr(z)ulle < Cllull(ga),B)uie, v E (E(A), E)serep;
(4) the operators u — Lju are bounded from Wg (0,1; E(A), E) into E.

Theorem 3.1 Suppose that Condition 3.1 is satisfied. Then, the problem (3.1)—~(3.2) for
fr € Ei, p € (1,00) and X € S, with sufficiently large |\| has a unique solution u €
W2(0,1; E(A), E) and the following coercive uniform estimate holds:

2 .
>t
=0

w0158 + [[Aullz,0.1:8)

2
< MY (il + A7 | full ). (3-3)
k=1

Proof By virtue of Lemma 1.1 and Remark 1.3, an arbitrary solution of Equation (3.2)
belonging to the space WI? (0,1; E(A), E), has the form
u(z) = Uinn(z)g1 + Uaa(2)g2, (3.4)

where

gk € (E(A),E) 1 k=1,2.

3500

Now taking into account boundary conditions (3.3) we obtain the algebraic linear equations
with respect to g1, 92 :

1 1
/ Bi(z)Upx(x)dxg: +/ By (x)Uax(z)dzgs = f1,
0 0

N L (3.5)
/ Ba(z)Upx(x)dxg: +/ Bo(z)Usy (x)dxge = fo.
0 0
Since the operator determinant 7 # 0, the system (3.5) has the solution g; = %, g2 = z]—2,

where
7 = n22ft —mafe, Y2 =mife—n21f1

Hence, the problem (3.1)—(3.2) has a solution given bellow

u(r) = %[Uu(x)(ﬂzzﬁ —maf2) + Uax(z)(m1fe — n21f1)]
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= %{[Uu(ﬂ?)nm — Uax(z)n21] f1 + [Uaa(@)m1 — Urx(z)ma] f2}- (3.6)

By virtue of [8, Lemma 2.6], we have

1 1
le=A% | < CeNIZe 50, 2 e (0,1), Ae S(p). (3.7)

In view of (3.6), by estimate (3.7), the condition 3.1(2) and in view of the positivity of A, we
obtain

2

Yo

=0

p(0,1;E)

2

+ 14307 AU @) = Uan@mz) ol 1, 0,1

[Uix(z)n22 — Uax(z)n21] f1ll 2, (0,1:5)

2

1—ot 5= 1—op+ =
§ E A, ™ UL, 01:8) + | Ay * UaafrllL,0,1m)]-
k=1

1
Eadl
Hence, from Theorem 1.3 we obtain the assertion

k+1
DF  [Viyr, Vi) = ch+1 {(Vier), DM (Vi)

= [D"* (Vir1), Visr] + Vg, D (Vi)

4 Non-homogenous Equations
Now consider IBVPs for non-homogenous equation
(L+Nu=—u® (@) + (A+ Nu(z) = f(z), z€(0,1), (4.1)

Liu = / Br(z)u(z)dz = fi, f € (E(A), E)a, - (4.2)

Theorem 4.1 Suppose that Condition 3.1 is satisfied. Then the operator v — {(L +
MNu, Lyu, Lou} for |arg\| < ¢, 0 < ¢ < 7 and sufficiently large ||, is an isomorphism from
Wg(O, 1;E(A), E) onto L,(0,1; E) x Ey x Ey. Moreover, for these A, the following uniform
coercive estimate holds:

2
Z |>\|17%|\U(j)|\L,,(0,1;E) + HAUHL,,(O,LE)
2 1
< ClIfln,0m + D (Ifellm, + A= fillg). (43)
k=1

Proof We have proved the uniqueness of solution of the problem (4.1)—(4.2) in Theorem 3.1.
By definition of W2(0,1; E(A), E) and by (4) of Condition 3.1, it is easy to see that the operator
u — {(L+ A)u, Lyu, Lyu} is bounded from W2(0,1; E(A), E) into L,(0,1; E) x Ey x E,. Hence,
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by the Banach theorem, it is sufficient to show that the operator u — {(L + \)u, Lyu, Lou} is
surjective from W2 (0,1; E(A), E) into L,(0,1; E) x Ey x E. Let us define

=\ [ flx), ifzel01],
) = {0, if # ¢ [0,1].

We now show that the problem (4.1)-(4.2) has a solution u € W2(0,1; E(A), E) for all
f€Ly0,1;E), fr € By and v = uq + ug, where ;g is the restriction on [0, 1] of the solution of
the equation

[L+ Nu= f(z), z € (—00,0) (4.4)
and us is a solution of the problem
[L+ANu=0, Lgu= fr— Lius. (4.5)
By virtue of Theorem 3.1, the problem (4.4) has a unique solution
uy € W7(0,1; E(A), E).

A solution of Equation (4.4) is given by the formula

u(w) = P O OFT = o T e L) (FT)()de,

2 J_ o

where L(\, &) = A+ &2 + \. Tt follows from the above expression that

2
Z A2 D) ey + | Aull 1, 2o

§=0
2 j . p— p—
= ST PTG L N F Tl + IFTALT O F Pl iy (46)
§=0
Let us show that operator-functions
2 .
Ua(€) = AL (N6, ax(€) =D ATEILTI(N )
j=0

are Fourier multipliers in L,(R; E') uniformly with respect to A. In fact, due to positivity of A
and by virtue of [8, Lemma 2.3 | we have the following uniform estimates:

IO < M1+ €2+ MDD~

911 (4.7)
AN = [A[A+ A+ 777 < Ch.

It is clear to see that

éd%\lu(f) = 22AL(M€) = [-262L (N AL\ €).

Due to R-positivity of the operator A, the sets

{(2[A+ €+ N7 e R0}, {A[A+&+ 7" : € e R\{0}}
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are R-bounded. Then in view of the Kahane’s contraction principle and from the product
properties of the collection of R-bounded operators (see [11, Lemma 3.5, Proposition 3.4]) we
obtain

R{eg (0 ¢ RO} } <C

That is to say, the R-bound of the set

{e 0 ¢ e R0

is independent of A. Next, let us consider o (§). It is clear to see that

2
loa sz < CINYIEIN 2P 1L Ol 5es).

Jj=0

Then by using the well-known inequality 3/ < C(1+y™),y >0, j <m for y = (|A|"7[¢|)7 and
m = 2, we get the uniform estimate

2 -
St < oA+ €2). (4.8)
j=0

From (4.7)-(4.8) we have
loa@llsE) < CIMN+E)(1+€ + M)~ < C.
Due to the R-positivity of the operator A, the set
{(AI+€)L7H N €) - € e R\{0}}

is R-bounded. Then from the equality

2 .
= [ IR A + €N + €927 (A, €)

j=0

and by Kahane’s contraction principle we obtain the R-boundedness of set

{oa () - € € R\{0}}.

Now by differentiating o (£) we have

d _i _ . _
gd—gam——umu +]lel [€9L71 — 269+ 7]
2
= (=22 (ALY + STIAREN(A + €)1 (A + €3
7j=1

+ [( - 22 IAII*%H)(IAI +52>*1} [(Al+¢*)L71eL

Jj=1
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Consider the set

{oo(A€) € €R{0}}, oo(A€) = fd%m@.

Due to the R-positivity of the operator A, the sets
{o1(X,€) : €€ R\{0}}, (A &) = AL,
{02\ &) : £ e R\{0}}, 0a(A &) = (A + &)L,
{JJ(Avf) : 5 € R\{O}v 03(>‘a£) = £2L71}

are R-bounded. Then from the above formula in view of estimate (4.7), by virtue of the Kahane’s
contraction principle and from the product and additional properties of the collection of R-
bounded operators, for all &,&, - ,&n € R, 0x(&1,A), 0(&2,A), -+, 0(Emy )y Ut ug, -+, U,
€ E and independent symmetric {—1, 1}-valued random variables r;(y), j = 1,2,--- ,m, m € N,
we obtain the uniform estimate

/Q Hirj(y)ao()\afj)ujHEdyS023: /Q Hiaku,ej)m(y)ujHEdy,
j=1 k=1 j=1

< C/Quirj(y)uy‘HEdy,
j=1

ie.,

d

sng({gd—gm\(ﬁ) €€ R\{O}}) <C.

Then in view of Definition 1.1, it follows that ¥, (&) and o (§) are the uniform collection of
multipliers in L,(R; E). Then, by using the equality (4.6) we obtain that the problem (4.4) has
a solution u € W2(R; E(A), E) and the uniform estimate holds, i.e.,

2
> AW g, @ + Az, @5y < ClFllL, @:m)- (4.9)
§=0

Let u; be the restriction of u on (0,1). Then the estimate (4.9) implies that
uy € W7(0,1; E(A), E).
By virtue of Theorem 1.5, we get
u{™ () € (B(A); E)oppr k=1,2.

Hence, Liuy € Ej. Thus by virtue of Theorem 4.1, the problem (4.9) has a unique solution
up(x) that belongs to the space W3 (0,1; E(A), E) and for sufficiently large |A| we have

2
STINTE S, 0,18 + I Auz] 1, 0,.1:)

j=0
2
< O fellm + N fulle + ™ ooz + A ludlleqom)-  (4.10)
k=1
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Moreover, from (4.10), for | arg A| < ¢ we obtain

2

STINTE w1 0,0,8) + Aullz, 0,05 < ClFlL 0158 (4.11)
j=0

By Theorem 4.1, we have

2
ST E US|, 0,18 + w2z, 0.0:m)
3=0

2
< C(Iflz,01m + 3 (Wil s + AU fells) ) (4.12)
k=1

Finally, from (4.11)—(4.12) we obtain the estimate (4.3).
Consider the problem

L+ Nu=—uP(z) + (A+ Nu(z) = f(x), =e(0,1), (4.13)
Lyu = /1 Bi(z)u(z)de =0, k=1,2. (4.14)
0

Let B denote the operator in F' = L,(0,1; E) generated by the problem (4.13)—(4.14), i.e.,
D(B) = W2(0,b; E(A), E, La), Bu=—u®(z) + Au(z).
Theorem 4.1 implies the following corollary.

Corollary 4.1 Suppose that Condition 3.1 is satisfied. Then for sufficiently large £ > 0,
there exist positive constants C; and C5 so that

Cillullwzo,1,84),8) < (B + k)ullr, 01,8 < Cellullwz,1,504),5)
for u e W(0,1, E(A), E).
Theorem 4.2 Suppose that Condition 3.1 is satisfied. Then the operator B is uniformly
R-positive in L,(0,1; E).

Proof The estimate (4.3) implies that, for A € S, and enough large |A\|, B + X is in-
vertible and the operator B is positive in L,(0,1; E). By using a similar technique as in
[28, Lemma 5.3.2/1], we obtain that, for f € D(0,1; E(A)), the solution of the Equation (4.13)
is represented as

u(z) = Urx(z)g1 + Uza()g2 +/o Uox(z —y)f(y)dy, gr € FE, (4.15)

where

1 1
—A Ze @A g >y
Uz —y)=4 "7 1 =Y
Ak 267(971’)‘4 A, T S Y

1
and Ujx(x), j = 1,2 are analytic semigroups generated by operator A3 . By taking into account
the boundary conditions (4.14), we obtain the following equation with respect to ¢g; and go:

1
LUi)gn + Lu(Uar)gn = Li(®y), k=12, &= / Unx(x — ) f(y)dy.
0



Abstract Elliptic Equations with Integral Boundary Conditons 637

By solving the above system and substituting it into (4.15), in a similar way as in Theorem
3.1, we obtain the representation of the solution for the problem (4.13)—(4.14):

u(@) = {e™ X [Ch1 + di (V)] + e~ AN CLy + dis(W]JAL 2 Li(D)
+ e [Cor + dar (V)] + e DA% [Coa + doa (W]} A} 2 La(@)),

where C; and ka are the same as in (3.6). By calculating L (®,) we obtain from the above

u(w) = [B+ "1 f = /0 GO\, 9)f(y)dy,

2 2
GO\ z,y) =Y Y A By (MU (2)Ukga (& — y) + Uoa(x — y),
k=1 j=1

where By; () are like c?jk. So are the uniformly bounded operators in £ and

e—(z—y)A

= >l

>
» T2 bkj,(skjEC.

_ _ 2
Grje” WA,z <y,

_ e
Ukjn(z —y) = ki

Let us first show that the set {G(\,z,y); A € S(p)} is uniformly R-bounded. Really, by using
the generalized Minkowcki’s Young inequalities, by semigroup estimates (3.7), have the uniform
estimate

2 2
16O, flle < {30 1AL NIB T (@)1l + [Uoa(@) 1 }

k=1 j=1

<l fllr-

Due to R-positivity of A, in view of properties of holomorphic semigroups U;x(z) and the
uniform boundedness of operators By;(A) and by using the Kahane’s contraction principle, we
get that the sets

{bkj(A,$7y) NS S‘P}7
_1

brj (A, z,y) = Bij (M)A 2 Uja(z)[Uin(1 — y) + U2x(y)],

{bo(A,l’,y) :)‘65@}7 bo()\,l’,y) :UO)\(x_y)
are uniformly R-bounded. Then by using the Kahane’s contraction principle, product and
additional properties of the collection of R-bounded operators and the R-boundedness of the
sets byj, do for all uy ua, - -+ ,u, € F, A, A2, -+, Ay € S(¢), for independent symmetric {—1,1}-
valued random variables r;(y), i = 1,2,--- ,u, p € N, we have the estimate

/QH éri(y)G(Aiax7y)ui .
- C{ ,;;1/9 H gm(y)bkj(/\i, T, y)u;

+ /Q \]iri<y>bo<w,y>w
i=1

dr

dr
F

Ay
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n
gceﬁw%|x—y|/ >
Q=

uniformly in 2 and y. This implies that

, £<0

'l
R{G(\,z,y) : A € S,} < CePZlz=vl 5 <0 2y e (0,1).
In view of R-bondedness property of kernel operators (see [11, Proposition 4.12]) and due
to the density of D(0,1; E(A)) in L,(0,1; E) (see [23]), we obtain the assertion.
5 Cauchy Problem for Abstract Parabolic Equation

Consider the problem

ou_ o
ot ox?

1
Lyu = / Bk(x)u(xvy)dx =0, k=12, ’LL(CL’,O) =0.
0

+au(z,t) = f(z,1), =€ (0,1), € (0,00),

In this section we obtain the well-posedeness of problem (4.14) in mixed Ly space.

If G = (0,00) x (0,1), p=(p,p1), Lp(G4; E) will denote the space of all p-summable
scalar-valued functions with mixed norm (see, [5, §1] for E = C), i.e., the space of all measurable
functions f defined on G, for which

I fllz, G+—/ /fothdt ) < o0.

Analogously, Wg (G4; E) denotes the E-valued Sobolev space with corresponding mixed norm
(see, [5, §10] for E = C).

Theorem 5.1 Suppose that Condition 3.1 is satisfied for ¢ € (5, 7). Then for f € Lo(Gy;
E) and sufficiently large a > 0, the problem (5.1) has a unique solution belonging to W2(G y;
E(A), E) and the uniform estimate holds, i.e.,

ou
A m < C B)-
[ - |2 oy TG i) < Ol i)
Proof The problem (4.14) can be express as the following Cauchy problem:
du
T + (B4 a)u(t) = f(t), u(0)=0. (5.2)

Theorem 4.2 implies that the operator O is uniformly R-positive and is a generator of
analytic semigroups in F' = L,(0, 1; E). Then by virtue of [30, Theorem 4.2], we obtain that for
all f € LP*(Ry; F), the problem (4.15) has a unique solution belonging to W, (Ry; D(B), F)
and the following estimate holds:

|5
di Ly, (Ry;F)
Since Ly, (R4; F) = Lp(G4; E), by Theorem 4.1 we have

+ 1B+ a)ullz, & r) < ClflL,, @r)-

1B+ a)ullr,, &, :r) = lullwzcpa),5)-

These relations and the above estimate imply the assertion.
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6 Nonlocal Boundary Value Problems for Elliptic Equations

The Fredholm property of BVPs for elliptic equations with parameters in smooth domains
was studied in [1]. In this section, the coercive estimate on the solution of integral boundary
conditions for elliptic equations will be established in mixed Ly spaces.

Let G C R™, m > 2, be a bounded domain with an (m — 1)-dimensional boundary G €
C*° which locally admits rectification. Consider the following nonlocal BVP for the following
anisotropic elliptic equation:

(L+Nu=—Diu(@,y)+ > as(y)Dyulz,y) + lu(z,y) = f(z,y), (6.1)
|Bl<2m
1
L= [ Blo)u@is = o). k=12 y€0, (62)
Bju= > big(y)Du(z,y) lyeon=0, z€(0,1), j=1,2,---,m, (6.3)
|ﬁ\§m1

where By () are bounded operator from Bf,{”,ﬁl T 6)(G) to Ly, (G) for s = 0y— 2p, 2p <by <1,
0y = m]?x{ﬂk}, e € (0,1— ), 35 —-1<0, < 21 , and By p(G) = BS(G) denotes the Besov
space [6, §18].

D, = 6‘1, D; iar—‘;], Dy, = (Di1,---,Dp,), my € {0,1}, oy, Oi are complex numbers,
r=0orr=1,y= (yl, <+ ,Ym). Let @ denote the operator generated by problem (6.1)—(6.3)
for A =0.

If Q= (0,1) x G, p=(p1,p), Lp(2) will denote the space of all p-summable scalar-valued
functions with a mixed norm (see, [5, §1]), i.e., the space of all measurable functions f defined

on €, for which
1 P 1
leor = ([ ([ 1f@opan) " )" < .
1wy = ([ ([ 1)) ™ dy)

Analogously, W‘l)(Q) denotes the Sobolev space with corresponding mixed norm (see [6, §10]).
We have the result as following theorem.

Theorem 6.1 Let the following conditions be satisfied:

(1) By are bounded operators from B,%T,Sl o 6)(G) to Ly, (G);

(2) ao € C(Q) for each |a| = 2m and an € [Loo + Ly, J(Q) for each |a| = k < 2m with
rp > p1, p1 € (1,00) and 2m — k > #, Vo € Lo

(3) bjg € C?™=™i(9Q) for each j, 3, m; < 2m, p € (1,00);

(4) foryeQ, e R, neS(p1), g1 €[0,%), €]+ In| #0, let

n+ Z aa(y)§* # 0;
|| =2m

(5) for each yo € 0N, the local BVP’s in local coordinates corresponding to yo

n+ Y aalye)DO(y) =

|a|=2m

BjOﬁ: Z b]ﬁ(yO)Dﬁﬁ(y) :hja ] = 172a"' ,m
|Bl=m;
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has a unique solution ¥ € Co(Ry) for all h = (hy,ha, -+ ,hy) € R™ and for & € RF1 with

I€'] + || # 0.
Then

(a) for all f € Lp(), p=(p1.p), fr € BQm(1 0’“)( G), larg\| < ¢, 0 < ¢ < 7 and
sufficiently large |\|, the problem (6.1)~(6.3) has a unique solution u € W2(Q2) and the following
coercive uniform estimate holds:

2
lullwao) < CIE+ Nl o) + ; Ll oo gy + 0l e |

(b) the operator u — Qu = {Lu, Lyu, Lou} is Fredholm from W22™(2) into Lp(€2) x
By (@) x BE R (@,
Proof Let E = L, (G). Consider the operator A defined by
D(A) = Vlem(G;LO)7 (Au)(x) = Z ag(y)Dgu(a:,y).
|Bl<2m

Then the problem (6.1)—(6.3) can be rewritten in the form of (2.1), (3.1), i.e
Lu = f, Lku = fk~ (64)

Let us apply Theorem 4.1 to problem (6.4). It is known that L,, (G) € UMD for p; € (1,00)
(see [3]). Then in view of the multiplier theorems in E-valued L, spaces (see [30]), the space
L,, (G) satisfies the multiplier condition. By virtue of [11, Theorem 8.2], the operator A is R-
positive in L,, (G) and has the fractional powers, i.e., all conditions of the Theorem 4.1 hold
and we obtain the assertion.

7 Infinite Systems of Parabolic Equations

Consider the mixed problem for an infinite system of parabolic equations

My, U,

ot Ox? + Z(ZSj + a)uj = fm(z,1),
j=1

1

Lkuz/ By (x)um(x, t)de =0, k=1,2, t € Ry,
0

Um(z,0) =0, z€(0,1), s>0, m=1,2--,00,

where u, = U (x,t) and By(x) are linear operators from lg(1 =) to Iy (see [27, §1.18.2] for

the definition of [7), and here > = 6y — ;p, % < by <1, 6y = mkax{ek}, e € (0,1 — 3),

1<9k< 9k6(2p7 ).LetG:(O,l)xR+.

Theorem 7.1 Suppose that By, are bounded operators from 12(17% ) ly for 0 € (2p, 1)
and € € (0,1 + ﬁ — 90). Then, for f(x,t) = {fm(z,1)}3° € Ly(G;ly), p,q € (1,00) and for
sufficiently large a > 0, the problem (7.1) has a unique solution u = {un(x,t)}5° that belongs
to Wp2(G,14(D),ly) and the following coercive uniform estimate holds:

ou
— A gy < C gy
[ - ZH axk\ + 14wl o,y < Oy

Lp (Gslg)



Abstract Elliptic Equations with Integral Boundary Conditons 641

Proof Really, let E =1[,, A be infinite matrices, defined by

A:[Qsméjm]a m,j=1,2,---,00.

It is easy to see that the operator A is R-positive in /,. Therefore, all conditions of Theorem

5.1 hold and we obtain the assertion.
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