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Abstract This paper is concerned with stochastic H2/Hso control problem for Poisson
jump-diffusion systems with (z,u, v)-dependent noise, which are driven by Brownian mo-
tion and Poisson random jumps. A stochastic bounded real lemma (SBRL for short) for
Poisson jump-diffusion systems is firstly established, which stands out on its own as a very
interesting theoretical problem. Further, sufficient and necessary conditions for the exis-
tence of a state feedback H2/Ho control are given based on four coupled matrix Riccati
equations. Finally, a discrete approximation algorithm and an example are presented.
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1 Introduction

In many realistic situations, the noise for a dynamic system may be Wiener- or Poisson-type.
Poisson noises cause the random discontinuity of the system dynamic, whereas Wiener noises
cause the continuous perturbation of the system dynamic. Poisson processes should be also
considered when a dynamic system is exposed to sudden, infrequent, highly localized changes
that occur in a short period of time such as earthquakes, large random weather fluctuations, or
occasional mass mortalities. Poisson processes quite frequently arise in engineering, manufac-
turing, economics, and biosystem applications. For example, in financial market, the stock price
is classically described by geometric Brownian motion, however, in practice, the price of stocks
can be made a sudden shift by the exogenous disturbance such as wars, decisions of large banks
or the corporation, national policy, block transaction etc. In order to describe such phenomena,
Poisson jumps is usually inserted in and thus the control system is governed by independent
Brownian motion and Poisson random jumps, which is called Poisson jump-diffusion systems
(see [18, 24]). The optimal control problem with random jumps was first considered by Boel
and Varaiya [1]. In their case, the control system is disturbed by random jumps and the optimal
solution is a discontinuous stochastic process. From then on, many scholars began to study the
jump-diffusion system and its applications, for further reference, we refer to [8, 17, 20] and their
references. Those results mostly concentrate on optimal control and its application in financial
markets or their corresponding theories.

H control and Hy/H., control are important robust control design methods in modern
control theory. H., control requires a controller to eliminate the external disturbance below a
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given disturbance attenuation level, while Ho/H, control demands one to minimize an average
output energy while guaranteeing a prescribed disturbance attenuation level. Before 1998, most
works are focused on deterministic Ho, and Hs/Hs, control for the systems governed by an
ordinary differential equation (see [4, 13-14, 19]). In recent years, quite a lot of research interests
have been devoted to stochastic It6 systems. For example, in Hinrichsen and Pritchard [10], Hoo
control for general linear stochastic It systems was firstly discussed very extensively. Moreover,
a very useful lemma called “stochastic bounded real lemma (SBRL for short)” was given therein
using linear matrix inequalities. Then Zhang and Chen [26] investigated Ho, control of nonlinear
stochastic systems with multiplicative noise, where a Hamilton-Jacobi equation (HJE for short)
associated with nonlinear stochastic H., control was derived. As for the Hy/H,, control,
Chen and Zhang [2] studied the mixed Hy/H, control with state-dependent noise, and then
a further discussion on the case of nonlinear stochastic Itd systems with state, control input
and external disturbance-dependent noise ((x,u,v)-dependent noise for short) was given in
[27], both of which extended the deterministic Hy/Ho, control results of [14] to the stochastic
setting. More recently, Wang [23] discussed the Hy/Ho, control with state-dependent noise
and random coefficients, where the sufficient and necessary conditions for the existence of the
Hy/Ho control are given by a pair of coupled backward stochastic Riccati equations. This
result extended the work of Chen and Zhang [2] to the case of random coefficients.

In addition, stochastic Ho, and Hs/Hs control for discrete or continuous time It6 sys-
tems with Markovian jumping parameters also have attracted many researchers’ attention.
For instance, in a recent monograph (see [7]), Hs control has been elaborately addressed for
discrete-time Markov jump systems with multiplicative noise. The state and output feedback
H, control of nonlinear stochastic Markov jump systems with state and disturbance dependent
noise has been tackled in [15] based on coupled Hamilton-Jacobi inequalities. Hou et al. [11]
studied the infinite horizon Hs/H, control problem for a broad class of discrete-time Markov
jump systems with (z,u,v)-dependent noise. For other relevant developments in this regard,
interested readers can refer to the monographs as Dragan and Morozan [5-6], Todorov and
Fragoso [21-22], etc.

As mentioned above, most works on stochastic Ho, and Hs/Hs, control are constrict in 1t6
stochastic systems or Markovian jump systems, but Poisson noise was not considered in these
papers. While in engineering practice, the dynamic systems, such as electric power systems,
aircraft flight control systems and manufacturing systems, may experience dramatic changes
when suffering sudden external impact as power failure, atmospheric turbulence in extreme
weather and machine breakage or repair. In this situation, it is very nature to utilize the Poisson
jump-diffusion process to describe such phenomena (see [3, 16]). Lin [16] studied the Ho, control
problem for a class of Poisson jump-diffusion stochastic linear systems with constant coefficients.
Chen [3] investigated the Ho, robust control designs for nonlinear stochastic systems with
external disturbance and Poisson noise, where a fuzzy approach to solve the Hamilton-Jacobi
inequality (HJI for short) was employed. However, to the best of our knowledge, there are
rare literature concerning stochastic Hy/H, control for jump-diffusion systems. The objective
of this paper is to develop an Hy/H, control theory for Poisson jump-diffusion systems with
(x,u,v)-dependent noise and time-varying coefficients, and sufficient and necessary conditions
are derived for the existence of a state feedback Hy/H, control in terms of four coupled matrix-
valued Riccati equations. To some extent, the results of this paper can be viewed as an extension
of that of [2] to the case of (z,u,v)-dependent noise and random jumps.

The rest of this paper is organized as follows. In Section 2, we present two useful lemmas
and describe some basic theories on stochastic Ho, and Ha/Ho, control. In Section 3, inspired
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by the ideas in [10], we develop the stochastic bounded real lemma for Poisson jump-diffusion
system, which enables us to obtain necessary and sufficient conditions for the existence of a
stabilizing controller which keeps the effect of the perturbation on the to-be-controlled output
below a given disturbance attenuation level. Based on this result, we then derive necessary and
sufficient conditions for the existence of stochastic Ha/Ho, control in Section 4. Concluding
remarks are presented in Section 5.

2 Problem Formulation and Preliminaries

2.1 Notations

We make use of the following notations in this paper.

M’ is the transpose of the vector or matrix M. |M| denotes the square root of the
summarized squares of all the components of the vector or matrix M. (Mi,M,) is the in-
ner product of two vectors M; and My. M~! is the inverse of a nonsingular square matrix
M. R™ stands for the m-dimensional Euclidean space. C(7,T; H) is the space of H-valued
continuous functions on [r,T] endowed with the maximum norm. SZ(7,T;H) is the space

of H-valued Fi-adapted cadlag processes f on [1,T] satisfying ||f|| = E sup |fi]* < oc.
LT

l:%_—(T,T; H) is the space of H-valued Fi-adapted square-integrable stochastic processes f on
[7,T) satisfying || f|| = [E fTT | fe]2dt] z L"2(&; H) is the space of H-valued measurable func-
tions f defined on the measurable space (&,%(&),v) satisfying || f|| = 1/ [o|f(0)]?v(d6).
E;Q([O,T] x &; H) is the space of £»2?(&; H)-valued and Fy-predictable processes f satisfy-
ing || f|| = \/E ffg’x(o,T] |f:(0)|2v(d0)dt. Uk[r,T] is the space of RF-valued and JF;-predictable

processes f on [, T] satisfying EfTT | fe]?dt < .
Sometimes we may write f for a deterministic function f;, omitting the variable ¢, whenever
no confusion arises. Under this convention, when f > (>) 0 means f; > (>) 0 for all ¢ € [0,T].

2.2 Two useful lemmas

Throughout this paper, let 7" be a fixed strictly positive real number and (Q, F, {F, o<i<r,
P) be a complete filtered probability space on which is defined one-dimensional standard Brow-
nian motion {W; }o<i<r. Denote by #(Z) the Borel-o-algebra of any topological space E. Let
(&,%(&),v) be a measurable space with v(&) < co and 1 : Q x Z,, — & be an F-adapted
stationary Poisson point process with characteristic measure v, where %, is a countable subset
of (0,00). Then the counting measure induced by 7 is

w((0,t] x M) =t{s € Zp;s<t,ns € M}, Vt=0, M e B(E).

And p(do,dt) := p(dé,dt) — v(df)dt is a compensated Poisson random martingale measure
which is assumed to be independent of Brownian motion. Assume that {ft}ogth is P-
completed natural filtration generated by {W;,0 < ¢t < T} and {ffo(O,t] A(de,dr),0 < t <
T,Aec B(&)}.

Now we state some basic results on stochastic differential equation (SDE for short) driven
by both martingale and Poisson jumps which will be frequently used in this paper. One is the
Itd’s formula of this type process (see [9]), the other is the solution’s existence and uniqueness
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of stochastic differential equation driven by Brownian motion and Poisson random jumps (see

[12]).

Lemma 2.1 Let M; be a square integral continuous martingale and A; be a continuous
adapted process with finite variance. g = (g',---,g"), here g(s,x,0), i =1,--- ;n is {F}i>0
locally square integrable, and xq is an Fo-measurable variable. xy satisfies the following Itd type
stochastic process:

xp =x0 + My + Ay + // 9(s,xs—,0)p(do, ds).
Ex(0,t

Then for every F(t,z) € CL2(R.,R™), we have

AP(t, ) = Fi(tz)dt + ) Fo(t2)dM; + ) Foi(t2)dA; + 5 D Fugod(M*, M),

i=1 i=1 ij=1

—|—/ {F(t,xt +g(t,x,0)) — F(t,x) ZF t,x)g (¢, e, )} v(do)
&
+ [P+ tt.ie,0) = Pt (a6, 0), (2.1)

Here, (-,-) denotes the quadratic variation process of the semi-martingale, and F(t,x)€ C*2(R,
R™) denotes function F(t,x) being twice continuously differentiable in x € R™ and once in
t e Ry. F, and Iy, denote the gradient row vector and Hessian matriz with elements of second
partial derivatives of n-dimensional function F(t,x), respectively.

Lemma 2.2 Let zy be an Fo-measurable random variable and b: [0,T] x @ x R" — R", ¢
0, T]x Q2 xR" = R", 7:[0,T] x Q2 x & xR™ = R" are given mappings satisfying
(1) b(a O) S ‘CQ.F(O7T7RH): U('a O) € ["27-'(05 Tan)7 7T('7 K 0) € ‘C?Q([(LT] X g7Rn)7
(ii) for some positive constant C > 0, and for all (t,z,T) € [0,T] x R™ x R™, there exists
b(t,z) — b(t,T)|* + |o(t,x) — o(t,T)|?

/ 7 (t, 0, 2) — n(t,0,7)2v(dd) < Cle — 7%

Then the stochastic differential equation with jumps

t t
Ty = Xo —l—/ b(s,xs)ds +/ o(s,xs)dWs + // (s, 0, x5 )(do,ds)
0 0 &x(0,1]

has a unique solution x € 8;-(0, T;R™). Moreover, a priori estimate holds:
T T
E sup |zl < K[E|x0|2+E/ |b(t,0)|2dt+E/ (£, 0)[2dt
0<t<T 0 0
+E / / |7r(t,9,o)|2y(d9)dt}, (2.2)
&x(0,T]

where K is a positive constant depending only on Lipschitz constant C' and T'.
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2.3 Problem formulation

Consider the following stochastic time-varying linear system governed by Brownian motion
W, and Poisson random martingale measure fi(dé, dt):

dJ?t = (Atxt + Btlvt + BtQ’U,t)dlf + (Ag.l?t + B?l’Ut + BgQ’U,t)th

+/wwnh+ﬁ@w+ﬁ@mmw@m
&

Ctil,'t
z=|D}v |, (DHDi=1

DtQU,t

(2.3)

with 29 = 2°. We assume the coefficient matrices A, A : [0,7] — R™*" B! B . [0,T] —
R™xm B2 BO2.[0,T] — R"™*, C:[0,T] — R™*", D' :[0,T] — R>™ D?:[0,T] — RP** E:
[0,T] — L»2(&;R™ ™), F1:[0,T] — LY2(&;R™ ™), F2:[0,T] — L»?(&;R"*®) are matrix-
valued continuous functions. Then from Lemma 2.2 for all (u,v,z%) € U*[0, T] xU™[0,T] x R™,
there exists a unique solution z = z(-,u,v,z%) € §%(0,T;R") to the state equation of system
(2.3).

We view v as an external disturbance which adversely affects the to-be-controlled output
z € R1+P (whose desired value is represented by 0). The disturbing effect is to be ameliorated
via control input u € U*[0,T]. The effect of the disturbance on the to-be-controlled output z of
the system (2.3) is then described by the perturbation operator Lo : U™[0,T] — UITITP[0, T
being defined as L.;(v) = (Cyz (-, u,v,0), D}vg, D?u;)’, which (for zero initial state) maps finite
energy disturbance signals v into the corresponding finite energy output signals z of the closed
loop system. The size of this linear operator is measured by the induced norm. The larger this
norm is, the larger is the effect of the unknown disturbance v on the to-be-controlled output z
in the worst case. Then the H., control problem is to determine whether or not for each v > 0
< v, where L : UL, T] — UH+I+\/[/, 7]
can be defined as L, (v) = (Cyx(-,uf,v,0), Divy, D?u})'. Obviously, there may be more than

there exists a stabilizing controller u* achieving || £,

one solution satisfying the required condition. We want the control not only to guarantee
robust stability, but also to minimize the output energy when the worst case disturbance is
implemented to the system, this is the so-called Hy/Ho, control problem. That is, we wish to:
(1) Find a feedback control u* € U*[0,T] such that the norm of the perturbation operator
of the system (2.3) is less than some given disturbance attenuation level v > 0, i.e., |[Ly+]] < 7;
(2) We require the control «* to minimize the output energy z when the worst case distur-
bance v* € Y™[0,T] is applied to the system (2.3).
As we will show, this problem may be formulated as an L(Q nonzero sum game. The two

cost functionals we use are defined as follows:
T
Two) =B [Pl = Pl (2.0
0

T
bmsz/|m%t (2.5)
0

The first one is associated with an H, robustness, while the second one reflects an Hy optimality
requirement. The aim is to find equilibrium strategies u* and v* defined by

Ji(uw*, %) < Ji(u o), Yo elUd™[0,T],
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Jo(u*,v*) < Jo(u,v*), VuelU®[0,T].

If Jp(u*,v*) > 0 with 2° = 0, certainly ||z||? < v2|v||? for all v € U™[0,T], which ensures that
I£.+]] < . The second Nash inequality shows that u* minimizes output energy z when the
external disturbance is at its worst and given by v*. For example, in flight control system, the
worst case disturbance means the extreme whether as atmospheric turbulence, while the corre-
sponding control input means the control effort which minimizes the energy loss and sensitivity
to the worst case atmospheric disturbances. Clearly, if the Nash equilibria (u*, v*) exist, then
u* is our desired Hs/H, controller, and v* is the corresponding worst case disturbance. Then
the Hy/H control problem can be converted into finding the Nash equilibria (u*,v*). We
approach this problem as linear quadratic (LQ for short) optimal control problem and obtain
the solution by studying the associated stochastic Riccati equation.

In the following, we will give sufficient and necessary conditions for the existence of linear
state feedback pairs (u*,v*). To this end, we will make some preliminaries in the next section.

3 Stochastic Bounded Real Lemma for Jump-Diffusion Systems

In this section we shall develop a version of stochastic bounded real lemma (SBRL for short),
which states necessary and sufficient conditions for a given stochastic system with jumps to be
stable with [|£|| < 7. It is of independent interest, because it allows one to determine ||L||
which measures the influence of the disturbances in the worst case scenario. To this end, we
consider the following linear stochastic system:

dl‘t = (Atl‘t + Btvt)dt + (Ag.l?t + B?Ut)th + / (Et (9)$t_ + Ft(e)vt)ﬁ(dH, dt)7
&

Tr =&, (3.1)

o Cyizy
Zt = (Dtvt> )

where (7,&) € [0,7] x R™ are the initial time and initial state, respectively. We denote
v € U™[r,T] as the external disturbance and z € U9*![0, T the controlled output. All the co-
efficients 4, A° : [0,T] — R"*" B, BY:[0,T] — R"*™ (C:[0,T] — R>" D :[0,T] — R>™
E:[0,T] — LY2(&;R™™), F :[0,T] — L»2(&;R"*™) are matrix-valued continuous functions.
For all (v,&) € U™[r,T] x R", there exists a unique solution z = z(-,v;7,§) € S%(r,T;R")
to the state equation of system (3.1). We use z defined in (3.1) rather than the more natural
2 = Cray + Dyvy only to avoid the appearance of cross terms when computing z;z;. Note that
we assume the Brownian motion to be one-dimensional just for simplicity, there is no essential
difficulty in the analysis below for the multidimensional cases.

Definition 3.1 The system (3.1) with initial state zero is said to be externally stable or L?
input-output stable if there exists a constant v = 0 such that

Izl < ~llvll, veu™0,T]. (3.2)
Definition 3.2 Suppose that the system (3.1) is externally stable. The operator L: U™[0, T
— U0, T defined by

O ) OO PECX
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is called the perturbation operator of (3.1). Its norm is defined as the minimal v > 0 such that
(3.2) is satisfied, i.e.,

T 1
o= sup WL By @iCiCim +viDiDiv)dt )T
ved™[0,T ||UH veEU™[0,T E T _y dt 1 :

u;io, iozé Uia ioz(]) { fo vyvpdt}2

L] is a measure of the worst effect that the stochastic disturbance v may have on the to-be-
controlled output z of the system. Therefore it is important to find a way of determining the
norm ||L||. The stochastic bounded real lemma which we will derive in this section provides a
method for computing || L||.

We proceed by associating a finite time quadratic cost functional with the problem param-
eterized by the initial data (7,¢) € [0,7] x R™, v € U™[r,T] and z € U [, T7:

T
Jwir.€) = E / W2 unl? — |zt
TT
— 5 / (1 — DiDyJor, vn) — (CiCiy, a)dt, (3.3)

where = denotes the solution of (3.1). Note that for a given v > 0, the cost functional J(v;0,0)
is nonnegative for all v € ™[0, T] if and only if || £|| < 7. Therefore, the problem of minimizing
this functional will lead us a method for estimating || £||. We will analyze the linear quadratic
(LQ for short) stochastic optimal control problem: Minimize the functional J(v;7,§&) over
v € Ut[r, T] subject to (3.1). In our development in this section, we will employ the usual
convention in LQ theory and refer to the disturbance v as a “control”.

The above LQ problem is indefinite as the control weighting matrix in the cost is positive
definite, while the state weighting matrix is negative semi-definite, which leads to the following
indefinite stochastic Riccati equation (SRE for short):

B=— [A;Pt + P A, + (AYY P,AY

+ /g E{(0)P,E(0)v(df) — CiCy — 4 (Py)'A] (Pt)‘lét(Pt)}, (3.4)
Pr=0,
A(P) >0

with

®(P) := PB+ (A" PB® + / E'()PF(0)v(df),

¢ (3.5)

A7(P):=~*T - D'D + (B PB° + / F'(0)PF(0)v(dh).
&

The global solvability of SRE (3.4) is hard to prove due to the following reasons: First, it is a
highly nonlinear ordinary differential equation (ODE for short), especially in view of the matrix
inverse term (A7 (P))~!, the existence and uniqueness theorem of solution of linear ODE is not
valid. Second, the indefiniteness of coefficient matrices makes possible the singularity of the
term AY(P) when one tries to use the typical approximation scheme to construct a solution.
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Third, the final positive definiteness constraint in (3.4) is the part of the equation and must be
satisfied by any solution. Finally, (3.4) is a matrix equation, thus certain terms do not commute
which adds substantial difficulty to the analysis. Hence, a new way to obtain its solution should
be found.

In the following, we will prove the so-called stochastic bounded real lemma, which plays an
essential role in this paper.

Theorem 3.1 (Stochastic Bounded Real Lemma) Given v > 0, ||L|| < 7 if and only if the
stochastic Riccati equation (3.4) parameterized by v has a unique negative semi-definite solution
P <O0.

The next proposition proves the above theorem in one direction, i.e., establishes a relation
between ||£|| < 7 and the existence of some P < 0 such that the stochastic Riccati equation
(3.4) is solvable.

Proposition 3.1 Suppose that SRE (3.4) is solvable for some pair (v, P) with v > 0 and
P being negative definite and uniformly bounded, then LQ problem is solvable with the optimal
control vy = Wy, t € (0,T] and ||L| < 7, where ¥y = —AJ (P) 1@ ().

Proof Suppose that SRE (3.4) has a solution, and let = be the solution of (3.1) with
x; = &. Applying Itd’s formula (2.1) to (Prxy,xt), together with considering (3.3) and using
the completion of squares, we have

T

J(v;T, &) = J(v;T,€) + E{ / d(zyPyay) — aip Prar + x'TPTxT}

-
T

—¢PE+ E{ / (A](P) (v — Vo), vp — \Iltxt>dt}

T

> P, (3.6)

where W, = —A}(P,)"1®(P,). It follows immediately that the optimal feedback control would

be vy = Wuxs_ if the corresponding solution to the system equation exists. In this case, the

optimal cost is Z/I{m[n ]J(U;’T, §) = ¢ P& In fact, when vy = Uyxy_, the system (3.1) reduces
veU™[r,T

to

dzy = (A; + ByWy)zydt + (A + BYW ), dW, + / (E4(0) + F(0)Y)x;_1(de, dt), (3.7)
éa .

Tr =E&.

In view of the third positive definiteness constraint in (3.4), there exists a sufficient small € > 0
such that A} (P;) > el for all t € [r,T]. Moreover, since P is negative definite and uniformly
bounded, all the coefficients of (3.7) are continuous and uniformly bounded. Therefore linear
SDE (3.7) indeed has a unique solution = € S%(7,T;R"), thus, v = ¥z € Y™[r,T). Here and
in the following, v = W denotes {v; = V2 }ie(r 7], where ¥ € C(1, T;R™*™).

From (3.6), we derive that J(v;0,2°) > (2°)' Py2®. In particular, if 20 = 0, then J(v;0,0) >
0, which is equivalent to ||£|| < . To show [|£|| <, we define an operator

T U™0,T]— Um0,T),

P’Ut = F’ljt
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with its realization
dzy = (Aywy + Byv)dt + (Afzy + By )dW, + / (Ey(0)z— + Fy(0)vy)fi(d0, dt),
x9g =0 :
and
U = v + A (P) T (P

According to the estimate for SDE (2.2), we conclude that the operator T' is well defined,
moreover, it is a bounded linear operator. Then I'"! exists, which is determined by

dxt = { At BtA’y(Pt) 1¢t(Pt)]xt + Bt’Ut}dt + {[AO B?Az(Pt) 1(I>t(Pt)]xt + Bt ’Ut}th
+ [ {1B0) = FiOAL(P) ™ Bu(P) i + Fi(0)7, a0, ).
Tro — 0
and
i]} = —AZ(Pt)_l(bt(Pt)J)t_ + i]}.

Based on the inverse operator theorem in functional analysis, |[T~!|| is bounded. There exists
a positive constant ¢ = ﬁ such that

J(U 0 0 E/ ’Ut \I/txt) A (Pt)(’l}t — \I/txt)dt

—E/ (Toy) A (P)(Toy)dt > e|Tun|2 > ellu)® > 0,

which is equivalent to ||£|| < . This proposition is proved.

The preceding proposition implies that for any given v > 0, as long as the SRE (3.4) is
solvable, the worst effect of the unknown disturbance v on the to-be-controlled output z can be
controlled below ~.

In order to prove the second part of the SBRL, Theorem 3.1, we proceed by parts, first
establishing some intermediate results.

Using the notation in (3.5), we set

s (AP +PA+ (A PA 4 [ E'(§)PE@)(dG) — C'C &(P)
M) = ( 5 Am)

The next result provides an alternative form of writing up the functional defined in (3.3).

(3.8)

This new way of expressing the cost allows us to solve the aforementioned minimization problem
in a rather straightforward manner.

Lemma 3.1 Suppose that P : [1,T] — R™ is continuously differentiable. Then for every
£eR”, veUlr,T],

J(U; T, 5) = <£7 PT£> - E<xT; PTiL'T>

+/TTE(<J?t7Pt$t> + <{ ”zz },Mt(Pt){ fgz D)dt’

where M (P) is defined by (3.8) and x is the solution to the state equation of system (3.1).
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Proof Applying Itd’s formula (2.1) to (x, Pia), and noting that
T
J(v;7,€) = J(v;T,&) + E{/ d(zy Pixy) — x'p Prao + a:’TPTa:T},

we can easily obtain the result.

Lemma 3.2 Suppose that ¢ € C(7,T;R™*™) and PV% satisfy the linear differential matriz
equation

i < 1)’ ALX, + XAy + (A0Y X, A + / EL(0) X, By (0)1(d0) — CIC, ,(X,)
&
t

( ) Dy (Xe) A7 (Xy)
Y o
Pt

with P)°¥ = 0. Then if v € U™[r,T), we have

(3.9)

T
J(v+z¥;7,8) = (§, PP¥E) +/ E[(ve, Neaf) + (Neaf o) + (v, A (PP )vg)]dE,  (3.10)
where ¥ = x(-,v + pa¥;7,£) is the solution of
dl‘t = [(At + Btht)J?t + Btvt]dt + [(Ag + Bg(pt)l‘t + B?’Ut]th

+ [ (B0) + Fi®)pae- + FiO)unJi(as, ), (3.11)
&
Tr = 5

and Ny = @, (P"%) + A} (P)?)pi. In particular, if v =0, then

J(px?;7,§) = (&, PP¥¢). (3.12)

/
. I I
Xt —+ < > Mt(Xt) ( > - 0,
Pt Pt
Xr = 0,

applying Lemma 3.1 with P = P7¥ and v 4 px? for v, we obtain

Proof As P7'% satisfies

T .
J(v+ pa?57,€) = (¢, P1¥¢) + B / (. #a)

T

+ <{ vy +x§;txf }’Mt(Pt){ vy +x£txf D)dt

T
(6. PYYE) 4 B / (v, Niaef)

+ (Nexf,ve) + (o, A (P 7)oy ]dt.

Hence, (3.10) holds. Setting v = 0 in (3.10), we obtain (3.12). The lemma is proved.
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In the proof of last lemma, we should notice that as all the coefficients of (3.11) are continu-
ous and uniformly bounded, from Lemma 2.2, there exists a unique solution x¥ € S;_—(’T, T;R™)
to the equation. Hence, pz¥ € L% (7, T;R™). Therefore, v + px¥ € U™[r,T] holds true.

The following lemma establishes a lower bound for the cost functional, which depends only
on the norm of the initial state.

Lemma 3.3 Suppose ||L|| < 7. Then there exists 1 > 0, such that for any (7,§) € [0, T]xR"™
and any v € U™[r,T|, we have J(v;T,&) = —pul&|?.

Proof Denote by X the solution of (3.9) with ¢ = 0 and final value X1 = 0, i.e., X solves

X+ ALX, + XA + (AY) X, A9 + / E}(0)X,E;(0)v(dd) — C;C; = 0. (3.13)
&

By linearity, the solution x(¢,v;7,£) of (3.1) satisfies
z(t, vy 7, &) = x(t, v;7,0) + 2(t,0; 7, ).

Applying (3.10) with ¢ = 0, we get
T
J(U; T, f) - J(Uy T, 0) = g/XTg + E/ [<Ut7 Ntx(t7 07 T, €)> + <J)(t, 07 T, g)a Ntvt>] dt7

where Ny = ®,(X:). Let 0 < € < 2 — [|£]?, then
J(v;0,0) = ¥?[ol|* = [[Lo]* > (v* = LI ]lv]|* = €¥[|vl®, Yo € U™ [0, T].

We can easily deduce that J(v;7,0) > €2||v||? for all v € U™[r,T]. Hence
T
‘](’U;T7 g) > EIXTf + E/ [€2<Uta Ut> + <Uta Ntx(t7 0; 7, €)> + <Ntx(t7 0;7, €)7Ut>]dt

T
= ngTg + E/ “E’Ut + eithQC(t, 07 T, £)|2 - |671Ntx(t7 Oa T, £)|2]dt
TT
e

> X, €~ E/ N (t, 057, €)[Adt. (3.14)

According to the estimate for SDE (2.2), there exists ¢y > 0 such that

T
E/ [a(t, 057, )Pt < colé 2.

Hence, by (3.12) there exist constants ¢y, ¢z > 0 such that

T

0= <£7X‘r£> = J(O;Tv 5) = _E/ <C£Ctx(t70;7—a f),x(t,O;T, £)>dt > _Cl|£|2

T

and
IV = [[XeB + (A2 X, B +/5Eg(9)XtFt(9)u(d9)H e te[0,T).
Thus, by (3.14),
J(0;7,6) = —c1lé]” — ciecolg]*.

This lemma is proved.
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Lemma 3.4 Suppose that ||L|| < v, ¢ € C(r,T;R™*™), and PY%¥ satisfies (3.9) with
P}¥ =0. Then

A(PT) = (P = L), te[nT). (3.15)

Proof We will first prove that A7 (P;"*) > 0. Suppose that this is false and there exists
€ [r,T], 7 € R™, |9 = 1 such that (7, A](P;"?)v) < —n for some 1 > 0. Assume ¢ < T.
Then, for 6 > 0 sufficiently small,

1 ~
<67 Atv(Pt%@)%D < —57% te [tvt + 5] - [7—7 ) T]

Define

o = {0 telr DU (T+6,T),
N tEE,tA—i—(S].

Let 7 =0, £ = 0. Then by a prior estimate (2.2), we have

7 i
E sup |zf|* < K[E/O |Btvt|2dt+E/O |B§vt|2dt+E//g 0 |Ft(9)vt|2y(d9)dt} =0,
x (0,

0<t<t

ie., E sup |zf|?> = 0. Particularly, Elx? | = 0, then Ex? = 0. Now applying Lemma 3.2 to
o<t<t
the aforementioned v, we have

T
J@+w%&®5/EWmMﬁ%HMﬁwﬁ+%AKWﬂwmt
0
t+6
- 1
<A (V731 Bt | - 5n)ae

Choosing § > 0 sufficiently small, the integrand becomes negative, since Ex-t‘f is right continuous
and Ex-t‘f = 0. While by Lemma 3.3, we have

J(v+ @x¥;0,0) > 0.

This yields a contradiction whence A} (PJ"¥) > 0. If £ = T, a similar proof applies, replacing
the interval [, + 8] by [T — 6, T).

Now let € be any positive number such that ||£||? < 42 — €2. Applying the previous step
with 7 = (72 — €2)2 instead of y we obtain, for the corresponding solution P;*? of (3.9) (with
7 instead of 7), A} (P;"?) = 0. By (3.12), we obtain, for any 7 € [0,7) and ¢ € R™,

(&, Pr¥g) = J(px?;1,€)
T
—E/[«%—Dwmmﬁ%ﬁww@@ﬁwmm

E/ (I — DyDy)piaf, praf) — (C1Caf  xf)|dt

= (&, P} %¢).
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It follows that if v > 7, then P)*¥ > PJ:%. Therefore
NY(PP?) =T = DDy + (BYYP) #BY + | FL(6)P) *Fi(0)w(do)
&

> 52T — D!D; + (BYY P7¥ B + /5 F/(0) P F,(0)v(d0)
= AJ(P]%) > 0,

ie, AJ(P)%) > €I for all t € [0,T]. Since this holds for arbitrary €2 < 42 — [|£]|?, (3.15)
follows. The proof is complete.

We will now study the matrix differential equation (3.4). The function
f(P) = AP + PA; + (A}) PA} + / E{(0)PE,(0)v(d6) — C{C; — &,(P) A} (P) ' @4(P)
&

is continuously differentiable on its domain of definition Dy = {P : det(A”(P)) # 0}. From the
existence and uniqueness theorem of local solution to ordinary differential equation (ODE for
short), there exists a unique solution to (3.4) on [T'— ¢, T] for sufficiently small § > 0.

We are now in a position to prove the second part of Theorem 3.1, that is, if ||£|| < v, SRE
(3.4) has a global solution on [0, T].

Proof of Theorem 3.1 It only remains to prove the converse of Proposition 3.2. Assume
L] <, then ¥2I — D,D; > €I holds for every t € [0,T]. And as Pr = 0, it follows that for
sufficiently small § > 0,

A} (P,) =~*I — D;D; + (BY) P,B) + / Fl(O)PFy(0)v(df) > €}, te [T —46,T),
&

where €5 is a positive constant depending on 6. Then P is continuously differentiable on [T—4, T']
and the Riccati equation (3.4) has a unique solution P on [T — §,T]. Setting ¢ replaced by
U =—A"(P)~'®'(P) € C(T — §, T;R™™) on the left hand side of (3.9), we obtain

: 7\’ I
P, + (‘h) M (Py) <\Ilt)
= P+ AP, + P, A, + (AY) P, AY + / E[(0)P,E;(0)v(df) — CiC; — ®(P,) A} (P,) "1 ®,(P;)
&

=0, te[T—-46T].

The last equality holds because of the local solvability of (3.4). Hence P satisfies (3.9) on
[T —6,T) with ¥ = ¢, ie., P)"? = P, t € [T — 6, T]. Moreover, with this choice of ¥y,

Ny = ®,(P) + A} (P)¥, =0, tel[T—0,T],
and so Lemma 3.2 implies that,
T
I+ Umn) = € PO+ [ Bllon ARl 7€ [T -5
But by Lemma 3.4,

AJ(P) = AN(PPY) = (3P = LI >0, te[T—4T]
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Hence, for all ¢ € [T — 6, T, the optimal feedback control is
UV = \I/tlel,, \I/t = —A;/(Pt)_lq);(Pt)

with z¥ satisfying

dzy = (Ay + ByUy)adt + (A? + BYOW )2, dW; + / (B (0) + F(0)Uy)a;u(de, dt),
&
Tr = ga

and the optimal cost is

veiﬂéﬁ,ﬂ‘](””’ §) = (& PrE). (3.16)

As a consequence, we obtain
T
(&, P&y = J(Ya;1,8) < J(0;7,8) = E/ (—=CCrry,xy)dt <0, 7€ [T —46,T].
On the other hand, by Lemma 3.3,
(€ Pr&) = J(Va;7,6) = —ple®, T[T —46,T)
Hence,
—ul <P <0, 7€[T—-0,T].

Now, suppose that there exists a solution of (3.4) backwards in time on a maximal interval
(6,T] C [0,T], and as t | o, P; becomes unbounded, i.e., (3.4) exhibits the phenomenon of
a finite escape time. We shall show that the existence of a finite escape time will lead to
a contraction. In fact, by the discussion above, the following estimates hold in the interval
[c + 0¢,T] with o > 0 sufficiently small:

Il <Py <0, AJ(P) > (72— L)L (3.17)

As the constant p is independent of the left interval endpoint o + o, letting o, | 0, we obtain
—ul < P. <0on (0,T]. Hence, the solution P; of (3.4) cannot escape to oo as t | o. It follows
that there exists a boundary point P°, det(A7(P°)) = 0 of the domain Dy which is a limit
point of P, as t | 0. But this contradicts the fact that by (3.17), A} (P) = (72 — ||£||*)] as
t | 0. Thus, the maximal solution interval is [0, T]. The uniqueness of the solution follows from
(3.16).

The proof of Theorem 3.1 is completed.

So far, we have shown the stochastic bounded real lemma for Poisson jump-diffusion system,
that is, ||£]| < 7 is equivalent to that the SRE (3.4) has a unique negative semi-definite solution.
Theoretically, by virtue of this theorem, the infimum of all these given disturbance attenuation
levels v > 0 such that the corresponding SRE (3.4) has a unique solution, can be used as an
estimate of ||L]|.
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4 Stochastic Hy/H,, Control for Jump-Diffusion Systems

In this section, we shall give necessary and sufficient conditions for the solvability of the
stochastic Ha/Ho control problem in terms of four cross-coupled Riccati equations.
Consider the stochastic linear system (2.3), the finite horizon stochastic Hy/Hs, control

problem can be stated as follows.

Definition 4.1 Given a disturbance attenuation level v > 0, to find, if possible, a state
feedback control u* € U0, T), such that with the constraint (2.3), we have that

(1)

z
Vouell = sup L
veEU™ (0,7 |UH
v#£0, xo=0
1
~ aw {E fOT(xiCéCtxt + u;'u} +vj(D}) Divy)dt}? o
veU™[0,T] {E fOT vgvtdt}% ’
v#£0, z£o=0

(2) when the worst case disturbance v* € U™[0,T], if it exists, is applied to the system (2.3),

u* minimizes the output energy
T
Ja(u,v") = E/ (2} C1Cre + uyug + (v7)' (D7) Dyvy )dt.
0

Here, the so-called worst case disturbance v* means that for any v € U™[0,T] and any
0 n
z’ € R,

T
v* = arg minJ; (u*,v) = arg minE/ (Y2vjve — zp2)dt.
v v
0
If the previous (u*,v*) exists, then the finite horizon Hy/H, control has a pair of solutions
(u*,v%).

The following lemma, which is necessary in the derivation that follows, is given without

proof and its proof can be analogous to that of Theorem 7.2 of [25].

Lemma 4.1 Riccati equation

X + AL Xy + X A+ (A?)'XtA? + CiCy + / E(0) X E¢(0)v(d0)
&
—A(X0)'O4(X1) T AUX) = 0, (4.1)
G)t(Xt) > 0,
Xr=0
with

A(X) 2 XB+ (A% XB” + / E'(0)XF%(0)v(ds),
&

O(X) &1+ (B"?XB” + / (F%(0)) X F?(0)v(d6)
&

admits a unique solution X. Moreover, X is semi-positive definite and uniformly bounded.
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Remark 4.1 In view of the relationship between the Riccati equation (4.1) and the linear
quadratic (LQ for short) optimal control problem, where the dynamic system is driven by:

dzy = (Awwe + Biug)dt + (A)zy + B u)dW, + / [E(0)zi— + F7(0)u]fu(do, dt)
&
Tr = 5;

and the corresponding cost functional is

T T
Ja(u; T, &) = E/ (|Cx|* + |ul*)dt = E/ (2,C{Cyay + ujuy)dt,

T

we immediately obtain that the optimal feedback control is
Uy = Etﬂ?t_, Et = —@t(Xt)_lAt(Xt), te [7’7 T]

with z; satisfying

dzy = (A; + B2X)xpdt + (A? + BY?Y) )z, dW; + / [E(0) + F2(0)%)z:—fi(d6, dt),
&
zr =&,

and the optimal cost is Lm[n T]Jg (u;T,€&) = ¢ X,€, where X is the solution to (4.1).
ueU®|T,

In the following, we shall give sufficient and necessary conditions for the existence of the
linear state feedback pair (u*,v*), which generalize the result of Chen and Zhang [2] to the case
of stochastic systems with Poisson random jumps and (z,u, v)-dependent noise.

For convenience, we introduce the following notation:
Yi(P) =:+*I — (DYYD' 4+ (B P, B + /g(Fl(Q))’PlFl(G)y(df)),
Yo(Py) =: I + (B") P,B” + /g(FQ(é)))’PgFQ(G)V(dO),
I, (P, Ky) =: PLB' + (A° + B K,)' P, B + /g(E(@) + F2(0)K,) PLFY (9)v(dh),

(P2, K1) =: P,B? + (A° + B K1) P,B™ + / (E0) + F*(0)K,) P,F?(0)v(d).
&

Theorem 4.1 For stochastic system (2.3), if the following four coupled matriz Riccati
equations

P+ (A+ B?Ky)'Py + Pi(A+ B2K>) + (A° + B K,)' Py (A° + B?K,)
~C'C — KLKy + / (E(0) + F%(0)K2) Py (E(0) + F?(0)Ky)v(df)
&
~IL(P1, Ko)' T1(Pr) I (P, Ka) = 0, (42)

Tl(Pl) > Oa
P =0,

Ky = -Y(P) ' (P, K>), (4.3)
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Py + (A+ B'K,) Py + Py(A+ B'K}) + (A° + BOUK,) P, (A° + BY'K))

+C'C + K| (DY D'K, + / (E(0) + F*(0)K1)' Po(E(0) + F*(0) K1 )v(df)

i L (4.4)
—Io(Pa, K1) Yo () Ha(Pa, K1) =0,
TQ(PQ) > 0)
Pr =0,
Ky = —Yo(P) 'Iy(Py, K1) (4.5)

have solutions (Py, Py, K1, Ko) with Py < 0 and Py > 0, then the Hy/H, control problem
admits a pair of solutions (u*,v*) satisfying

Uy = K27tl‘t_, ’UZ = Kl,txt—7 te (0, T] (46)

Moreover, setting x° =0 and u = u*, || L, [0,T].

Proof Suppose that the coupled matrix Riccati equations (4.2)-(4.5) are solvable. Let
us consider the cost functional Ji(u,v) first. Applying It6’s formula (2.1) and completion of

squares, we have
Ji(u,v) E/ (Y2vjvp — zp2)dt + Az} Py yxe] + (2°) Proa® — 2/p P rar

= (2%) Py o +E/ (v —v*),v —v*) —v'u+ 2’ PLB*(u — Kaox)
+ (u — Kox) B*Pix + (u*)u* + (A% 4+ B°%u) Py (A%x + B%u)
- /g (E0)x 4+ F2(0)u) PL(E(0)z + F2(0)u)v(df)
2'(A° + B2K,) P (A° + B K>y)z
—a /g (E(0) + F2(0)K2)' P1(E(0) + F*(0)K2)v(df)x

o/ [(BYY PiB” + /g FH(0)PLF(0)(d0)] (u — Ko)

+ (u— Kox)' [(301)'131302 n /

’ P (e)PlFQ(e)y(de)} v}dt,

where u* and v* are determined by (4.6). Setting u = u* = Kax, we obtain
T
Ji(u*,v) = (2°) P oa® + E/ (T1(P) (v —v"),v —v")dt.
0

Therefore, Jy (u*,v*) < Ji(u*,v) and Ji (u*,v*) = (2Y)' P; o2°, which implies that v* is the worst
case disturbance corresponding to u*. A similar method as Proposition 3.1 yields || £+

Similarly,
T
Jo(u,v) = (2°) Py ox® + E/ {<T2(P2)(U, —u*),u—u*) — 2K (D) D'Kyx +' (D' D'
0
+2'P,BY (v — Ky2) + (v — Ky2) (BY) Pox + (A2 4+ B™'w) Py (A% + B'w)

+ / (E(0)x + F*(0)v) Po(E(0)x + F1(0)v)r(df) — 2’ (A° + B K ) Py(A°
&
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+ BYK))x — x'/

(E(0) + F*(0)K1) P2(E() + FY(0) K )v(df)z + v [(301)’132302
&

n /5 FI(G)PQFQ(G)V(dG)] (v — Kyz) + (v — Kyz) [ (BYY) P, B2
+ /5 Fl(e)PQFQ(a)u(de)}u}dt, (4.7)

and setting v = v* results in Ja(u*,v*) < Ja(u,v*) and Jo(u*,v*) = (2°) Py 2. The above
information implies that the finite horizon Hs/Ho, control has a pair of solutions (u*,v*) with
u* and v* defined in (4.6).

We establish the signs of P;; and P», as follows.

(i) A completion of squares argument similar to that which led to (4.7), together with setting
u = u"* and v = v*, we finally obtain

T
o\ Pas = B [ [2,CiCha.+ (w3} + (07 (DY) Dhuilds > 0
t

for arbitrary z;. Consequently, P,; > 0 for all ¢ € [0,T].

(ii) A similar calculation using Ji (-, ) with « = «* and v = 0 gives
T
Ty Py = —E/ [2,CLCsxs + (ul)'ul + (T1(Pr)vl, vl)]ds <0.
¢

Thus P;; < 0 for all ¢ € [0,T]. The proof is complete.

Theorem 4.2 Assume that the finite horizon Hay/Hy, control problem admits a pair of
linear state feedback solutions (u},v}) with vi = Gix,— and u} = Gy, where G} and G?
are continuous matriz-valued functions on [0,T]. Then the coupled matriz Riccati equations
(4.2)(4.5) have a unique quaternion solution (Pi, Py, G*,G?) with Py <0 and P» > 0.

Proof If (u*,v*) is the solution of the considered Hy/H control problem, then we will
prove that the matrix-valued equations (4.2)—(4.5) are solvable.
(I) TImplementing uj = G?z;_ in (2.3) with G? to be determined, we obtain
dl‘t = [(At + B?G%)J)t + Btl’l)t]dt + [(A? + BgQG%)J)t + Bgl’Ut]th
+ [ (B0) + F20)GD)a1- + FlO)uli(do, ),

&
Cy -
a=(\DiGt)™" |, (D})Di=1

Dtl’l)t
with 2, = £. Since the finite horizon Hy/H. control is solvable, by definition 4.1, |[L,+]| < 7.
Hence, according to Theorem 3.1, Riccati equation
Py + (A+ B2G?)'P, + Py (A + B2G?) + (A° + B2G?)' P, (A° + B%G?)
-C'C — (G*)G? + fg(E + F?2G?)' P (E + F2G?)v(df)
—Hl(Pl, GQ)’Tl(Pl)_ll_[l (Pl, GQ) =0, (48)

TI(PI) > 07
Pl,T - 0
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has a unique solution P; < 0 . Moreover, the optimal control problem
)
has a unique solution
vf = =T1(P) "I (P, G*ay—, te(0,T).

Hence

G!' = =T (P) 'L (P, G?). (4.9)

(IT) Substituting v; = v; = G}z, into (2.3) with G! being defined as (4.9), we obtain

+ [ [(Bu(0) + F (0)Gy)we— + F (O)ui]ja(do, dt),
& (4.10)
Ct
2 = (D%G%> ). (D D=1
DtQ’LLt

with z, = £ . Since

min _Ja(u, v¥)
weU*[0,T)

is a standard stochastic linear quadratic optimal control problem, according to Remark 4.1,
there exists a unique optimal control

’LL;; :_TQ(P2)71H2(P27G1)xt*7 te (O,T],
where P, > 0 solves
Py + (A+ B'GYY Py + Py(A+ B'G") + (A° + BYG'Y Py(A° + B G1)

+(GY/(DYYDI\Gr + C'C + / (E+ F'GYY Py (E + F*G")v(d9)
&

(4.11)
_HQ(P27 Gl)/TQ(PQ)_lng(PQ, Gl) = 07
TQ(PQ) > Oa
P27T =0.
Hence
G? = _TQ(P2)71H2(P2,G1). (412)

Therefore, the coupled matrix-valued equations (4.2)—(4.5) have a unique quaternion solution
(Py, Py, G',G?) with P, <0 and P, > 0. The proof is complete.

The last two theorems imply that for the stochastic linear system (2.3), the existence of
a state feedback stochastic Ha/H, control is equivalent to the solvability of the four coupled
Riccati equations (4.2)—(4.5). As it is generally difficult to solve the aforementioned four coupled
equations, we will present a discretization technique. Set h = % for a natural number n > 0,
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and denote t; = ¢th with ¢ = 0,1,2,--- ,n. When n is sufﬁ(nently large or equivalently, when
. . : : [y Pry —Poy .. .
h is sufficiently small, we may replace Py ;,,, and Pay, ., with 2 hl Lkl gpd 25 _hz’t"“ in

(4.2) and (4.4), respectively. Then a backward recursive algorithm can be given as follows:

(i) By solving (4.3) and (4.5), it follows K1 = 0, Ko7 = 0 from given terminal condition
Pip=0,Pyy=0.

(ii) Solving (4.2) and (4.4) yields Py, , = Pio—p = —hCrCr < 0and Poy, , = Pop_j =
hCLCr 20

(ili) Repeating above steps (i)—(ii), P1,s,, P2, may be computed if P ;,,, <0Oand Ppy,,, >0
are available with

P = (Dl YD, + (B P B, + [ (FLLO)) P P, (0)0(a0) >0
I+ (B ) Po, B2, + /g(Ft W (0) Pay, FEL (O)v(d0) >0, i=nn—1,---,0.
The above recursions may proceed for even if Py 4, <0, P+, > 0 and
v?*I — (D) Dy + (B2 Py, By + /g (F(0)) Py, FL(0)v(df) > 0

I+(B?f)’P27iB?iQ+/(Ft2i(9)) Py F2(O)v(df) >0, i=1,2,--,n
&

Because if the coupled Riccati equations (4.2)-(4.5) admit a quaternion solution (P < 0, Py >

0,K;, K»), then ﬁl,t and ﬁzt must be uniformly continuous on [0, 7T]. Therefore, we have

lim max “ﬁj,t - Pj,ti+1 |7 |ﬁj,t - Pj:ti

h—0t; <t<tis1,j=1,2

=0.

In particular, for some special systems, we may solve (4.2)—(4.5) analytically, see the following
example.

Example 4.1 Consider the one-dimensional linear stochastic system with jumps as follows:

doy = (—4xy + vy — duy)dt + (22 + Suy)dW; + / 22— — 3u)u(df, dt), x¢ = 2°,
&

L (i) , te[o0,1].

If we take v =1 and v(&") = 1, then the coupled Riccati equations (4.2)—(4.5) specialize to

Pl—Pf—lzo, P <0, P =0, (413)
K, =-P ’
and
Py, — 2P, P, +1=0,
1434P, >0, P, >0, P271 =0, (414)

Ky =0.
Solving in turn (4.13)—(4.14), yields

tan(t — 1) (t—1)
2 - 2cos2(t— 1)

P, =tan(t—1), P, =— t €[0,1].
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Therefore, our desired Ha/Hs controller and worst case disturbance are uf = 0 and v} =
—tan(t — 1)x;— respectively, where x satisfies

dzy = (—4 — tan(t — 1))z dt + 22,dW; + / 2 j1(d6, dt),

0 &
Tog =X .

5 Concluding Remarks

This paper has discussed the finite horizon Hs/H control problem for Poisson jump-
diffusion systems with (z,u,v)-dependent noise. Necessary and sufficient conditions for the
existence of a state feedback Hs/H., control have been respectively given in terms of the
solutions of the four coupled matrix Riccati equations. A discretization algorithm for solving the
coupled matrix-valued equations is also presented. It is noteworthy that the stochastic bounded
real lemma is of independent interest and plays a central role in the analysis of the H, control
problem (in fact a disturbance attenuation problem) and estimation. Its further applications
will appear in our forthcoming paper. There remain many interesting topics deserving further
explorations. For example, for Poisson jump-diffusion systems with control dependent noise
and random coeflicients, the corresponding Riccati equation associated with H,, robustness
becomes a backward stochastic integral partial differential equation with highly nonlinearity
and possible singularity, whose solvability is a challenging problem and deserves for further
study.
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