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New Subclasses of Biholomorphic Mappings and
the Modified Roper-Suffridge Operator*
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Abstract The authors propose a new approach to construct subclasses of biholomorphic
mappings with special geometric properties in several complex variables. The Roper-
Suffridge operator on the unit ball B" in C" is modified. By the analytical characteristics
and the growth theorems of subclasses of spirallike mappings, it is proved that the modified
Roper-Suffridge operator [®q,,(f)](z) preserves the properties of S (A, B), as well as
strong and almost spirallikeness of type 8 and order o on B™. Thus, the mappings in
S&(A, B), as well as strong and almost spirallike mappings, can be constructed through
the corresponding functions in one complex variable. The conclusions follow some special
cases and contain the elementary results.
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1 Introduction

In 1995, the Roper-Suffridge operator

on(f)(2) = (f(21), v/ f'(21)20)

was introduced in [17], where f(z;) is a univalent holomorphic function on the unit disk D, and
z= (21, 20) € B", 21 € D, 29 = (22, -, 2,) € C"1, \/f'(0) = 1. By the Roper-Suffridge
operator, we can construct a normalized locally biholomorphic mapping on B™ through a nor-
malized locally biholomorphic function on D. Therefore, the Roper-Suffridge operator provides
a powerful tool for constructing biholomorphic mappings with special geometric properties in
several complex variables. By far, there have been lots of beautiful results about the generalized
Roper-Suffridge operator (see [2, 4-5, 7-12, 18]).
In 2005, Muir and Suffridge [14] extended the Roper-Suffridge operator to be

F(z) = (f(z1) + f'(21)P(20), V/ ' (21) 20)', (1.1)
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where f is a normalized biholomorphic function on D, z = (z1, z9) € B", z1 € D, z =
(29, -+ 2n) € C" L (/f(0) =1 and P : C" ! — C is a homogeneous polynomial of degree
2. Muir and Suffridge proved that the operator (1.1) preserves starlikeness and convexity on
|P| < Land | P| < 3, respectively. By (1.1), Muir and Suffridge [15-16] discussed the extremal
mapping of convex mapping on B".

Wang and Liu [20] modified the operator (1.1) to be

F(z) = (f(z1) + f/(21) P(20), [f'(21)]7 20), (1.2)

where P : C"~! — C is a homogeneous polynomial of degree m. They showed that the operator
(1.2) preserves almost starlikeness of order o € [0, 1) and starlikeness of order o € (0,1) under
some conditions for P. In 2011, Feng and Yu [3] showed that the operator (1.2) preserves
almost spirallikeness of type 3 and order «, spirallikeness of type 3 and order «, and strong
spirallikeness of type 8 and order o on B™.

In 2008, Muir [13] introduced the following generalized Roper-Suffridge operator on the unit
ball in complex Banach spaces:

[@c,5()](2) = (f(21) + G (21))72), [f (21))°2),
where z = (21,%), f(z1) is a normalized univalent holomorphic function on D, and G is a
holomorphic function in C*~! with G(0) = 0, DG(0) =0, v > 0 and [f(21)]?|.,=0 = 1. Muir
discussed the relationship between [®¢ 5(f)](z) and Loewner chains.
Now, we extend the Roper-Suffridge operator to be

26401 = (£ + (L)), [LE0] 7).

Z1 21

In this paper, we mainly seek conditions for G under which the modified operator ¢ (f)] ()
preserves the properties of subclasses of biholomorphic mappings. In Sections 2-3, by the prop-
erties of k-fold symmetric mappings and the growth theorems of subclasses of biholomorphic
mappings, we study the properties of modified operator [®¢ ~(f)](z) for strong and almost
spirallike mappings of type 8 and order o on B™. Thus we obtain that [®¢ ~(f)](2) preserves
starlikeness of order «, strong starlikeness of order «, strong and almost starlikeness of order
«, and strong spirallikeness of type .

In order to get the main results, we need the following definitions and lemma.

Definition 1.1 (see [19]) Let Q2 C C™ be a bounded starlike circular domain with 0 € Q, and
the Minkowski functional p(z) of Q be C* except for some submanifolds of lower dimensions.
Let f(z) be a normalized locally biholomorphic mapping on Q, and let —1 < A< B < 1,

2 Jp 1 1-AB B-—A
\@&(Z)[Df@)] 1) - | < T

Then we call f(z) € S&(A, B).

z € Q\{0}.

For 2 = D, the condition reduces to
(2) 1—-AB ‘ B-A
2f'(z) 11— B2 1—- B2
If A=—1and B =1—2q, then f(z) is a starlike function of order a.
If A= —« and B = a, then f(z) is a strong starlike function of order «.

z€eD.
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Definition 1.2 (see [1]) Let f(2) be a normalized locally biholomorphic mapping on B™.
Leta €0,1), B € (~5,5), and

1+ 2 2c

—a+itang 1—itanfg 1 -
1—¢2 1—c?

11—« 1—a |z

ZDf()] 7' f(2)

Then f(z) is called a strong and almost spirallike mapping of type B and order o on B™.

For €2 = D, the condition reduces to

—a+itanf 1 —itanf f(z) 1+ c? 2¢
1—a l—a 2z2f'(z) 1-c2l " 1-¢*

Setting @« = 0, f = 0 and a = § = 0, Definition 1.2 reduces to the definition of strong
spirallike mappings of type [, strong and almost starlike mappings of order «, and strong
starlike mappings, respectively.

Lemma 1.1 (see [13]) Let P(z) be a homogeneous polynomial of degree m, and let DP(z)
be the Fréchet derivative of P at z. Then

DP(z)z =mP(z).
2 The Invariance of S¢ (A, B)

Lemma 2.1 Let

F(z) = (f(z) + G({Myzo), [@}vzo)/,

Z1 21

where z = (21, 20), f(z1) is a normalized univalent holomorphic function on D, G is holomorphic
in C"~1 with G(0) =0, DG(0) =0, v >0 and [%zll)]ﬂzl:o = 1. The homogeneous expansion

of G(z) is Y Pj(z), where Pj(z) is a homogeneous polynomial of degree j. Then
=0

Z(DF(2) " F(z) =712 7§~ [f(zl)}”(1—j)Pj<ZO)+{1—7

21

by L) o) — Je) § DTG b g e

Proof Since

we get
DF(z) = f/(m+i”{f(zzll)}WZlf/(zilJz(;{(Zl)Pj(zO) i_": [%le)erPj(zO)
Ul et £ e

where I,,_; is the identity operator on C"~1.
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Let (DF(2))"'F(2) = h(z). Then DF(2)h(z) = F(2). Let h(z) = (A, B)'. From Lemma
1.1, we have

{f’(zl)+fjw'[le)}”“f'zl;(;{( Up }Azo+§j[ D17 i za)
= f(= 20+Z[ } i(20) 20,
ey arl et o gy
It follows that
B:{l_w ;(;1)-71{;21 Zfl f:[ COT 0 ey o

=2
So we have the desired conclusion.
Lemma 2.2 Let f(z1) € S§(A, B) with f'(z1) #0 and -1 < A< B < %. Let
f(zl) 1-AB

a(z1) = af'(z)  1-B%
Then
| (Z)|<B__A ‘ (z)+32_7f13‘<|z|
q\z1 1_B27 qlz1 1_B2 = 1]

Proof Since f(z1) € S§(A, B), by Definition 1.1, we have

flz1) 1—AB‘ B-A
zlf’(zl) 1—32 1—32.

Thus |g(z1)] < Let

132

f(21)
g(z1) = {Zlfl(zl) -L 270,
0, zZ1 = 0.

Then g(z1) = q(z1) + Bf_’éf for z; # 0. It follows that q(z1) = g(z1) — Bl —45 . Therefore

— AB - B—-A
1-B? 1—- B2

la(z0)] = Jg(z1)

Then
|B[(B—A) B—-A (1+|B|)(B—A).

1— B2 1-B2 1— B2

lg(z1)] <
For B <0, we have

(1+|B))(B-—A) B—-A-B*+BA (B-1)(1+A)
1— B2 N 1— B2 N 1— B2

+1<1.

For 0 < B < %,We have

(1+|B))(B—A) B?+B(1-A)—-A (B+1)2B—(A+1)]
1 — B2 B 1 — B2 B 1 - B2

+1<1.
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Hence |g(21)] < 1 for —1 < A < B < 48 Observing that g(z;) is holomorphic on D and
¢(0) =0, from the Schwarz lemma, we obtain |g(z1)| < |21, that is

B? - AB

)+ g

In the following, f(z) is said to be k-fold symmetric (see [10]), where k is a positive integer
if

flz)= e*ff(e kz)

Lemma 2.3 (see [19]) Let QCC" be a bounded starlike circular domain, and the Minkowski
functional p(z) of Q be C' except for some submanifolds of lower dimensions. Let f(z) € S&(A
B) be k-fold symmetric. Then

p(z) < - p(z) A£0
( oy (Z)f)A B p(f(Z)) > (1 —l—kAp(z)k)%7 7& ,
p(z)e 5 < p(f(2) < pla)eF A=0,
or equivalently,
B _ - B 20
(1= Al = (14 Alzff) " o
2= < [7(2)] < [2fe™E, A=0.

The above estimates are all accurate.
The following are our main results.

Theorem 2.1 Let f(z1) € SH(A, B) be a k-fold symmetric function with f'(z) # 0, =1 <
A< B< % and k is a positive integer. Let F(z) be the mapping defined in Lemma 2.1 with
v €[0,1).

(1) If A=0, then F(z) € S&(A, B) provided that

00

1+'y])B _ B(]- _7)
>l - )17 < g,
j=2

(2) If 0 < A< 1, then F(z) € S§(A, B) provided that P; =0 (j < 2(1+ £52)) and

S B-A)01-7)
Vi _

>+ ) - i) < 20
j=2

(3) If -1 < A <0, then F(z) € S&(A, B) provided that v < mm{2 o A),l} Pi=0(j<
#) and
Akt2(B—A)y
(B-A)1-7)

X AB .
9%arn ) (i — DIPill <
S By < S

j=2
Proof By Definition 1.1, we only need to prove

Z(DF(2))"'F(z) 1-AB - B-A
l|z]|? 1— B2 1-B?%
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It is obvious that (2.1) holds for zg = 0, since F(z) is holomorphic for z € B" (29 # 0).
From the maximum modulus principle of holomorphic functions, we only need to prove that
(2.1) holds for z € B™ (29 # 0). In the following, let ||z||* = |21|*> + ||20|* = 1.

Since f(z1) € S§(A, B), by Definition 1.1, we have

f(Zl) _ 1—-AB < B—-A
21f'(z1) 11— B2 1—- B2’

Let o) 1 AB
— 21 _ —
Q(zl) - Zlf/(zl) 1— B2 .
It follows that ) L AB
Z1 - —
Z1f’(2’1) - Q(zl) + 1— B2 .
From Lemma 2.1, we have
Z(DF(2))"'F(z) 1-AB
[[211? 1-B
S m o) 1- AB
=T e | 2 | a=0pe0 - =5

Jj=2

f
f(z1) af'(z1) = fa) o~ [ fE)19 2
R R R Py oo Bt oy Teom Y D D el IOV TEO) (Y

— (12 + 7] |2) f(z1) n |21 Z [f(zn)}vj(l Py a0) = 1-4B

af ) | afe) Sl - B
R o] 2 LA 70— ey o ol
= (P + o) L+ (=l - T2
+ [t ol L —aol) : L0 - e
= (1 + 0l [aen) + S50 ] + (L=l ~ T
+ [+ 01 (az0) + 2228) —yjz01?] ﬁfj LA 0 ey
=+ (=l Bate) + (1 =) o2
+ [+ 0=l (o) + Z=28) 4 ] ey i (L2017 (0 )by o)

Since f(z1) € S§(A, B) is k-fold symmetric, by Lemma 2.3, we have

|21] |21
— < |f(x)| £ —————————,
(1 — Az |F) %" (1+ Az |F) 5%
—B|z|* Blzq|F

lzile™ F — < |[f(z1)] < |zale™F -, A=0.

A#0,
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We discuss the properties of F'(z) from Lemma 2.2 in the following 3 cases.

(1) In the case of A =0, we have

Z(DF(2)"'F(z) 1—,43‘
(2% 1-B?

B%2— AB
< (v+ @ =|al®)alz)] + (1 - ’Y)HZoHQﬁ

[0+ 0=l + 22+ ) s > [ZE0G - nip el
j=2

B—A B2 - AB
<(v+(1 —7)|21|2)1 —; t (1 —7)||Zo|\2_732

3\21\ 0o
+ (v + @ ==l + 2] ” G = DIP(1 = |22
=2
B B
- ___— (1- 2
s~ =Vl
9 Blz1l* o \ Mk J
+h+ A=zl +lzlle™ Y e B G = DIP(1—|z)?
j=2

B B
=ﬁ—<1—|z1|2>{3—+1<1—v>

— Iy + (1=l + |alle V(1= |af?)ET (j—l)HPjH}

B o ( B \B
< _— _ _(1- = (1 -~ — Ay F (5 _ )
<15~ (0=l >{B+1<1 ”) gz PG - DI
< B
_1_B2)

where

00
1+'y])B 1 P B(]-_P)/)
>R DIA < Z S

Then F(z) € S§(A, B) by Definition 1.1.
(2) In the case of 0 < A < 1, it is obvious that 1 — A[21]¥ > 1 — |21|. Then

< (1= |a))

(1— Alzi [F) 5%

for A < B. Therefore

Z(DF(2)"'F(z) 1—,43‘
(2% 1-B?

B?2— AB
< (y+ (1 =]z1P)g(z1)] + (1 - 7)|\Zo|\2ﬁ

[l =l faten) + E2E | an] s S LG -

B—A B2 - AB
<(v+(1 —’7)|21|2)1 — 52 +(1 —7)||Zo|\2ﬁ
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(L= Al ") =

|21]

S+ Al ) FG - )|P (1 - [ )
Jj=2

B-A B—A(1
1-B2 B+1

o0
SO (L 4 Al [F)5F (G- 1)|[P)(1 - [ ]2)?
j=2

+(y+ A =la)lal + [z

= Pllzoll® + [y + (1 =)zl + |zl]

(1= Alz[")

B-A B-—A o AB
= T~ = P FT A=) =+ (=l + a0 - Al )

e}
—A I_ i_1,.

S+ Al ) T 4 2B (1 = |z) 1(.7—1)||Pj|\}

Jj=2

B-A s (B—A )
< - _ - (1= _ _
< T — U= laP{ G 0= - b+ A= )lal + )
N7+ Al | E (1 3711 — -5 G- )| Py
>+ A )T+ ) - ) G- DIF
j=2
B-A B-A )
= T~ - aP{FTT =) =+ =l + [
S+ Al ) T = [P ETIE (14 )5 (- 1)B|
j=2
B—-A o (B—A = B_A, . B-A
< T — (1 |zl >{B+1<1—v>—2j§;<1+A> I (- DI|P )}
B—-A
< _
~1-B%
where P; =0 (j <2(1+£52)), 4 -1- 22 >0 (j >2(1+ £54)) and
- Boa (B—A)(1-7)
(1 A 772 - £ ——————=.

Hence, F(z) € S&(A, B) by Definition 1.1.
(3) In the case of —1 < A < 0, it is obvious that

1= Alzr|F <1+ z1], 14+ A" > 1)

Furthermore, Ag—lf > 0 for A < B. Then

(14 |z1)) 5%,
F < (1= [z

(1- A|z1|k>AXkB
1+ A|Zl| )

Similar to the case of 0 < A < 1, we obtain

Z(DF(2))"'F(z) 1-AB
1212 C1-B?
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- B—-A B-A
1— B2 B+1

(1=l + by + 1 =z + 2]
(1= Azt )5 ST+ Al [F) TG - DB - 2?3
j=2

B-A B-A ) )
< — — —

oo

(L 2 Y (1~ |

Jj=2

YA = DI = |23

e B e Y

— [+ (=l + al] Yo+ ) T D = | 2) FEE G - 1Ry

Jj=2
B-A o, (B—A T D A=B (1)
< T - (- lmP{F5 100 M2 2 D = DIIR |
B-A
<—7
- 1-B2

_ 2Ak B—A_ - j . 2Ak . — Ak
where P; =0 (j < AkT2(B— A)v) i tE-120(2 Ahr2(B—A)y ) < mln{Q(Bwal})
and

ZQ%HPH)U —1)|P] < w

par 2(B+1)

Hence, F(z) € S&(A, B) by Definition 1.1.
Setting A = —(B 4 2a) = —1 and A = —B = —« in Theorem 2.1, respectively, we can get

the following results.

Corollary 2.1 Let f(z1) be a starlike function of order a on D with f'(z1) # 0, a € [%, 1),
and let f(z1) be k-fold symmetric. Let F'(z) be the mapping defined in Lemma 2.1 with v € [0, 1),
and let P; =0 for j < %, and

- 1
> 2Rt || B <
j=2

Then F(z) is a starlike mapping of order o on B™.

Corollary 2.2 Let f(z1) be a strong starlike function of order a on D with f'(z1) # 0, a €
(0, 3] and let f(z1) be k-fold symmetric. Let F(z) be the mapping defined in Lemma 2.1 with

v e [O,mm{z,l}), and let P; =0 for j < kzlzv, and
ng(lﬂj )HPH7M~

1+«

Then F(z) is a strong starlike mapping of order o on B™.

Setting v = #, j =m, we can get the following result.
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Corollary 2.3 Let f(z1) € S&(A,B) be a k-fold symmetric function with f'(z1) # 0,
—-1<A<B< %, and k is a positive integer. Let

_ f(z1) fl)ym
F(z) = (1) + =7 P(ao). [ 72 ")
where z = (21,20) € B™, P(z) is a homogeneous polynomial of degree m in C"~1 with m €
7T, m>2 cmd[ (21)}7”'21 o=1.
(1) If A= 0, then F(z) € S§(A, B) provided that

e % B
Pl < m

(2) If 0 < A< 1, then F(z) € S4(A, B) provided that m > 2(1 + %) and

[2(1 + A)] "4 (B - A)
2m(B +1)

1Pl <

(3) If —1 < A < 0, then F(z) € S5(A, B) provided that m > 2+ 2422 and

2(B A)

2 (B - A)

P <—.
1Pl < 2m(B +1)

Remark 2.1 Setting £ = 1 in Theorem 2.1 and Corollaries 2.1-2.3, we have the corre-
sponding simplified results.

3 The Invariance of Strong and Almost Spirallike Mappings of
Type B8 and Order «

We begin with some helpful lemmas.

Lemma 3.1 Let f(z1) be a strong and almost spirallike function of type 8 and order a on
D with f'(z1) #0, a € 0,1), € (=%,%) and c € (0,1]. Let

—a+itanf 1—itanf f(z1) 142

a(z1) = 11—« 1—a 21f'(z1) 1-¢%

Then
2c
o |ty
Proof Since f(z1) is a strong and almost spirallike function of type 8 and order o on D,
by Definition 1.2, we have

lg(z1)] <

2¢2
—02‘ < lal.

—a+itanf 1—itanf f(z1) 1—|—(32‘ 2c
1—a l—a z1f'(z1) 1—¢c2 1—¢2°

That is |¢(z1)

1—itang f(z1)
g(z1) = 1—a [ - zlf’(zl)}’ 270,
0, zZ1 = 0.
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Then g(z1) = ffci —

P

q(z1) for 21 # 0. It follows that q(z1) = —g(z1) — 7

2c? 2¢
a0l = 9(z0) + 7= | < ==
Then )
2¢* + 2c¢ 2c
= 1
|g(2’1)|< 1_ 2 ].—C<

for ¢ € (0, 3]. Observing that g(z1) is holomorphic on D and g(0) = 0, we have |g(z1)| < |z
by the Schwarz lemma. Thus

2

q(=1) + — 2 < |z1)-

Lemma 3.2 (see [6]) Let f(z) be a normalized univalent holomorphic function on D. Then

2

(1= lz)*

A

T e <

The following are our main results.

Theorem 3.1 Let f(z1) be a strong and almost spirallike function of type B and order «

on D with f'(z1) 20, a €10,1), B € (— 5 %) and ¢ € (0, ﬂ Let F(z) be the mapping defined

in Lemma 2.1 with v < 1, P; =0 (j < 1—47) and

2041 = 7)1 = a)cos §
22 DB < (IT+c) 1+ (1—a)cosf)

Then F(z) is a strong and almost spirallike mapping of type B and order o on B™.
Proof By Definition 1.2, we only need to prove

—a+itan6+ 1 —itan 87 (DF(2))"'F(z) 1+ ¢? - 2¢
-« -« I|1z]12 1—c2l " 1—¢2

(3.1)

It is obvious that (3.1) holds for zg = 0, since F(z) is holomorphic for z € B" (29 # 0).
From the maximum modulus principle of holomorphic functions, we only need to prove that
(3.1) holds for z € 9B™ (29 # 0). In the following, let ||z||* = |21|*> + ||20|* = 1.

Since f(z1) is a strong and almost spirallike function of type @ and order « on D, by
Definition 1.2, we have

—a+itang 1—itanf f(z1) 14+¢2 2c
11—« 1—a z21f'(z1) 1—¢2 1—c2

Let
—a+itanf 1—itanf f(z1) 1+ c?

1—a 1—a zlf’(zl)_l—CQ'

q(z1) =

It follows that
—a+itang 142

1—a 1—c2’

1—itanf3 f(z1)
l—a zf'(x)
By Lemma 2.1, we obtain

=q(z1) —

—a+itanﬁ+ 1—itan 32 (DF(2))"'F(z) 1+¢
1-—« 11—« I]? 1—¢?
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_ —a+itanf 1 —itanf f(z1) T — .
—erimp, {zlf(21 g[ D)7 01— j)ieo)

# 1=yl 2L fj[f(zl} 1= DB o) ol - 25

z1f(z1) z1f(z1)f = z

_ —«a+itanpf n 1 —it&zlﬁ{(|21|2 +’Y||ZOH2) f(z1) i |21] ) Z [f(ZI)rj(l )Py (o)

11—« 1-— zlf’(zl) Zlf (2’1 =2 zZ1

# 0=l (2 Ml §7[HE Y g} - 1S
=2

zf'(z)  f(z) 21
= (2 ? + 2ol a(er) - —2ETRE 2O ;_tanﬂ(l—v)nz I+ 2 1tns
1+¢  1—itan ]l + 1zl vnzon? = £() b
_1—02+ 1—a [ 21f'(21) f(z1) }jz:[ ] —J)Pj(20)
2 2 2¢? 2
= (J212 + 120 l)a(21) = 7= (1 =)o
1 —itanp 5 o f(z1) )] 1 = [f(z)7 D
+ (a1 +v|zo||>(zlf,(zl)—1)+|z1|}f(zl)jz:;[ ] W= )Pa)
2 2 2¢? 2
= (|21 + 20 l)a(z1) = 7= (1 =)0
+ [ ) (aten) + T2o5) + ] s 2 2 0 - e
j=2
From Lemma 3.1, we have
2 2¢?
9Dl < == |aGe) + T2 < Il

Furthermore, P; =0 (] < —) and l —2vj—1>0 (] > 7 ) From the condition

2'yj+1 (1 _7)(1 _a) COSﬂ
ZQ HP||7( 14+¢)(1+(1—a)cosf)

and Lemma 3.2, we get

‘—a—l—ltanﬁ l—itan Z(DF(2)) ' F(2) 1—|—c2}
11—« 1-—«a IIz|I? 1—¢?

2
< (= +llz0l®laC0l + T = 2 (=)=l

202 1 —itan 1
e N
¢ —a Gl

f(z1)
Z\ G- DIB 0l

+ [1z1 +lzol)|at1) +

2c 2¢? 9
<O+ U= aP) =  + s (=) = [
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+ v+ =l + ﬁ} 20+ ) 2 (1 = |z 727G = DB

<.

2c 9 2c 22
= 2+(7_1+(1_7)|21|)1_02 1_c2

1—c
(L+ [z )* T2 (1 = |21 )22V (5 — 1)|| Py

hE

+ [ =)+ T ajosd |Z;|COS/3]

<.
I|
N

- 2c 2c
T 1-¢2 1+4c¢

Z1 >
Hrra-mlal+ g | 'Cosﬂ]Zlﬂzl (1= |29 - )|
7j=2

(1= = |a]?)

2c 2¢
= s - - laP {0
z = i J_omi 1.
- prr =l + gL S - G - i)
=2
< a2 - [l ] S -y )
T 1-c 1+e¢ (1 —a)cosf = !
2c
—1-c?

Hence F(z) is a strong and almost spirallike mapping of type § and order o on B™.
Setting v = % and j = m in Theorem 3.1, we get the following result.

Corollary 3.1 Let f(z1) be a strong and almost spirallike function of type 3 and order «
on D with f'(z1) #0, a € 10,1), € (— 5 g) and ¢ € (0, %], and let P(zg) be a homogeneous
polynomial of degree m in C"~1, where m € Z+, m > 6. Let

i) = (10 + P peon [F20] )

f(m)} I

Z1

where z = (21, 2z0) € B™, and the branch of the power function is chosen such that [
=1.1If

21:0

1P < c(l —a)cos B
“8m(l+c¢)(1+ (1 —a)cosf)’
then F(z) is a strong and almost spirallike mapping of type B and order o on B"™.

Remark 3.1 Setting a =0, 8 = 0 in Theorem 3.1 or Corollary 3.1 respectively, we get the
corresponding results for strong spirallike mappings of type 3, and strong and almost starlike
mappings of order aw on B™.
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