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Abstract This paper deals with some parabolic Monge-Ampere equation raised from
mathematical finance: ViV, +ryV,V,, —0V;? = 0 (Vyy < 0). The existence and uniqueness
of smooth solution to its initial-boundary value problem with some requirement is obtained.

Keywords Initial-boundary value problem, Parabolic Monge-Ampeére equation,
Strong convex monotonic function
2000 MR Subject Classification 17B40, 17B50

1 Introduction

In [1], an optimal investment problem was proposed on the time interval [0,7T]. They used
variables r, b, o to describe the financial market. The attitude of the investors at the terminal
time T for risk and interest can be describe by the utility function g(y). The goal is to search
the optimal portfolio, and to achieve the maximum profit for investors. In [1], the following
model was deduced to solve the above problem:

{VSVW +ryV,Vyy —0V2 =0, V,, <0, (s,y) €[0,T) xR, 1)

V(T,y)=g(y), ¢'(y) >0, yeR,

where V' = V(s,y) is the undetermined function and r,b,o are given constants, satisfying

r>0,0>0 b—r>0,0= b;r. Usually, we can assume that g(y) = 1 — e~ ¥, where ) is
some positive constant. In [2-3], the authors studied problem (1.1) and got the existence and
uniqueness of smooth solution.

Note that the variable y in (1.1) means “the initial capital for investors”. Then, it is obvious
that, for y < 0, the investors can not invest anything. Meanwhile, “the initial capital” has to
be finite. For the sake of using in the real world, we only consider the initial-boundary value
problem in the domain [0,7") x (0, X). In this paper, we discuss the classical solution for the

following problem:
—(ug — T2UL Uy = OUZ, Uy >0, (x,t) € (0,X) x (0,77,
u(z,0) = g(x), g'(r) <0, z € [0, X], (1.2)
uw(0,8) = uo(t), w(X,t)=ux(t), te€][0,T].

Here, we have used transformation (s,y) = (T —t,x), V(s,y) = —u(z,t) in (1.1).
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By the way, from the viewpoint of partial differential equations, these problems are still
valuable to discuss. In the famous work of Caffarelli- Nirenberg-Spruck [4] for Monge-Ampere
equations, they proved the existence of the strictly convex solution to the following problem:

det D2u = ¢(x,u, Du) for z € (bounded smooth convex domain) 2 C R, (1.3)
u=¢(x) for z €I ’
with the requirement of strictly convexity and the increasing condition:
0<(x,2,p) <CA+|p*)2 forz€Q, 2 < maxo. (1.4)

As Krylov [5] pointed out that the corresponding parabolic problem matching (1.3) should
be

(3 (1.5)

—uy det D2y = J(m,t,u,Du) for (z,t) € @ =Q x (0,77,
u(z,t) = ¢, t) for (z,t) € 9,Q.

Since we need to use the method of [4], we also require the condition appearing in (1.4) (also
see [7]):

0<¢(x,t,2,p) <CA+p2)2  for (z,t) € Q, 2z < max ¢. (1.6)

It is obvious that, for 7 = 0, (1.2) becomes the type of (1.5), where n = 1, det D2u = .
But the requirement (1.6) can not be satisfied for the right-hand side of the problem (1.2) which
may even be zero.

To overcome the difficulties, we observe that we can construct a sub-solution if the data of
our problem satisfy appropriate conditions. Then, we derive the needed a prior estimates and
use the degree theory to obtain the existence of the smooth solutions.

2 Preliminaries

For the equation (1.2) with a given function in the right-hand side, namely, the initial-
boundary value problem of the parabolic Monge-Ampere equation is
—(up — raug ) Uz = f(x,t), (z,t) € Q,
u(z,0) =g(x), 4¢'(z) <0, x € [0, X], (2.1)
u(0,t) = up(t), w(X,t)=ux(t), tel0,T)].
In this section we use @ to denote (0, X) x [0, T7.
We assume that
(hy) There exist some constants a € (0,1), p > 0, such that

fla,t) € C*FITR@Q), flat) > p
in Q.
(ha) g(x) € C**2([0, X)) satisfies ¢”(x) > pin [0, X], and ug(t), ux (t) € C*T([0, T)) satisfy
—up(t) > p, —uly (t) — rug(t) + rux(t) > pin [0, 7.
(hs) The data of problem (2.1) satisfy the compatibility conditions up to the second order.
The compatibility condition is necessary for parabolic equations, which is one of the main

differences to the elliptic type. The key point is that the initial data of the problem satisfy the
smooth conditions at corner points. For instance, the Oth-order compatibility condition is

9(0) = up(0), g(X)=ux(0).
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The 1st order compatibility condition is
—u(0)g"(0) = £(0,0),  —(ux(0) —rXg'(X))g"(X) = f(X,0).
Using the method in [6], by some modification, we can get the following result.

Theorem 2.1 If conditions (hy)—(hs) hold, then the problem (2.1) has a unique solution
u(z,t) € CH2+3(Q) satisfying —(ug — raug) > 0, uge >0 in Q.

3 Main Result

We note that (1.2) is invariant with the transformation z — Xa. Hence, without loss of
generality, we can assume that X = 1, and in the following, we use @ to denote (0,1) x (0, 7.
Then, (1.2) becomes

— (g — TTUL ) Ugy = OUZ, Uy >0, (7,t) €Q,
u(z,0) = g(x), ¢'(z) <0, z € [0,1], (3.1)
w(0,8) = uo(t), wu(l,t)=wui(t), t e 0,77

Now, we only consider the non-degenerate case of Equation (3.1). In our case, the solution

should be called a strong convex monotonic function. Here, a function u(z,t) is called a strong
convex monotonic function, if u(x,t) € C*(Q) and

Uge(2,1) >0, wz(z,t) <0, (ui(w,t) —roug(z,t)) <0, Y(z,t) € Q.

Since we will establish the existence of problem (3.1) in C*4+®2+%(Q), we find the following
necessary conditions:

(H;) There exist some constants o € (0,1), p > 0, ug(t),u1(t) € C*T([0,T)), and g(x) €
C4re([0, 1)) satisfying —uf(t) > p, —u)(t)—ruo(t)+rui(t) > pin [0, 7], and ¢'(z) < 0, g"(z) >
w in [0, X].

(H2) The data of problem (3.1) satisfy compatibility conditions up to the second order.

(Hs) There exists some constant v > 0 and two strong convex monotonic functions u? (z,1),
u(x,t) € CH2T2 (Q), satisfying

= (= row, )y, > —(uf —roud)ug,, V(w,t) €Q,
- (Mt - Txuz)uxx > 02i7 v( 7t) € Qa
u,(x,t) < —v <0, Y(z,t) €

The following two lemmas give the sufficient conditions for (Hs) to hold.

Lemma 3.1 If (Hy)(Hz) and the following condition holds:

= [(1 = 2)up(t) + zui ()]g" (z) + ralg’ () — uo(t) + uo(0) + ur(t) — ua (0)]g” (2)

> 0{g' (z) — [uo(t) — uo(0)] + [u1 (t) — u1(0)]}? (3.2)
and for some constant ¢y > 0, we have
g'(x) = [uo(t) = uo(0)] + [ur(t) —u1(0)] < —e1, V(1) € Q. (3.3)

Then, we have some convexr monotonic function u(x,t) € C**2T2(Q) satisfying

—(uy — rruy U, > 0uZ >0, (a:,t) €Q

u(z,0) =g(z), g'(z) <0, € [0,1], (3.4)
H(O t) = uO(t)v H(lat) = ul(t)v [Oa T]
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Proof We let
u(z,t) = g(x) + (1 — 2)[uo(t) — uo(0)] + @[us () — ua (0)].
Hence, we get our result.

Lemma 3.2 If the condition in the above lemma is satisfied, then there is some strong
convex monotonic function u®(x,t) € C42+5(Q) satisfying

(u? —rzud)ul, < —(u Uy — TTUL Uy, V(2 1) € Q,
u’(z,0) = (w), g'(x) <0, z € [0,1], (3.5)
uO(O,t)—uo(t) u(1,t) = up(t), te 0,7,

and |u0|c4+“'2+% < K. Here the constant K only depends on the data of our problem (3.1).

@
Proof Let A(x,t) = —t*n(t) — GTC%(l —n(t)), and
1, telo,
0, teld, T]
Then, it is obvious that A(z,t) € C***1+%(Q), 9;1 < A(z,t) <0, and
A(0,0) = A(1,0) = A(0,0) = A4(1,0) = A,(0,0) = A;(1,0) = Az(0,0) = A,,(1,0) = 0.
Let fO(z,t) = —(u, — r2u,)u,, + A(z,t). We can check fO(z,t) > 0in Q and
O, t) < —(u, — rew,)u,,, Y(z,t)€Q=(0,1)x (0,T).

On the other hand, f° also satisfies the compatibility conditions up to the second order.
Using Theorem 2.1, we have a unique strong convex monotonic function

UO(J), t) c C«4+a,2+% (@)

satisfying (3.5) and
|u0|c4+a,2+%(§) < K.
Since u is the sub-solution for u", u9(1,t) < u,(1,t). By v, > 0, we have u?(z,t) < 0.

By the proof of the above two lemmas, we have that the sufficient condition for (Hs) is that
Equation (3.1) has a strong convex monotinic sub-solution or that the following sub-solution

u(z,t) = g(x) + (1 = z)[uo(t) — uo(0)] + [u1 (t) — u1(0)]

satisfies u, (z,t) < —c1, V(x,t) € Q. In what follows, we use the degree theory to prove that
the problem (3.1) has a strong convex monotonic solution. Let us consider the Banach space

Co*(Q) = {w(x,t) € C**(@); w(x,t)|o,q = 0}
and its open subset,
S = {v(z,t) € Cy*(Q) | v > 0in Q,vz|s=0 > 0,vz]z=1 < 0, (v + w) is a strong cover solution}.
For a sufficiently large constant R, denote
Sg =8 N {v(z,t) € Cy*(Q); |v| A2(Q) < R}.

We need the following lemma from [8].
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Lemma 3.3 Denote K, to be an interval in R" with radius p. Let w(x,t) in Q satisfy the
Hélder condition for t with an exponential o and a Hdélder constant py. Also assume that the
derivative w, exists. It means that for any t € [0,T], w(x,t) is Hélder continuous with respect
to x. More explicitly, we have

max__osc, {w,(2,t), K, N (0, X)} < pap”.

K,,0<t<T
Then, the derivative w, in @ satisfies the Holder condition for t with an exponential § = (1(165)
The Hélder constant p only depends on v, 3, pi1, pia-
Lemma 3.4 If (Hy)(Hs) hold, then, for any v € S, 7 € [0,1], the following problem
_(u; —rru ) Tr T fT(xvt) = 7-9(@ + ’U)i + (1 - T)fo(xvt)a (l‘,t) € Qa
u”(2,0) =g(z), ¢'(z) <0, x € [0,1], (3.6)
UT(Oat) = O(t)a u(lvt) = ul(t)v te [Oa T]

has a unique solution u™ (z,t) € C*2+5(Q), and satisfies |uT|C4+a,2+%@) < Ky, where Kq
only depends on the data of the problem but not on .

Proof By Lemma 3.3, we know that the right-hand-side function f7(x,t) € C***12 (Q).
Then, it is easy to check that f7(z,¢) > 0 in @, and satisfies compatibility conditions up to the
second order. Hence, by Theorem 2.1, we have the conclusion.

Lemma 3.5 Suppose that (Hy)-(Hs) hold. For any v € S, the problem (3.6) has a unique
solution u™ € C*T*2+3(Q). Denote v = u” — u. Define some map T™v = v". Then, we get
that

TT:veSm—u eCi?Q)

18 a compact continuous map.

Proof By Lemma 3.4 and the parabolic equation theory (see [10-11]), the image of the

map 17 is C4t*2+% | Since |u” |ga+a+g @ < Ko, not depending on 7, we have that 77 is a

2 (Q)
compact map.

Lemma 3.6 There is a bounded constant M > 0, such that all solutions u(t,z) of the
following problem

—(ut — UL Uyy = TOUZ + (1 — 7) fO(2,t), (2,t) € Q,
(1[,’,0 = ( ) g/({E) < 07 S [ a]-]a (37)
u(0,t) = uo(t), wu(l,t) =wu(t), te[0,T]

satisfy
|’U,|C4+a,2+%(§) < M.

Proof We note that u > u and
u<u=(1—2x)up(t) +zui(t). (3.8)
Hence, there is some bounded constant M7 > 0, such that

sup |u| < My, suplug| < M. (3.9)
Q Q
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Let us estimate —u;. Define some linear operator

- 2
L,= [—um]2 + [—(ur — rxux)]% + [7"xum]2 - 270ux£.

ot ox ox

k
Consider the following test function w(x,t) = —u + S U We have
Ly(w) = gzt — o Utlas + Utltos — S Utlss = TTUzUtas + 5TTU Usg
— XU Uy + Emtuxum + 270U, — kTOUL U,
= —(L=n)fP (2, t) + k(1 —7)f(,1)
(1 =7)f(x, ) {k = [In fO(z,1)]:}.

If k > ks = sup |[In f°(z,)];|, we haveL,(w) > 0. By the maximum principle, we have
Q

k k
sup(—ut—l— —3u> > sup(—ut—l— —Bu) (3.10)
9,Q Q

Using the same linear operator L., we consider another two test functions

vy = ektut, vy = rouget.

Direct calculation shows

_ Kt Kt kt Kt
Ly (v3) = —uggpupe™ — kuptige™" — uptree”™ + 1oty Ups e
+ reugpuge® — 2r0u et

= (1 —7)f2eM — kugugze®t,
kt

Ly(vq) = —ugprauge™ — PTULUpre™ ke — 2ruptgpe®t — roupug e

+ 2r2fcumumekt + 7"2x2uxummekt + 7"2xuxumekt
+ 1202 Uty — 270rup UL et — 270rTUL Uy et
= rae (1 —7)f0 + 2r(1 — 7) %" — krouyu,,e,
Lu(—vs +vg) = —(1 = 1) fO + rae® (1 — 7) O + 2r(1 — 7) fO**
— keM (—utgy + TTUL UL,
=1 —7)e (—f2 +rafo+2rf°) — ke [r0u + (1 — 7)f°)
= —"{k[r0ul + (1 —7)f°) + (L= 7)(f{ —raf] —2rf°)}.

(L=7)(f) —raf) —2rf°)
TOuZ + (1 —71)f°

If k > k4 =sup , we get Eu(—’l}3 +vy) <0, Y(z,t) € Q. Then, we
Q

haVe
i lf - + < i lf - + .
1’ ( U3 U4) 1 ( U3 U4)

P

Hence, we obtain

igf(—ut +raug) > e M T inf (—uy + rouy). (3.11)

f
QR
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Note that on {z =0} x [0, T7,

—ug + raug = ug(t).
On [0, z] x {t = 0}, we have

0l (2)> + (1 — 7)f°(x,1)
g"(x) '

—Ut + TTU, =

On {z =1} x [0,T], we have
—Up + rTUy = —Up + Uy > —uf () + 1T (2, 1) | e=1
= —uy(t) — ruo(t) + rui(t),

where @ is the sup-solution of u defined by (3.8). Now combining (H; }-(Hs), (3.9)—(3.11), there
are some bounded constants ¢1, My > 0, such that

lut| < Ma, igf(—ut + raug) > ¢ > 0. (3.12)
Then, using Equation (3.7), there are bounded constants vy > 0, M3 > 0, such that
0<vi <Upp < Ms, Y(z,t) €Q. (3.13)

Taking the derivative with respect to ¢ in (3.7), we have

2( )+ [—ur + rzu ]8—2
o ! * 022

The above equation is a linear equation about u;. Using Holder estimates for bounded coefficient

] () 12t — 27802] 2 () = (1= 7) 7.

linear parabolic equations, we have
[ut]cu,% ©) < My, where M, only depends on problem data.
Combining (3.12)—(3.13) and using Equation (3.7), we have
[U;xx]ca,%(é) S M5

Combining all the results that we have obtained and using Schauder estimates, we have our
conclusion.

Lemma 3.7 There exists some bounded constant R > 0, such that the operator I —T" has
no zero on OSg.

Proof By the definition of Sg, we know that there exists no solution of Equation (3.7) on
|[v]ge2 = R. In what follows, we will have no solution of Equation (3.7) on dSg, either. Suppose
that u satisfies (3.7) on OSg. Then, we have u > u and at least one of the following three cases
holds: u = w holds at some interior point of Q; (v — w)z|s—0 = 0; (4 — w)z|s—1 = 0. By the
maximum principle and Hopf lemma (as Theorem 3 in [9]), we have 7 > 0. But we also have

(= Py gy — (ur = 10Uz gy — T(OU7 — Ou7)

= _T[_(ut - rmum)yx;c - gyi] + (1 - T)[fo(il:, t) + (ut - rmym)yx:c]
<0.
Since 7 > 0, the equality will not appear in the above inequality. Again using the maximum

principle and Hopf lemma, we have u = wu, which is a contradiction. Now, we can prove the
main theorem.
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Theorem 3.1 If conditions (Hy)—-(Hs) hold, then the problem (3.1) only has a unique strong
conver monotonic solution u = u(x,t) € CHH*2+3(Q).

Proof The maximum principle implies the uniqueness. We only need to discuss the exis-
tence. Since Sg is a bounded subset in the Banach space 03’2(@), the map

T7 : Sk — C2(Q)

is a continuous compact operator. There is no zero for the operator I — 77 in dSg. Thus, for
7 € [0, 1], we can define the Leray-Schauder degree

deg(I —T7, Sg,0).
By the homotopy invariant for the Leray-Schauder degree, we have

deg(I —T", Sg,0) = deg(I — T", Sg,0).

By the uniqueness, we have T° = v° = 1 — u, Vv € Sg. Hence, we have

(I —=T%(w)=1-1" Vo€ Sg,

which implies deg(I — T°, Sg,0) = deg(I — v°, Sg,0). Using the translation invariant and nor-
malization of the Leray-Schauder degree, we have deg(I —v°, Sg,0) = deg(I, Sg,v") = 1. Thus,
we obtain deg(I — T, Sg,0) = 1. We have completed the proof.
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