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Abstract Applying Nevanlinna theory of the value distribution of meromorphic functions,
the author studies some properties of Nevanlinna counting function and proximity function
of meromorphic solutions to a type of systems of complex differential-difference equations.
Specifically speaking, the estimates about counting function and proximity function of
meromorphic solutions to systems of complex differential-difference equations can be given.
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1 Introduction and Main Results

Let f(z) be meromorphic function in the complex plane C. We assume that the reader is
familiar with the standard notations of Nevanlinna theory of the value distribution of meromor-
phic functions, such as the characteristic function T'(r, f), the proximity function m(r, f), the
counting function N(r, f), as well as the first and second main theorems (see [1-4]). The no-
tation S(r, f) denotes any quantity that satisfies the condition: S(r, f) = o(T'(r, f)) as r — c©
possibly outside an exceptional set E of r of finite linear measure rlggo f[l,oo)ﬂ 5 % < o00. A
meromorphic function a(z) is called a small function of f(z) if and only if T'(r, a(z)) = S(r, f).

Many authors have studied the problems of the existence or the growth of meromorphic
solutions of systems of complex differential equations, and obtained some results (see [5-9]). In
recent years, there has been renewed interests in difference (discrete) equations and difference
analogues of Nevanlinna’s theory in the complex plane C (see [10-24]). Chiang and Feng [13],
as well as Halburd and Korhonen [21] established a difference analogue of the Logarithmic
derivative lemma independently. The foundations of the theory of complex difference equations
were laid by Julia, Birkhoff, Batchelder and others in the early twentieth century. Later on,
Shimomura [24] and Yanagihara [22-23] considered nonlinear complex difference equations by
the method of Nevanlinna’s theory.

In 2011, Korhonen [21] investigated the properties of finite-order meoromorphic solutions of

the equation

H(z,w)P(z,w) :Q(Z,w), (11)
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where P(z,w) = P(z,w(z),w(z+c1), - ,w(z+cy)), ¢1,- -, cn € C, and obtained the following

result.

Theorem A Let w(z) be a finite-order meromorphic solution of (1.1), where P(z,w) is
a homogeneous difference polynomial with meromorphic coefficients, and H(z,w) and Q(z, w)

are polynomials in w(z) with meoromorphic coefficients having no common factors. If

max{deg,, (H),deg, (Q) — deg,,(P)} > min{deg,, (P),ordo(Q) — ordy(P)},

then N(r,w) # S(r,w), where ordy(P) denotes the order of zero of P(z,xg,x1, - ,xy) at

ro = 0 with respect to the variable zg.

In 2012, Gao [17] extended the above result of (1.1) to the systems, and obtained some
properties of the proximity function and the counting function of meoromorphic solutions to

systems of difference equations such as

{fl)l(z,wl,wz) = Ri(z,w1), (1.2)

(I)Q(Zawth) = RQ(Z,’U}Q),

where R;(z,w;(z)) (i = 1,2) are rational functions in w;(z) (i = 1,2) with meromorphic coeffi-
cients which are small functions of f;(z) (i = 1, 2) respectively, and ®1(z, wy, wa), P2(z, w1, ws)

are difference polynomials which are defined as
D1 (z, w1, wa) = P1(z, w1 (2), wa(2), w1 (z+ c1),wa(z+c1), -+ ,wi1(z + cn),wa(z + cp))
e H B (a4 er) 0 2 + ),
(@ k=1
2

Dy (z, wi, wa) = Doz, w1 (2), wa(2),w1(z+ c1),wa(z+c1), -+ ,wi1(z 4 cn),wa(z + ¢n))

j’“ (z4c1) - wi’“” (z + cn),

=D by(z H

(4)

with the coefficients {a¢;(2)}, {b¢;)(2)} being small functions with respect to both w; and wy,
and ¢; € C, foralli=1,2,---,n

So far, the previous researches are only on the complex differential equations (systems) or
difference equations (systems), but not on difference-differential equations (systems). There-
fore, it is very important and meaningful to study the cases of difference-differential equations
(systems), and this paper will mainly investigate some properties of meromorphic solutions of
the systems of difference-differential equations. By the way, let me give out the definition of

difference-differential equation and the system of difference-differential equations as follows.

Definition 1.1 We call an equation a difference-differential equation, if this equation con-

tains the difference and the differential of one function at the same time.

Definition 1.2 Corresponding to difference-differential equations in Definition 1.1, we
will call the systems which contain difference-differential equations the systems of difference-

differential equations.
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In this paper, inspired by the ideas of Gao, the author will mainly investigate some properties
of the meromorphic solutions of the systems of complex differential-difference equations, and
extend the results obtained by Gao [17] to the systems of the following form (1.5), which is
different from the systems of complex differential equations or systems of complex difference
equations. That will be an innovative contribution of this paper.

Let ¢ (I=1,2,---,n)€C, I, J be two finite sets of multi-indexes (ig, i1, ,in), (Jo,J1," " »
Jn) respectively. Qq(z, w1, ws), Qa(z,wi,wy) are difference-differential polynomials which are
defined as

Qu(z,wi,w2)= ) | ag H wh(z 4+ ) (wf (2 + )™ - () (2 4 ea))™, (1.3)

(i€1)
2
falzwnua)= 3 by (2) [ wit( Wh(z 4 eV (] (2 + ) - () (= + ), (14)
(JeJ) k=1

respectively, where the coefficients {a(;(2)}, {b(;)(2)} are small functions with respect to both

w1y and woy in the sense that
T(r,a@)) = S(r,we), T(r,bu) =Sr,wy), k=12,

as r tends to infinity outside of an exceptional set E of finite logarithmic measure f 5o < 0.

Denote

n

m} A1z = H(la)LX{Zizz},
7

=0

Ag1 = maX{Z]u} Ag2 = max { Zle}v
() U Y5
{ l+1 Zu} MIZZH(I%X{Z(Z+1)i2l}7
Y=o

Ha1 = max { Z(l + 1)]’11}, Ha2 = max { >+ 1)j21}-

=0 =0

A1l = max
(1)

Hi11 =

Now, we will investigate the following systems of complex difference-differential equations:

{Ql(zawlva) = Rl(Z,’U}l),

1.5
Qo (2, w1, w2) = Ra(z,we), (1.5)

where Q; (z, w1, ws), Qa2(z, w1, ws) are difference-differential polynomials defined as (1.3)—(1.4),

respectively, and

P1
> ari(z)w
i=0

Py(z,wy)
R fr—
1(Zaw1) Ql(z,wl) qzl bli(z)w |
e
a9z ’UJ2
Ry (2, w2) = Po(z,w2) _ = ’

@2(z w2) i bai(2)wy
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with coefficients {a(;)(2)}, {b)(2)}, {ari(2)}, {br;j(2)}, k = 1,2 being all meromorphic func-
tions and small functions with respect to both wy and wa, aip, big, # 0, azp,baq, # 0.

The difference-differential polynomial Qy(z,wy,w2) is said to be homogeneous with respect
to w(z) (k =1, 2) if the degree dy, = iy + ik1 + + - - + ikn of each term is non-zero and the
same for all i € I.

The order of growth of a meromorphic solution (wy,ws) is defined as

plwr, wz) = max{p(wi), p(ws)},

where log T )
. og T (r, wy
wg) = lim sup ————=.
plw) rﬁoop logr

The main results are as follows.

Theorem 1.1 If (w1, ws) is a finite-order meromorphic solution of system (1.5), where
Q1 (z, w1, w2), Qa(z, w1, ws) are homogeneous difference-differential polynomials in wy and we
respectively, Ry(z,wi), k= 1,2 are irreducible rational functions in wy, and

max{q1,p1} > 1+ 2u11 + pa2,
max{qa, p2} > 1+ 2pu21 + paz.

Then N(r,wy) = S(r,wi) and N(r,wz) = S(r,ws2) can not hold at the same time, possibly

outside of an exceptional set of finite logarithmic measure.

Theorem 1.2 If (wy,ws) is a finite-order meromorphic solution of system (1.5), where
Q1 (z, w1, w2), Qa(z, w1, ws) are homogeneous difference-differential polynomials in wy and we

respectively, Ry(z,wi), k= 1,2 are irreducible rational functions in wy, and

max{qa, pa} — proo >0, max{q,p1} — p11 >0,
(p11 — max{q1,p1}) (22 — max{qe, p2}) > piapor + Aizpa1,
(21 — max{qg2, p2})(11 — max{qi, p1}) > poapi11 + Aoapii1.

Then there are
m(r,wy) = o(T(r,wy)), mr,wz) = o(T(r,wz))

when 1 tends to infinity outside of an exceptional set of finite logarithmic measure.
2 Main Lemmas

In order to prove our results, we need the following lemmas.

Lemma 2.1 (see [3]) Let f(z) be a meromorphic function. Then for all irreducible rational

functions in f,
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such that the meromorphic coefficients a;(z), b;j(z) satisfy
T(r,ai):S(r,f), i:051725"'5p7
T(T,bj):S(T,f), j:071a27"'7%
one has
T(r,R(z, f)) = max{p,q}T'(r, f) + S(r, f).
Lemma 2.2 (see [4]) If f(z) is a transcendental meromorphic function, then
N(r, f®) < (k+1)N(r, f) + S(r, f),
T(r, fV) < (k+1)T(r, f).

Lemma 2.3 (see [13]) Let f(z) be a meromorphic function with order p = p(f), p < +0o0,

and let ¢ be a fized nonzero complex number. Then for each ¢ > 0, one has
T(r, f(z+c¢)) = T(r, f(2)) + O(r"~ 1) + O(log ).

Lemma 2.4 (see [13]) Let f(z) be a nonconstant meromorphic function with order p =

p(f), p<4oo, and c be a fized nonzero complex number. Then for each 1 > § > 0, one has
flz+c T(r, f(z
m(r, ( )) :0( (r, f( ))) S0 f),

f(2) re
m(r, f(z +¢)) = m(r, f) + S(r, f)

for all r outside of a possible exceptional set with finite logarithmic measure.

Lemma 2.5 Let f(z) be a nonconstant meromorphic function with order p = p(f), p <

400, and ¢ be a fized nonzero complex number. Then

P+ g
() =500,
mir, f® (= +¢)) < mr, ) + S(r. f)

for all r outside of a possibly exceptional set with finite logarithmic measure.

Proof By the logarithmic derivative lemma, there is

fBz+e)y B
m(rvm) —S(T,f(Z-’-C)) *S(rvf)

Then, from Lemma 2.4 and the above, we have

f®z+e)y f®(z+¢) f(z+¢)
m(r’ 7(2) )*m<7"’ fz+o) f(z))
S®(z+0) flz+¢)
<m(nerg) ()
=S5(r, f).
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Moreover,

®) (s 4 ¢
m(r, £z +0)) = m(r, LE 2D p)

Il
—
=
~
-

_|_

n
—~
~
~—

3 Proofs of the Theorems

Proof of Theorem 1.1 Suppose that (wi,ws) is a finite-order meromorphic solution of
the system (1.5). By the Lemma 2.1 and the system (1.5), there are

T(r, Q1 (r,wy,we)) = T( 511((? 15}11))) = max{q, p1 }T(r,w1) + S(r,wy), (3.1)
T(r,Qa(r,wy,we)) = ( 2((’2’ 15}22))) = max{qa, p2 } T (r,ws2) + S(r, ws) (3.2)

for all r outside of an exceptional set of finite logarithmic measure.

By Lemmas 2.4-2.5, we can get that

m(r, Q1 (r, wi,ws)) < Apym(r,wr) + Aaem(r,wa) + S(r,wy) + S(r, ws), (3.3)
m(r, Qa(r,wi, w2)) < Aoym(r,wi) + Aaam(r,wa) + S(r,wy) + S(r, we) (3.4)

for all r outside of an exceptional set of finite logarithmic measure.
As

A S, Az Spaes o Ao Ko, Ase < g,
m(r, Q1 (r, wi,ws)) < pram(r,wr) + pram(r, we) + S(r,w1) + S(r, wa), (3.5)
m(’l“, QQ(T7 wi, w2)) < Mle(T7 ’U}l) + M22m(r7 ’LUQ) + S(T7 ’LUl) + S(’I", w2) (36)

for all r outside of an exceptional set of finite logarithmic measure.
Thus, from the assumptions of Theorem 1.1, combining (3.1) and (3.5), (3.2) and (3.6),

respectively, we have

N(r, Q1 (r,wi,wa)) > (14 par + pa2)T(r,w1) — prem(r, we) + S(r,wi) + S(r,wz), — (3.7)
N(r, Qa(r,wi,wa)) > (1 + po1 + po2)T(r,w2) — parm(r,wr) + S(r,w1) + S(r,w2).  (3.8)

However, on the other hand, it follows that

N(r,Qq(r,wy,w2)) < p11N(rywr) + paeN(r,wa) + S(r,wr) + S(r, wa), (3.9)
N(r,Qa(r, w1, w2)) < po1N(r,wr) + poa N (r,wa) + S(r,wr) + S(r, ws). (3.10)
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So combing (3.9) and (3.7), (3.10) and (3.8), respectively, we can obtain

(1 + pa1 + pa2)T(r, we)

< pnT(r,wr) + paaN(r,we) + pi2T(r, we) + S(r,wr) + S(r, wa), (3.11)
(14 o1 + o) T (r, w2)
< proa N (r,wi) 4 po2 T (ry we) + por T(rywi) + S(rywi) + S(r, wa). (3.12)

By the suppositions that N(r,w;) = S(r,w;) and N(r,ws) = S(r,ws2), we can get by the last
inequality that

+
nn
=

(1 + p12)T(r,wi) < pa2T(r, wo
(14 p21)T(r,wa) < por T (r,wy) + S(r,
That is,
(1 + pa2 +0(1)T(r,w1) < (paz +o(1)T (7, w2),
(1+ po1 + 0(1))T (1, w2) < (p21 +o(1))T'(r, w).
By the last inequation, we can get that
(1 + pa2) (1 + p21) < paopior.

Thus, from the last inequality, we can get a contradiction. Therefore, the proof of Theorem

1.1 is complete.

Proof of Theorem 1.2 Suppose that (wy,ws) is a finite-order meromorphic solution of

the system (1.5). By Lemmas 2.4-2.5, we can get that
m(r, Q1 (r,wy, we)) < Aym(rywy) + Aam(r, wa) + S(r,wy) + S(r, ws), (3.13)
m(r, Qa(r,wi, w2)) < Aoym(r,wi) + Aaam(r,wa) + S(r,wy) + S(r, we) (3.14)

for all r outside of an exceptional set of finite logarithmic measure.

By Lemma 2.1 and the system (1.5), there are

T(r,Qq(r,wy,ws)) = T(r, %) = max{q, p1}T (r,w1) + S(r,w), (3.15)
70, a1, 02)) = T (1 A ) = max{n, p} (v wa) + S(r.) (3.16)

for all r outside of an exceptional set of finite logarithmic measure.
So, combining (3.13) and (3.15), (3.14) and (3.16), respectively, we can have

N(r, Qi (r,wy,w2)) + Aim(r,wy) + Aam(r,wa) + S(r,wy) + S(r, we)

> m(r, Q1 (r,wy,w2)) + N(r, Q1 (r,wr,we)) = T(r, Q1 (r, wr,ws))

= max{qi, p1 }T'(r,w1) + S(r,w1), (3.17)
N(r, Qa(r,wi, w2)) + Aarm(r,wy) + Aaam(r,wa) + S(r,wy) + S(r, we)

> m(r, Qa(r, wy,w2)) + N(r, Qa(r,wr,we)) = T(r, Qa(r, wi,ws))

= max{qa, p2 } T (r,ws2) + S(r,wy) (3.18)
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for all r outside of an exceptional set of finite logarithmic measure.

Moreover, by Lemma 2.2, it follows that

for all r outside of an exceptional set of finite logarithmic measure. Therefore, from (3.17) and
(3.19), there is

max{qi,p1 }7T(r,w1)
< i N(rywy) + paaN(r,we) + Aam(r,wy) + Aam(r, wa) + S(r,wr) + S(r, ws)
< (A1 = pa)m(r,wr) + pn T (r,wr) 4 (a2 + M2)T'(r, we) 4 S(r, wi) + S(r, wa).

That is

(,Un - /\11)m(7"a wy)
< (pn —max{gr, p1} +o(1))T(r;wr) + (12 + Mz + 0(1))T(r, w2) (3.21)
for all 7 outside of an exceptional set of finite logarithmic measure. By (3.18) and (3.20), there
is

max{qz, p2}T(r, ws)
< por N(rywy) + poa N (r,we) + Aaym(r, wy) + Asam(r, wa) + S(r,wy) + S(r, ws)
< pnT(rywi) + pooT (r,w2) + S(r,wi) + S(r, wa).

Thus
(max{qa, pa}t — p22 + o(1))T(r,w2) < (21 + o(1))T(r, wq). (3.22)
Therefore, by the supposition that
max{qs, p2} — pa2 > 0,
combining (3.21)—(3.22), we can obtain

(11 = An)m(r,wi) < (pa1 — max{qi, p1} + o(1))T'(r,w1)
(112 + A2 + o(1)) (p21 + o(1))

+
max{qo,p2} — a2

T(’I", wl).

Therefore,

Ki2pt21 + Aiapa1 + o(1)
maX{QQmQ} — H22

(11 — Ar)m(r,wy) < (Mu — max{qi,p1} + )T(Ta wy).
By the supposition that

(11 — max{qi, p1}) (22 — max{ga, p2}) > pr12pt21 + Aiapi21
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and the last inequality, we have

m(r,wy) = o(T(r,w1))

for all r outside of a set of finite logarithmic measure.

Similarly, we can also obtain that

m(r, w2) = O(T(T, w2))

for all r outside of a set of finite logarithmic measure.

Therefore, we have completed the proof of Theorem 1.2.
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