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Constructions of Metric (n + 1)-Lie Algebras*

Ruipu BAT! Shuangshuang CHEN!

Abstract Metric n-Lie algebras have wide applications in mathematics and mathematical
physics. In this paper, the authors introduce two methods to construct metric (n + 1)-Lie
algebras from metric n-Lie algebras for n > 2. For a given m-dimensional metric n-Lie
algebra (g,[, -+ ,], By), via one and two dimensional extensions £ = g+Fc and go = g+
Faz~'+Fz° of the vector space g and a certain linear function f on g, we construct (m+1)-
and (m + 2)-dimensional (n+ 1)-Lie algebras (£,[,- - ,]cr) and (go, [, -+ ,]1), respectively.
Furthermore, if the center Z(g) is non-isotropic, then we obtain metric (n+ 1)-Lie algebras
(£,,--+,]es, B) and (go, [,--- ,]1, B) which satisfy Blgxg = By. Following this approach
the extensions of all (n 4 2)-dimensional metric n-Lie algebras are discussed.
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1 Introduction

Lie algebras have played an extremely important role in physics for a long time. Their
generalizations, known as n-Lie algebras (see [1-3]), also arise naturally in physics and have
recently been studied in the context of M-branes (see [4-8]). The applications of n-Lie algebras
to M-branes, quantization of Nambu mechanics, volume-preserving diffeomorphisms, integrable
systems, and related generalizations of Lax equations have been considered in [9].

Due to the multiple multiplication, structures of n-Lie algebras are complex. Ling proved
in [10] that there is only one finite dimensional simple n-Lie algebra over the complex numbers
under the isomorphism, which is the (n + 1)-dimensional n-Lie algebra g with dimg' = n + 1.
Kasymov in [11] defined nilpotent n-Lie algebras and Cartan subalgebras of n-Lie algebras,
and proved that Cartan subalgebras of an n-Lie algebra are conjugate, and the similar Engel’s
theorem is true in n-Lie algebras. More results on structures of n-Lie algebras can be seen in
[12-17]. A metric n-Lie algebra (L, [,---,], B) over a field F' is an n-Lie algebra (L,[,---,])
endowed with a non-degenerate symmetric bilinear form B : L ® L — F satisfying the ad-
invariant Equation (2.2). The structure of metric 3-Lie algebras is applied to the study of the
supersymmetry and gauge symmetry transformations of the world-volume theory of multiple
coincident M2-branes (see [4]); the Bagger-Lambert theory has a novel local gauge symmetry
which is based on a metric 3-Lie algebra (see [5, 18]). Papers [19-20] studied structures of
metric n-Lie algebras over the real numbers. Paper [21] discussed the isotropic ideals of metric
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n-Lie algebras over the complex numbers, and obtained the formulation on metric dimensions
and numbers of minimal ideals of metric n-Lie algebras.

Realization of n-Lie algebras is very important, but it is indeed difficult. In reference [1],
Fillipov constructed n-Lie algebras, called Jacobian algebras, by a commutative associative
algebra A and n commutative derivations Dy, ---, D,, where the multiplication is defined
as: For z1,--- ,x, € A, 21, -+, 2] = det(D;(z;)). Authors in [17, 22-23] constructed some
infinite dimensional simple Jacobian n-Lie algebras over the fields of positive characters. P. Ho,
Y. Imamura and Y. Matsuo studied two derivations of the multiple D2 action from the multiple
M2-brane model proposed by Bagger-Lambert and Gustavsson; they constructed metric 3-Lie
algebras by arbitrary metric Lie algebras through 2-dimensional extensions (see [24]). Bai and
collaborators realized 3-Lie algebras by Lie algebras, pre-Lie algebras, commutative associative
algebras and linear functions and derivations (see [25-26]), and constructed (n+ 1)-Lie algebras
by arbitrary n-Lie algebras (see [27]). They also constructed two-step nilpotent 3-Lie algebras
by four index matrices (see [28]). In this paper we construct metric (n + 1)-Lie algebras from
metric n-Lie algebras (n > 2) and linear functions.

Throughout this paper, all n-Lie algebras (n > 2) are of finite dimension and over an
algebraically closed field F of characteristic zero. Any bracket which is not listed in the multi-
plication of an n-Lie algebra is assumed to be zero.

2 Fundamental Notions

First we introduce some basic notions used in the paper (see [1, 21]). An n-Lie algebra is
a vector space g over a field F endowed with an n-ary multi-linear skew-symmetric operation

[21, - ,x,] satisfying the n-Jacobi identity
n
(€1, @l Y2, s Yn] = Z[xl"" 2y, s ynly e szl (2.1)
i=1
The mapping ad(z1, -+ ,zp—1): ¢ — @, ad(x1, - ,Tp-1)(xn) = [21, - , 2] for all z,, € g, is
called a left multiplication defined by elements x1, -+, x,,—1 € g.
A subspace I of g is called a subalgebra (an ideal) if [I,--- I] C I ([I, g, ---, 9] C I).
The subalgebra generated by the vectors [z1,- - , 2] for all 1, -+, x, € gis called the derived

algebra of g, which is denoted by g'. If g' = 0, then g is called abelian. If g* # 0 and g has
no ideals other than 0 and itself, then g is called a simple n-Lie algebra. A minimal (maximal)
ideal is a nontrivial ideal I such that if J # 0 is an ideal of g and J C I (J 2 I), then J =1
(J=9)

The subset Z(g) ={z €g| [z,y1, " s Yn-1] =0, Yy1, -+ ,yn—1 € g} is called the center of
g. Obviously, Z(g) is an abelian ideal of g.

Let (g, [,- - ,]) be an n-Lie algebra. If a non-degenerate symmetric bilinear form By : g&g —

F is ad-invariant, that is, for arbitrary 1, -+ ,25-1,y,2 € g,
Bg([xh o ,$n_1,y], Z) = _Bg(y7 [1‘1, o, Tn—1, Z])7 (22)
then (g,[,---,],By) is called a metric n-Lie algebra, and B, is called a metric on g. For a

subspace W of g, the orthogonal complement of W is defined by

Wt ={ze€g|By(w,x) =0 for all w € W}.
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If W is an ideal, so is W+ and (W)L = W. Notice that W is a minimal ideal if and only
if W+ is maximal. We say that W is isotropic (coisotropic) if W C W+ (W C W). It is not
difficult to see that g' = [g,--- ,g] = Z(g)*.

Lemma 2.1 (see [27]) Let (g,[,---,], By) be an m-dimensional metric n-Lie algebra with
a basis {1, ,xm}. Suppose that x=1 and xo are not contained in g. Set

g0 =g @ Fz' ®Fz~' (a direct sum of vector spaces).

Then (go, [, ,]o, Bo) is a metric (n+1)-Lie algebra whose bracket and metric are given below.
For every 1 <k <n+41,

[.757;17 oy, L0 sttt min]o = (_1)k_1[x’i1)' o )xin]) 1 S i17" : 7in S m;
k
[.757;17 "')x_17"')m’in]0:07 0§i17"')ingm7 (23)
k . .
[xiu oty Ty xi,,+1]0 = Bg([xiu o 7xin]7xin+1)x_17 1 S 11, 3 ln41 S m,
BO(xay) - Bg(xvy)a
. . BO(x ,(Eo) = ]-7
By:go®go — F: Bolz—1,20) = (—1)71, (2.4)
Bo(z71,y) = Bo(z7 1,27 1) = Bo(wo,y) =0, Vz,y € g.

Lemma 2.2 (sce [25]) Let (g,[,---,]) be an n-Lie algebra and f € g* the dual space of g.
If f # 0 and f(g') = 0, then (g,[, - ,]f) is an (n + 1)-Lie algebra, where [,--- | is defined
as follows: for all x1,--- ,xp41 € g,

n+1 )
w1, ]y = D (D) T @), i T ). (2.5)
i=1
3 One Dimensional Extensions of Metric n-Lie Algebras

Let (g,[, - ,], By) be an m-dimensional metric n-Lie algebra. If f € g* and f(g') = 0, we
construct (m + 1)-dimensional (n + 1)-Lie algebras.

Theorem 3.1 Let (g,[,---,],By) be a non-abelian metric n-Lie algebra. If 0 # f € g* and
f(g') =0, then By is not ad-invariant on the (n+ 1)-Lie algebra (g, [, ,]f), where [,---,]f

is defined as Equation (2.5).

Proof Ifforall xi,---,xn,y,2 € g, By satisfies By([z1,- -+, &n,ylf,2) +Bg(2, (21, , 2p,
z|y) = 0, then by Equation (2.5)

([mla"' L, ] )+B( [xlv"'axnvz]f)

( YT @)l B @yl + (CU W)l o))

n

+ Bg (y7 Z(_l)i_lf(mi)[xla o 7‘%\% Ty Z] + (—1)nf(2:)[.131, e 713%])

Bg((—l)”}(y)[fclw-- sn),2) + Bo(y, (=1)" f(2)[z1, -+ s 2n])
(=1)"By([a1,-- -, 2, f(2)y + [(y)2) = 0.
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Since f # 0, there is a basis {v1, -+ , v, } of g such that f(v1) =1 and f(v;) =0 for 2 <i < m.
It follows that v; & g' and

By([viy, -+ vi ], f(v1)on + f(vr)v1)
= Bg(['[}il,"' 7vin]7vk) = 0) 1 S il)"' 7in S m, k 2 2.

Since By([viy, -+ ,vi,],v1) = —=Bg(vi,,, [vir,+ vi,_1,v1]) = 0, By(g',g) = 0. Therefore, g* =
0, a contradiction. The desired result follows.

Theorem 3.2 Let (g,[,---,], By) be a metric n-Lie algebra and g' # g. Suppose that c
is an element not in g, and suppose that £ = g + Fc is the one-dimensional extension of the
vector space g. Then there is a nonzero f € g* such that f(g*) = 0 and (£,[,--- ,]cf) is an
(n + 1)-Lie algebra, where the multiplication [,--- ,]cr is defined as follows:

[xlv to 7xn+1]0f = [xlﬂ e aanrl]f + CBQ([xlv T ,:cn],:cn+1)
n+1
_Z [$1,"' ai‘\ia"' ;l‘n-‘,-l]‘f’CBg([l‘l,"' 7xn]a$n+1)a (31)
[Z1, , Tn, Cley = O7 Vay, o, Tpy1 € @
Furthermore, if the center Z(g) is non-isotropic, then there is a metric B on (£,[,--- ,]cy) such

that B(v,w) = Bg(v,w) for all v,w € g.

Proof By Equations (2.2) and (2.5), we only need to prove that [, - - ,].s satisfies Equation
(2.1). For all 1, ,z2,41 € g, by Equation (3.1),

[[xlv T 7xn+1]cf; Tp42, - 7x2n+1]cf
= [[1517 T 7xn+1]f;$n+2; s 7362n+1]cf
= [[xlv to 7xn+1]f; Tp42, - 7x2n+1]f + CBQ([[xlv to aanrl]fa Tp42, - 7x2n]7x2n+1)
= [[xh o 7xn+1]fa T2, 7x2n+1]f + (_1)nCBg([x1; e 7xn+1]f7 [xn+27 o 7x2n+1])7
n+1
Z[xlv Tty [xi; Tn+2, " 7x2n+1]cf7 e 7xn+1]cf
i=1
n+1
= Z T1, e [T Tngos s Tang1]f, s Tngles
n+1
_lev : xz;xn+27"' 7x2n+1]f;"' 7xn+1]f
n+1

+e 3 (1) By ([ vz, @zl 01 B Tas])

n+1
= Z[xl, T [xi; Tp42, - 7x2n+1]fa e ,anrl]f
i=1
n+1
+CZ n 7’+1f ) ([l‘n_l,_g,"' ,x2n+1]7[l‘1)"' 7/x\i7"' 7xn+1])

n+1n+1

+CZZ n+z+jf anrj)Bg([xiv"' 7§n+jﬂ"' ,$2n+1],[$1,"' 7§i7"' ,$n+1])
i=1 j=2
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n+1
= th [y T2, Tantalfy s Tty
+ (_ ) CBQ([anrQa"' ax2n+1]7 [xla"' aanrl]f)
n+1n+1
+CZZ n+z+jf (@nt5)Bg([Tiy s Totgs s Tanga]s [T1, 0+ Ty oo+ Tnga]),
i=1 j=2
n+1n+1
ZZ n+z+jf xn-i—j)Bg([xia"' 7/x\n+ja"' ;$2n+1];[$1;"' Ty o 7xn+1])
i=1 j=2
n n+1
= (_1)n+i+jf(xn+j)Bg([xivxn+2a'" ai‘\n-i-jv"' ;1‘2n+1]; [.131,--- Ty o al‘n-H])
i=1 j=2
n+1
+ Z xn-‘r])B ([xn-‘rhxn-i-%"' ai‘\n-i-jv"' 7x2n+1]a [.131,--- ,J)n])
n n+l
=Y N )" (@) B[, By @, [T T, By @24 )] Eaga)
i=1 j=2
n+1
+ Z ]f anr] B ([[mlv axn]vaner"' aanJrjv"' 7x2n+1]axn+1)
n+1
= Z j+1f {E +j)Bg([[xlv"' 7xn]7xn+27"' aanJrja"' 7x2n+1]7xn+1)
n+1
+Z 17 f(@ns)Bg([[x1, -+ > &), Tnsas -+ > Tntgr - » Tant1], Tns1) = 0.

Therefore, (£,[,---,]er) is an (n + 1)-Lie algebra.

If the center Z(g) is non-isotropic, by [21, Lemma 2.3], Z(g) € Z(g)* = g'. There is a
non-zero vector v1 € Z(g) — g' such that g = Fv; @ g1, where g; is an ideal of g and g* C g1,
and [v1, 81, - ,91] = 0. Then, By|g1 X g1 is non-degenerate and Bgy(v1, g1) = 0. We can choose
vectors vg, -+, U, € g1 such that {v1, - ,v,,} is a basis of g, and choose f € g* satisfying

(3.2)

Then {v1,- - ,v;m,c} is a basis of £. Define the symmetric bilinear form B : £ ® £ — F by

B(’Ul, C) = —1,
B(Uk7c): ’ 2<k<ma (33)
B(e,c) =0,
where B is non-degenerate, and by Equations (3.2)—(3.3), for 1 < iy, -+ ,ipt2 < m,
B([Uil )t 7vin+1]cf7 Uin+2) =+ B(Uin,+1a [U’iu Tty Uiy Uin,+2]cf)

n+1
= Z f(vit)Bg([Uin T )/ﬁitﬂ e avin+1]7 Uin+2) + Bg([vin T avin]v Uin+1)B(Ca vin+2)
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n
+ Z f(vit)Bg(vin+1a [viu e 76%; e 7vinavin+2])
t=1

+ f(’l)i,,b+2)Bg (Uin+1a [viu T avin]) + Bg([vin T avin]v vin+2)B(Ca vin+1)
= BQ([U’L'U o )’Uin]’ (f(vin,+1) + B(C, Uin,+1))vin+2 + (f(v’in+2) =+ B(C, Uin,+2))vin+1) =0.

Note also that for A\ € T,

B([vla Vigy o avin]cfa C) + B(vina [Ul; Vigy o ),Uinfl7c]cf)
= (_1)n)‘B9(U17 [Uil T 7vin]) =0.

Therefore, B is a metric on the (n+1)-Lie algebra (£, [, - - ,]cr) and satisfies B(v, w) = By(v, w)
for all v,w € g.

Let A, C be n-Lie algebras. An n-Lie algebra B is called a central extension of A by C, if
the sequence of n-Lie algebras

0— C—5B"A—0

is exact and C is in the center of B. From Theorem 3.2 and Lemma 2.2, the (n+ 1)-Lie algebra
(&,[,--+ ,]es) is the one-dimensional central extension of the (n+ 1)-Lie algebra (g, [,--- ,]s) by
the one-dimensional abelian (n 4 1)-Lie algebra Fe.

Remark 3.1 Let (g,[,---,], By) be a metric n-Lie algebra. If the center Z(g) is isotropic,
then the (n + 1)-Lie algebra (£,[,---,]s) in Theorem 3.2 may not be a metric (n + 1)-Lie
algebra.

Example 3.1 Let (g,][,], By) be a metric Lie algebra with a basis {1, z2, o3, 24, 5}, and

[fEl,(EQ]:{E?” Bg(xlaxS):]-,
(22, 23] = w5, By (x4, w2) =1,
[$3,$1]:x4; Bg(xg,xg):]_,

Then the center Z(g) = Fzy + Fzs is a maximal isotropic ideal. For f € V* with f(x;) =1
and f(z;) =0, 2 < ¢ <5, by Theorem 3.2, we obtain a six-dimensional 3-Lie algebra (£, [,,]cs),
with the multiplication [z1, 2, z3]cf = #5+c¢. By a direct computation, (£, [,,].s, B) is a metric
3-Lie algebra, and Z(£) = Fay + Fzs + Fc = Z(g) + Fe is coisotropic.

Example 3.2 Let (g,[,,], By) be a metric 3-Lie algebra with a basis {z1,x2, 3,24, x5},

and

B($1,$5) = _17
[$2,$3,$4]

B(CL'Q,LEQ) = ].,
(25, T2, 73] =

B(xz,xz3) = —1,
(x5, 73, @ 4]:

B(x4,x4) = 1,
[1‘5,1‘2,1‘4] -

B(:L’5,£E5) =1.

Then Z(g) = Fa; is isotropic. For f € g*, f(xs5) = 1 and f(z;) =0, 1 <4 <4, by Theorem 3.2,
we obtain a six-dimensional 4-Lie algebra (£, [,,]s) with the multiplication [z5, x2, T3, Ta]cr =
x1 — c. By a direct computation, there does not exist a metric on (£, [,,]cf)-
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4 Two-Dimensional Extension of Metric n-Lie Algebras

In this section we discuss the two-dimensional extensions of metric n-Lie algebras.

Lemma 4.1 (sce [27]) Let (g,[,---,],By) be an m-dimensional metric n-Lie algebra with
a basis {x1, -+, xm} and let zo,2_1 be not contained in g. Then the vector space go = g ® Fa"
®Fz~! is an (n + 1)-Lie algebra under the following multiplication [,--- ,]o, for all natural
numbers k, 1 <k <n+1,

[xh) oy, T 5ttt xin]O:(_l)k_l[w’h?”' )xin]) 1 Sila"' 7Zn§m7
k

[xh) "'7$_17"', xin]O:O) OSZ17)ZTLSm7 (41)
k 1 . .

[xila sty Ty xiﬂ,+1]0 :B([m’iu"' 7xin]ax’in+1)x_ 5 1 S 11, 3 ln41 Sm

Lemma 4.2 Let (g,[,--- ,],By) be an m-dimensional metric n-Lie algebra. Then for all

Tiy 5 Tngls Y1, 0, Yn—1 € @, WE have

n+1
Z(—l)ng([$j7yl, T ayn—l]a [xlv T 737\3" T 7xn+1]) = 0. (4-2)
j=1
Proof By Equations (2.1)—(2.2), for all z1, -+, Znt1, Y1, "+, Yn—1 € ,
n+1
(_1)]B9([q"]5 Y, ayn—1]7 [1‘1, e 733\ja T axn-l—l])
j=1

I
NE

(_1)jB9([xj7yla 7yn—1];[3717"' ai‘\jf" ,$n+1])

Jj=1
+ (_1)n+1BQ([x’ﬂ+17y1a e 7yn71]; [xlv T ;xn])a

Z(_l)ng([xjvylv e 7yn71]a [xla o afjv o 7xn+1])
j=1

= (—1)j+1Bg(£Cj, [[xla e 7ZEja e aanrl]a Y1, 7yn71])
j=1
n n+1
= Z(_l)jJrlBg(xjﬂ Z [xlﬂ e 7ZEj7 Tty [xk; Y1, 7yn71]7 e 7xn+1])
j=1 k#j,k=1
n n
= Z(_l)j+lB9(xjﬂ Z [xlﬂ e 7ZEj7 R [xk; Y, 7yn71]7 e 7xn+1])
=1 kg k=1
n
+ (_1)j+1Bg(xja [1'1, e afjv Crty Ty [anrl,yl, o 7yn71])
7j=1
n n
:Z(_l)n Z B!]([q"la'” s Ljy 7[3%791,"' 7yn—1]a"' 7xn]axn+1)
=1 kg k=1
n
+Z(_1)nB9([x17 y Ly, 7$n],[$n+17yl7 7yn—1])
j=1

= —=DED"By([[z1, szl iy, ynall 2nga)
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+n(=1)"By([x1, s Tnls [Tnt1, Y1, s Yn—1])
- (—1)”39([131, T 7xn]7 [l‘n_H, Yi, - ayn—l])'

The result follows.

Theorem 4.1 Let (g,[,---,],By) be an m-dimensional metric n-Lie algebra with a basis
{21, -+, xm}. Let0# f € g* and f(g') = 0. Suppose z°, 21 & g. Then the vector space go = g
©F2® @ Fx~1 is an (m + 2)-dimensional (n + 1)-Lie algebra in the following multiplication, for
allxy, -+, xp41 €09, 1 <k<n+1,

[xla R xn+1]1 - [xlv Ty (En+1]f +Bg([x17"' ;xn];xn+1)x71
n+1
= Z(_l)]ilf(x]‘)[xla Tty E]a ) anrl]
j=1
+Bg([x17"' 7xn]7xn+1)x71a (43)
[xla 7.x0 I l‘n]l - (_1)k_1[x17"' 7xn]7
k
[x1, - 2 2,1 =0.
k

Moreover, if the center Z(g) is non-isotropic, then there is a metric B on the (n+1)-Lie algebra
(g0, [, ,]1) such that B(v,w) = Bg(v,w) for all v,w € g.

Proof For all 1, ---, z,41 € g, by Equations (3.1) and (4.3), we have

[xlv . 7xn+1]1 — [xl’ . 7x’n+1]x_1fa where [xla e 7xn+1]x—1f is defined as in Equation
(3.1).
Then for all y1, -+ ,y, € g,

[[1‘1,"' 7xn+1]17y15"' 7yn]1
= [[xlv"' 7xn+1]z_1fay1a' o ayn]x_lf
n+1
= Z[l‘l’.” iy Yndeipy s Enga]etg
=1
n+1

= [9517"'7[953'791,"' ayn]17"'axn+1]1a

[1‘1,-- . 7xnal‘0]1ay17" . 7yn]1
[

Ty, 7xn]7y1a"' ayn]l
n .
= Z(_l)jf(yj)[[xh axn]7yla"' 7@\ja"' 7yn]

+x_1(_1)nt([x1a"' ;l‘n],[yl,"' ayn])
= [[xlv"' 7xn]7y1a"' ayn]f
+$_1(—1)nt([l‘1,--- ;l‘n],[yla"' ,yn]),

n

Z[xla"' a[xjaylv"' ayn]lv"' 7xn;x0]1
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+ [xla"' ,{En,[fﬂo,th' ;yn]l]l
:Z[xl’”' Azgyn, - s Ynlfy o n)

j=1

(=D, T, [y, syl

n
= Zf(xj)[xh“' RN [TTTCRUT ST

1
+ (=11, @, Y1, ynlly

+ ) DR Flmn s [y Tk Unlse Tl

j 1

+ (=1)"By([z1, -, znl, [y1, -+, yn])

= Fllzn szl e Yl

+ —1)”39([1‘1,--- 7xn]a[yla"' 7yn])

L1, 7xn]7y1a"' ayn]f + (—1)”39([$1,~'~ 7xn]a[y17"' 7yn])
0
]

L1, 3T, L1, Y1, 7yn]1~

By Lemma 4.2,

n+1
[xla"' 7[xjay17"' ayn—lamo]la"' 7xn+1]1
j=1
n+1
= [xla"'a[xjay17"'ayn—1]7"'amn+1]1
j=1
n+1 n+1
= Z (_1)k_1f(xk)[x1a"' aakv"' a[xjvyla"' 7yn71];"' 7xn+1]
=1 kg k=1
n+1
+x71<2(_1)n+17]39([%‘ay17'" aynfl]v [xla"' 7§j7"' ;anrl])
j=1
- [[xla"' aanrl]fvyla"' 7yn71]
n+1
+x—l(Z(_l)n+1—JBg([xj,yl7... e, [T, B, ,ﬂcn+1]>
j=1
= [[xla"' aanrl]lvyla"' aynflvxo]l
n+1
+x71<2(_1)n+17]B9([‘%jay17"' aynfl]v [xla"' 7§j7"' ;anrl])a
j=1
- [[l‘la"' ;$n+1]17y1,"' ayn—lvxo]l
n+1
+x_l(_l)n—‘rl(Z(_l)ng([xj7yla'" 7yn—1]5[x17"' ai‘\ja"' 7xn+1])7
j=1

= [[xla"' aanrl]lvyla"' ayn*hxo]l'
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Thanks to Equation (4.3),

[[xla"' axnvxo]lvyla"' 7yn717x0]1
= [[z1, -, 2al, Y1, Yn—1]
n
:Z[[a’l"" Az i, ynoals e ]
j=1
n
- Z[[l‘la a[xjay17"' ayn—lax0]7"' axnaxo] + [[.131,"' axna[x05y17"' 7yn—1ax0]'

<.
Il
—

Therefore, (go = g ® Fz® @ Fo~!, [,---,]1) is an (n + 1)-Lie algebra in the multiplication
defined by Equation (4.3).

If the center Z(g) of the metric n-Lie algebra (g,[,---,], By) is non-isotropic, we denote
g1 = g®Fz~ 1. Then by Equations (4.3) and (3.1), (g1,[,- -+ ,]1) is a subalgebra of the (n+ 1)-
Lie algebra (go, [, ,]1). Define a linear isomorphism

xr, Te&Eg,
=c.

— olr) =

O'Iglzg—f—@Fx 1—),8:9@ FC:{O’ELL')l)

By Equations (3.1) and (4.3), o is an algebraic isomorphism from (g1,[, - ,]1) to

(&,[,--+,]es)- By Theorem 3.2 and Equation (3.3), there is a metric By : g1 X g1 — F such
that Bi|gxg = Bg. Now define B : go X go — F, for all z1,22 € g,

B(x1,22) = Bi(x1,22),
B(xy,271Y) = By(z1,271),
Bz~ 271) = By(z~ 1 271),
B2, x71) = —1,

B(2%,2°) = B(a", 9) =

Then B is non-degenerate on go. According to Equations (4.3)—(4.4) and a direct computation,

we get that for all z1,--+ ,x,42 € g,
B([xla e 7xn+1]17x0) = Bg([xl’ e 7xn]a anrl)B(x_laxO)
= _Bg([‘xlv o Tp)s Tpgr) = —B([1, ,xn,$0]1,$n+1),
B([xla to 7xn+1]17xn+2) = B1([(E1, Tty 7xn+1]fa xn+2)
= —Bi([z1, -, Tn, Tnt2]1, Tnt1) = —B([x1, -+ s Tn, Tns2l, Tngr)-
Therefore, (g,[,---,]1,B) is a metric (n + 1)-Lie algebra and satisfies B|ggq = By.

Remark 4.1 Let (g,[,--- ,], By) be a metric n-Lie algebra. If the center Z(g) is isotropic,
then the (n + 1)-Lie algebra in Theorem 4.3 may not be a metric (n + 1)-Lie algebra. The
counterexample can be seen in Section 5.

Let (g,[,],By) be the five-dimensional metric Lie algebra in Example 3.1, and f € g*,
f(z1) = 1 and f(x;) = 0 for 2 < 4 < 5. Then the center Z(g) = Fay + Fx; is a maximal

1

isotropic ideal. Suppose that x°,z~! are not contained in g, and go = g ® F2* @ F2~!. By
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Theorem 4.3, (go, [, -+ ,]1) is an (n + 1)-Lie algebra with the multiplication
20, 21, 2]1 = @3,
[xO’ T2, $3]1 = Is,
[2° ]
[ 3]

Define B : go ® go — F,

B(z1,25) =1,

B(zg,14) =1,

B(z3,x3) =1,

B(zy,z7 %) = -1,

B2, 271) = —1,

B(z%,21) = B(2%,2;) = B(z7',2;) =0, 2<i<5.
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By the direct computation, (go, [,,]1, B) is a metric 3-Lie algebra, and Z(go) = Fay+Frs+Fr~!

= Z(g) + Fz~! is isotropic.

5 The Extensions of (n 4 2)-Dimensional Metric n-Lie Algebras

In this section, we give applications of Section 3 and Section 4. We provide the extensions

of all (n + 2)-dimensional metric n-Lie algebras.

By the paper [21] and Theorem 3.2 in [29)], if (g, [,- - - ,], By) is an (n+ 2)-dimensional metric
n-Lie algebra, then (g, [,- - ,], By) is isomorphic to one and only one of the following:
[.1?2, e ,$n+1] = T,
[Tng2, Ty e Tiy e T =, 2<i<n+1.

By(zi,xj) = (—1)"7141)\5”’, 2<4,5<n+1,
(rt) { By(z1,7p42) = (=1)"\, A€TF, N#0,
B(zni2, Tpq2) =p, p€F, p#0,
By(z1,2;) =0, 1<i<n+1,

By(zpq2,2;) =0, 2<i<n+1,

[@1, Ty 1] =2, 1<i<n+1.
(r*)
By(Zpt2,Tnt2) =p, pEF, p#0,
By(zpg2,m) =0, 1<i<n+1,

where {z1,+, i1, Tnia} is a basis of g and
_J1, i=y
b = {0, i # .

Now we discuss the extensions of the cases (r!) and (r?), respectively.

B(:L‘i,xj):(—l)n_i+l>\(5ij, AeF, A#£0, 1<i,j<n+1,

(5.1)
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(a) Let (g, [, ,], By) be isomorphic to the case (r'). Then by Equation (5.1), Z(g) = Fz;
is isotropic.
(ia) Let ¢ not be contained in g. Set

L=gdFc
and
feg’, flrn2)=1

and
flag) =0, 1<k<n+1.

Then by Theorem 3.2 and Equations (3.1) and (5.1), we obtain an (n+3)-dimensional (n+1)-Lie
algebra (£,[,--- ,]cs) with the multiplication

[xn+2ﬂx2a"' 7xn+1]cf =1 +>‘Cv
[xn+2;x1;x27"'7§i7"'axn+l]cf:0; 2S1§n+25
[Cvxlv"' afia"' a/x\jv"' ;xn+2]cf :Oa ].SZ,]STL-FQ

The center Z(£) = Fzy @ Fe.

If a symmetric bilinear form B : £ x £ — [F satisfies Equation (2.2), then by a direct
computation we get B(x1 + Ac, £) = 0, that is, B is degenerate. Therefore, there does not exist
a metric on (£, [, ,]cy).

(iia) Let 2°, 27! be not contained in g. Set

go=g®Fz’ @Fz!
and
feg, flant2)=1

and
flag) =0, 1<k<n+1.

Then by Theorem 4.3 and Equations (4.3) and (5.1), the multiplication of the (n+4)-dimensional
(n + 1)-Lie algebra (go, [, - ,]1) is as follows:

0 _
[1[,' y L2, aanrl]l = X1,
~ . -1
[x07xn+2)x2)'”7xi7"'7xn+1]1:m’i; ZSZSn+17 Z(EO):Fxl @]FQC )
_ —1
[Tnt2, T2,y Tng1]n = 21 + Azt

For every symmetric bilinear form B : gy ® go — I satisfying Blygy = By and Equation (2.2),
we have B(x1,go) = 0, that is, B is degenerate. Therefore, there does not exist a metric on the
(n + 1)-Lie algebra (go, [, - ,]1)-

(b) Let (g,[,---,], By) be isomorphic to the case (r?). Then by Equation (5.2), Z(g) =
Fx,,2 is non-isotropic.

(i) Let ¢ not be contained in g. Set

L =g Fc
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and
f S 9*7 f(xn-‘rQ) =1

and
flag) =0, 1<k<n+1.

Then by Theorem 3.2 and Equations (3.1) and (5.2), the multiplication and the metric of the

(n + 3)-dimensional metric (n + 1)-Lie algebra (£,[,--- ,]cs, B) are as follows:
[1[,'1, T anrl]Cf = ¢,
[$n+2,$1, T ‘%\i7..')7xin,+1]cf:xi) 1§1Sn+17
[Cﬂxin "'7x’in]cf:O; Oéilv"'vin+1§n+2a

J?i,lij): (_1)n—i+1/\5ij7 1<i,j<n+1, NeF, A#0,

Ca J"TL"FQ) = (_1)n+1A7

e,xr) = B(c,e) =0, 1<k<n+1.

(

B(zni2,Tni2) = p, p€F, p#0,
(
(

The center Z(£) = Fe is isotropic.
(iip) Let 2% 27! not be contained in g. Set

go=9D Fz° @ Fx !
and
feg’, flrp2)=1

and
flag) =0, 1<k<n+1.

Then by Theorem 4.3 and Equations (4.3)—(4.4) and (5.2), the multiplication and the metric
of (go,[, - ,]1, B) are as follows:

[ 21, -, Tiy i =, 1<i<n+1,
[Tpi2,T1, <o, Ty g1 =@, 1<i<n+1,
[331, "-,$n+1]1=)\$_1,

[z, 2 1 =0, 0<iy, -, ipr1 <n+2,

(i) = (=1)""HING;, 1<i,j<n+1, NeF, X#0,
(Tn+2,Tny2) =, HEF, p#0,
(71 Zng2) = (1)1,
B(x=1,2%) = (=1)"+1)
(r L 2p) =0, 1<k<n+1,
(x71, 271 = B(2%,2°) = B(a%,2) =0, 1<k<n+2,

and Z(go) = Fo~! + F(x,,2 — 2°) is non-isotropic.
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