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Mean Value of Kloosterman Sums over Short Intervals™*
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Abstract This paper is concerned with a kind of mean value problem of Kloosterman
sums, which will lead to a sum of Kloosterman sums over short intervals.
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1 Introduction

It is well known that various kinds of exponential sums play an important role in number
theory, and one of these is the classical Kloosterman sum defined by

Stmomig) = Y0 o),

a mod q
(a,q)=1

where e(z) = e?™* and @ satisfies @a = 1 (mod ¢). A famous estimate of this sum is

=

S(m,n;q) < q%(m,n,q)2d(q), (1.1)

with d(q) being the divisor function, and (m,n,q) being the greatest common divisor of m, n
and q.

A great deal of subjects involving this sum have been studied, and one of the interesting
problems is to study the sum of Kloosterman sums. Many results have been given to date. For
instance, when p is an odd prime, Kloosterman in [1] proved the identity

p—1
> S%(a,15p) =2p* —3p* —p— 1.

a=1

Salié [2] and Davenport gave
p—1

ZSG(G, L;p) < p.

a=1
Although it seems that hardly any results have been given for the mean values over short
intervals, this is indeed one of the problems that will be studied in this paper.
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This work is mainly concerned with the mean value of Kloosterman sums of the following
type:

Z e(%c)S(a, ¢;q)S(b, ¢ q).

c<q
(e,q)=1

The main theorem can be described as follows.

Theorem 1.1 Let g > 3 be an arbitrary integer, and a, b, u, v be four integers satisfying
ulq,v|q, (a,u) = (b,v) =1. Then we have

HIM (q)S(a,c;u)S(b,c;v) < ¢ =@ d?(q)log g,

1<q—1 c<q

(¢,9)=1

where ||z|| is the distance of x from the nearest integer, and w(q) denotes the number of different
prime divisors of q.

Based on this inequality, we will investigate the mean value properties of Kloosterman sums
in short intervals, and obtain the following theorem.

Theorem 1.2 Suppose that ¢ > 3 is an integer, and (a,q) = (b,q) = 1. For N < q, we

have
EEECTERS S B ST e PRl )
c<N d|q u<qg v<gq

u+v=0 (mod %)

where p(n) is a Mébius function, and Z' abbreviates Z

(n,q):l

A much simpler result can be obtained while a = b.

Corollary 1.1 Suppose that ¢ > 3 is an integer, which can be written in the form ¢ = Q1Q2

with (Q1,Q2) = 1, u(Q2) # 0 and Q1 being a squarefull number (ie., p | Q1 = p* | Q1).
Then for (a,q) =1 and N < g,

3 ' 8%(a,¢q) = Ng [ B H vopol _p_l +0(¢* =@ d?(q) log q)-

c<N p| Q1 p| Q2
p>2

Especially when q is an odd prime, we have

Z S%(a,c;p) = Np + O(p% logp).
c<N

From these we may reckon that the distribution of S?(a,¢c;q) ((a,q) = 1) is quite “average”
when ¢ runs through the reduced residue class modulo gq.

Remark 1.1 For a positive integer n, {a,n} stands for the multiple inverse of @ modulo n,
that is
1<{a,n}<n and {a,n}a=1 (modn).
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2 Auxiliary Lemmas

This section is devoted to the preparations for the proof of the theorems.

Lemma 2.1 Let p be a prime number, and o and 3 be two integers with o > 3 > 1. Then

. o0, if a b (modp?),
2:’6(—5)SGLcmeS®,ap“) ) )
e<pe P < d(p*)p** 2P (a,p** )2, if a=b (modp*~7),

where the dash indicates that the sum runs through integers coprime with p.

Proof From the definition of Kloosterman sums, we have

E:'e(i%>50hcuﬂ%9®,ap“)

c<p~
c au + cu buv + cv
=3 re(5) Do) Y ()
p? pe pe
c<p* u<pe v<p*
B , , /au+bu , (u+v+p* P
=YY (T ()
u<p* v<p® c<p®
au + bu 1 , , au + bu
=YY )" > e( )
u<p* v<p* p* u<p* v<p* pe
utv+p*~F=0 (mod p*) u+v+p*~P=0 (mod p*—1)

:]92(7';7(16) Z/ Z, e(aﬂ-l-bﬁ) _pg)(i_lﬁ) Z, Z, e(aﬂ—i—bi)

a
u<p2a—B8 y<p2a—> p u<p2a—B y<p2a—0

utv+p*~F=0 (mod p) utv+p*=F=0 (mod pa—1)
=A; — A, (2.1)
where, in the last equation but one, % and ¥ mean the multiple inverse modulo p?>*~%, i.e.,
uti = vo = 1 (mod p?@—h).
A special case with o« = 3 will be discussed first. In this circumstance,
au+b_ au+b
Av=pt Y e " o)=Y e o (u = D)
u<p® v<p® usp®
u+147=0 (mod p®)
« a+ b e 3o ay L
=p e(—p—Q)S(a,b,p ) < (a+1)p2*(a,b,p™)? (2.2)

in virtue of (1.1). The calculation of Ay should be split into two cases. If a > 1, then

au+b
_ a—1 / / _
D D =)
u<p® v<p*
u+147=0 (mod p>—1)

= Y Y (T 1)
w<pe i<p P
ptu+1

= pa_le< _at b) z:e<g)5((lp"_1 — 1)a, —b; p®)

(63
p <p p
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e - ) Ze(% ' EZ@(Z)S«@W1 ~ Dajp™ i)
I<p

p p Pjgp p
1 a— - o— o)L
< (a+pF? 303 (0 Da, =b,p™)2 + (p* ™" = )a, jp*~" = b,p")2}
I<p j<p
< (a+ 1)p2®(a,p*)=. (2.3)

For a = g =1, we have

au bv p, ifpta,

A2:Z,€ — Z’e — <<{ _ (2.4)
wep <p)v§p <p) p?, ifp|a.

Combining (2.1)—(2.4), we complete the proof for aw = 3.

Now we suppose that 1 < § < a. We still begin from the calculation of A;.

- _
au 4+ b_
Ay = p 2 :/ 2 :/ e T
2(a B) pe
ugp2a—[-l ,USPZ(X—ﬁ
u+1+p>—Fy=0 (mod p*)

Z Z (au+b< Z+1+lﬁ))

u<p2a—F [<p2(a=p)

pe—Blu+1
_ 98-a ( atb , _au+bu au+b
=D 6( pga_g Z € p2(y—ﬂ Z € pﬂ(—ﬁ !
u<p2a—8 [<p2(a=B)
PP lutl
_ 98-a ( atb , _au+bu b—a
=D 6( pga_g Z € p2(y—ﬂ Z € pa—ﬁl ’
u<p2a—>_ [<p2(a—p)
PP lutl

so A; =0 when a # b (mod p®~?). Otherwise,

M- ) S (-

up2e—~h
p*—B|lu+1
a+b , au + bu a+b , au + bu
:pae(_p2a76> ) e(— p2a—p )_pae(_pQ(Jfﬁ) > e(— oD )
u<p2o—F u<po—F
P Plutl p At utl
o a+b , au + bu u+1
=p e(_p_2a76> Z; ﬁe(__pQ(xfﬁ ) po— ,8 Z[, ( - 5.7)
u<pe- J<p
o a+b , au + bu 1 u+1
-p e<_p2(y—ﬁ) Z 6(_ p2a—B )'pa—ﬁﬂ Z e(pa—[3+1])
u<p2a—~ j<pa—B+1
a+b J  a-
) )
]<pa 8
J 1. 2a-8
() S sy
J<prAtt

15_ o 2a—pB\1 a—1. 2a—8\1
< (20— p+1)pter 1(1? Y (@b=p > )+ Y (ab—pt 5)2)

j<pa—Fh j<pa—p+1
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< d(p*)p** 2P (a,p** 7). (2.5)

The estimation of Ay is just a bit more complicated.

_oprt , , at + bv
R D S (et}
/u/San—ﬁ USP2Q_E

utv+p*~F=0 (mod p>—1)

and we consider two different situations:
(i) 8 =1. Then

1 au+b
A S Y a2
ugp2a—1 vgp2a—1 p
u+1=0 (mod p>—1)

:p2a71 Z/ 1 — p2(a71) Z/ 1

u<p® u<p®
u+1=0 (mod p>—1) u+1=0 (mod p>—1)
au+b=0 (mod p*) au+b=0 (mod p>—1)

a—1

so that Ay vanishes when a # b (mod p*~1). Otherwise, write a = b+ mp and we obtain

A2 :p2a—1 Z/ 1 — p2(y—1.

uspe
u+1=0 (mod pa—1)
mp®~lu+b(u+1)=0 (mod pe)

In order to make the summation on the right side of the last equation not vanishing, one of the
following two conditions has to hold:

(a,p) = (b,p) =1 and p|(a,b,m),
whence
Ay < p** "3 (a,p)?. (2.6)
(ii) 8 > 1. Analogous to the estimate for A;, we have
B pe—1 , , au+b_
A2 B p2(0¢*5) Z Z e( U)

pa
u<p2a—8 y<p2a—p
u+1+p>—Fp=0 (mod p>—1)

_ p2h—a-l Z, Z e(aﬂ+b(_za_-t;+lpﬁf1>)

pOt
uSan_ﬁ lgp2(a—[-3)+1

PP ||u+1
_ 98-a-1( G+b , _au+bu au+b
=P e( p2(y—6 Z ¢ p2a—[3 Z ¢ pa—[3+1l :
u§p2a—[i lSPQ(a—[iH—l
pe B |utl

So Ay = 0 while @ # b (mod p®~#). Otherwise, we have

o) B ) 3 (-

[<p2(a—B)+1 u<p2a—8
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1 u—+1. 1 u—+1
X {pafﬁ Z e<pafﬁ‘7) N pa,5+1 Z e<pa 5+1j)}

j<pa—h J<pa—P+L

< d(p®)p** 28 (a, p>*P)3

by following the similar way as in (2.5). This, with (2.5)-(2.6), gives the lemma.

Lemma 2.2 Suppose that p is a prime number, and «, (3, v, & are four integers satisfying
1<8,v,0<aand§ <~. Then

=0, B>,
Z'e(%)S(a,c;pV)S(b, e p?)

c<pe P < d(p)p*t1=3P(a,p? )3, if B <.

Proof We write

A=D1 ( ) (a,¢;p")S(b, c;p°).

c<p>
If we write @ and T as the integers satisfying u = 1 ( mod p?) and v = 1 ( mod p?) respectively,

we will get

A Z ( )2};6(aﬂ;cu>§);e(bi;cv>

c<p>
ati + p? b up®= 7 4 up® =0 4 po=h
(T S (L e
u<pY p<pd c<p®
_ 5
o , , auw+ p' b
D 30 VAN ety
u<p?Y v<pd

P +up = +pa—B=0 (mod p*)

a1 Y ati + p? b
-p > (=
p’)’
u<pY v<pd
up® =7 +vp*=94p*=F=0 (mod p>—1)

=A;— Ay (2.7)

Obviously, A5 = A4 = 0 for § > v, so we may assume [ < « in the following discussion.

Two cases should be considered:
(i) ¥ = 9. Then Lemma 2.1 implies that

"VZ ( ) (a,c;p")S (b, c;p")

c<p~Y
pOYd(p)p? 2 (0, p? PR = d(p? )p 20 (a, p? P

(ii) 4 > 4. Then we could also find that A = 0 when § < . While 3 = v, we have
o , , at + p'0bT o , , a+p'0bu_
DY) D U AND VD D G )

p'Y
u<pY v<pd u<pY v<pd
u+pY~%v+1=0 (mod p7) 1+pY—%v+u=0 (mod p7)

— Z (a-l—pV 5bv( 1—p7761)))

v<p
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=p e( o S(a,b;p°). (2.8)
Besides,
_a—1 / / a+ pryiébﬁ_
Ar=p > e(TU>-
u<pY v<pd
14+p7—%v+u=0 (mod p7—1)
Let u=—1—p" %0 +1Ip’~ !, and we have
2(v=98)p 1
Ay = pa—le( _ L)S@ b p) Ze(“_)
7 <p P

With (2.8), this gives
<d(p)pts,  if (a,p) =1,
=0, ifp|a.

The conclusion of the lemma holds at once.

3 Proof of the Theorems

Proof of Theorem 1.1 Suppose that the standard prime factorization of ¢ is p*p5? - - - p&r,
and put
P = max{p?j :1<j<r} and ¢g=pq.

Assume p?||u and p°||v, and write u = pYu’, v = p®v’. Without loss of generality, we may also
assume y > 0.
Notice that S(a, ¢; ¢) is multiplicative for ¢, and therefore

|l||‘ (q)S(a,c;u)S(b,c;v)

1<q-—1 c<q
(c,q)=1
-y 1
- nin
1<q—1 ||E||
l
x| X e )Stalu Y er) Sl o'y e SO 5 e n)S(b{p’ ), )
c<q
(qu)il
ley
= | T (SRt 0 SO i)
l<q 1 || || c1 <p> p
(61710) 1
le
I S e R S O E A R S ]
c2<q1 £e
(c2,q1)=1

‘ Z e(;cl> (a{u',p"}q1, c15p )S(b{U',Pé}(JhCuPé)‘

LA
pe—A||l (c1,p)=1

Il
I MQ
M
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l
|30 o2 Stalp”, w2, e ) S (bR, 27 0 t)
c2<q1 &
(c2,q1)=1

1

<dtwy Y

F=01<(=715)~ 1‘ =

p)=1

le

x| > e(55) St p Ve e M) SO Yar, ;7).
c1<p® p

(c1,p)=1

Corresponding to the case Sy = 0 and [v¢ # 0, we use (1.1) and Lemma 2.2 respectively, so

1<q—1 |l||‘ c<q (q)S(a’C;u)S(bac;v)}

(c,q)=1

lo
< Q1 Z q gq aJr'y

B8
< qqid* (@ (p”)p”loqupz

< (v 4 1)qg3d*(q1)d(p")p? " log q < ¢°~ @ d*(q) log q

in virtue of v < a and p* > qwlfv . This completes the proof.

Proof of Theorem 1.2 Our starting point is calculating the following sum in two different

S = Z (Z e(—lm)) Z e(éc)S(a,c;q)S(b,c;q).

1<g—1 m<N q

ways:

(c,q)=1

Theorem 1.1 implies that
S < q?’*Tl(‘DdQ(q) log q. (3.1)

On the other hand, changing the order of summations, we have

S = ZZ'S(a,c;q (b,¢;q) Z e(

m<N c<q 1<q—1
:qZ'S(a,c;q (b,c;q) — NZ S(a,c;q)S(b,c;q). (3.2)
c<N c<q
Note that
, . u+ cu , (U4 cv
gﬁ:q S(a,aq b ) q XS: u<gq ( 9 ) v<q e( 9 )
B , , [au+ bv , (u—+v
%q %:q e( 4 ) c<q e( 9 C)
au + bv u+v
=D Y Y e . ) > 7 )
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Z w(d Z Z (au—l—bv) (3.3)

d|q u<qg v<q
u+v=0 (mod %)

Theorem 1.2 follows immediately from (3.1)—(3.3).
Proof of Corollary 1.1 We only need to calculate
SHD Sy (7).

d|gq u<lqg v<q
u+v=0 (mod %)

It is easy to verify that

Z,Z, (u—i—v) ZZ (u+”),g e(u—gvj)

u<q v<q u<sqg v<q j<4

u+v=0 (mod %) g Cdi+1 2
= (> e(Tu))
)
- g; ‘u(m)“b ( (m))

d$*(q) (3|
= q Z #2(9) Z L
slq s i<3
(s,d)=1 (dj+1,9)=s

Writing dj + 1 = ks implies

DRREND SR St 1
i<% k<1 () k<%
(dj+1,q)=s (k,4)=1 (L,d)=1 ksl=1 (mod d)
ks=1 (mod d)

_q pld) o)
T ds lz(;) 1 ¢(d)
(l,d);I

Therefore

dz: Z Z (u+v)

u<lqg v<gq
u+v=0 (mod %)

Zlu Zuj Zluilnp

slq S s|q plq P
(de) 1 pi(2)
_ (@) lu(s1) p— |1(s2)] p—2
q (s;;gl pll_C[? )(52%2 P(s2) pl_cgz p—l)
i) pi(22)
2
_ﬂ(zlu(sgl)(zlu IHp )
4 s1 | Q1 (b( ! | Q2

2*82
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2

_ p—1 p°—p—1

—qH P H p2 )
pl Q1 p| Q2
p>2

which suffices.
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