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Local Precise Large and Moderate Deviations for Sums of
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Abstract Let {X, Xy : kK > 1} be a sequence of independent and identically distributed

random variables with a common distribution F. In this paper, the authors establish some

results on the local precise large and moderate deviation probabilities for partial sums

Sn» = > X; in a unified form in which X may be a random variable of an arbitrary type,
i=1

which state that under some suitable conditions, for some constants 7' > 0, a and 7 > %

and for every fixed v > 0, the relation

P(Sp, —na € (x,2+T]) ~nF((x +a,z+a+T))
holds uniformly for all z > yn” as n — oo, that is,

lim  sup P(Sn, —na € (z,xz 4+ T7)

-1/ =0.
n—+00 y5amr | NF((¢ +a,z+a+ T])

The authors also discuss the case where X has an infinite mean.

Keywords Local precise moderate deviation, Local precise large deviation, Inter-
mediate regularly varying function, O-regularly varying function
2000 MR Subject Classification 60F10

1 Introduction

Throughout this paper, let {X, X} : £ > 1} be a sequence of independent and identically
distributed (i.i.d) random variables (r.v.s) with a common distribution F. For some T € (0, o],
let A=A(T)=(0,T]if T < oo and A = A(T) = (0,00) if T' = co. In addition, for any real x,
we write t + A = (2,2 + T|if T < oo and v + A = (z,00) if T = o0.

In this paper, we establish some results of the local precise moderate and large deviation

n
probabilities for partial sums S,, = > X;, which state that under some suitable conditions, for
i=1
some constants "> 0, a and 7 > % and for every fixed v > 0, the relation

P(S,—na€x+A)~nF(z+a+A)

holds uniformly for all z > yn™ as n — oo, that is,

) P(S, —na€zxz+A)
lim sup

— 1] =0.
n—00 4 >ypT nF(m “+a + A)
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In the case 7 = 1, Doney [6], Baltrunas [2] and Lin [8] established results of local large deviation
probabilities for partial sums, in which X was assumed to be an integer-valued r.v. with a finite
mean. Yang et al. [10] gave a result in which X was assumed to be an absolutely continuous r.v.
with a finite mean. The results of local large deviation probabilities for which X was assumed
to be an integer-valued r.v. with an infinite mean were established by Doney [7]. Motivated by
the above-mentioned literatures, we establish some results of local precise moderate and large
deviation probabilities for partial sums in a unified form in which X may be a type r.v. of an
arbitrary. We also discuss the case where X has an infinite mean.

This paper is organized as follows. Section 2 presents notations and definitions of some func-
tion classes. Main results are formulated in Section 3. In Section 4, we give some propositions

as preparation. The proofs of the main results are presented in Section 5.

2 Definitions and Preliminaries

Throughout this section, f will denote a nonnegative measurable function defined on [0, c0)
or (—o0, 00).

First, we introduce some classes of functions.

Definition 2.1 A function f is said to be O-regularly varying (belonging to the class OR)
if f is eventually positive (i.e., f(x) > 0 for sufficiently large x) and

f(zy) f(xy)

0 < liminf <limsup —/—=* < o0

z—oco  f(x) z—oo  f(T)

for every fixzed y > 1.

If f is an eventually positive function, then its upper and lower Matuszewska’s indices are
defined by

: f(zy) . [ (@)
log ( limsup —== log ( liminf
y—00 logy Y00 logy

respectively. According to Theorem 2.1.7 in [4], if f is an eventually positive function, then
f € OR if and only if its upper and lower Matuszewska’s indices «(f) and S(f) are both finite.

Definition 2.2 A function f is said to be extended regqularly varying (belonging to the class
ER) if [ is eventually positive and

4o flxy) fley) _ .
Yy Sllxrr_{g‘gf @) Shfisip @) <y

for all y > 1 and some constants ¢ and d, where cd > 0. In particular, if c = d = « in (2.1),

(2.1)

then f is said to be regularly varying (belonging to the class R), and it is also said to be reqularly
varying with index « (belonging to the class Ry). If f belongs to the class Ry, then it is said

to be slowly varying.

Note that f belongs to the class R, if and only if f(x) = z®l(x), where [(x) is a slowly

varying function.
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Definition 2.3 A function f is said to be intermediate regularly varying (belonging to the

class IR) if [ is eventually positive and
f(zy)

R €27) I _
gl?llhxﬁ_l)l(gf @) —l;ﬁhirlsolip @) =1. (2.2)

Remark 2.1 By Corollary 2.2 T in [5], if f is eventually positive, then the following are

equivalent:
(i) f€IR;
(i) lim ff(éy)) =1 (2.3)
@00
(iii) Ly = L} =1,
where
- R e TR
Ly = lsiﬁ)l 1ixnlgf ( 76)35’?((%;6)1 , L;{ = leig)l 1igIEILsot<1jp ( 76)35’?((%;6)1 (2.4)

If an eventually positive function f satisfies (2.3), then it is also called regularly oscillating,

which was introduced by [3].

By Corollary 1.2 in [5], it follows that
RCERCIR C OR,

and the inclusions are proper.

Definition 2.4 A function f is said to be long tailed (belonging to the class L) if [ is

f(z+y)
f(z)

eventually positive and lim =1 for every fized y € (—00, 00).
r—00

Definition 2.5 A sequence of nonnegative numbers {p, : n = 0,£1,£2,---} is said to
belong to the class R (or IR, L,ER,OR) if p(x) belongs to the class R (or IR, L,ER,OR),
where p(x) is defined by

p(x)=pn, n<z<n+l, n=0,£1,4+2---.
In the following, we give the definition of almost decreasing, which was introduced by Al-
jancié and Arandelovié [1].
Definition 2.6 A function f is said to be almost decreasing if

sup f(u)

lim sup “Z}CT) < 00. (2.5)

Finally, we introduce some notations which will be used in the following sections. Let a(n, x)

and b(n, z) be two positive functions (n = 1,2,---, z € (—00,00)). We denote a(n,x) < b(n, )

(or b(n,z) Z a(n,x)) which holds uniformly for all z € A as n — oo if nlln;o igﬁ Z((Zﬁ)) <1, and
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an) g _

we write a(n, x) ~ b(n, x) which holds uniformly for all z € A asn — oo if lim sup |37

=0 geA
0.
Obviously, a(n,z) ~ b(n,z) holds uniformly for all x € A as n — oo if and only if both

a(n,z) S b(n,x) and b(n,z) < a(n,z) hold uniformly for all z € A as n — oo.

3 Main Results

In this section, we will present the main results of this paper and give some corollaries. The

proofs of the theorem and corollaries are arranged in Section 5.

Theorem 3.1 Let {X, Xy, : k > 1} be a sequence of i.1.d.r.v.s. with a common distribution
F, and let T > % be a constant. Suppose that Fa(x) = F(x + A) is almost decreasing, and one
of the following conditions holds:

(i) 7> 1, E|X|7 < oo and E(X1)? < oo for some p > 1. where XT = max(X,0);
or

(ii) 7 < 1, and E|X|P < oo for some p > +.
If F(x + A) € OR, then for every fized v > 0, the relation

nLy Fz+a+A) SP(Sy—nae€x+A) Snlf Flzr+a+A) (3.1)

holds uniformly for all x > yn™ as n — oo, where a = EX if 7 <1 and a is any fixed constant
if T > 1. Especially, if F(x + A) € IR, then for every fized v > 0, the relation

P(S, —nac€x+A)~nF(z+a+A) (3.2)

holds uniformly for all x > vyn™ as n — oo, where a is defined as above.
If X is an integer-valued r.v., by taking 7' = 1, we have the following conclusion.

Corollary 3.1 Let {X, X : k > 1} be a sequence of i.i.d. integer-valued r.v.s. with the
mass pp = P(X = k), k=0,£1,42,--- and let 7 > % Suppose that {p, : n > 1} is almost
decreasing and belongs to the class TR. Moreover, Assume that one of the following conditions
holds:

(i) 7> 1, E|X|* < o0 and E(X1)? < 0o for some p > 1
or

(ii) 7 < 1 and E|X|P < oo for some p > L.

Then, for every v > 0, the relation

Pim—1< S, —na<m)~npy, (3.3)

holds uniformly for all m > yn™ as n — oo, where a = EX if T < 1 and a is any fized constant

if T > 1. Especially, if a = 0, then for every v > 0, the relation
P(S,, =m) ~ npp,

holds uniformly for all m > yn"™ as n — oo.



Local Precise Large and Moderate Deviations 757

Remark 3.1 Note that linmigf(— %) > 1, where R, = > px, n = 1,2,---, implies
- k>n

that E(X )P < oo for some p > 1. Hence, Corollary 3.1 covers Theorem 3.1 in [8].
If X is an absolutely continuous r.v., then the following conclusion is immediately obtained.

Corollary 3.2 Let {X, Xy : k > 1} be a sequence of i.i.d.r.v.s. with a common almost
decreasing density function f. Assume that p = EX is finite and E(X )" < oo for somer > 1.
Let v and T be any fized positive numbers. If f € OR, then the relation

Lp nF(x+p+A)SP(S,—npex+A) SLE nF(z+p+A) (3.4)

holds uniformly for all x > yn as n — oo, where Fa(x) = f;JrT f(y)dy.

In what follows, we present an example to show that there is a distribution F' with a density
f, such that F(z + A) € OR for some T' > 0 but f & OR.

Example 3.1 Let o > 0 and define

e o 1< <2
{cozx s n <z < 2n, n=1,2-..,

0, otherwise,

where ¢ is a constant such that ffooo f(z)dz = 1. Then, it is clear that f & OR. Let T = 2,

and then simple calculations yield that

(7= (z+2)7*+2n+1)"*=(2n)"%), 2n—1<az < 2n,

F(x—l—A)—{c( 2n +1)7% — (2n +2)79), 2n<zx <2n+1,

n=1,2,---. It follows that F(z+A) ~ caz=* ! asz — oco. Thus F(z+A) € R C IR C OR.

Remark 3.2 Example 3.1 and Propositions 4.3-4.5 below show that Theorem 3.1 has a

wider range of applications than Theorem 3.1 in [10] even if X has a density function f.

Similarly, there is a lattice distribution F', which has the mass p,, = F{n}, n = 1,2,---,
such that F'(z + A) € OR for some T > 0 but {p,,n =1,2,---} does not belong to OR.

Example 3.2 Let > 0 and 0 < » < 1. Let F' be a distribution with the mass p,, n =
1,2,---, where p, is defined by

11—«

_ Jean™ , n=2m, B
p”_{cr", n=2m-—1, m=12

[ee]
for some constant ¢ satisfying > p, = 1. Then, it is clear that {p,,n = 1,2, -} does not
n=1

belong to OR, and hence, it does not belong to R. Let T = 2, and then simple calculations
yield that

er?ntl 4 ca(2n)"t7e, 2n —1 <z < 2n,

er?™ fea2n+2)717 2pn<a <2n+1, n=12-

F(:c+A)—{

It follows that F(z + A) ~ caxz~™* ! as ¥ — oo, and hence, F(z + A) € R C IR C OR.
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4 Some Propositions

In this section, we give some propositions to investigate the relationships between f € OR
and F(z + A) € OR and the relationships among Ly, L, L}", L;A if a distribution F' has a
density function f.

First we present some properties of the class OR, which play important roles in the following

discussions and can be found in [4].

Proposition 4.1 Assume that a function f € OR. Then, for every o > «(f), there exist

positive constants C,, and x, such that

f(y) y\©
< al ) Z Z - 4.1
o) = ¢ (a:) Y=ot (41)
Similarly, for every 5 < B(f), there exist positive constants Cg and xg, such that
fw) y\?
= > = > x> . 4.2
f(x)_c(x)’ Yy=%=72p (4.2)

The following proposition was established by Aljan¢i¢ and Arandelovié [1].

Proposition 4.2 Assume that a function f € OR. Then, for any fited 0 < a < b < oo,

flzy) _ f(zy)
0 < liminf inf < limsup su
r—o00 a<y<b f( ) ;c—>oop a<y12b f( )

(4.3)

Remark 4.1 Tt is obvious that (4.3) is equivalent to

o, 1) 22, ')
0 < liminf =22 <limsup === < .

T—00 f(z) T z—oo f(z)

The next proposition shows that condition f € OR is stronger than condition F'(z + A) €
OR.

Proposition 4.3 Assume that a distribution F' has a density function f and f € OR.
Then, for every fited T >0, F(z + A) € OR.

Proof If T = oo, then F(x) = F(x,00) € OR follows from Lemma 4.3 of Yang et al. [10].
Hence, we only need to discuss the case T' < co. For any fixed y > 1, by f € OR, combining

with Proposition 4.1, simple calculations yield that

lim sup Flay+4)

msu 71:‘( A < 00 (4.4)

Hence, we only need to estimate the lower bound: Suppose that n — 1 < y < n holds for some
integer n > 1. By f € OR and Proposition 4.2, there exist constants C's and z1 > T', such that

/:JrT Y e zn: /z+k )t = Z/ _Tl)T)du

_ k 1)T

nooprty e+ T
< / sup f( )du§n03/ fw)du

k—1 u<t<22u
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holds for any x > x1, where the last but one step is obtained by u < u + W < 2u for all
u>x>T and 1 < k <n. Hence, we have that

zy+T x—i—%
Flay +A) = / f(u)du = y/ f(uy)du
zy T

z+T Chy z+T Chy
> > 2 - —-J
> Cly/x fw)du > nCs . f(u)du nCSF(:E—f—A)

holds for all > x1, which yields that
lmint DY ED) (4.5)

z—oo  F(x+ A)
It is obvious that F(x + A) € OR follows from (4.4)—(4.5).

Proposition 4.4 Assume that a distribution F has a density function f. If f € OR, then,
for every fixed T > 0,

0<Ly<Lp <Lf <L} <o (4.6)

Moreover, if f € IR, then F(x + A) € IR for every fived T > 0.

Proof By Proposition 4.2, it follows immediately that Ly >0 and L}r < 0o0. In what
follows, we prove that Ly < Lp,: By the definition of Ly, for every fixed § > 0, there exist
constants eg > 0 and zg > 0 such that

(1*€)zg;fﬁ(1+e)zf(z) = (LJ: —0)f(x)

holds for any € < ¢y and = > x¢. Hence, for any = > zg, e < e and (1 — )z < z < (1 + €)z, we

have
z+T x+T
FletA) = / F(u)du = / F(t+ 2 — 2)dt
Z;c+T : z+T
> 1 > P
7/91: (1—e)t§12f§(1+e)tf(u)dt o (Lf 6)/9,: Jde
= (LJI —0)F(z+ A).
Therefore,
- inf<(1 : F(z+A)
. . . 1—e)z<z —+e)x _
— > — 0.
i TPEy VA

By the arbitrariness of ¢, we immediately obtain that Ly > L. The proof of L;A < Lj[ is
similar to that of L;A > L;, so it is omitted.
Finally, if f € TR, then F(x + A) € IR follows immediately from (4.6) and Remark 2.1.

The following proposition shows, the fact that f is almost decreasing implies that F(x+ A)

is almost decreasing.
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Proposition 4.5 Assume that a distribution F' has a density function f, and f is almost
decreasing. Then for every fited T > 0, F(xz + A) is almost decreasing.
Proof Since [ is almost decreasing, there exist constants C' and g, such that sup f(z) <

z>T

Cf(x) for all x > xg. We have that

z+T 4T
sup Fl(z+ A) = sup/ f(u)duzsup/ flt+z—x)dt

z>x z>x z>x

z+T
S/ sup f(u t<C/ =CF(z+A)

u>t

holds for all # > xy. Hence, F'(z + A) is almost decreasing.

5 Proofs of Main Results

In this section, we give the proofs of Theorem 3.1 and corollaries. First, we estimate the
lower bound of P(S,, — na € x + A) under slightly weaker conditions than those in Theorem

3.1, which will be generalized as Lemma 5.1.

Lemma 5.1 Let {X, Xy : k > 1} be a sequence of i.i.d.r.v.s. with a common distribution
F. Suppose that E|X| < oo for some T > 1 and Fa(z) = F(z + A) € OR. Then for
arbitrarily fized v > 0, the relation

P(S, —na€x+A)2nly F(r+a+A) (5.1)

holds uniformly for all x > yn™ as n — oo, where a = EX if 7 <1 and a is any fixed constant
if > 1.

Proof Without loss of generality, hereafter we assume that a = 0. Since X1, Xo, -+, X, - -

are i.i.d.r.v.s., for any fixed € € (0, %), we have

n
P(S,ex+A) ZP(U(Sn€x+A,Xi>ex,Xj Sex,j#i,jﬁn))
i=1
nP(Sn-1+ X, €x+ A X, >ex,M,_1 < ex)

n| PX,€x—y+A)P(S,_1€dy, M,_1 <ex)

— €T

Y

v

n inf F(x —y+ A)P(My_1 < ex,|Sh-_1] < ex), (5.2)

ly|<ex

where M,, = max{Xq, Xo,---,X,,} forall n > 1. Since EX = 0 if 7 < 1, by the strong law

of large numbers for i.i.d.r.v.s., it follows from E|X |+ < oo that 222 23 0 and # 220
as n — oo. Therefore, hm inf P(|Sp—1] < ex) =1 and lim mf P(|M,—1| < ea:) =1
o0 x>ynT n—oo x>yn”

Combining with (5.2), it follows that

inf F(z+A)
lim inf P(S.cz+4) > lim inf (Z9esEsOtoe

n—oox>yn™ nF(x 4+ A) T n—oooa>ynT F(z+A)
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inf F(z+A)
> lim inf (1—e)x<z<(l4+e€)x
T z—oo F(z+ A)

By the arbitrariness of ¢, we immediately obtain that (5.1) holds uniformly for all z > yn” as

n — oo.

Remark 5.1 The conditions in Lemma 5.1 are slightly weaker than those in Theorem 3.1.

In Lemma 5.1, we do not need the condition that F(x + A) is almost decreasing.
Now we stand in the position to prove Theorem 3.1.

Proof of Theorem 3.1 Without loss of generality, we assume that ¢ = 0. By Lemma 5.1,

it suffices to prove that

P(S, e x+ A)
li — - < Lf. 5.3
noo gamnr  nF(z+A) = Fa (53)
Let v = v(z) = —log F(x + A). It is obvious that v(x) is a slowly varying function since
F(z+ A) € OR and lim v(z) = co. In fact, for every fixed positive v,
1 (F(a:y + A))
v(zy) F(z+ A)

-1—

v(x) v(x)

Using the notations similar to Yang et al. [10], we denote

n
X:XI<X§%)7 EZX'LI(XZS%); Z:172a; S\;:ZYM TL:].,Q,,
v v i=1

where I(A) is the indicator function of the set A, and let n = n(n,z) = > I(X; > %), i.e, nis
i=1

the (random) number of summands X; (1 <4 < n) in the sum S, = > X, such that X; > 5.
i=1

1=

Our starting point is the decomposition
P(S,ex+A)=Jo+J1 + Jo, (5.4)
where
Ji=Jin,z) =P(Spex+An=1i), i=0,1
and
Jo =Ja(n,z) = P(S, € x+ A,n > 2).

We will estimate (5.4) by three steps.

Step 1 Estimation of Jg

We use an idea of Tang [9] to deal with Jy. For a positive number h = h(z) which will be
specified later, by Chebyshev’s inequality, we have

Jo=P(S, €z +A,n=0)
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P(S, > 1) < e " BehSn = o~he (BehX)m, (5.5)

To estimate the upper bound of Eeh;(, we will discuss two cases according to 7 > 1 and 7 < 1,

respecwey en 7 > 1, let ¢ = minyp,1; > =. By virtue of the monotonicity in x € (0, oo
tively. Wh 1, let in{p,1} > L. By virtue of th tonicity i 0

of & , we obtain that

s <7 (3) + ]

— 00

=1+ /”Z(eh“ — 1)F(du)
0

0 2
F(du) + / e F(du)
0

hx

<exp {B ﬁ},

where B, = fooo u?F(du) < co. Hence, we have

Jo Byn
— < —
Flo+ )_eXp{ hr +v +

Taking h = QI—“ in the above equation, it yields that

Jo

Byn(e? —1)
CEINE T )

T\ 4
(:2)
Since v(z) is slowly varying and v(z) — oo as x — oo, combining with ¢7 > 1, it follows that

Jo
li — = 0. 5.6
oo ganns F(w + A) (5.6)

exp{—v—i—

When 7 < 1, we split "X into the following several parts:
N 0 %
B :/ (" — hu — 1)F(du) +/ (" — hu — 1)F(du) +h/ Fdu) +
—o0 0

< /0 (e" — hu — 1)F(du) + /_ (e" — hu — 1)F(du) + 1
0

— 00

ST 4141, (5.7)

where the last step but one is obtained by EX = 0. Let

1 if 7 =1,
1= min{p, 2}, ifr<1.

It is obvious that for 1 < ¢ < 2, the inequality e” — 2z — 1 < |2|? holds for all < 0. Therefore,
by ffoo |u|?F (du) < oo and the dominated convergence theorem, it follows that

I, =o(h?) as h 0. (5.8)
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In what follows, we estimate Io. By virtue of the monotonicity in x € (0,00) of ew;—ﬁ_l, we
have

hx
02

e

)

hz z hg hz
w2 —1

I, < B,, (5.9)

v e% - h—f -1
Eth S 1+01(hq) + x'u - Bp
(32
hx
w2 — 1
< eXp{Bpip +01(hq)}, (5.10)

where 01(h) is a real function of h > 0 satisfying Oléh) — 0 as h — 0+. Taking h = 2, it

follows from (5.5) and (5.10) that

hze
02

euxi—pl +n-o1(h?)
oy

conf e B o ()

V2

Jo

— < — B
Flo+ &) _eXp{ hx +v+nB,

Hence, (5.6) follows since v(x) is slowly varying and v(x) — oc.
Step 2 Estimation of Jg

Since X1, Xo, -, X, -+ arei.i.d.r. v.s., for n > 2 and for sufficiently large =, we have
that

Jo <2 Z P(Sn€$+A,Xi>%,Xj>£>

oy v?
1<i<j<n

=n(n— 1)P(Sn cax+A X, 1> %,Xn > %)
v v

S n2P<Sn72 +Xn71 +Xn S A;anl > %7Xn > %)
v v
:n2/ / P(Xn cr—y—z+A X, > %)P(Sn,2 € dy, Xn_1 € d2)
—o0J & v

<n? sup F(u—l—A)F(%), (5.11)

X
u> -2
2 202

2

where the last step is obtained by the fact that u + A N [%, oo) = () holds for all u < s
v v
and sufficiently large x if T' < oo, while the inequality is obvious if 7' = co. Since F(x + A) is

almost decreasing, there exist constants A > 0 and x; > 0, for all x > z; such that

sup F(u—I—A)SAF(%ﬂ—i—A).

-
u> 302
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According to Proposition 4.1, for some 3 < min{3(Fa), 3(F),0}, there exist constants C3 and
xg > 0, such that

F(z:‘l?) < Cp?

and
F(%)

_ < Cau=20
Flz) = "

hold for all x satisfying 5 > 2z5. Combining with (5.11), for sufficiently large x, we have

J2

Note that E|X|P < co implies that 2P F(x) — 0, and that the function v is slowly varying and

T> % yield that 7 Pu4 — 0 as x — oo. Hence, it follows that

lim sup J2 =0, (5.12)

n—oo z>yn" ’I’LF(J? —|— A)

1

since o~ F (2) <y 727 F(z)v % = v~ 72PF(z)(z 7 Po~*7) holds for z > ynT.
Step 3 Estimation of Jy
For every fixed e € (0,1), we split J; into three parts as

n
=3 p(Sner+aXi> L X< i <n)
v v

=nP(Suo1+ Xy €4+ 8, X, > 5 M1 < )

/_ex [ an cr—y+A X, > ) (Snfledy, n1<_)

=Ji1 +Ji2 + Jus. (5.13)

First, we estimate Jy;. Since F'(z + A) is almost decreasing and x —y > (1 4 ¢)z > z for all
y < —ex, there exist constants A and xg, such that
—€XT

Jn=n|  PXyew—y+AP(Su1edy My1< )

— 00

< AnF(x 4+ A)P(Sp-1 < —ex)

holds for all > xg. By the strong law of large numbers of i. i. d. r. v. s., it follows that

J11 .
li ————— < lim AP(S,—1 < —eyn”) =0. 5.14
S ey Ay S AP (S £ —em) o1

Next, we deal with J3. Clearly,

Ji3 < nP(Sn_l >ex, M,_1 < %) = nP(gn_l > ex).
v
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Hence, it follows from (5.5)—(5.6) that

. J13
1 ———= =0. 5.15
S G+ ) o1

Finally, we discuss Jy2. Since (1 —e)z <z —y < (1 + €)z for all |y| < ex, it follows that

€T
Jis = n/ P(Xn cr—y+AX,> %)P(Sn_1 € dy, M,_; < 5—2)

— €T

<n sup P(e—y+A)P(|Su 1| < ew, Myt < 5
ly|<ex v

<n sup F(z+ A).
(1—e)z<z<(1+€)x

Hence, we have that

sup F(z+ A)

lim  sup Ji2 < lim sup (1—e)z<z<(14€)x
n—00 x> pT TLF(iL' + A) T n—ooo Z>ynT F(;[; + A)
sup F(z+A)
< lim su (1—e)z<z<(1+€)z
- ;c—>oop F((E + A)
Letting € | 0, it follows that
lim sup _Ji <L} . (5.16)
n—00 p>~nT TLF(:L‘ + A) — HFa
From (5.13)—(5.16), we have
. J1 n
lim sup <Lp,.. (5.17)

n—00 4> ypT ’I’LF(J? —+ A)

Consequently, (5.3) follows from (5.4), (5.6), (5.12) and (5.17). This completes the proof of the
first part of Theorem 3.1. The second part of Theorem 3.1 follows immediately from the first
part since F(z + A) € IR implies that L = L} = 1.

Proof of Corollary 3.1 Taking 7'=1 and © = m — 1 in Theorem 3.1, we have that
P(m —1<S, —na <m)~ npimiaq

holds uniformly for m > yn™ as n — oo, where [y] denotes the largest integer no more than y.
Corollary 3.1 follows since the fact that the sequence {py : k = 0,£1,42,---} belongs to the
class ZR implies that the sequence belongs to the class L.

Proof of Corollary 3.2 Corollary 3.2 follows immediately from Theorem 3.1 and Propo-
sitions 4.3 and 4.5.
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