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On 2-Adjacency Between Links*

Zhixiong TAO!

Abstract The author discusses 2-adjacency of two-component links and study the rela-
tions between the signs of the crossings to realize 2-adjacency and the coefficients of the
Conway polynomial of two related links. By discussing the coefficient of the lowest m power
in the Homfly polynomial, the author obtains some results and conditions on whether the
trivial link is 2-adjacent to a nontrivial link, whether there are two links 2-adjacent to
each other, etc. Finally, this paper shows that the Whitehead link is not 2-adjacent to the
trivial link, and gives some examples to explain that for any given two-component link,
there are infinitely many links 2-adjacent to it. In particular, there are infinitely many
links 2-adjacent to it with the same Conway polynomial.
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1 Introduction

Since the concept of n-adjacency (see [1, 7]) was introduced as a specialization of Gusarov’s
notion of n-triviality (see [4]) and a generalization of being unknotting number one (see [12,
17], they coincide for n = 1), a lot of research about n-adjacency of knots (in particular for
n = 2) has been done (see [1, 8, 18-21, 23-24]). Furthermore, this concept can be naturally
extended to 2-adjacency between two links (see [23-25]). That is, a link L is called 2-adjacent
to a link W, if L admits a projection D containing two crossings ci, co such that switching any
0 < s < 2 of them yields a projection of W (see [1, 18, 23-24]).

In this paper, we are only concerned with 2-adjacency of two-component links. We study
the relations between the signs of the crossings to realize 2-adjacency and the coefficients of the
Conway polynomial of two related links. We give an expression of the Jones polynomial of the
link obtained by opening two related crossings. We also study their Homfly polynomials and
obtain some results and conditions on whether the trivial link is 2-adjacent to a nontrivial link,
whether there are two links 2-adjacent to each other, etc. (see Sections 4-5). Finally, we show
the Whitehead link not 2-adjacent to the trivial link, etc., and give some examples to explain
that for any given link, there are infinitely many links 2-adjacent to it. In particular, there are
infinitely many links 2-adjacent to it, which have the same Conway polynomial.

Unless otherwise stated, throughout this paper, our convention will be the following;:
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Let a two-component link L = L1 U Lo be 2-adjacent to W = Wy U Wa, ¢, co the crossings
to realize 2-adjacency, ¢; the crossing of L1, and « (resp. [3) the sign of ¢; (resp. ¢2). Switching
c1 changes Ly to Wy, so Ly = Wh.

In this paper, we always assume a basic familiarity with Conway polynomial (defined by
a skein relation, see [9, p. 19]), the Jones polynomial (see [11, p. 103]), Homfly polynomial
(see [14]) and their properties. The reader may refer to [3, 9, 11, 13-14] for a more detailed

exposition.
2 Conway Polynomial and 2-Adjacency of a Link

Proposition 2.1 (see [5-6, 9, 15]) Let L = L1 ULy U---U Ly, be an oriented link with n
components, and L, = lk(L;, Li) for j # k.
(1) V(L) = Znil(anfl + anJrlz2 +e an71+2m22m);
(2) if n=1, then ag = 1; if n = 2, then a; = lk(L1, L2); if n =3, then
az = li2l13 + li2las + l13l23;

if n =4, then

as(L) = —lialislia — Lialoslia — lislaslia — lLializloa — li3l14loa — Lialaglos
— lizlaglag — lialaslog — lioli3l34 — liglialzs — l12l23l3s — l13l23134

— lialaglza — lialaalzs — l13l24l34 — l1al24l34;
(3) if Ly is an oriented knot and c is a positive crossing of L, then
CLQ(L+) — GQ(L_) = ij(Lo)

Here L_ and Lg are obtained by switching and opening ¢ respectively, and a;(X) indicates the
coefficient of 27 in the Conway polynomial of a link X.

Moreover, Ik(L) denotes the total linking number of L, i.e., [k(L) = >, I (see p. 133
1<j<k<n

in [14]).

For the sake of convenience, let sz indicate switching crossing x, and ox opening x. Accord-
ing to the convention, L admits a diagram D(cy, ¢2), such that switching the non-empty subset
of {c1,ca} yields a diagram of W respectively. By the definition (see [3, 9, 11]) of Conway
polynomial, we have

V(D(c1,¢2)) — V(D(sc1,¢2)) = azV(D(ocy, ¢2)), (2.1)
V(D(oc1,c2)) — V(D(ocq, sc2)) = 82V (D(ocy, 0c2)), (2.2)
V(D(c1,sc2)) — V(D(scy, sca)) = azV(D(oc, s¢2)). (2.3)

Here D(u,v) has the same diagram as D(cy, ¢2) except that u, v replace ¢1, ¢ respectively and
a (resp. [3) is the sign of ¢1 (resp. c2) (see the above convention). Since D(scq,¢2), D(e1, sca),
D(scq, sco) are W, from the above equalities, we have

V(L) = aB2*V(D(oci, 0c3)) + V(W). (2.4)

From the above argument and Proposition 2.1, we obtain the following theorem.
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Theorem 2.1 If the notations and the conditions are as the convention, then lk(L) = lk(W)
and

(1) if az(L) # as(W), then D(ocy,ocz) is a two-component link;

(2) if az(L) = a3(W), then either Ik(L) =0 and D(ocy,0c2) is a link with two components
or D(ocy,0¢2) is a link with four components.

From Theorem 2.1, it is easy to see that ¢; and co are not the crossings between two
components, since lk(L) = lk(W).

In general, ¢, co have the following two cases.

Case 1 If ¢, ¢y are the crossings of Ly, then D(ocq,0c2) is a link with two or four compo-
nents.

(a) If D(oc1,0cz) has two components, then (k(L) = lk(D(oc1,0c2)), and af can be got
from as(L) = aflk(L) + ag(W).

However, if k(L) = 0, the identity does not determine 3. In this case, we need to consider
the following: (i) Switching co changes Ly to Wa; (ii) switching ca (resp. ¢1) changes L to W
and switching ¢q (resp. ¢2) changes Wi to Ws. For these two cases, we obtain Wy = Ly = W7,
Hence, L, is 2-adjacent to Wy. It is similar to (2.1)—(2.4) that we have

V(L1) = af2>V(D(ocy, 0c3)) + V(W1), (2.5)

where ﬁ(ocl, ocy) is obtained from L; by opening ¢1,ce and using Proposition 2.1. Thus, in
both cases, a8 can be got from the identity as(L1) = af + a2(W71).

(b) If D(oc1, 0oc2) has four components, then ag(L) = asz(W).

The discussion in (a) has shown that switching ¢y changes Ly to Wiy and L; is 2-adjacent
to Wy. Moreover, using (2.5) and Proposition 2.1, we know that opening ¢;, ¢ changes Ly to
a three-component link, which is equivalent to as(Ly1) = az(Wh).

Suppose that opening c¢; (resp. c2) changes Li to G1 U H (resp. G U G3), and opening ¢,
(resp. ¢1) changes H (resp. G) to G2 U Gg (resp. G1 U G2). Denote Lo and lk(G;, Gg) by
G4 and Ui (1 < j < k < 4) respectively. Since as(L1) = az(W1), then (k(Gh U H) = 0 and
Ik(GUG3) =0, ie., l1a2 = —l13 = la3. In general, o, 3 can be determined by the identity
as(L1) — as(W1) = —aB(k(L))? (see [21]), L = D(oc1, 0¢2) = Gy U G2 U Gs and Ik(L) = Iy.

From the identity 0 = a3(L) — as(W) = aaz(G1 U H U L) and Proposition 2.1, we have

0= (liz + li3)lk(L) 4 l1a(log + l34).

Similarly, 0 = (I13 + l23)lk(L) + l34(l1a + l24).

So l14(lag +134) = 0, I34(l14 + l24) = 0.

Notice that k(L) = l1g + lag + l34. If log = 0, then (k(L) = ly4 or k(L) = l34. If la4 # 0,
then k(L) = lag (and lig = l3q4 = 0) or lk(L) = l34(= l14 = —lo4). Therefore, k(L) is always
equal to the linking number between Lo and one of the other components of D(ocq,0c2) and
lk(D(ocy,0¢2)) = lig + 1k(L).

We see that if either L or W has a trivial linking number (e.g. the Whitehead link, etc.), then
k(L) =0, |lk(D(oc1,0c2))| = \/|a4(L1) —ag(Wh)|, l1a = lag = l34 = 0, i.e., az(D(ocy,0c2)) =
0. In general, we have the following theorem.
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Theorem 2.2 If the notations and the conditions are as the convention, ci,co are the
crossings of L1, and D(ocy,0cs) has four components, then

Vl0aa(L1) — aa(Wh)| = [lk(D(ocy, oc2)) — Ik(L)),

and a3(D(ocy,0c2)) is (Ik(D(ocy,0c)) — 2lk(L))?1k(L) if all linking numbers of Lo with any
other component of D(ocy,0c3) are not zero, and is |as(L1) — ag(Wh)|lk(L) otherwise.

Proof Since l15 = —l13 = l23, by Proposition 2.1, az(D(oc1,0c2)) = 1351k(L) — 212114134 —
114l24134. If l24 7é 0 and lkﬁ(L) = 134 = 114 = —l247 since l12 = lk(D(OCl,OCQ)) — lk(L), then
az(D(ocy,002)) = (135 — 2l12lk(L) + (Ik(L))?]ik(L) = (Ik(D(oc1,0c2)) — 2lk(L))?1k(L). The rest

of the proof is obvious.

Case 2 1If ¢y, co are the crossings of the different components, i.e., ¢; in L1 and ¢ in Lo,
then D(ocq,0c2) is a four-component link.

It is similar to Case 1 to prove that after switching cq, although Lo may become W; or W,
Lj is equal to W;, j =1, 2.

Now, let G1 UG2 (resp. G3UGy) be a link obtained from L; (resp. L2) by opening c¢; (resp.
c2), and U = 1k(Gj,Gy), 1 < j <k <4, solk(L) = lig + l1a + log + l24. From Proposition 2.1
and the identity 0 = ag(L)—a3(W) = aaz(D(oc1, c2)) = aaz(G1UG2ULg) = Bas(L1UG3UGY),
we have

liolk(L) + (lig 4+ l1a)(lag + 124) =0, I34lk(L) + (liz + l23)(l1a + l24) = 0.

For the case of k(L) =0 (e.g. either L or W is the trivial link, the Whitehead link, etc.),
by the above two equalities and [k(L) = I3 + l14 + lag + l24, we have l13 = l14 = lag = log = 0,
so ag(D(ocy,0cz)) = 0.

Therefore, from the above discussion and Theorem 2.1, we obtain the following theorem.

Theorem 2.3 If the notations and the conditions are as the convention, k(L) = 0 and
D(oc1,0c2) has four components, then as(L) = as(W).

3 Jones Polynomial and 2-Adjacency
Let V(X;t) indicate Jones polynomial (see [11]) of link X.

Proposition 3.1 (see [9, 11, 13]) Suppose that V(G;t) is the Jones polynomial of a link
G with ¢ = ¢(G) components.

(1) If «(G) =1, then V'(G;1) =0, V'(G;1) = —6a2(G).

(2) If ¢(G) > 1, then V'(G;1) = =3(=2)D=2k(G).

(3) V(G: 1) = (~2)@)1,

It is similar to the discussions of (2.1)—(2.4) that we have the following theorem.
Theorem 3.1 If the notations and the conditions are as the convention, then
V(D(ocy,0c3);t) = aft' =@ P (V(L;t) — (2% + 120 — 2BV (W 1)) (1 — t) 2

Corollary 3.1 The notations and the conditions are as the convention. D(ocy,o0cs) is a link
with four components if and only if as(L1) = as(W1); D(ocy,0c2) is a link with two components
if and only if az(L1) = af + ax(Wh).
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Proof According to Theorem 3.1, we have

V(D(oex, 062): 1) = afB(8apV(W;1) + ‘/Q'II(L; 1) — V"(W;1)) |

Since V(W;1) = =2, k(L) = lk(W), az(La) = az(W2), using corrected Murakami’s formula
(see [16, 22]), we have

V(D(oc1,0c2);1) = =8 + 6af(az(L1) — az(Wh)).

Thus, the results follows from Proposition 3.1.

4 Homfly Polynomial and 2-Adjacency

We use P(G)(I,m) = >_p;(l)m? to represent the Homfly polynomial (see [14]) of a link G
(sometimes we replace p;(1) by p;(G) or p;j(G)(1)). i always denotes v/—1. Lickorish W. B. R.
and Millett K. C. gave the following proposition.

Proposition 4.1 (see [14]). Let link G have ¢(G) components and the other notations be
as above. We have the following properties:
(1) If G is a link with ¢(G) > 2 components, then

m[(=(+ 17Dy ()] = h(G)i.

l—i

The exponent of the lowest power of m which appears in the Homfly polynomial of L is precisely
1 —¢(G). It has a coefficient

c(G)
Pioc(c)(l) = (=13) D=+ 17D T pb ). (4.1)

j=1
(2) If G is a knot, then pa(i) = —a2(G), po(i) = 1, py(i) = 0, pj (i) = Baz(G).

The notations and the conditions are as the convention. Then it is similar to the above
argument in (2.1)—(2.4) that

m?P(D(ocy,0c0)) = P(W)([I~*P +147F 41872y 4 19H8 p(L). (4.2)

So we have the following theorem.
Theorem 4.1 If the notations and the conditions are as above, then

PW)(2+172%) +1?*P(L), if a=p8=%+l;

mQP(D(OChOCQ)) = {P(W)(l_2 +1 _'_12) —l—P(L), if af =—1.

Furthermore, by Theorem 2.1 and (4.1), D(ocy, 0c2) has two or four components depending
on p_s(D(ocy,0cq)) to be zero or not. So the following corollary is obtained easily.

Corollary 4.1 If the notations and the conditions are as above, and D(ocy,o0cs) has two
components, then

(1) a=p==%1 pa(L) = —p (W)~ +207%);

(2) aB = —1 & p_y(L) = —poa (W)(I~2 + 1+ I2).
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Corollary 4.2 The notations and conditions are as the convention.

(1) If D(ocy,0c2) has two components, then p_1(L)(1) is an odd multiple of 6, or po(1) of
one component of L can be divisible by 3 and the other is trivial.

(2) If both components of L have trivial po(l) (e.g. the trivial link, the Whitehead link, the
Hopf link, etc.), then one component of W is the same as one of the components of L and the
other has trivial as.

Proof (1) It follows from (4.1) and the property that for any knot @, po(@Q)(1) is an odd
number.

(2) Assume az(W7) # 0. From Corollary 3.1, we know that D(ocy,0c3) is a two-component
link, i.e., p_3(D(oc1,0c2)) = 0. Calculating p_1(L), by (4.1)—(4.2), we have

(_l2)—lk(L)(l + l—l) — p_l(W)(l—Q(oc-i-ﬁ) + l—2[3 + l—Qa).

It is impossible.

Corollary 4.3 The notations and conditions are as the convention. If as(L) # as(W),

then 2-adjacency is one-way at most.

Proof Since a3(L) # az(W), by Theorem 2.1, D(ocy, 0cz) is a two-component link. Fur-
thermore, by Corollary 3.1, as(L1) = af + az(Wh).

If W is also 2-adjacent to L, we can prove similarly that as(W1) —ag(L1) = sign(¢; )sign(cs),
where 1, ¢y are the crossings to realize 2-adjacency, W is 2-adjacent to Ly and D(o¢y, o¢2) has
two components. Hence, sign(¢;)sign(cs) = —af.

(1) If af = 1, then by Corollary 4.1, p_1(L) = —p_1(W)(I~** + 2072%) and p_1(W) =
—p_1(L)(I72+1+1?%), ie.,

po1(L) =p_1 (L)1 + 2072 (172 + 1+ 7).

However, it is impossible.

(2) Tt is similar to prove the case of af = —1.

5 2-Adjacency of the Trivial Link

Corollary 5.1 The notations and the conditions are as the convention. If L is the trivial
link and is 2-adjacent to W, then D(oc1,0c2) has four components. Furthermore, if ags(W1) =

2
0, then lk(D(oc1,0c2)) = 0 and there exists an integer n such that ] po(W;)(1) = 1 +
j=1

4 .

8n, [Ipi(l) = 14 6n. In particular, if c1,co are in the different components, then each
j=1

component of D(ocy,o0ca) has trivial po(l).

Proof If the trivial link is 2-adjacent to W, then according to Corollary 4.2, the trivial
link can not be 2-adjacent to a link with a component whose ag is not zero. By Corollary 3.1,
D(ocy,0cq) has four components. If ¢, ¢y are in Ly, then we know that L; is adjacent to Wj.
Since a4(W1) = 0, by Theorem 2.2 and its proof, we obtain lk(D(oc1,0c2)) = 0 and all linking
numbers between any two components of D(ocq,0cs) are zero.
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If ¢1, o are in different components, then Wy, Wy are trivial. By (4.1)-(4.2),

4
R o L e 0 b e R RN (S A H (5.1)

4 .
fe., 172 42412 = (—1?)~k(Dlecroe2) (1 4 1=1)2 TT ph (1), and also,
j=1

4
1= (_l2)—lk(D(oc1,OCQ) Hpg)(l)
j=1
Hence, p3 (1) = 1, j =1,2,3,4, and Ik(D(oc1, 0c3)) = 0.

2
Next, taking | = 1, by (4.1)—(4.2), we have 3 [[ po(W;)(1) +1 = 4
j=1

Ph(1). Assume

:%
=_

I
—

2 , 2 4

k= Hlpo(Wj)(l) — I p4(1). Obviously, Hlpo(Wj)(l) = 1+ 4k, and Hlpf)(l) =1+ 3k.
Jj= J Jj= Jj=

Furthermore, since p}(1) is always an odd number, the conclusion is true.

Corollary 5.2 Let the notations and the conditions be as the convention, L be the triv-
ial link, c1,co be the crossings of Ly, as(W1) = 0 and D(ocy,0c2) have four components
K17K27K3,K4 (Z L2 = WQ) Then

(1) pg’ (W1)(i) = 0;

3
(2) py” (W) (i) = 384 3 aa(K);

J=1

3
(3) V"(D(oc1,002);1) = 48 3 az(K;) — 6;
j=1
3
() VEIW31) = §, VOW;1) = = = 57605 3 az(K;).
i

Proof From Corollary 5.1 and its proof, we know that [k(D(oc1,0c2)) = 0 and Ik(K;, Kj) =
0, for any j # k. Since L is the trivial link and D(ocq, 0cz) has four components, by Corollary
3.1, ax(W7) =0, i.e., pj(W1)(i) = 0, and by (4.1)—(4.2),

4
poW) (D)™ P + 178 1P~y 198 = (14171 H (5.2)

Thus, the result of (1) (resp. (2)) is easily obtained by calculatlng the values of the third
(resp. the fourth) derivatives of both sides of (5.2) at [ = v/—1 and by using Proposition 4.1. Us-
ing the corrected Murakami’s formula (see [16, 22]) and L’Hospital’s rule, we conclude with the
result (3)—(4) can be obtained by calculating the values of V/(D(oc1, 0c2); 1), V" (D(0c1,0c2); 1)
and by using (3), Proposition 3.1, L’Hospital’s rule and corrected Murakami’s formula again.

It is not difficult for the reader to find infinitely many two-component links, with one trivial
component and the other nontrivial while as = 0. For instance, these links can be constructed
by using 814, whose as is zero. In fact, there are many knots like 814, such as 1033, 1047, 10g2,
10108, 10116, 10118, 10146, etc. In [21], it has been proven that the trivial knot is not 2-adjacent
to them. So by the proof of Corollary 5.1, the trivial link can not be 2-adjacent to the link
constructed by the trivial knot and one of these knots. However, we do not know whether it is
true in general.
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6 Applications and Examples
Using the above results, we give two examples.
Example 6.1 The Whitehead link and the trivial link are not 2-adjacent to each other.

Proof We consider whether the trivial link is 2-adjacent to the Whitehead link. Since
their a3 are not equal, by Theorem 2.1, D(ocy,0c¢2) is a two-component link. However, from
Corollary 3.1, we know that D(ocy,o0ce) has four components. Hence, the trivial link is not
2-adjacent to the Whitehead link.

Similarly, we can prove that the Whitehead link is not 2-adjacent to the trivial link.

Example 6.2 L7a2 and L7nl (see [2]) are not 2-adjacent to each other.

Proof Choosing the directions of their components such that their linking numbers are 2.
V(L7a2) = 32% 422, P(L7a2) = (172 +317 "+ 217 %)m ™1 — (317 "+ 4l 5= 173)m+ (2075 - 17%)m3,
V(LTnl) = 2°+423+22z, P(L7Tnl) = (172431774217 5)m =1 — (417 "+ 61 =°)m~+ (I~ "+515)m> —
175mb5, V(LTn1!) = 23+ 22, P(LTn1!) = (212 + 317+ )m =t — (I3 + 4l + 1)m +1~'m? (here
L7nl! is the mirror image of L7n1 and its linking number is —2). Using (4.1)—(4.2), we know
that D(ocy,o0cz) is always a four-component link. However, their ag are different. By Theorem
2.1, L7a2 is not 2-adjacent to L7nl.

Similarly, we can prove that L7nl is not 2-adjacent to L7a2.

Figure 1 The links L,, and H

It is easy to check that the link in Figure 1(a) is 2-adjacent to the trivial link and for any
n € N, its Conway polynomial is always zero. If the links in Figure 1 are denoted by L,, and H
respectively, using the relation between bracket polynomial and Jones polynomial (see [10-11]),

we have
(L) = A" N(Ly_1) + A(-A)""{(H U O)
=A""(Lo) + (HUQO) Z_: AV (AP
=0
= 4=z + A4 D o),
(—A%) 7L, = (=A%) AT [(— A7)0 (Lo)]
F A Ay A L ),

V(Ln;t) = (=1)"t"V(Lo;t) + (1 = (=t)")V(H;1),
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V(Loit) = —t= 7 (14 t)(—1 + 5t — 14¢> + 28> — 44t* + 57¢% — 64¢° + 64¢7
— 55t% 4+ 4269 — 26¢10 + 13t — 5¢12 4 ¢13),
V(H;t) =t '3 (1 4 t)(1 — 3t + 5t — 61% + 6t* — 65 + 415 — 37 + %).
So, the highest-power term of V(Ly;t) is (—1)"*1t"+ 2 | ie., L, (n=1,2,---) are different

from each other. In other words, there exist infinitely many links 2-adjacent to the trivial link
and their Conway polynomials are 0.

Figure 2 The two examples

The two examples in Figure 2 tell us that for any split link (such as K7 U Ky and Py U Py
in Figure 2), we can find infinitely many links 2-adjacent to it.

%

Figure 3 The links 2-adjacent to L U Lo

Here ID is a non-split link. Clearly, the example in Figure 3 shows the following fact
that for any non-split link, we can find infinitely many links 2-adjacent to it, which have the
same Conway polynomial and «, 8 can be chosen as you want.
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