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Homogenization of Elliptic Problems with Quadratic
Growth and Nonhomogenous Robin Conditions in
Perforated Domains

Imen CHOURABI! Patrizia DONATO?

Abstract This paper deals with the homogenization of a class of nonlinear elliptic prob-
lems with quadratic growth in a periodically perforated domain. The authors prescribe a
Dirichlet condition on the exterior boundary and a nonhomogeneous nonlinear Robin con-
dition on the boundary of the holes. The main difficulty, when passing to the limit, is that
the solution of the problems converges neither strongly in L?(Q) nor almost everywhere
in Q. A new convergence result involving nonlinear functions provides suitable weak con-
vergence results which permit passing to the limit without using any extension operator.
Consequently, using a corrector result proved in [Chourabi, I. and Donato, P., Homoge-
nization and correctors of a class of elliptic problems in perforated domains, Asymptotic
Analysis, 92(1), 2015, 1-43, DOI: 10.3233/ASY-151288], the authors describe the limit
problem, presenting a limit nonlinearity which is different for the two cases, that of a
Neumann datum with a nonzero average and with a zero average.

Keywords Homogenization, Elliptic problems, Quadratic growth, Nonhomoge-
neous Robin boundary conditions, Perforated domains
2000 MR Subject Classification 17B40, 17B50

1 Introduction

In this paper, we study the homogenization of a class of a nonlinear elliptic problems con-
taining a nonlinear term depending on the solution u. and on its gradient Vu. with quadratic
growth. The problem is posed in the perforated domain 2 = Q\7T, obtained by removing from
an open bounded set Q of RV (N > 2) a closed set T. representing a set of e-periodic holes
of size ¢. We prescribe a Dirichlet condition on the exterior boundary I'§ and a nonhomoge-
neous nonlinear Robin condition on the boundary I'] of the holes. More precisely, we study the
asymptotic behavior, as e tends to zero, of the bounded solution u. of the following problem:

—div(A®(z, us ) Vue) + Mg = be(x,ue, Vue) + f in QF,
(A% (z,ue)Vue) - v+ Vpe(x)h(us) = ge on I'f, (1.1)
u: =0 on I'f,

where A > 0 and v is the unit external normal vector with respect to 7.
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The function f belongs to L™(Q) with m > & and p(z) = p(£), where p is a Y-periodic
function that belongs to L>°(9T), Y and T being the reference cell and the reference hole,
respectively.

We assume that A°(z,t) = A(%,t) is a bounded, uniformly elliptic, Y-periodic matrix field
and that the function b.(z,t,&) is a Carathéodory function on  x R x RY with quadratic
growth with respect to the third variable.

We also suppose that g. is defined by

co(2), it Mon(g) #0,

el g(2). it Mon(g) =0,

where g is a Y-periodic function in L™(0T') with » > N — 1 and Mpar(g) denotes its mean over
oT'.

Let us mention that this type of equations appears in calculus of variations and stochastic
control and the nonlinear term b(y, ¢, &) appears in the Euler equation of certain functionals.

The homogenization of this kind of equation with a linear matrix field A®(z) involving a
term b.(x,t, &) continuous in 2 variables and with quadratic growth with respect to ¢ has been
studied in [4-5] for a fixed domain and in [19] for perforated domains with Neumann boundary
condition and f = 0. In [20] the case where b.(x,t,€) is singular in ¢ in a fixed domain has been
studied.

The homogenization result of problem (1.1) is stated in Theorem 2.1. The main feature
of this result is that the expression of the limit nonlinearity by depends on the average of the
nonhomogeneous boundary function g. This is due to the fact that, as proved in [10], the
corrector results for the associated linear problem are different in the two cases Mar(g) # 0
and MaT(g) =0.

More precisely, according to these two cases, we derive two different limit problems for the
L2-limit ug of the zero extension of u.:

(1) If Mor(g) # 0 or g = 0, the function wug is a solution of the problem

. 0 |oT| .
—div(A” (uo)Vuo) + 0 ug + cyh(uo) = bo(uo, Vuo) + mMaT(g) +60f inQ,
ug =0 on S,

where 6 = % and A°(t) is the homogenized matrix introduced in [1] (see also [2-3, 8]) for

quasilinear problems with Neumann conditions in perforated domains and the constant c, is
defined by

|oT| .
— Mor(p), ify=1,
e = { oy Morl?)
0 ify > 1.
The function by is given by
1
bO(Sag) = N b(yv S, C(yv S)f)dy, Vs € Ra Vf € RN;

Y S

where {C¢(-,s)} is the usual corrector.
(2) If Mpr(g) = 0 (with g # 0) and A is independent of ¢, i.c., A(y,t) = A(y) in Y, the
function wug is a solution of the problem

—div(A"Vug) + Oug + cvh(ug) = bo(uo, Vug) +60f in Q,
uy =0 on 012,
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where A® is the now classical constant homogenized matrix introduced in [18]. The function bg
is defined by

1 —~
bo(t,€) = W s by, s, C(y)€ + VXg(y))dy for every & € RY,

where C¢ is the usual corrector (independent of ¢) and the function Y, is the solution of the
related problem posed in the reference cell with a nonhomogeneous Neumann data g.

As in [4-5, 19-20], the main tool in the homogenization process is a corrector result. To do
that, we construct a suitable associated linear problem. The homogenization and the corrector
results for this linear problem have been already proved in [10]. We use here the result about
correctors proved therein and we show that the corrector for the linear problem is also a corrector
for our nonlinear problem in both cases Mar(g) # 0 and Mpor(g) = 0.

Here, the main difficulty in particular, when passing to the limit in the nonlinear problem, is
due to the presence of the holes, and the solutions converge neither strongly in L?(£2) nor almost
everywhere in ). To overcome this difficulty, we do not use the extension operators as done
in [19] for the case of homogeneous Neumann condition. We apply here the periodic unfolding
method introduced in [12] (see [13] for more details) and extended to perforated domains in
[16-17] (see also [11] for more general situations). Using the fact that the unfolding operator
T for perforated domains transforms any function defined on Q2 into a function defined on a
fixed domain, we prove a new technical convergence result involving nonlinear functions, stated
in Theorem 4.1, which provides suitable weak convergence results. This technical tool allows to
pass to the limit and to prove the corrector result simplifying the proofs and the presentation,
even in the case studied in [19].

This paper is organized as follows: In Section 2 we present the problem and state the main
results. In Section 3 we recall some preliminary results. Section 4 is devoted to the proof of
the homogenization result.

2 Position of the Problem and Statement of the Main Results

In order to state the main results of this paper, we recall some general notations introduced
in [11] (see also [12] for the unfolding periodic method in perforated domains).

We denote by

Q an open bounded set of RN (N > 2) with 92 being Lipschitz continuous;

Y =]0,11[x - -- x]0,In][ the reference cell, where [; > 0 for all 1 <4 < N;

T, the reference hole, a compact set contained in Y and Y* = Y'\T the perforated reference
cell, with 0T Lipschitz-continuous with a finite number of connected components;

T.= U e(k+T) the closed set of RY representing the holes, where

keE.
N
G = {f e RN . f = Zklb“ (k‘l,"' ,kN) S ZN}, = = {f S G, E(f-i-Y) C Q}, where
i=1
b= (by,---,by) is a basis in RV;

Qr = Q\T. the perforated domain;

5/7\5 = interior( U e(k+ 7)) and (/2\; = S/Y\E\TE the corresponding perforated set;
kEE.

A. = Q\Q. and Af = Q:\(/ZE the corresponding perforated set.
As in [8, 17], we decompose (see Figure 1) the boundary of the perforated domain QF as
follows:

0N: =TyuTl], wherel] = 5‘(2\;‘ NOT; and I'g = OQI\T'S.

In the sequel, we also denote by
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Figure 1 The perforated domain €2* and the reference cell Y

X, the characteristic function of a subset E of RN

|E| the Lebesgue measure of a Lebesgue-measurable subset E of RY and |0E| the (N — 1)-
Hausdorff measure in RY of its boundary 0F;

My« (v |Y*| / y) dy the average of any function v € L!(Y*);

Mor(v |8T| / y) do, the average of any function v € LY(OT);

vor (v ) the extension by zero on 2 of any function defined on Q};
v the unit external normal vector with respect to Y\T" or Q;
M (e, 3,9) the set of matrix fields A = (ai;)1<i,j<n € (L(2)) such that

{(A(w)/\, ) = a(|A)?,
[A(@)A] < BIAl,

for z a.e in Q, any A € RV and o, 8 € R, with 0 < a < 3;

0= ||Y|| the proportion of material;

¢ different strictly positive constants independent of €.
Let us recall that

Xg: — 0  weakly™ in L°°(Q), (2.1)

as ¢ tends to zero.

Our purpose is to study the asymptotic behavior, as € tends to zero, of the following problem:
—div(A® (z, us ) Vue) + Mg = be(x,ue, Vue) + f in QF,
(A% (z,uc)Vue) - v+ 7 pe(z)h(ue) = g- only, (2.2)
ue =0 on I'f,

where we suppose that
(Hy) A >0.
(Hz) 0< f e L™(Q) withm > &, f#£0.



Homogenization of Elliptic Problems in Perforated Domains 837

(Hs) The real matrix field A : (y,t) € Y xR +— A(y, t) = {ai;j(y,t) }ij=1,... v € RN satisfies
the following conditions:

(1) A(y,t) is Y-periodic for every ¢t and a Carathéodory function, i.e., A(y,-) is
continuous for almost every y € Y and A(-,t) is measurable for every ¢ € R;
(2) A(-,t) € M(«, 8,Y) for every t € R;

(3) A is Lipschitz continuous with respect to the second variable, i.e.,

K eR: |A(y,t) — Ay, t1)| < K|t —ti|ae.y €Y, fort #t; € R.

(H4) The function h is an increasing and continuously differentiable function such that for
some positive constant C' and an exponent g, one has

h(0) =0,
VteR, |W(t) < C(L+t1 ), with
1<qg<ooif N=2and 1<q< 55 if N>2.

(Hs) The function p is positive and Y-periodic, and it belongs to L (9T).

(Hg) The function g is Y-periodic and belongs to L*(9T"), where s > N — 1.

(H;) The function b : (y,t,£) € Y x R x RN +—— b(y,t,€) € R satisfies the following condi-
tions:

(1) b(y, t, &) is Y-periodic for every (¢,£) € R x RY, and is a Carathéodory function, i.e.,
b(y, ) is continuous for a.e. y € Y and b(-, ¢, &) is measurable for every(t,£) € R x RY;

(2) for some positive constant cg, one has
1b(y,t,&)| < co(1+ [€]?) for ae. y €Y, Vt € R, V&€ € RY;
(3) dy and dy are continuous increasing functions with d; (0) > 0 and d2(0) = 0, such that

b(y, t,&) = bly, t, &) < di(|t])(1+ [€] + €'])|E = €| for ae.y €Y, VL € R, VE ¢ € RN
and

[b(y,t,6) —b(y, ', &) < da(|t —¢')(1 + [¢]?) for ae. y €Y, VI, €R, VE € R,

For almost every z in Q, every ¢ in R and every ¢ in RV, we set

A ) = A(S.t), bt =b(Z.4.€), pela) = () (23)

€

and

We introduce now the space

Ve={ve H(Q): v=00onT}},
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equipped with the norm
lv]|v. = ||Vv||L2(Q;) for every v € V.,

and the variational formulation of problem (2.2)

/ A® (z,ue)Vue Ve da + 67/ peh(us)p do+ A uep dx
: ri Q:

(2.5)
= [ be(z,ue,Vu)pde+ | feodr +/ gep do, Vo e Ve nL®(Q).
Qr Qr i
The existence of a solution to problem (2.5), under the assumptions (H;)—(Hy), has been proved
in [9, Theorem 6.1] together with the boundedness of the solution and some uniform estimates
for the sequence {uc}.. More precisely, it was proved that there exists a constant ¢ such that

lacllv, < e Juellzmio <. (2.6)

where c is independent of € and depends only on «, m, s and the Sobolev embedding constant,
with the numbers «, m and s being defined by (Hz)—(Hs) and (Hg), respectively.

We recall that (see [1-2, 8, 10]) for every fixed t € R, the homogenized matrix A°(t) is
defined by

1

A\ = —
A= Jor

Ay, t)Vywx(y, t)dy, VA eRY, (2.7)

where
wa(y,t) = Ay — Xa(y: 1) (2.8)
and for every ¢t € R and A € RY, the function (-, %) is the solution to the problem

—dV(AC, OV, () = —div(A(,)A) i Y\T,

A DA = Vyxa(H1) v =0 on 0T,
X, 1) is Y-periodic, (2.9)
bavy Xa(+t) dy = 0.

Y\T

We also define for any € and every fixed ¢ € R, the corrector matrix C*(-,t) = (Cf;(-,t))1<i,j<n,
given by (see [10])

C(z,t) = C(g,t), a.e. in QF,
o (2.10)

0y;

Cz](yat) = (y7t)a Z7,7 - 17" . aNa a.€. on Ya

where {e;}7, is the canonical basis of R".
We recall below its main properties.

Proposition 2.1 (see [10]) Under the assumption (Hs), let u. be the solution of problem
(2.2). Then, there exists a constant c1, independent of €, such that for some r > 2,

1C° (- D)l

L) <1 for everye and for anyt € R. (2.11)
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Moreover, the functions C¢(-,u.) are equi-integrable and

(1) C=(-,ue) = I weakly in (L2(Q)N,
. (2.12)
(11) AE('?“E)CE('vus) - AO(UO) weakly in (L2(Q))N :

We can now state the main result of this paper.

Theorem 2.1 Under the assumptions (Hy)-(Hr), let ue be the solution of problem (2.2).
Then, there exists a subsequence {uc} (still denoted by €), a function ug € H}(Q) N L>®(Q)
and a Carathéodory function by : R x RN — R such that

{(1) Uz — Oug  weakly in L*(Q) and weakly * in L>°(Q),
(2.13)

(ii) (be(+yue, Vue))™ — bo(ug, Vug) on D'(2),
where 0 is defined by (2.1).

The homogenized problems, depending on the mean of g, are the following ones:

(1) If Mar(g) #0 or g =0, the function ug is a solution of the problem

. 0 |0T | .
—div(A”(uo)Vuo) + 0 ug + cyh(uo) = bo(uo, Vuo) + mMaT(g) +0f in Q, (2.14)
up =0 on 0f),

where the homogenized matriz A°(t) is given by (2.7) for every fived t € R, and the constant c.,
1s defined by

0T |

il VD iy =1,
ey =9 Yl orle) iy (2.15)
0, ify > 1.
The function by is given by
1
Y1 Jy\r
where the corrector matriz fields {C®(-, s)} are defined by (2.10). Moreover,
—div(A° (-, u2) Ve ) — —div(A° (ug)Vug)  strongly on H(). (2.17)

(2) If Mar(g) = 0 (with g # 0) and A is independent of t, i.e., A(y,t) = A(y) inY, the
Sfunction ug is a solution of the problem

—div(A°Vug) 4+ 0ug + cyh(ug) = bo(ug, Vug) +0f in €,
(2.18)
up =0 on 082,
where the constant homogenized matriz A° is given by (2.7) (independent of t).
The function by is defined by
1 —
bo(t,€) = 7 | by, 5, C(y)é + Vg(y))dy for every € € RY, (2.19)

YT
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where C¢(-) is defined by (2.10) (independent of t) and the function X, is the solution of the
following problem:

—div(AVxy) =0 nY\T,

AVX, V=g on 0T,
(2.20)
Xg is Y-periodic,
My ()?;) =0.
Moreover,
—diV(AE%) — —div(A°Vug)  strongly on H(Q). (2.21)

This result will be proved in Section 4.

Remark 2.1 Let us point out the main novelty in this result. It concerns the fact that
the presence of g. in the nonhomogeneus boundary condition of problem (2.2) gives rise to
two different limit nonlinearities by in the problem, according to the case Mar(g) # 0 or
Mor(g) = 0.

This is due to the fact that the corrector results for the associated linear problem are different
in the two cases, as recalled in Theorem 3.2.

We end this section by stating the following result, which shows that C*® is a corrector for
the nonlinear problem (2.5).

Corollary 2.1 Under the assumptions of Theorem 2.1 and the notation therein, we have
the following assertions:
(1) If Mar(g) #0 or g =0, then

hII(l) [Vue — C(-;ue) Vuo | 1 oz)v = 0.
(2) If Mar(g) =0 and A is independent of t, i.e., A(y,t) = A(t) in'Y, then

=0.

lim HVUE — C°(-)Vuo — Vy@( )‘ LH(Qn)N

e—0 g

Proof This corollary is a straightforward consequence of Theorem 3.4 and Theorem 4.1
proved in Sections 3 and 4, respectively.

3 Some Preliminary Results

In this section, we recall some homogenization and corrector results proved in [10].

To do that, we introduce as in [10] a linear operator L. from H~1(2) to (V.)’ verifying the
following assumption:

(Hsg) If {¢.} is a sequence such that

lellv. <e¢ and @; — f1pg weakly in LQ(Q)7 (3.1)
then
(Lo (Z), e pveve = (Z,%0) m-r (@), () (3:2)
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Remark 3.1 Let us point out that there exist many operators L. verifying the assumption
(Hg), which can be constructed in different ways.
For instance, the assumption (Hg) is satisfied for £, = P (see Remark 4.3 of [10]), where

€
PZ is the adjoint of the linear extension operators P. introduced by Cioranescu D. and Saint

Jean Paulin J. in [18]. Let us recall that for any sequence {v.}. in V., we have that
{|lvellv. < ¢ and oz — Oy weakly in L*(Q)} < P.v. — vg weakly in H} (). (3.3)

Another (different) operator can be defined by using the periodic unfolding method as done in
[21] when studying the correctors for the wave equation in perforated domains via the above
method. We refer to [10, Remark 2.3] for more details and comments.

We recall first the following homogenization result.

Theorem 3.1 (see [10]) Under the assumptions (Hy)-(He) and (Hs), let Z be given in
H=Y(Q) and let v. be the unique solution of problem

—div(A®(x, 2. )Vve) + Ave = L (Z) in QF,
(A%(z, 2z )Vue) v+ ep(x)h(z) = g on T, (3.4)
Ve = O on F(E),

where the sequence {zc}e belongs to Ve and A®, p. and g. are given by (2.3) and (2.4).
Suppose that the sequence {zc}. satisfies (3.1), that is

lzellv. < e and Z — 0z weakly in L*(2),

with 2o € HY(Q) and § given by (2.1). Then, as ¢ tends to 0, we have the following convergences:

(i) vz — Bug weakly in L?(12),
{oi) A5 (-, 2) Vo — A%(20) Vo weakly in (L3()N . )
The function vy is the unique solution of the problem
—div(A%(20) Vo) + 0 vg = — e, h(20) + Z + %Mm(g) in Q, 56)
v =10 on 0%, '

where the homogenized matriz A°(t) and the constant c, are defined by (2.7) and (2.15) respec-
tively.

Let us recall now the results concerning the convergence of the energies and the corrector,
proved in [10] where we distinguish the two cases given in (2.4).

Theorem 3.2 (see [10]) Under the assumptions of Theorem 3.1, let A be defined by (2.7)
and X4 defined by (2.20). Let v. and vg be the solutions of problems (3.6) and (3.4), respectively.
(1) If Mar(g) #0 or g =0, then

A% (-, 2) V0 Ve — A (20) Vo Vg weakly in L'(S2).
Moreover, if {C®(-, z.)} is defined by (2.10), we have

lim HV’U6 - CE(',ZE)VU()HLl(Q W= 0.
e—0

*
€



842 1. Chourabi and P. Donato

(2) If Mor(g) =0 (with g #0) and A is independent of t, i.e., A(y,t) = A(y) in'Y, then

A%() (VUE - Vy@(g))ﬁ — (A°Vug + My (AVX,)) Vv weakly in L' (Q).
Moreover, if C¢(+) is defined by (2.10) (independent of t), we have

lim HVUE —C*(-)Vug — Vy)/@( )‘ =

e—0 3

LYo~

The proof of the corrector result given in [10] is based on the proposition below, which will
be needed in the sequel.

Proposition 3.1 (see [10]) Under the assumptions of Theorem 3.1 and with the notations
therein, we have the following assertions:
(1) If Mar(g) #0 or g =0, then

limsup [[Voe — C%(+, 22 )®| 2oy~ < ¢l|[Vvg — @ p2qyn, VO € (Cge ()N,

e—0

(2) If Mar(g) =0 (with g #0) and A is independent of t, i.e., A(y,t) = A(t) inY, then

lim sup ng ()b - vy@( )\ < Voo~ @ papoyy, VR € (C5R()Y.

e—0 €

L2(Q7)
In both cases, ¢ = C(a, 3) is a constant independent of ®.
We also recall the following property.

Lemma 3.1 (see [5]) Let {g-}. be a sequence of functions which converges weakly in L' (€2)
to a function gy and let {t:}. be a sequence of equibounded and measurable functions, which
converges almost pointwise in £ to a function ty. Then

lim ggtadx:/gotodx.
Q Q

e—0

We end this section by stating the following result.

Proposition 3.2 Under assumption (H7), let {b-}. be the sequence of the Carathéodory
functions given by (2.3). Then, the function by given by (2.16) or (2.19) satisfies (Hr) and for
any ¢ in (C°(Q)N and @ in L>(S2), one has the following assertions:

(1) If Mar(g) =0 or g =0, then

[be (2, 00, C°)]™ — bo(0, ¢)  weakly in L' (%), (3.7)

where {C=(+, z¢)} is defined by (2.10).
(2) If Mor(g) =0 and A is independent of t, i.e., A(y,t) = A(y) inY,

[be (2, 0, C°¢ + VX)]™ — bo(wo, @) weakly in L'(%), (3.8)

where C¢(+) is defined by (2.10) (independent of t) and the function X is the solution of problem
(2.20).

Proof The convergence (3.7) is a simple consequence of Theorem 2.6 of [19] (see also [5] for
the case of a fixed domain) and the convergence (3.8) can be deduced by the same arguments
as those used to prove (3.7).
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4 Proof of the Main Result

4.1 A technical result

In this section, we give a preliminary tool which will play an essential role in proving the
corrector result stated in Theorem 4.2, and seems interesting by itself.

To prove it, we use the periodic unfolding method, introduced in [12] (see [13] for a general
presentation and detailed proofs) and extended to perforated domains in [16-17] (see [11] for
more general situations and a comprehensive presentation).

Theorem 4.1 Let {1).} be a sequence satisfying (3.1).

(1) The following convergences hold:

lim [ |¢e —tbo|?da =0, hm/TWH%x:g/Wm%m (4.1)
=0 Jax Q

e—0 Qr
(2) Let p € [1,+00) and {h:} be a sequence in LP() such that
he = ho  weakly in LP(Q), (4.2)

for some ho in LP(Q). Suppose further that F : R — R is a continuous function such that
F(ve) € L), with

1 1
q € (p/,+o0) wz’th};—f—}?:l, if p>1,

(4.3)
q=+0o0, if p=1.
If
[ F(e)llLa) < ¢ (4.4)
for some positive constant ¢ independent of €, then
hrr(l) heF () dx—/hOF o) d (4.5)
Q*
Moreover, if
he — ho  strongly in LP(§2), (4.6)
then
lim [ heF () do =6 / hoF (o) da. (A7)
Qr Q
In particular,
F("pe) - 0F(¢0)7 (4.8)

weakly in L”l(Q) if p>1 and weakly * in L>°(Q) if p = 1.

Proof Convergences (4.1) follow from Corollary 1.13, Corollary 1.19 and Theorem 2.13 of
[11].

In order to show (4.5), let us first recall (see [11]) that for any Lebesgue-measurable function
¢ on Qf, the unfolding operator 7_* is defined as

¢<€{§}Y + €y) a.e. for (z,y) € Q. x Y™,
0 a.e. for (z,y) € Ac x Y.

7). y) =
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In view of Proposition 1.14 of [11], the assumption (4.2) implies that there exists some
function hg in LP(2 x Y*) such that

T(he) — ho weakly in LP(Q x Y*), (4.9)
with
1 ~
| ho(,y) dy = ho. (4.10)
Y] Jy-

Using again Theorem 2.13 of [11], we derive that
T*(be) — tho strongly in L(Q, H'(Y*)),
Then, there exists a subsequence (still denoted by {e}) such that
T () = tho ae. in QXY™
so that in view of the continuity of F', we get (for a subsequence)
T (F(2)) = F(TX (b)) = F(th) ae. in Qx Y™, (4.11)

Moreover, using the properties of 7. (see [11, Proposition 1.12 and Corollary 1.13]), we deduce
that

lim heF(¢e) do = lim s T (he)(x,y) T (F () (z,y) dody. (4.12)
=0 Jax =0 Y] Jaxy-

On the other hand, if p > 1, thanks to (4.11), the Holder inequality provides the equin-
tegrability of |7*(F(¢:)) — F(t0)[P . Then, using (4.4) we can apply the Vitali’s theorem to
obtain

T (F(1be)) — F(to) strongly in L¥ (Q x Y*),

and this convergence holds for the whole sequence, since the limit is uniquely determined.
Consequently, from (4.9), we have

im [ T )T (F W) y) dody = — [ o, y) F(o) dudy.  (4.13)
=0 Y| Joxy- Y| Jaxy-

Since F' (1) is independent of y, in view of (4.10) this gives the result for p > 1.

Let p = 1 now. Then, thanks to (4.3)-(4.4), (4.9) and (4.11), we can still pass to the limit
in the right-hand side of (4.12) by applying Lemma 3.1 in  x Y*, with g. = 7*(h.) and
te = T (1).). We obtain again (4.13) and conclude as in the previous case.

Finally, observe that if (4.6) holds, from Corollary 1.19 of [11], one has ho = ho which
implies that

1 ~
w1 [ Tolen)F() dody =6 [ hoP(do) da.
|Y| QxY'* Q
since 0 = ‘?g“. This gives (4.7) and in particular (4.8) (taking h. = hg), which concludes the

proof.
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4.2 A corrector result for the nonlinear problem

In this section we prove Theorem 2.1. To do that, we adapt some arguments introduced in
[4-5] for the case of oscillating coefficients in a fixed domain, and extended for the linear case
in the periodically perforated domains in [19]. We make here an essential use of Theorem 4.1,
proved in the previous section.

The main idea is to define a suitable linear problem associated to a weak cluster point of
the sequence of the solutions of problem (2.2) and then prove that the corrector for this linear
problem is also a corrector for the original nonlinear problem.

Observe first that from (2.6) there exists a subsequence {u.} (still denoted by €), which will
be fixed from now on, and a function ug € H}(Q) N L>(Q) such that

Uz — Bug  weakly in L?(Q) and weakly * in L> (1), (4.14)

as € tends to zero, where 6 is defined by (2.1).
Then, in the present situation, the suitable linear problem associated to problem (2.2) is the
following one:

—div(A® (z, us) Vo) + Ave

| o o
= Ee( — div(A° (ug) Vug) + 0 ug + e h(ug) — WMaT(g)) in QF, (4.15)
(A% (z,ue)Vue) - v+ e¥pe(x)h(ue) = ge on I'f,
ve =0 on I,
where L. is a linear operator satisfying (Hg).
Its variational formulation is
/ A (zyue) VeV do + A v da + 67/ peh(us)p do
Qr Qr IS
_ / 96 do + (£ (= div(4° (uo) Vo) + OAeig (4.16)
Iy
0T
Fesh(uo) ~ 1T Mon()),0) 6 € V-

In view of Theorem 3.1, written for z. = u. and
|07 |

WMBT@%

7 = —div(A° (uo) Vug) + 0 ug + e h(ug) —

using (4.14) we deduce that
0. — Ovg  weakly in L?(9),

as ¢ tends to zero, where 6 is defined by (2.1) and vy € HJ(f2) is the unique solution of the

equation
—div(AY(z,u0) Vo) + O vy = —div(A°(z,u) Vug) + O ug.

Hence, vg = ug, so that
U. — Bug  weakly in L*(9). (4.17)
We approximate now the function ug € H}(Q) N L*°(2) by a sequence {u,} C D(f) such
that

(1) wn, — ug strongly in Hy(Q), asn — 400,
(4.18)

(i) lunllL=@) <ec,
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for any n, where c¢ is independent of n.
Let us introduce, for any n € N, the sequence {v, ¢} where the function v,, . is the solution
of the problem:

—div(A® (2, uc) Vg e) + Aop.e = Lo ( — div(A (uo) V)

oT
+O0Auy, + cyh(ug) — %M{)T(QD in QF,
(A% (x, ue)Vuy )V + 7 pe () h(us) = ge on T,
Up,e =0 on I'g,

whose variational formulation is

A®(z,ue)Vo, Vo dz + A Up e dz + €7 / peh(us)g do

$2 2 I's

_ / 9e6 Ao+ { Lo = div(A (uo) V) + Oy (4.19)
s
oT
+eyh(uo) — %MST(Q))7¢>VEI7 . Vo € V..

Then, for any n, we apply again Theorem 3.1, written here for z. = u. and for

0T |

7 = —div(A° (uo)Vuy,) + 0 u,, + ¢y h(ug) — W./\/laT(g).
The same argument used to prove (4.17) gives
Upe — Ou,, weakly in L*(Q), (4.20)
as ¢ tends to zero, where 6 is defined by (2.1). Moreover,
[vnellv. <e, (4.21)

where ¢ is independent of n and ¢, and from the classical results of Stampacchia [24], for any
fixed n, we have

an,sHLW(Q;) < ¢, (4.22)

where ¢,, is a constant independent of e.
The following theorem is the essential tool to prove the corrector result for the nonlinear
problem.

Theorem 4.2 Under the assumptions (Hq)-(Hz), let ue be a sequence of solution of problem
(2.5) and ve be a solution of problem (4.19). Then, up to a subsequence, we have

tim |V — Vo 20y = 0.
Proof Let ®. be the function defined by
D, = &u(ue —vpe) € Ve NLZ(Q), (4.23)
where p is a suitable positive constant to be chosen later on, and

Eu(s) = ses’ Vs e RN,
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Taking ®. as a test function in (2.5) and (4.19), after subtraction of two identities, we obtain

A (2, ue)V(ue = vn o)V (ue = vn )€, (e —vpe) dz+ A [ (ue — vn,g)ze“("f_“”"a)2 dz

QF QF
= be(x, te, Ve )€y (ue — vne) do + F&u(ue —vpe) do
Qr Qz
—<£ (—div(AO(u YWatn) + O, + coh(ug) — @MaT(g)> €a(ue —v )>
£ n n n o 0 |Y| s Su\te n,e VE',VE.

Using (Hy), (H3) and the property (2) of (Hy), since £, > 0, we get

a/ IV (ue — Un,€)|2§;:(us — V) dz < CO/ (1+ |Vue|2)|€u(u5 —Une)| dz
* Q

*
€

+ fgu(ue - Un,e) dz — <£s(_diV(A0(un)vun) + 9/\Un)a fu(ue - Un,e)>VE’,VE
Q:

< Co/
Q
0T |

— <£5 ( — div(A® () Vi) + Oty + 5 h(ug) — WMST(g)),gM(uE — vn,g)>

(14 2[V(ue — vn,6)|2 + 2|an,€|2)|£u(u€ —Upe)| dz + f&u(ue = vn ) do
Q2

*

e
7

V.,Ve

2
Let us take y = =5. For this choice, one gets af,(s) — 2col€,(s)| > § for any s, so that using
again (Hs), we get

3

2 Jo
SCO/
Q

0T |

= (£ = div(A° (wn) V) + O\t + (o) mMaT(g)),fu(uE - vn,g)>w Lo 2

|V (ue — Un,6)|2 dr < / |V (ue — vn’5)|2(a§/2(u€ — Un,e) — 2¢0[u (e — vn,e)|) do
Q

s s
€ €

2
(1 + aAe(x, uE)vaEan,E) 1€ (e — V)| do + féu(ue —vp ) da
Qz

s
€

e

From (2.6), (4.21)—(4.22), the function u.—wv,, . satisfies (3.1) and the sequence {,,(us—vp )}
is bounded in L () (for fixed n).

Hence, applying Theorem 4.1 to ¢ = u. — vp and p = m, first with h = f and F' = &,
and then with h = ¢p and F' = [,,|, we obtain

lim ffu(ue - Un,e) + CO|£/J,(U5 - Un,5)| dx

= G/Qfgu(uo —vp,) dz + fcg /Q € (wo — vy,)| da. (4.25)

Observe now that in view of Theorem 3.2 we can apply Theorem 4.1 for p = 1 to the

functions e
hs - Ae(xvus)vvn,svvn,sa 1/)5 = Ug — Un,e, = |£M|

We get

1irr(1) A (2, u)VUn e VUn e € (Ue — vp )| do = / 0A° (uo) Vv, Vo, €, (ug — v,)| do. (4.26)
eV JQr Q

On the other hand, from (2.6) and (4.22)-(4.23), using again Theorem 4.1, we deduce that
ze = &u(ue — vy o) satisfies (3.1) with zg = £, (uo — vn).
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Then, the assumption (Hg) given in Section 3 implies that

tim (. (= div(A° (un) Vi) 46Xy + ey (1) — %MaT(g)) (e — U"’E)>v;,va
- < v (A () Vi) + Ot + o h(0) — O Mo (g), (o — v )>
e e Y] oK " H-1(Q),HL ()
= I,. (4.27)

Collecting (4.24)-(4.27), we get

limsupg/ |V (ue —vn,5)|2 dz
Q

e—0 *
€

<26 %0/ A% (ug) Vv, Vo, €, (ug — vy,)| da
Q

+ 9/Q(|f| + 0)|€u(uo — vn)| dz + clfun — uoll ny () + In- (4.28)
Hence, using (Hz)—(Hgs), (4.18) and (4.23) we deduce that

lim lim sup e / IV (ue — vnc)|* dz = 0. (4.29)
n—oo  o_,( Qr

On the other hand, taking v, . — v. as test function in (4.16) and (4.19), subtracting the
two identities and passing to the limit, one can easily deduce that

1irr(1) |V (vp,e — v6)|2 dz < lin(l)a/ (A% (2, ue)V(Un,e — v2)V(Upe —ve)) da
E— Q; E—> Q

= /(Ao(un)VunVun — Ao(uo)VunVuo) dz
Q

< cflun — woll gy ()

where the right-hand side goes to zero as n — oo, by virtue of (4.18).

This, together with (4.29), gives the result, since

/ IV (ue — ve)|? dz < 2/
: Q

*
€ €

IV (e — vn)|? da + 2/ IV (e —0.)2 da
Q

4.3 Proof of Theorem 2.1

We distinguish here the two cases given by (2.4).

Let us treat first the case where Mar(g) # 0 or g = 0. Let {¢,}nen be a sequence in
(C5°(2))N such that

¢n — Vg strongly in (L*(Q))V. (4.30)
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Then, for any ¢ € H}(Q) N L>(Q), using (3) of (Hr), (2.6) and (2.16), we get

‘/Q {(be(x,ue,Vus))Nsﬁ—/Qbo(uo,VuO)ga} dx’

< / |b5(l‘,u5,vu5) _bs($7u6ace¢n)||§0dx|
Q

*
€

+ ‘ /Q[(be(xvua C6¢n))N - bO(UOa ¢n)]§0 dx}
+/Q|bo(uo,¢n) — bo(ug, Vuo)||p|dz

<ai(©) [ (14 Vel + 00| Vue — Coonlloldo
Q

+ ‘ / [(bE($7u67CE¢n))N - bo(uoa¢n)]§0 dz
Q
+ edy(0) / (1 + |6l + [Vtio]) 6 — Vo |ip|dz
=I5+ JS + Jn. (4.31)

Let us pass to the limit as € tends to zero in the right-hand side of this inequality.
Concerning the first term, by a similar argument as in [5, 19], using (2.6), (2.12), (4.30),
and Proposition 3.1, we have

limsup I, < di(c) limsup/ (1 +2|Vue| + |C%¢p, — Vue|)|Vue — C ¢y ||p|dx
Qz

e—0 e—

< lim sup(|C°¢n — Vel 2() + 106 = Vetel|Z2())
E—
< c(|lpn — Vuollz2(@) + l[on = Vuol|72(q)-
This, together with (4.30), implies

lim limsup ] = 0. (4.32)

n—oo -0
For the third term J,, (independent of ), we have

lim lim sup Jn <c lim H(bn - VU,()HLz(Q) =0. (433)
n—00

n—oo  -_,q

It remains to pass to the limit in the second term. To this aim, we write
i = | [ 1000, 000 = (e, 8] d]
] [ 00, €%6,)) = bl e, C%6,))

<| [ 10-toru0. €0 = s, énlp o] ¢ [ fuc = ]

Q

where we used the assumption (Hr) and again (2.12) and (4.30).
Consequently, by Proposition 3.2 and Theorem 4.1,

lim limsup J;, = 0. (4.34)

n—oo  -_,(
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Hence, by (4.31)-(4.34) for any ¢ € H}(Q2) N L>°(Q), we have

lim ‘/Q [(be(m,uE,VuE))Nga—/Qbo(uo,Vuo)go} dx‘ =0. (4.35)

e—0

Moreover, from (2.1) and (4.14), we derive

lim A uepdr =1lim A [ u-pdr = )\9/ ugp dx (4.36)
e—0 Q: e—0 Q Q
and
lim fodr = lim/ [Xq.pde = 9/ foda. (4.37)
e—0 Q: e—0 Jo e Q
On the other hand, using the unfolding periodic method and arguing as in [10] (see also [8]),
we get
lim 5/ pe()h(ue)p dog = Cv/ h(u)p dz, (4.38)
e=0 Jre Q
where ¢, is defined by (2.15) and
. 0T |
lim [ g-(z)p do, = ——Mor(g) | ¢ dx. (4.39)
e=0 /e Y] Q

Let us prove now (2.17). For any ¢ € H}(f2), from Theorem 4.2, the assumption (H3) and the
Holder inequality, we obtain

511_1% div<AE(a:,ﬂz)§vuevw>

H=1(Q),Hg ()

= lim A® (2, us)VuVp do
e—0 Qr

= hII(l) A (z,us )V Vo do + hII(l) A (z,ue )V (ue — v )V do
E— Q; E— Q;

= liII(l) A®(z,us)Voe Vi dz, (4.40)
E— Q:

where v, is the solution of problem (4.15).
On the other hand, thanks to (3.5)(ii) and (4.17), we can apply Theorem 3.1 (written for
ze = ue and zp = V9 = up) to problem (4.15) and we have

lim A (z,ue ) VoV do = / Ao(uo)Vuovw dz.
Q

e—0 Qr
This together with (4.40) gives (2.17).
Hence, using (2.17) and (4.35)-(4.39), we can pass to the limit in (2.5) for any ¢ in H}(Q)N
L> () and obtain
/ Ao(uo)Vu0V<p dz + 9/\/ uop dx + ¢y / ugp dz
Q Q Q
0T |

:/ bo (uo, Vug)e dx—f—m/\/laT(g)/godx-l—@/ fodx,
: Q Q
Vo € Hy(Q2) N L>®(9Q),

*
€

(4.41)
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where by is given by (2.16), i.e., the variational formulation of the homogenized problem (2.18).

Let us consider now the case Mpr(g) = 0 and that A is independent of ¢. Using (3) of (Hgs),
for o € H}(Q) N L*°(Q), we write here

’/(be(m,uE,Vug))Ngo dx—/bo(uo,Vuo)go da:‘
Q Q

< / |b€(l‘,u5,Vu5) —be(l‘,us,ce(bn—f—VS(\g)H(Mdl‘
Q

*
€

+ ‘ / [(be(xvum C*¢y, + VXE))N - bO(UOa ¢n)]50 dx} + / |b0(u0a ¢n) - bO(U'Ov Vu0)||<p|da:
Q Q

< bl(c)/ (14 Vo] + [Con + Ve|| Ve — Codn — VR, |liplda
Q*

€

] [ [0l 00,0700 + 9R0) = bofus, )l da]
Q
+cbi(e) [ (L+[8a] + [Vuoll6n ~ Tuollpl)da.
Q
Then, arguing as before and using here the results corresponding to this case, we have

(be (0, ue, Vue))™ — bo(ug, Vug) weakly in L'(€), (4.42)

where by is now given by (2.19).
On the other hand, (4.36)—(4.38) still hold true and from Proposition 3.8 of [10],

liH(l) ge(x)p doy, = 0.

gE— £
F1

Finally, the convergence (2.21) follows as before by using (4.40). Hence, again we can pass to
the limit in (2.5) for this case, to obtain

J
-,

with by given by (2.19), which is the variational formulation of the homogenized problem (2.18).
This ends the proof of Theorem 2.1.

AO(uO)VuOVgo dz + 9)\/ ugp dxr + 07/ upp dx
: & @ (4.43)
bo(uo, Vug)p dz + 9/ fode, Ve Hy(Q)NL>®(Q)
Q

*
€
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