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Asymptotic Behavior of the Incompressible Navier-Stokes
Fluid with Degree of Freedom in Porous Medium*

Hongxing ZHAO! Zhengan YAO?

Abstract The authors study the asymptotic behavior of the incompressible Navier-Stokes
fluid with degree of freedom in the porous medium in R"™ with n = 2 or 3. They derive the
Darcy law as €, the character size of the hole, tends to zero. Moreover, the authors obtain
the expression of the degree of freedom from the homogenized model.
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1 Introduction

Homogenization is a mathematical tool that allows changing the scale in problems containing
several characteristic scales. Typical examples of its utilization are finding effective models for
composite materials, in optimal shape design, etc. Another important example, which we are
interested in, is the fluid mechanics of the flow through porous medium.

In porous medium, there are at least two length scales: A microscopic scale and a macro-
scopic scale. Quite often, the partial differential equations describing a physical phenomenon
are posed at the microscopic level whereas only macroscopic quantities are of interest for the
engineers or the physicists. Therefore, effective or homogenized equations should be derived
from the microscopic ones by an asymptotic analysis. To this end, it is convenient to assume
that the porous medium has a periodic structure.

A number of known laws from the dynamics of fluids in porous media were derived using
homogenization. The most well-known example is Darcy law, being the homogenized equation
for one-phase flow through a rigid porous medium. Its formal derivation by two-scale expansion
goes back to the classical paper by Sanchez-Palencia [1], Keller [2] and the classical book
Bensoussan [3]. It was rigorously derived by using oscillating functions by Tartar [4]. In other
cases of periodic porous media, we refer the readers to the papers by Allaire [5-7] and Mikelic
[8-9]. Other works can be seen in [10-11] and the references therein.

Besides the Darcy law, Brinkman [12] introduced a new set of equations, which is called
the Brinkman law, an intermediate between the Darcy and Stokes equations. The so-called
Brinkman law is obtained from the Stokes equations by adding to the momentum equation a
term proportional to the velocity (see [6]).
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In this paper, we are interested in obtaining the homogenized result for the Navier-Stokes
fluid with degree of freedom in porous medium. This model problem was proposed by Lions
[13], where he proved the existence and the regularity of the solutions.

Before stating the system, let us recall the domain we consider. A porous medium is defined
as the periodic repetition of an elementary cell of size (we assume % to be an integral) in a
bounded domain 2 of R"™ with n = 2,3. The solid part of the porous medium is also taken of
size €. The domain (). is then defined as the intersection of {2 with the fluid part. We consider
an incompressible fluid governed by the Navier-Stokes equations with degree of freedom. So,
we have the following equations:

8 €
52 (;Lt + (UE . V)’U,E — /J/A’LL‘S + Vpe - f + we X Ufe in QE X (O7T)7
8 £
g; +div(u® @ w®) + kw® =m in Q. x(0,7T), (L)
divus =0 in Q. % (0,7),

where u®, p®, w® are the unknown quantities velocity, pressure and degree of freedom of the
fluid, respectively, f € L?(Q x (0,T)) is the external force.
The system is supplemented with the boundary condition and initial conditions as follows:

u® =0 on 9 x (0,T) (1.2)
and
uli—o = uf, wli—o = wg, (1.3)

where u§, w§ are bounded in L?(Q.).

Our aim here is to investigate the asymptotic behavior of u®, p°,

w® as ¢ — 07 under
the assumptions mentioned above. The main difficulty here is how to pass the limit in the
momentum equations. To overcome this obstacle, we need to revise the estimates on the inertia
and extend the pressure to the whole domain. It is resolved by using the general Poincaré’s
equality in porous medium (see [11]).

The paper is organized as follows. In Section 2, we list some useful results and state the
main results in this paper. In Section 3, we give priori estimates of the unknowns and extend

them to the whole domain. In Section 4, we prove the main result in this paper.

2 Notations, Preliminaries and Main Results

The structure of a porous medium is standard (see [4-5, 8]). To give a good understanding
for the readers, we write it detail again. Let {2 be an open bounded subset of R™ with n = 2 or
3 and define ) = [0, 1]™ to be the unit open cube of R™. Let Y be a closed smooth subset of
with a strictly positive measure. The fluid part is then defined by Yy =Y — V,. Let 0 = |Vy|.
The constant 6 is called the porosity of the porous medium. We assume that 0 < 6 < 1.

Repeating the domain Yy by Y-periodicity, we get the whole fluid domain Dy, and we can
write it as

Dy ={xeR" |3k e Z" such that z — k € Y}

Then the solid part is defined by Dy = R™ — Dy. It is easy to see that Dy is a connected
domain, while Dj is formed by separated smooth subsets. In the sequel, we denote for all k € Z™,
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V¢ =Y+ k and then y}“ = Yy + k. For all ¢, we define the domain 2. as the intersection of €
with the fluid domain scaled by ¢, namely, 2. = QNeDy. To get a smooth connected domain,
we will not remove the solid part of the cells which intersect with the boundary of Q2. Now, the
fluid domain can be also defined by

Qe =Q—U{edt, ke zm, eY* c Q).

Throughout this paper, we denote by LP(0,7'; L9(X)) the time-space Lebesgue spaces, where
X would be Q or Q.. W#P(X) will be the classical Sobolev space with all functions, whose
all derivatives up to order s belong to L and H*(X) = W%2(X). Wy (X) is the subset of
WhP(X) with trace 0 on X. We also denote by W~ (X) the dual space of W' (X), where p/
is the conjugate exponent of p. C' will be constants that may differ from one place to another.
Throughout this paper, we will use || - || x to denote the modules for all vectors or matrices if
there is no confusion.

Due to the presence of the holes, the domain . depends on € and hence to study the
convergence of {u®, pc, pe }, we have to extend the functions defined in €. to the whole domain.
This can be done in two different possible ways.

Definition 2.1 (see [10]) For any fived p € L'(€.), we define
~ Je inQ,
v {o in Q — Q.
as the null extension and
%) in Qe,

p=4 1 ,
m /yk o(r)dr in QNeYk
f1/eyy

as the mean value extension.

The relation between the weak limits of both types of extensions is given by the following
lemma.

Lemma 2.1 (see [10]) For all w® € LP(Q.), p > 1, the following two assertions are

equivalent:
(1) @° = w in LP(Q); (2) &° — 6w in LP(Q).

A very important property of the porous medium is a variant of the Poincaré’s inequality.
Due to the presence of the holes in €., the Poincaré’s inequality is given by the following lemma.

Lemma 2.2 (see [11]) Let 1 < p,q < oo and u € Wy P(), then
11
lullagon) < CH2 | Vull o),

where C' depends only on Yy and p,q satisfies
(D1<p<n, p<q<p =5
(2)p=n, p<q<oo.

Especially, if p = q, we have the standard inequality

[ullLro.) < CellVullLr(a,)-

We introduce the restriction operator by the following lemma.
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Lemma 2.3 (see [4]) There exists an operator R. with the following properties:
(1) R. is a bounded linear operator on W) '*(Q) ranging in WP (Qe), p > 2;
(2) Re[p] = ¢la. provides ¢ =0 in Q — Q;
(3) divyp =0 in Q implies divyRe[p] = 0 in Q;
(4) [IR[@llLr 0oy + el VR:[Pl o) < CUlelr@) + el VellLe))-
In addition, we can find the restriction operator R. satisfies a compatibility relation with
the extension operator introduced in Definition 2.1, namely,

(Vo,p) = —/ w divdzr = —/ w div Re[pldz, Vo € C5°(Q).
Q QE

Finally, we define the permeability matrix A. For 1 < i < n, let (w;,m) € H (V) %
L?(Yf)/R be the unique solution of the following system:
—Aw; +Vm; =e¢; in Yy,
divw; =0 in Yy,
w; =0 on 0Ys,
where w;, m; are Y-periodic, e; is the standard basis of R". Set wj = w; (f), T =T (f) Then
we get the cell problem
—e?A\wi +eVrs =e; ine)y,
divw; =0 in e)y,
wi=0 on 9(e)s),

where wj, 7§ are eY-periodic.

Lemma 2.4 (see [4, 10]) Let w$,n$ be the solution to the cell problem and be extended to

7 3
zero outside Q.. Then the following estimates hold:

[willizaga <€ I llza@yr <€, el Vwillpaan < C
for any 1 < g < 400, C only depends on q and V.
Let us define

1 1
A= (Ai,j)Zj:Ia Ay = m /y (wi);dx
eVy

B |yf| Vs

The periodic lemma (see [1]) shows that (wf); converges weakly (or weakly * for p = +00) to
its average on €Yy in LP(Q.) for 1 < p < +o0. It is easy to see that A is a symmetric positive
defined matrix. The form of the permeability matrix has different form if ); has different form.
For more information about A, we refer the interested readers to [6] for detail.

Now we introduce the definition of weak solution to the system (1.1)—(1.3).

(wi);de. (2.1)

Definition 2.2 We shall say that a trio {u®,p®,w®} is a weak solution of (1.1)—(1.3), sup-
plemented with the boundary and initial conditions (1.4) and (1.5) if and only if
(1) u® € L>®(0,T; L3(Q)) N L2(0, T; H(2)), and

T
/ / (€2uf -y +uf @ uf : Vi — uVus : Vi)dadt
0o Ja.

T T
= —/ / (w® x uf) - pdadt — / e2uf - p(z,0)da — / / f - pdaxdt
0 Ja. Q. 0 Ja.
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holds for any ¢ € C3°([0,T) x Q) with divy = 0. H(X) = {u | u € H}(X),divu = 0}.
(2) w® € L>=(0,T; L*(Q.)) N L2(Q x (0,T)), and the integral identity

/oT /Q (e +w'u - VY — kwp)dadt = — /0 ) /Q mdads /Q (e, 0)da

holds for any v € C°([0,T) x Q).
The existence of weak solutions with finite energy is the following.

Theorem 2.1 (see [13]) Under the above conditions and assumptions, for any fixed € > 0,
there exists a global solution (uf,p®, w®) of the system (1.1)=(1.3) in the sense of Definition 2.2.

In this paper, we always assume that
H : uf — ug strongly in L*(Q.), w§ — wp strongly in L?(9.). (2.2)
With all the preparation above, we are now in the position to state our main result in this

paper.

Theorem 2.2 Let {u®,p®,w}.50 be a family of weak solutions to the system (1.1)—(1.3).
We also assume that 'H is satisfied. Then, there exist three functions u,p,w such that

p°—p  weakly in L*(0,T; H'(Q)),
)

w® — w  weakly in L*(Q x (0,T)), (2.3)
= U weakly in L?(2 x (0,T)),
where {u,p,w} satisfies the following homogenized system:
divu =0 in Qx(0,T),
pu = A(=Vp+ f) in 2 x(0,7), (2.4)

¢
w = wpe " —|—/ m(z,7)e " " dr in Qx (0,T),
0

where A is the so-called permeability matriz, which is defined by (2.1). Moreover, u,w satisfy
the following initial conditions:

Ulp=0 = up,  Wl=o = wo, V€, (2.5)

and ulpq =0 for any t € (0,T).

Remark 2.1 The relationship of v and Vp is often called the linear Darcy law. If we
assume that . ligl m(x,t) = M(x), we find that the degree of freedom w is determined only by

M and & for t is large enough.

3 Uniform Bounds

In this section, we collect all available bounds on the family {u®, p*, w®}. Let us begin with
the basic estimates.
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3.1 Priori estimates for u¢ and w®

In this subsection, we will obtain some estimates for the solutions to the system (1.1)—(1.3)
which are independent of e.

Lemma 3.1 Let {u®,w®} be the solution pair to (1.1)~(1.3). Under the conditions in The-
orem 2.2, for e € (0,1) small enough, the following estimates hold:

[ul| Lo o,7:02(0.0) < €y €7 IV || 20 x(0,7)) < €,
lwl[oe0,m522(00)) < Cs w2 x(0,m)) < €

where C' does not depend on ¢.

Firstly, multiplying (1.2) by w® and integrating over Q. x (0,t) for any t € [0, 7], we have

t ¢
/ |w® |2 dz + 2&/ / |w® |2dzdr < / |w§ |2dz + 2/ / mw®dadr.
Qe 0 JQ. Qe 0 JQ.

lw]| Lo 0,720 <Oy |[w]| L2 x0,1)) < C, (3.1)

We have

where C' does not depend on &.
Secondly, multiplying the momentum equations by u° and integrating over Q. x (0,¢) for
any t € [0,7T], we have

¢
/ |uf|?da + 2u5_2/ / |Vuf|?dedr
Q. 0o Ja.
¢ ¢
< / |ug|?dz + 2/ / fufdadr + 2/ / (w® x uf) - udadr.
Q. 0o Ja. 0 Ja.

By Lemma 2.2, the force term can be estimated by

t T T
/ / f-ufdadr < C/ / |f|2dxdt+ug*2/ / |V |Adadt.
0 JQ. 0 Qe 0 Qe

By Lemma 2.2 and (3.1), the last term can be estimated by
t
€ € € € el12
2 [ ] wfxu)wtdedr| < 2l omasen e B

1 £ £
< 2Ce2 |w®|| L 0,122 IVUE 1 2200 x (0.1)

< ue_QHVUEH%%QEX(O,T))

for € € (0,1) small enough.
By the initial conditions, we immediately deduce

[uf|| Lo, 152200y < Cy €I VU] L2, x 0,1y < C, (3.2)
where C' does not depend on £. By Lemma 2.2, we also have

e ||u |l L2 x 0,1)) < C- (3.3)
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3.2 Extensions of u®, w® and p*

Note that Q. will vary as ¢ tends to 07. We need to extend the unknowns u®, w® and p° to
the whole domain €. It is reasonable to take null extensions for v and w® since the velocity
on the solid part is 0. That is, we can define

. u®  for x € Q, . w®  for x € Q,
ut = =
0 forzeQ—Q., 0 forzeQ—Q..

(3.4)

We will still denote the extensions by u® and w*® if there are no confusions.

The extension of the pressure p° is different from u® and w®. The reason is that the pressure
on the solid part will not disappear even if the velocity is 0 on it. To give the extension on p°,
we define a function in the following way:

(F,p)axo,1),0x0,1) = (VD Re®)a. x(0,1),9.x(0,T)
9 0u®
ot

for p € C§°(Q2 x (0,T)). Re is defined by Lemma 2.3.
Now, we give estimates on the right-hand side. We only consider the case n = 3 because

— (Ve AE,R6> 35
(u )u +,LL v v Q. x(0,7),02.%x(0,T) ( )

= <f 4+ w® xu® —¢
n = 2 is much easier.
([, Rep)a. x0,1),92.x0.6)] < I fllL2(0.x0,m) IRPl L2(0. x (0,7))
< Cllell2@. x(0,m) + el Vel L2 x(0,1)))-
By Lemma 2.2, Lemma 2.3 and estimations in (3.2), we have
[(w® x u®, Re@)a. x(0,1),0.x(0.1)]
< wllezo. <o, 1wl 20,1500 (20)) Re@ll Lo (0,752 (02, )
< Ce"36 D | V| 2o, x 0,1 I Rell Lo 0,m508(20))

< Ce(llglleo,rirs@0)) + el Vel s .y))-
To the third term, we have

ou®
2
‘<E ot 14 Qe x(0,T),9: % (0,t)

< &?[luf|| L2 (. x 0.1 I Reptll L2 (02 x (0,1

< Ce'|leellrzio. x0,1)) + ellVerl L2 x 0,1)))-
By using Lemmas 2.2-2.3 and (3.2) again, we have
[{(u® - V)u®, Rew)a. x(0,1),0. x(0,6)]
<l 20,1528 o) I VU L2 (00 x (0,7 [ Re@ll Loe (0,75 23 (000 )

< C(lellp=(o,miz302)) + Vel = (o,i230.)))-
The last term is estimated by

(AU, Rep)a. x(0,1),0.x(0,0)] = = (VU VRQ)a, x(0,7),9-%(0,t)
< Ol Vull2 . x0,m) VR0l L2 (0. x (0,1))

< Cllellzzox0,m)) +ellVell 2. x0,1)))-
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If we choose the test function ¢ such that divp = 0, we have

(F,0)ax©,1),0x0,1) = 0.

Thus, F, being orthogonal to divergence free functions, is the gradient of some functions ¥. A
result from [14] shows that up to a constant, we have

9 =p°, then F =V =Vp® in Q..

At this moment, we can say that we have extended p® to the whole domain. We denote the
extension function by P¢. It remains to determine the expression of P on the solid part.
Suppressing the ¢ dependence, following the steps in [15], we choose a smooth test function ¢
in (3.5), with compact support in one of the solid parts s, and we have

P?® = constant in Y.

Next, we choose a smooth test function in (3.5), with compact support in the entire cell Y.
Integrating by parts, we have

1
PF=p = —
|yf| Yy

In fact, we have proved the following lemma.

pSdx  in Y.

Lemma 3.2 The extension of p°, denoted by p*, has the form
p° mn Q.,

=11 3.6)
—_— pidx  in Ys. (
|yf| Yy

Moreover,
Vp© € L(Q x (0,T)) + eLY(0,T; L? (Q)) + 2L (0, T; W3 ()

+eL*(0,T; H Q) 4+ *H 10, T; L2(Q)) + S H1(Q x (0,7)). (3.7)

4 Proof of the Main Result

In this section, we focus on the proof of Theorem 2.2. It contains three parts:
(1) The convergence results in (2.3);

(2) Recover the system (2.4);

(3) Determine the initial and boundary conditions (2.5).

Proof of Theorem 2.2 Note that the velocity e ~2u® and the degree of freedom w® are
both bounded in L?(2 x (0,T)). By using the standard compactness theorem, we can extract
subsequences, still denoted by itself, such that

e72u® —u  weakly in L2(Q x (0,7)),
wE = w weakly in L2(Q x (0,7)).
Due to (3.7), we can decompose Vp© as following:

VP® =VP5 4+ eVps + VD5 + eVp] + Vg + Vi,
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where VD5, i = 1,2,---,6 is bounded uniformly in the corresponding space respectively. As
above, we assume that Vp5 — Vp weakly in L%(Q x (0,7)) and Vp; — Vp; weakly in the
corresponding space respectively for i =2,3,--- 6. Let p € C§°(2 x (0,T")). We have

T
/ / Vp* - edxdt
0o Ja

T
= / / (VDS +eVps + e2Vps + eV + ' Vs + Vg - pdadt
o Jo

T
—>/ /Vp-(pdxdt ase — 07,
o Ja

which implies
Vp* — Vp weakly in L*(Q x (0,T)).
Finally, by using the Necas’s inequality (see [16-17]), we obtain p € L?(0,T; H*(Q2)) and
p° —p weakly in L*(0,T; H'(Q)).
In the sequel, we derive the homogenized model of (1.1)—(1.3). Note that
e 2divu® = 0.

Let
p e C5o (2 x (0,7)).

T T
0= / / e 2divu® odzdt = —/ / e 2 - Vpdadt
0 Jo 0 Jo
T T
— —/ / u- Vedrdt = / / div u edzxdt,
0 Jo 0 Jo

which implies divu =0 in Q x (0,7).
Let ¢ € C§° (2 x (0,T)). Taking w$¢ as a test function in the momentum equations, where
w; is defined in Lemma 2.4 and has been extended 0 on 0€2, we have

/T/ » Ou

€

o Jao Ot
T T T

—|—/ /Vp€~wf<pdxdt:/ /f-wfgodxdt—i—/ /w6 x u® - wfedzdt.
0o Jo 0o Jao 0o Ja

Now we compute the limit of each term in above equality,

r ou® T
‘/ /52— 'wfapdxdt‘ = ‘62/ /u6 'wfaptdxdt‘
0o Jo Ot o Jo

< C?|luf| 2 ax (o)) — 0 ase— 0%,

We have

T T
- wy pdadt —|—/ /(u6 -V)u® - wiedrdt — u/ / Auf - wipdzdt
0o Ja 0o Ja
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By Lemma 2.2 and Lemma 2.4, we have

T
‘ / /(u6 -V)u® 'wfapdxdt‘
o Jo

T T
:‘—/ /uequ:waapdxdt—/ /uexus:wf@@Vgodxdt
0o Ja 0o Ja

< CIIVS |2 @x0.0) 1u 1320, 7,2402)) + Cllws 2@ 0.0n 1u 172072402
< 057152+6(%7%)||vu€||2L2(O,T;L2(Q)) + 052%(%7%)HVUEH%%O,T;B(Q))

3
<(Ce? -0 ase—0T.

To the last term, using Lemma 2.2 and Lemma 2.4, we have
T
‘ / / U)6 X uE Wfapdxdt‘ S C||UEHL2(O7T;L4(Q))||w7é;:HLac(O7T;L4(Q))
0 JQ

1
<(Ce? -0 ase—07.

It is obvious that

T T
/ / f-wipdzdt — / / Af - pdadt ase— 0" (4.1)
0o Ja 0o Ja

T T
/ / Vp® - wipdadt = —/ / piw; - Vpdadt
0 Ja o Jao

T T
— —/ / ApV - pdadt = / / A - Vpedadt (4.2)
o Ja o Ja
as € tends to zero.

Finally, we consider the limit of —pu fOT Jo Ouf - widadt. We have

T
— u/ / Auf - wiedrdt
0 Jo

T T
= u/ / Vu® : Vw;pdedt + ,u/ / Vu® :wi ® Vedzdt
0 Jo 0o Ja

and

=1 + L.
Due to (3.2), we have
Io| < Ce(e™ | Vus || 2iax 0,m)) 1w | 2@x (0,1)) — 0

as ¢ tends to zero.
Integrating by parts in Iy, we have

T T
I = —u/ / u® - Awfpdadt — u/ / u® ® Ve : Vwidadt
0o Ja 0 Jo

=TIy + Iia.
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Due to (3.3), we have
Liz| < Ce(e™?[ufllL2(x (0,7))) (€l VWi [ 2ax (0,7)) — 0 as e — 0.

By Lemma 2.4, we write I;; in the following way:

T
I, = M/ / e 2ys (e; — eV; )pdadt
o Ja

T T
= u/ / 72 - ejpdadt — ,u/ / et - Vs pdadt
0 Jo 0o Ja

=T + Lo,

It is obvious
T
Lo = e luf 7% - Vpdedt| < Ce — 0 ase — 0T
| I i Vo
0o Ja
and
T
I — u/ / u - egpdadt. (4.3)
0o Ja
Combining (4.1)—(4.3), we obtain

pu=A(=Vp+ f) inD'(Qx(0,T)). (4.4)

To pass the limit to (1.2), we take p € C§°(Q2 x [0,T)) as a test function and we have

T T T
—/ /wsgatda:dt—i—/ /div (uews)gada:dt—l—/ /fﬁwegodxdt
0o Ja 0o Ja 0o Ja
T
z/ /mgpdmdt—l—/wégp(m,O)dm.
o Ja Q

T T
‘/ / div (uewe)godxdt‘ = ‘ —/ / utw® - Vipdadt
0 Ja 0o Jo

<(Ce?2 =0 ase—0T.

Note that

Passing the limit, we obtain

T T T
—/ /wgptdxdt—i—/ /mugodfcdt:/ /mgodxdt—f—/woga(x,O)dx,
0o Ja o Jo o Ja Q

which implies that

%—1: +rw=m inD'(Qx(0,T)) (4.5)

and w|i—p = wo(x).
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The expression of the degree of freedom in (4.6) can be written as
t
w = woe " + / m(z,7)e """ dr, (4.6)
0

where we assume that w vanishes on the boundary of Q.

At last, using the fact that e~2u® is bounded in L*(Q x (0,7')) and £~29% is bounded in
H=Y(0,T; L*(Q)), we conclude that e~ 2u¢ is bounded in C([0,7T]; L*(€2)). Then e 2u® make
sense at t = 0. Passing the limit, we have u[,—o = uo. For any ¢ € (0,T), e~ 'u® is bounded in
H}(2). Then the trace of e 2u® on 9 makes sense. Passing the limit, we obtain u|sq = 0.

Collecting all the information above, Theorem 2.2 is then proved.
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