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Modular Invariants and Singularity Indices of
Hyperelliptic Fibrations
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Abstract The modular invariants of a family of curves are the degrees of the pullback
of the corresponding divisors by the moduli map. The singularity indices were introduced
by Xiao (1991) to classify singular fibers of hyperelliptic fibrations and to compute global
invariants locally. In semistable case, the author shows that the modular invariants corre-
sponding to the boundary divisor classes are just the singularity indices. As an application,
the author shows that the formula of Xiao for relative Chern numbers is the same as that
of Cornalba-Harris in semistable case.
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1 Introduction

The modular invariants of a family of curves were introduced by Tan [10]. They are the
degrees of the pullback of the corresponding divisors by the moduli map. In the language of
arithmetic algebraic geometry, a modular invariant is a certain height of arithmetic curves,
for example, Faltings height is the modular invariant corresponding to Hodge class. Modular
invariants can be used to describe the lower bound for effective Bogomolov conjecture which
is about the finiteness of algebraic points of small height (see [15-16]). More recently, Tan
found that the modular invariants are invariants of differential equations, which were expected
by mathematicians in 19th century to study the qualitative properties of differential equations
(see [11]).

Historically, the study of fibred surfaces is started by Kodaira [6], who gave a complete
classification theory for elliptic fibrations. This combinatoric classification of elliptic fibers is
used in the computation of the modular invariants. But such a classification is too complicate
for the case when the genus g > 2. There are more than one hundred classes of singular
fibers of genus 2 (see [8-9]), and the number of classes of singular fibers increases quickly as
the genus becomes bigger. Horikawa [5] classified the singular fibers of genus g = 2 into 5
classes from a different point of view. Based on Horikawa’s work, Xiao [13-14] introduced
the singularity indices (see Definition 2.6) to classify singular fibers of hyperelliptic fibrations.
Furthermore, he obtained the local-global formulas, and determined the fundamental group
from his classification.

In what follows, we will prove that the two basic invariants, the modular invariants corre-
sponding to boundary divisor classes and the singularity indices, coincide with each other for
semistable fibrations.
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Before starting this result, we explain our notations and assumptions.

A family of curves of genus g is a fibration f : S — C whose general fiber F' is a smooth
curve of genus g, where S is a complex smooth projective surface, and C is a smooth curve of
genus b. The family is called semistable if all the singular fibers are semistable curves (recall
that a semistable curve F' is a reduced connected curve that has only nodes as singularities and
every smooth rational component of F' meets the other components at no less than 2 points).
If all the smooth fibers are hyperelliptic, we say that the family is hyperelliptic. We always
assume that f is relatively minimal, i.e., there is no (—1)-curve in any singular fiber.

If r is a non-negative real number, we denote by [r] the integral part of r. Hence when m
is a positive integer, m — 2 [%] is zero if m is even, or 1 otherwise.

For a fibration f : S — C, we have three fundamental relative invariants which are non-

negative,
K} = K3 = K~ 8(g - 10— 1),
ef = Xtop(S5) —4(g = 1)(b—1),
xf =deg fuws = x(0s) — (¢ = 1)(b—1). (1.1)

2

Let f be a locally non-trivial fibration, the slope of f is defined as Ay = IX(—ff
For g > 2, the moduli map J : C' — M, induced by f is a holomorphic map from C' to the
moduli space Hg of semistable curves of genus g. For each Q-divisor class n of Mg, we can
define an invariant n(f) = deg J*n which satisfies the base change property, i.e., if f: X-C

is the pullback fibration of f under a base change 7 : C — C of degree d, then n(f) =d-n(f)

(see [10]). Consequently, for a non-semistable family f, we have n(f) = %, where f is the

semistable model of f corresponding to a base change of degree d. We call n(f) the modular
invariant of f corresponding to 7.

Let Ag,--- ,A[g} be the boundary divisors of Mg, and §;(f) be the modular invariant
3
corresponding to the divisor class §; = [A;] in Pic(M,) ® Q, ¢ = 0,1,---, [%] Let A €

Pic(M,) ® Q be the Hodge class, § = do + - - - + (5[g], and k = 12\ — §. For these classes, we
i
have modular invariants A\(f), 0(f) and &(f) of f. If f is semistable, then

M) =xs 8(f)=es, rK(f)=Kj. (1.2)

We say that a singularity p in a semistable curve F' is a node of type 7 if its partial nor-
malization at p consists of two connected components of arithmetic genera ¢ and g — i > 14, for
i > 0, and is connected for ¢ = 0. The node of the semistable curve corresponding to a general
point of Ag is a-type, i.e., an ordinary double point of an irreducible curve, hence it is a node
of type 0. For a general point in A;, the corresponding node is of type i (i > 1) (see Figure 1).
Denote by d;(F') the number of nodes of type ¢ (¢ > 0) in F.

genus 1%
P |
genus g — @

Figure 1 Node of type i (i > 1)

The general point in the intersection A;; N--- N A;, of k distinct boundary divisors corre-
sponds to a semistable curve with k& nodes which are of types iy, - - , i respectively.
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Let ﬁg be the moduli space of semistable hyperelliptic curves, the restriction of Ay on
Hg breaks up into Zo, =y, - - 7E[q;1} We denote by ©; the restriction of A; (i > 1) on H,.

Suppose that F' is a semistable hprerelliptic curve with hyperelliptic involution ¢, and p € F'is
a node of type 0. If p = o(p), then we set k = 0; if p # o(p), and the partial normalization of F
at p and o(p) consists of two connected components of arithmetic genera k and g —k — 1 > k,
then the node p (resp. nodal pair {p,o(p)}) is called a node (resp. nodal pair) of type (0, k).
Then the nodal pair of the semistable curve corresponding to a general point of Zj is of type
(0, k) (see Figure 2).

genus g — k — 1
P o(p) genus k
Figure 2 Nodes of type (0,k) (k> 0)

A semistable hyperelliptic curve is a double cover of a tree of rational curves branched over
2g + 2 points (see [1, X.3]), which is induced by the involution map. Since the points p and
o(p) map to the same point in some P!, we treat them together as a nodal pair {p,o(p)}.

Let

Noi(F) ={p € F: pisanode of type (0,0), p=o0(p)},
N (F) = {{p,o(p)} C F: {p,o(p)} is a nodal pair of type (0,0), p # o(p)}-

Denote by Naogy2(F) (resp. Nagt1(F)) the set of all the nodal pairs {p,c(p)} of type (0, k)
(resp. nodes p of type k) (k > 0). Then we define

§o(F) = [N2,1 (F)] + 2[N22(F)],
§e(F) = [Nakg2(F)], 0x(F) = [Nopa (F)], k=1, (1.3)

From now on, we assume that f is hyperelliptic and semistable. Let dx(f) (resp. & (f)) be
the modular invariants corresponding to Oy (resp. Zx). Then (see [4])

5(f) =S 0k(F) (>1), &) =S &(F) (k> 0), (1.4)
i=1 =1
where Fi,--- , Fs are all singular fibers of f, and
So(f) = &o(f) + > 26k (/). (1.5)
k>1

It is proved that in [4], if f is semistable, then

(2] [4]
(89 +HA(S) = g&o(f) + > 2(k+1)(g — k)& (f) + D _ 4k(g — k)or(f),
k=1 k=1
(2] 4]
5(f) =%+ D 26+ a(f)
k=1

k=1

On the other hand, for a hyperelliptic fibration f : S — C, Xiao introduced the singularity
indices s2(f),s3(f), -, sg+2(f) (see Definition 2.6), and he obtained the following formulas
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(see Theorem 2.1):

(89 +4)xy = g(s2(f) — 284+2(f)) + 2(k +1)(g — k)sar+2(f)
=2
2]
+ 4k(g — k)sak+1(f), (1.7)

=~
Il
_

(=] (2]
er = s2(f) = Bsgua(f) + D 2sons2(f) + > sarsa(f)-
=1 k=1

k

Note that Xiao’s equations do not need the semistable condition and sgyo(f) = 0 if f is
semistable (see Corollary 3.1).

Comparing (1.6) with (1.7), it is natural to build up the relation between modular invariants
with singularity indices.

A double point p of a semistable curve F' is called separable if F' becomes disconnected
when we normalize F locally at p; otherwise, p is called inseparable. Xiao showed that for
each semistable fibration f of genus 2, sa(f) (resp. s3(f)) is the number of inseparable (resp.
separable) double points of all singular fibers of f (see [14]), i.e., & (f) = s2(f), d1(f) = s3(f)-

If we subdivide the inseparable nodal points into nodes of type (0, k) (k > 0), and subdivide
the separable nodes into nodes of type i (i > 1), then we can get that the modular invariants
0i(f), & (f) are the same as the singularity indices sy (f).

Theorem 1.1 If f is a semistable hyperelliptic fibration of genus g > 2, then

0k (f) = sar1(f) (k2 1), &(f) = s2ry2(f) (k= 0) (1.8)

and
o) = sal() + 288(F) -+ 25,1, 41, (6 (1.9)

Considering the equations in (1.2) and (1.8), it is likely that there exists a more general
correspondence between modular invariants and relative invariants. Precisely, we expect that if
M is any kind of moduli space of curves, and 7 is a divisor class of M, especially the generator of
Pic(M), then there is a reasonable relative invariant which coincides with the modular invariant
n(f) corresponding to n for each semistable family f of curves in M. Recently, there is another
such corresponding showed in [3].

In §2, we recall Xiao’s study of hyperelliptic fibration. In §3, we repeat the work (see [12])
of Yuping Tu on semistable criterion, and then we prove our result locally by constructing
bijective maps between sets of singularities R, with sets of nodes (or nodal pairs) N..

2 Singularity Indices

2.1 Genus g data

Let P be a smooth surface, and R be a reduced even divisor (the image of R in Pic(P) is
divisible by 2) on P. Let § be an invertible sheaf such that Op(R) = §%2, and we call § the
square root of R for convenience. In fact, a reduced even divisor R on P and an invertible sheaf
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§ with Op(R) = 6®2 determine a unique double cover 7 : S — P branched along R (see [2,
1.7]). Thus (R, ) is called a double cover datum. If R is reduced smooth, then S is smooth.

If ¢1 : P — P is a blow-up of P at a singular point = of R of order m, set

m

Ry = vi(R) -2 Z|B, o =vio- [T

]E, (2.1)
where F is the exceptional (—1)-curve of ¢1. Then (Ry,d;1) is called a reduced even inverse
image of (R, ¢) under ¢;. In what follows, we call R; a reduced even inverse image of R briefly,
since ¢; is determined by (R, d) and R;.

Definition 2.1 An even resolution of R is a sequence of blow-ups 1; =1 0g0--- 01y,
1 (P.R) = (ProRy) ™ o —(Py, Ry) 3 (P, Ry) ™ (Po, Ro) = (P.R) (2.2)

satisfying the following conditions:
(i) R is a smooth reduced even, divisor,
(ii) R; is the reduced even inverse image of R;_1 under ;.
Furthermore, 1; 1s called the minimal even resolution of the singularities of R if

(iil) v; is the blow-up of Pi_1 at a singular point x; of R;—1 for any 1 < i <r.

If the even resolution of 1; : P — PofRis minimal, then for any even resolution )’ : P/ — P,
there exists a morphism a : P/ — P such that a(R') = R, a(8') = 6. Here a(¢') = 6 means that
there exists a divisor D’ € Pic(P') with &' 2 Op/(D’) such that § = Op(a(D’)). Note that the
minimal even resolution is unique.

If ; € P,_q lies in E; (j < i), that is, ¢; o --- 0 ¢;_1(z;) = x;, then we say that z; is
infinitely near ;. Let x; be a singularity of order ord,, (R) = m,. If m; < 3 and for any z;
infinitely near x; (j > i) we have m; < 3, then z; is called a negligible singularity, since such a
singularity does not change the invariants K7, x (see [13, (2)]).

Unless stated otherwise, the singularities (resp. smooth points) of R include all the infinitely
near singularities (resp. smooth points) of R; in P; for 1 < i < r. If we want to specify a
singularity (resp. smooth point) p of R, we will point out the surface which p lies in.

Now we want to introduce the genus g datum associated to a hyperelliptic fibration f : S —
C, according to Xiao’s approach in [13-14].

Since the generic fiber F' of f is hyperelliptic, we glue the involution or of F' together, and
then we get a rational map o : S — S. The map o is in fact a morphism, because f is assumed
to be relatively minimal. Let p : S — S be the minimal composition of blow-ups of S at all
the isolated fixed points of o, and 7 : S — S be the induced map of o on S. Then P = % is

smooth.NLet E?: S — E be the corresEonding do~uble cover branched along a imooth redgced
divisor R in P. Then 6,(0z) = Op @ 6", where §" is an invertible sheaf with 692 = O3 (R).
Let &g : S --» Proj(f*w%) be the relative canonical map, then ®x is a generic double

cover, for its restriction on a generic fiber F' is the double cover induced by op. Let p: S-S
be the minimal composition of blow- -ups at all base points of ®x and all isolated fixed points.
Then the birational morphism S — Sisan isomorphism because of the mlmmahty of p. Hence
p = p and S =~ S. This gives another process to get the double cover 6:S — P and the branch
locus R.
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The morphism ¢ : P — C induced by f is a birational ruling (a fibration whose general
fibers are rational curves). There are many choices to give a birational morphism 1/) PP
mapping to a geometric ruled surface P. The morphism 1/) induces a reduced divisor R = w( )
in P. All such geometric ruled surfaces differ by elementary transforms. We want to choose
one such that R? is the smallest.

In the rest, a curve D means a nonzero effective divisor.

Definition 2.2 Let D be an irreducible curve on a fibred surface S with fibration f : S — C.
If f(D) is a point, we call D a vertical curve.

Lemma 2.1 (see [13, Lemma 6]) There is a birational morphism ¥ : P — P over C, where
every fiber of the induced morphism ¢ : P — C is P, such that, letting & be the image 0f(5~ in
P, and Ry, be the sum of the non-vertical irreducible components of R. Then R? is the smallest
among all such choices, and the singularities of Ry are at most of order g + 1. Therefore as R
1s reduced, the singularities of R are of order at most g+ 2, and if p is a singular point of order
g+ 2, R contains the fiber of ¢ passing through p.

Definition 2.3 Let P be a geometric ruled surface over C, and (R,d) be a double cover
datum on P. If (R,§) satisfies that RT' = 2g + 2, where ' is a generic fiber of ¢ : P — C,
and the order of any singularity of the non-vertical part Ry, of R is at most g + 1, then we call
(P,R,0) a genus g datum.

We have shown that there is a genus g datum (P, R,0) (Lemma 2.1) associated to a given
hyperelliptic fibration f. On the other hand, let (P, R,J) be a genus g datum over a smooth
curve C, 1 : P — P be the minimal even resolution of (P,R), and 0 :S — P be the double
cover determined by (E,g) Let p : S — S be the morphism of contracting all the vertical
(—1)-curves, then we get a hyperelliptic fibration f : S — C. Hence we need to study the
vertical (—1)-curves in S.

Lemma 2.2 (see [14]) Let (P, R,9) be a genus g datum, and T' be any fiber of P — C,
whose inverse image in S s a (=1)-curve. In other words, the strict transform of T in Pisa
(—2)-curve contained in R. If g is even, then one of the following two cases is satisfied:

(1) Ry, intersects with I' at two distinct points x,y, ma(Rp) = my(Rr) =g+ 1; or

(2) Ry, intersects with T' at one point, and the point is a singularity of type (9+1 — g+ 1)
(see Definition 2.4), which is tangent to T

If g is odd, then Ry, intersects with T' at one point, and it is a singularity of type (g + 2 —
g+ 2), which is tangent to T.

Lemma 2.3 (sce [14]) Suppose that E is a vertical (—1)-curve in S, then the image E
of E in P is an isolated (=2)-curve contained in R, and E either comes from a blow-up of a
singularity of R with odd order, or is a strict transform of a fiber in Lemma 2.2. Conversely,
for any singularity of R with odd order or any fiber in Lemma 2.2, there is a corresponding
vertical (—2)-curve.
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Remark 2.1 As stated in [13], if we start from a hyperelliptic fibration f : S — C, we can
choose a genus g datum (P, R, §) such that R? is the smallest, and then the case (1) in Lemma
2.2 does not occur. Accordingly, Lemma 2.3 turns to be Lemma 7 in [13]. In what follows, we
always assume that the genus g datum associated with f satisfies that R? is the smallest.

Consequently, we only need to consider genus g datum for hyperelliptic fibrations.

2.2 Singularity indices

Based on the above preparation, we are able to define the singularity indices.

Let (P, R,6) be a genus g datum over a smooth curve C, and ¥ in (2. 2) be the minimal
even resolutlon of (P,R). We decompose w into ¢’ : P — P followed by w P — P, where
w’ and w are composed respectively of neghglble and non-negligible blow-ups. We may assume
V=100 1 for t < r. Denote by (R (5) the reduced even inverse image of (R, ¢) in p.

Definition 2.4 Let x; be a singularity of R;—1 of order 2k + 1 (1 <k< [9—42'1]) If R; has
a unique singularity on the inverse image of x;, say x;y1, with order 2k + 2, then we call x; a
singularity of type (2k +1 — 2k +1).

Definition 2.5 Let f : S — C be a fibration and D be a reduced curve on S. Let ¢ : D — C
be the natural morphism induced by f. Let v : D — D be the normalization of D, Dy, be the
union of all the irreducible components 0fl~) which maps projectively onto C, and vy, : Dy, — D
be the induced map. The ramification index r(D) of ¢ is defined as follows:

If ¢ € Dy, is a ramification point of ¢ o vy, then the ramification index r¢(D) is defined as
usual.

If p is a singularity of D of order m,, then the ramification index is r,(D) = my(mp — 1).

If E is an isolated vertical curve of ﬁ, then the ramification index is TE(D) = Xtop(E).

Furthermore, we define

r(D) = Z rq(D) + Z mp(mp —1) — Z Xtop (E). (2.3)

qeDy, peD ECD isolated
vertical curve
Remark 2.2 Tt is easy to see that r(D) = D2—|—DKg7 from the adjoint formula K gD+ D? =
“2(O(D)) (see [14])

When we consider a singular fiber F' of f, the singularities and ramification points of branch
locus are those over f(F) if there is no confusion.

Definition 2.6 (see [13-14]) Let f : S — C be a hyperelliptic fibration, and (P, R,J) be
the corresponding genus g datum. Suppose that F is a singular fiber of f. We denote by I" the
fiber of P — C over f(F). The singularity indices s(F) (2 < k < g+2) are defined as follows.

(1) Let B, - - , Ey be all the isolated vertical (—2)-curves in R. Letting ﬁp —R-E——
Ey, then so(F) is defined to be the ramification index of ﬁp over the point f(F). Concisely, if
we denote by Ra1(F) the set of all ramification points of R over f(F), by Ra2(F) the set of
all singularities of ﬁp, and by Ra,_(F') the set of all vertical components in ﬁp, then

soF)= Y (TR, —-1)+ > mglmg—1)=2[Re(F)]. (2.4)

qER2,1(F) qER2,2(F)

(2) If k is odd, denote by Ri(F) the set of all singularities of R of type (k — k), then
sk(F) == |Re(F)].
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(3) If k > 4 is even, denote by Ry(F) the set of all singularities of R of order k, not

belonging to a singularity of type (k+1—k+1) or (k—1— k —1), then si(F) := |Ri(F)|.
Define

() = 3 sul), (2.5)

where Fy,--- , Fy are all the singular fibers of f.

Remark 2.3 Xiao introduced the singularity indices in order to compute the contribution
of singular fibers to the invariants KJ%, Xs. It is convenient to put z;,x;41 in Definition 2.4
together, and regard the pair {x;, z;1+1} of points as one singularity of type (2k + 1 — 2k + 1),
that is, the total contribution of x; and ;41 to singularity indices adds one to sgx41 only.

Example 2.1 Let (z,t) be the local coordinate of P! x A, where A is the open unit disc
of C. Let

h(z,t) = (x +t)((x — ag)® + t)((z — a1)?® + %)
(o — a0 +13) (@ — a2 — 1+ B)((z — ag)® +1°), (2.6)

where a;’s are distinct nonzero complex numbers. Let f : SaA — A be the local fibration of
genus g defined by y? = h(z,t). Let F = f~1(0) be the fiber of f over the origin, and I" be the
fiber of P! x A — A over the origin.

'y 'a
Po [ Po
I - I
P> p - d4d--- - B
Ja p1:— '
L A2 N2
pz* pa! P21 P22 Bz
P - Es
1 P3, P31 —
T I FI ™
' E32

Figure 3 The minimal even resolution

The branch locus is R = {(z,t) € PLx A : h(x,t) = 0}, and RI” = 12, where I’ is the generic
fiber of P! x A — A. Hence g = 5 by Riemann-Hurwitz formula. Let p; = (a;,0) (i = 0,1,2,3),
then po and p3 are non-negligible.

Let pa1 and pog be the infinitely near points of py, which are smooth points of R. Let p31 be
the infinitely near singularity of ps, then {ps,ps1} is a singularity of type (3 — 3). Therefore
ﬁp — R which is the strict transform in P, and

R21(F) = {po,p21,p22}, Ro2(F)={p1}, Ro_(F)=0, @27)
R3(F) = {{ps;pa1}}, Ra(F) = {p2}. '

Furthermore, the singularity indices are
(SQ(F)v SJ(F)v T 787(F)) = (57 1,1,0,0, O) (28)

Using the singularity indices, Xiao obtained the following formulas.
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Theorem 2.1 (see [14, Theorem 5.1.7]) Let f : S — C be a hyperelliptic fibration of genus
g, then

=] (]

(8g +4)xr = g(s2(f) — 25412(f)) + 2(k +1)(g — k)sak+2(f) + 4k(g — k)sak+1(f),

(2] (=]
er = sa(f) = Bsgea(f) + Y 2sonp2(f)+ Y sarsa(f),
k=1

(29 + 1)K} = (9 — V)sa(f) + 3s442(f) + arsak+2(f) + brsar+1(f),
k=1 k=1

where ap, = 6((k+1)(g — k) —4g — 2) and by, = 12k(g — k) — 29 — 1.
Corollary 2.1 (see [14]) If f is hyperelliptic, then the slope of f

8g+4
do— 4 12 — g-;— , if g is even,
9- 9
<A< 8g+4
9 12— —=——, if g is odd.
gc—1

Moreover, the left equality holds if and only if sa(f) # 0,8, =0 (k > 2), and the right equality
holds if and only if SQ[Q}H # 0 and the rest singularity indices are all zero.
3

3 Modular Invariants in Semistable Case

At the beginning of this section, we fix notations firstly.

Let (P, R, ) be a genus g datum over a smooth curve C, and {/; in (2.2) be the minimal
even resolution. Let f : S — C be the fibration determined by the datum, and F' be a singular
fiber of f. Denote by F the total transform of F by p: S — S, which is a birational morphism
contracting all the vertical (—1)-curves. Let I be the fiber of ¢ : P — C over t = f(F'), and we
call T" the image of F' in P briefly. Let [ = ;Z* (T") be the total transform of ' by the minimal
even resolution {/; : P — Pof R. To keep it simple, we also denote by R (resp. I') the strict
transform of R (resp. I') under the even resolution 1Z

FcsS PoT

pl »

FcS-=-----~- =P>T
teC

Denote by B = 6~ 1(I') the inverse image of I' in F, and by B; = 5‘1(Ei) the inverse image
of the exceptional curve F;. Then B (resp. B;) may be composed by two irreducible curves B’
and B” (resp. B; and B/). Letting

F=T+Y miE, (3.1)
i=1
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then

F=0"T)=0"(I)+ > mi"(E;)=nB+Y n;B;, (3.2)
i=1 i=1

where n = 1,2 and n; = m; or n; = 2m;. Therefore, F = p(F) is obtained by contracting
(—1)-curves in F.

Definition 3.1 An even resolution at point p of R is a sequence of blow-ups 1@,, =010

X
(P,R)= (P, R)) % - (P, Ra) 3 (P, R1) ™ (P, Ro) = (P, R) (3.3)

satisfying the following conditions:

(i) All the points of R infinitely near p, including p, are smooth.

(ii) R; is the reduced even inverse image of R;_1 under ;.

Furthermore, 1&,, 1s called the minimal even resolution at p if

(iil) 1, is the blow-up of P;_1 at a singular point p; of R;_1, which is infinitely near p, for
any 1 <1 <.

If the resolution 1&,, is minimal, we call the desired number [, of blow-ups the length of
the minimal even resolution 1&,, at p. The exceptional curves E;’s (1 < i <) in P, are called
exceptional curves from p briefly. For example, if p is an ordinary singularity of even order,
then I, = 1; if p is a singularity of type (3 — 3), then [, > 2.

Let p be a singularity of R, and Ej,--- , Ej, be all the exceptional curves from p in Fj,. Set
Ep =miEy+ - 4+my, B, By = 5*(8,,), where m; = multg, (£,) = multg, (f) Then we call
&p the block of T from p, and call F, := p(B,) the block of F from p. Assume that I' is not
contained in R. Let p1,---,pe be all the singularities of R on I' in P, and By, = 5*(F) Then
we can decompose F into finite blocks F' = F,,, + F, +- -+ F},_, and we call this decomposition
the modular decomposition of F'.

Example 3.1 (Continuation of Example 2.1) Let f : SA — A be the local fibration in
Example 2.1. Then l,, =1, I,, =1, l,, =2. The blocks of I" are &,, = E1, &p, = Ea, &Ep, =
E31 + E3s.

Figure 4 Modular decomposition of F

Here E1, E5, E32 are not contained in E, and F3; is contained in R. Then the blocks of F are
F,, =B, F,, = By, F,, = B} + BY, F,, = Bss. In these equations, B is a rational curve with
a node qo; By is P! meeting B at two points qi1,q12; B and BY are both P! meeting with B
at go1, 22 respectively and meeting with each other at two points g23, go4; and Bss is a smooth
elliptic curve meeting with B at ¢g3. Then F' is semistable, and the modular decomposition of
Fis F = ij = B+ By + (B} + BY) + Bsa.

i=0

1=
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3.1 Semistable criterion

There is a criterion for semistable hyperelliptic fiber given by Tu [12]. We rewrite the result
and its proof here, because the reference is in Chinese.

Lemma 3.1 (see [12]) If F is a semistable singular fiber of a hyperelliptic fibration f :
S — C, then we have the following results:

(1) If g is odd, then T' is not contained in R; if g is even and T' is contained in R, then T
is the fiber in Lemma 2.2.

(2) If p is a smooth point of R in P, then the intersection number of R with T' at p is
(R,T), < 2.

(3) If p is a singularity of R in P, then we have (R,T'), = ord,(R).

(4) Let ¢ € R; (i > 1) be an infinitely near singularity, then there is exactly one exceptional
curve Eq passing through q, and (R, E4), = ordg(R).

(5) Let g € R; and Ey be the same as (4). If ordg(R) =1 is even, then E4 is not contained
in R. Ifordy(R) =1 is odd, then either Ey is contained in E, and thus Eq is from a singularity
of type (k — k) (k is odd,k > 1); or Ey is not contained in E, and thus q is a singularity of
type (I —1).

(6) Let g be an infinitely near smooth point, and E, be the irreducible component passing
through q, then (R, E,), < 2 and E, is not contained in R.

Proof (1) SupposeI' C R. Then Bis a component of F with multiplicity 2, for 7*(T") = 2B,
furthermore, B? = %2 If I'?2 < —4, then B? < —2. Hence B is a multiple component in a
which can not be contracted, contradicting with the assumption that F' is semistable. Thus
we get that if ' C E, then I" is a (—2)-curve in P. If g is odd, then any singularity of R is of
type (g +2 — g + 2), and we need twice blow-up so that the intersection point of I' with the
exceptional curve is a smooth point of R. Hence there is a (—1)-curve, say Ea, with multiplicity
2in I. It is easy to see that Fs is not contained in E, and 7 (2E,) = 2Bs in F is irreducible
with B2 < —2. Therefore By is an un-contractible multiple component in semistable curve F ,
which is impossible. So when g is odd, I' is not contained in R.

(2) In what follows, we may assume that I" is not contained in R since (1). Let n = (R, T),,
we take the local coordinate (z,t) of p such that the local equations of I" and R near p are t = 0
and t + 2™ = 0 respectively. Then the local equation of F in S is y? —z™ = 0. If n > 3, it is a
singularity of type A,_1 on F, and thus F' is not semistable.

(3) Suppose not, then (R,T"), > ord,(R). Let 91 be the blow-up at p, and E; be the
exceptional curve. Then the intersection point p’ of I" with E; is still on R. Let 15 be the
successive blow-up at p; and Es be the exceptional curve. Then the total transform of I' by
1 0 Yo s fg =TI+ 2F, + E1, and By is with multiplicity at least 2 in F. Hence Bs is a
(=1)-curve in S, By is a (—2)-curve in R, and p; is a singularity of type (k — k) (k is odd)
(see Lemma 2.2). Furthermore, there is a singularity ps on Es of order k + 1. Let 15 be the
blow-up at ps with exceptional curve E3. Then fg =I'+2F3+2F; + E;, F3 is not contained
in é, and Bs is an un-contractile multiple component in F.

(4) Suppose that E; and E, are both through g. When ord,(R) is even, then the exceptional
curve Fj3 of the blow-up at ¢ is of multiplicity at least 2, and Fs5 is not contained in R. So B
is an un-contractile multiple component in F. When ord,(R) = k is odd, then ¢ should be of
type (k — k), and Ej3 is contained in R with multiplicity at least 2. Blowing up the infinitely
near singularity ¢’ of ¢, then the exceptional curve E4 is not contained in R of multiplicity at
least 2, which is impossible. The proof of the second part of (5) is analogous to that of (3).
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(5) Suppose that ordy(R) is even and E; is contained in R, then ord,(R;) is odd. The
exceptional curve E’ of the blow-up v : P11 — P; at g is contained in R. Thus Eg < =2
in ﬁ, and Eg < —4in S. So E, corresponds to an un-contractile multiple component in F.
Consequently, we proved the first part of (4). The second part of (4) is a direct corollary of
Lemma 2.3.

(6) The proof of the second part is the same as that of (1), and the rest is the same as that
of (2). We omit the detail.

Remark 3.1 Let F' be a semistable fiber of f, and p be a singularity of R. Then there
is exactly one irreducible component FE, passing through p. We call E, the exceptional curve
through p. Note that E, is either I' or an exceptional curve.

Corollary 3.1 If F is a semistable hyperelliptic fiber of genus g, then sgio(F) = 0.

Proof By Lemma 3.1 (1), we know that if g is odd, then sg42(F) = 0; if g is even, then T’
is the fiber in Lemma 2.2, and we can check the result directly.

3.2 Proof of Theorem 1.1
We first consider the effect of the smooth points of R to the arithmetic genus.

Lemma 3.2 Let F' be a semistable fiber of f. Assume that the image I' of F in P is not
contained in R. Suppose that all the intersection points p1,--+ ,Pry, 1, »qk, of R with T" are
smooth, where (I', R),, =2 and (I', R)q;, = 1.

(1) If ko # 0, then F is an irreducible curve with ki nodes corresponding to p;’s, the

geometric genus of F is [’”2*1}, and

FR—l} _ |:2k}1+k32—1:| _ {kl_'_k;g—l]

MF)Z{ 2 2 2

(2) If ko = 0, then F is composed of two smooth rational curves which meet with each other
at k1 distinct points. Thus

k1 k1
F=0"T)+)Y ©%(E)=(B'+B")+> B,

i=1 i=1

where every irreducible component is a smooth rational curve, B; meets B’ and B"” normally at
one point respectively for each 1 < i < ky, and there is no other intersection. Hence

Proof The proof is obvious, and we omit it.
Then we consider the effect of singularities.

Lemma 3.3 Suppose that F is a semistable fiber of f, and the image I' of F in P is not
contained in R. If p is a singularity of R such that the exceptional curve E, through p is not
contained in the branch locus, then the arithmetic genus of the block F, of F' from p is

(=1

Pa(Fy) = [ (3.4)
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Proof We use induction on the length [, of the minimal even resolution {/;p of R at p. Note
that [(2k+22)71} = [(2]”21)71} =k, and ord,(R) = (R, E,), for any singularity of R on E, from
Lemma 3.1. We may assume that E, is I, since the proof for exceptional curves is similar.

If I, = 1, then ord,(R) = 2k + 2 is even and p is an ordinary singularity. The exceptional
curve E; from p is not contained in R, and Fj meets R in P; transversely at 2k + 2 distinct
points. Hence &, = E1, and B, = By with p,(B1) = k.

If I, = 2 and ord,(R) = 2k + 2 is even, then there is exactly one infinitely near singularity
p1 of R in P;, which is an ordinary singularity of even order, say 2ko. Hence Ei, Fo are not
contained in R, £, = Ey + E», and &, meets R in P, transversely at 2k + 2 distinct points. Let
E1R = 2k + 2, then ky + ky = k. Thus p,(B1) = k1, pa(B2) = k2 — 1, and By intersects with
By at two points transversely. So pa(Fp) = pa(Bp) = pa(B1) + pa(B2) +1 = k.

If I, = 2 and ord,(R) = 2k + 1 is odd, then p is a singularity of (2k +1 — 2k +1). So
E, is contained in R, E5 is not contained in R, and &, = E; + E», where Ey meets Ry in P

transversely at 2k + 2 distinct points. It is easy to see that Bj is a (—1)-curve and B is a
smooth curve with genus k. Hence p,(F),) = po(B2) = k.

Assume that (3.4) holds for any positive integer ! < I,. We want to prove that (3.4) holds
for 1,,.

If ord,(R) = 2k + 1 is odd, let 91 : P — P be the blow-up at p. Then there is exactly
one infinitely near singularity ¢ of R in Py, and (R, E1)q = 2k + 1, ordg(R1) = 2k + 2. Let
19 : P, — P; be the successive blow-up at ¢. It is clear that F; is contained in R, but FEs is
not.

Let g1, -, go be all the infinitely near singularities of ¢ in P,. Hence [, <[, for 1 <i < a.
Suppose that g1, -+ , g (8 < «) are all the singularities with even order. Let (R, E3),, = 2k;+2
for 1 <4 < 3, and let (R, E2)q, = 2k; + 1 for f+1 < j < a. Let the total intersection number
of R with Ey at all the smooth points of R in P» be (R, E2)sm. Then

5 o
2%k +2=> (2ki+2)+ > (2k +1)+ (R, Bp)m + 1
i+1 j=p+1

=2(k1 4+ kg) +26+2(kgr1+ -+ ka) + (@ = B) + (R, B2)sm + 1
22(k1++ka)+(R,E2)sm+(a+6)+1

Hence
o (RaEQ)sm‘f'Oé“‘ﬁ_l
. ( > k-) n . . (3.5)
It is easy to see that in ﬁ, RE, = (R, E2)sm + (o — B) + 1. By Lemma 3.2,
RaE2sm+ a_ﬂ +1)-1 RvEQSm"—a_ﬂ_]-
() = [P Bk (0= P41 Z1]_ (ReEah e

~ 8]
The block of T' from p is &, = E1 + E2 + Y, &,;,. Combining (3.5) and (3.6), then
i=1

(2

Pa(Fy) = pa(By = 2B1) = pa(Ba) + (X palFa)) + 6

BB ta ool ($hr) 4

=k, (3.7)
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where the block Fj, intersects with By at two points, and adds one to the arithmetic genus for
each 1 < i < 3. Here we used the induction assumption.

If ord,(R) = 2k + 2 is even, take ¢ : P1 — P, the blow-up at p. Let g1,--- ,gq be all the
infinitely near singularities of p on p;. Then the rest of the proof is the same as the odd case
above.

Now we can prove the identities between singularity indices (Definition 2.6) with modular
invariants §;(F'), &(F) (see (1.3)—(1.5)).

Theorem 3.1 Let f : S — C be a semistable hyperelliptic fibration of genus g, and F be a
singular fiber of f, then

sok1(F) = 0x(F) (k= 1),  sopp2(F) = &(F) (k> 0). (3.8)

Proof (1) Proof of sop41(F) = 6x(F), k> 1.
We define a bijective map

Q2k41 : R2k+1 (F) —>./\/2k+1(F) (39)

between sets as follows.

If p € Rogy1(F), then E, (the exceptional curve through p) is not contained in R. Let
I = &, + &y, where &, is the block of T from p. Then the decomposition of F'is F' = F7 + F),
where po(Fp) = [%} =k, and F intersects with FJ at a point, say ¢, which is a node
of type k. We define agr+1(p) = g € Nog41(F), then agp41 is well-defined.

On the other hand, if ¢ € Nagt1(F), then F consists of a genus k curve F, and a genus
g — k curve F7, and Fy meets F; at g transversely. Then ¢ is an isolated fixed point of the
hyperelliptic involution o. Thus the inverse image of ¢ in F under p: S — § is a (=1)-curve
B. Hence g(B) is a (—2)-curve contained in R, which is from a singularity, say p, of type
(2k' +1 — 2k’ +1) (see Lemma 2.3 and Lemma 3.1 (4)). Since 6* (&p) = p*(F,), the arithmetic
genus of the block of F from p is k¥ = pa(6*(£y)) = pa(Fy) = k. Thus p € Raops1(F), and
aop+1(p) = q. Hence it is clear that agg1 is surjective and injective.

Therefore, sop41(F) = [Raky1(F)| = |Nags1(F)| = 0k (F).

(2) Similar proof of sep42(F) = & (F), k> 1.

We define a bijective map

ok+2 : Rogy2 (F) — N2k+2 (F) (3.10)

between sets as follows.

If p € Rogt2(F), then E, is not contained in E, and the exceptional curve E; of the blow-up
at p is not in R either. Hence 5’1(1)) consists of two points ¢ and o(g). Let I = & + &, then
F = F, + Fy, pa(Fy) = k and F, meets I}y at ¢ and o(q) transversely. So the nodal pair
{q,0(q)} € Najy2(F). Hence we are able to define asrt1(p) = {q,0(q)}.

On the other hand, if {q,0(q)} € Nogt2(F), then F = F, + F7, where p,(F,;) = k, and
they intersect with each other at two points ¢ and o(q) transversely. We may assume that
F = Fy + Fg, which meet at ¢ and o(q). Then g(q) = N(U(q)), say p, is an intersection point
of two curves not in R. Hence we can decompose I as I’ = Ep + &5, where RE, = 2k + 2 and
&p meets £ at p only. The curve &, is from a singularity of order ord,(R) = R, = 2k + 2.
Therefore, p is the inverse image of {q,0(q)} under aagy2, and aggto is bijective.

So sak42(F) = [Rakr2(F)| = [Nops2 (F)| = &(F).



Modular Invariants and Singularity Indices of Hyperelliptic Fibrations 889

(3) Proof of so(F') = & (F).

If F is a vertical components of }A%, then B = 6* (F) is a multiple component of F. So B is
a (—1)-curve for F is semistable, and then we know that E is a (—2)-curve in R. Hence ]sz is
the strict transform of R in P, and |Ra,—(F)| = 0.

If p € Ro1(F), then p is a smooth point of R, (R, E,), = 2, r,(R) = 1, and 5‘1(])) is
an a-type node g. Conversely, each a-type node ¢ is a singularity p of type A; whose local
equation is t + 22 = 0. So we get a bijective map

04271 : RQJ(F) ad ./\/’271(F). (3.11)

If p € Ra2(F), then p is an ordinary double point, and r,(R) = 2. By the same discussion
in (2), we can obtain a bijective map

04272 : R272(F) — ./\/’272(F). (3.12)

Hence s3(F) = [Ro,1(F)| + 2[Ra2(F)| = N1 (F)| + 2|N22(F)| = &(F).
Proof of Theorem 1.1 It is a corollary of the above theorem.

Remark 3.2 Let f : S — C be a hyperelliptic fibration of genus g > 2, and f: S —C
be a semistable model of f. Then by Corollary 2.1 and Theorem 1.1, we know that fhas the
lowest slope if and only if the image [f] of f by the moduli map intersects with = only, and f
has the highest slope if and only if [f] intersects with A[%} only. See [7] for families with the

highest slope.

Example 3.2 (Continuation of Example 3.1) From the analysis of the blocks of F in
Example 3.1, we can easy to know that p,(Fp,) =1, pa(Fp,) = 1, pa(Fp,) =1, and the sets of

nodes are
No1(F) ={qo0,4923,q2a}, Nopo(F) = {(q11,q12)}, (3.13)
N3(F) ={as},  Na(F) = {(g21,922)}- '
Hence the numbers of nodes on F' are
(EO(F)afl(F)aEQ(F)) = (5a 170)a (51(F)a62(F)) = (LO)' (314)

Comparing these equations with (2.7) and (2.8), we give an example for Theorem 3.1.
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