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Abstract Let (H, () be a Hom-bialgebra such that 82 = idg. (A, aa) is a Hom-bialgebra
in the left-left Hom-Yetter-Drinfeld category #YD and (B, ap) is a Hom-bialgebra in the
right-right Hom-Yetter-Drinfeld category YDZ. The authors define the two-sided smash
product Hom-algebra (AjHB, a4 ® B ® ap) and the two-sided smash coproduct Hom-
coalgebra (Ao H ¢ B,aa ® B ® ap). Then the necessary and sufficient conditions for
(AfHyB, 04 ® B ® ap) and (Ao H o B,aa ® B ® ag) to be a Hom-bialgebra (called the
double biproduct Hom-bialgebra and denoted by (A1HIB,aa ® 3® ap)) are derived. On
the other hand, the necessary and sufficient conditions for the smash coproduct Hom-Hopf
algebra (Ao H,aa ® (3) to be quasitriangular are given.

Keywords Double biproduct, Hom-Yetter-Drinfeld category, Radford’s biproduct,
Hom-Yang-Baxter equation
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1 Introduction

Hom-structures (Lie algebras, algebras, coalgebras and Hopf algebras) have been intensively
investigated in the literature recently (see [2, 4, 6, 9, 12-15, 21-26]). Hom-algebras are gen-
eralizations of algebras obtained by a twisting map, which were introduced for the first time
in [14] by Makhlouf and Silvestrov. The associativity is replaced by Hom-associativity, and
Hom-coassociativity for a Hom-coalgebra can be considered in a similar way.

In [21, 25], Yau introduced and characterized the concept of module Hom-algebras as a
twisted version of usual module algebras, and the dual version (i.e., comodule Hom-coalgebras)
was studied by Zhang in [27]. Based on Yau’s definition of module Hom-algebras, the first
two authors and Yang in [9] constructed the smash product Hom-Hopf algebra (AfH,a ®
B) generalizing the Molnar’s smash product (see [16]), gave the cobraided structure (in the
sense of Yau's definition in [24]) on (AhH, a ® 3), and also considered the case of twist tensor
product Hom-Hopf algebra. Makhlouf and Panaite defined and studied a class of Yetter-Drinfeld
modules over Hom-bialgebras in [12] and derived the constructions of twistors, pseudotwistors,

twisted tensor product and smash product in the setting of Hom-case. Especially, in [6], we
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obtained the following result: Let (H,3) be a Hom-bialgebra such that 3% = idg, and (4, a) be
a left (H, 3)-module Hom-algebra and a left (H, 3)-comodule Hom-coalgebra. (A%H,a® () is a
Radford’s biproduct Hom-bialgebra if and only if (A, «) is a Hom-bialgebra in the left-left Hom-
Yetter-Drinfeld category ZYD. In [23], Yau introduced a twisted generalization of quantum
groups, called quasitriangular Hom-bialgebras. They are non-associative and non-coassociative
analogues of Drinfeld’s quasitriangular bialgebras. Each quasitriangular Hom-bialgebra comes
with a solution of the quantum Hom-Yang-Baxter equation, which is a non-associative version
of the quantum Yang-Baxter equation. Solutions of the Hom-Yang-Baxter equation can be
obtained from modules of suitable quasitriangular Hom-bialgebras.

As we all know, the Radford biproduct plays an important role in the lifting method for the
classification of finite dimensional pointed Hopf algebras (see [1]). Some related results about
Radford’s biproduct have recently been given in [3, 7-8, 10, 18]. Let H be a bialgebra. A is a
bialgebra in the left-left Yetter-Drinfeld category 2D and B is a bialgebra in the right-right
Yetter-Drinfeld category YD, In [11], Majid gave a construction of bialgebra AfoB by
combining the two-sided smash product algebra A# H# B with the two-sided smash coproduct
coalgebra Ax H x B, which generalizes the Radford biproduct bialgebra.

In this paper, we generalize the Majid’s double biproduct to the Hom-setting, and on the
other hand, quasitriangular smash coproduct Hom-Hopf algebras are constructed. This is dual
to the results in [9].

This article is organized as follows. In Section 2, we recall some definitions and results
which will be used later. In Section 3, we give the right version of Radford’s biproduct Hom-
bialgebra (AEH ,aa @ 3) and Hom-Yetter-Drinfeld category YD in [6]. We also introduce the
notions of two-sided smash product Hom-algebra (AjHEB, a4 ® 8 ® ap) and two-sided smash
coproduct Hom-coalgebra (Ao Ho B, as ® f®ap). Then we derive the necessary and sufficient
conditions for (AjHB, ax @@ ap) and (AcHoB,aa®[®ap) to be a Hom-bialgebra, which
is called double biproduct Hom-bialgebra and denoted by (AEHEB ,a4 ® 0 ® ap), generalizing
the Majid’s double biproduct bialgebra. Note that the construction of (AfHB, a4 @ 5 ® ap)
here is different from that defined by Makhlouf and Panaite in [13]. Section 4 is devoted to
deriving the necessary and sufficient conditions for the smash coproduct Hom-Hopf algebra
(Ao H,aeq ® () to be quasitriangular. A concrete example for quasitriangular smash coproduct

Hom-Hopf algebra is given in Section 5.

2 Preliminaries

Throughout this paper, we follow the definitions and terminologies in [9, 21, 23, 27], with
all algebraic systems assumed to be over the field K. Given a K-space M, we write idy,; for
the identity map on M.

We now recall some useful definitions.

Hom-algebra A Hom-algebra is a quadruple (A, u,14,a) (abbr. (A,«a)), where A is a
K-linear space, u: A® A — A is a K-linear map, 14 € A, and « is an automorphism of A,
such that

(A1) afad) = ala)a(a’), a(la)=14 and
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(A2) afa)(d'a’) = (aa)a(a”), ala=1aa= ala)

are satisfied for a,a’,a” € A. Here we use the notation p(a ® a’) = aa’.

Hom-coalgebra A Hom-coalgebra is a quadruple (C, A, e¢, ) (abbr.(C, 3)), where C is a
K-linear space, A : C — C®C, e¢ : C — K are K-linear maps, and [ is an automorphism
of C, such that

(C1) B(c)1 @ B(c)2 = Ble1) ® B(ca), ecof =ec and
(C2) fBc1) ®@co1 @ oo = €11 @12 @ B(e2), eclcr)ea = ciec(c2) = B(c)

are satisfied for ¢ € A. Here we use the notation A(c) = ¢; ® ¢z (summation implicitly
understood).

Hom-bialgebra A Hom-bialgebra is a sextuple (H, u, 1y, A e,7) (abbr. (H,7)), where
(H,p,1g,v) is a Hom-algebra and (H,A,e,v) is a Hom-coalgebra, such that A and ¢ are

morphisms of Hom-algebras, i.e.,

AR = AAR), Aly) =1 1y,
e(hh') =e(h)e(h), e(lpg)=1.

Furthermore, if there exists a linear map S : H — H such that
S(h1)hy = h1S(h2) = e(h)ly and  S(y(h)) =~(S(h)),

then we call (H, p, 1g,A,e,7,S5) (abbr. (H,v,S)) a Hom-Hopf algebra.
Let (H,v) and (H',~') be two Hom-bialgebras. The linear map f : H — H’ is called a
Hom-bialgebra map if f o~y = "o f and at the same time f is a bialgebra map in the usual

sense.

Left Hom-module (see [21, 25]) Let (A, 3) be a Hom-algebra. A left (A, §)-Hom-module
is a triple (M, >, ), where M is a linear space, > : A® M — M is a linear map, and « is an

automorphism of M, such that

(LM1) a(a>m)=p(a)>a(m) and
(LM2) f(a) > (a'>m) = (ad") > a(m), 1a>m=a(m)

are satisfied for a,a’ € A and m € M.

Remark 2.1 (1) It is obvious that (A, u, 3) is a left (4, 5)-Hom-module.
(2) When § =ids and o = idyy, a left (A, §)-Hom-module is the usual left A-module.

Right Hom-module (see [13]) Let (A, 8) be a Hom-algebra. A right (A, 8)-Hom-module
is a triple (M, <, «), where M is a linear space, <: M ® A — M is a linear map, and « is an

automorphism of M, such that

(RM1) a(m<a)=a(m)<fB(a) and
(RM2) (m<a)<p(a)=a(m)<(ad’), m<ls=alm)
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are satisfied for a,a’ € A and m € M.

Left module Hom-algebra (see [21, 25]) Let (H, ) be a Hom-bialgebra and (4, «) be a
Hom-algebra. If (A4, >, «) is a left (H, §)-Hom-module and for all h € H and a,a’ € A,

(LMA1)  §(h) > (aa’) = (h1 > a)(ha > '),
(LMAQ) h>1y = €H(h)1A,

then (A, >, ) is called a left (H, §)-module Hom-algebra.

Remark 2.2 (1) When a = id4 and 8 = idy, a left (H,§)-module Hom-algebra is the
usual left H-module algebra.

(2) In a way similar to the case of Hopf algebras, in [21, 25], Yau concluded that the
equation (LMA1) is satisfied if and only if pa is a morphism of H-modules for suitable H-

module structures on A ® A and A, respectively.
Right module Hom-algebra (see [13]) Let (H, () be a Hom-bialgebra and (A, «) be a
Hom-algebra. If (A, <, ) is a right (H, 8)-Hom-module and for all h € H and a,a’ € A,
(RMA1) (ad’) <1 6%(h) = (a < hy)(a’ < ha),
(RMAQ) la<h= EH(h)lA,

then (A4, <, «) is called a right (H, #)-module Hom-algebra.

Left Hom-comodule (see [27]) Let (C,) be a Hom-coalgebra. A left (C,3)-Hom-
comodule is a triple (M, p,«), where M is a linear space, p : M — C @ M (write p(m) =

m(_1) ® m(y), ¥Ym € M) is a linear map, and « is an automorphism of M, such that
(LCMl) a(m)(,l) ® a(m)(o) = ﬁ(m(,l)) ® Oé(m(o)) and
(LCM2) ﬁ(m(_l)) @ M0y (—1) @ M(0)(0) = M(-1)1 @ M(—1)2 @ C“(7”(0))7
Ec(m(,l))m(o) = a(m)
are satisfied for all m € M.

Remark 2.3 (1) It is obvious that (C, A¢, ) is a left (C, )-Hom-comodule.
(2) When § =ids and o = idyy, a left (C, §)-Hom-comodule is the usual left C-comodule.

Left comodule Hom-coalgebra (see [27]) Let (H, () be a Hom-bialgebra and (C, a) be
a Hom-coalgebra. If (C, p, «) is a left (H, $)-Hom-comodule and for all ¢ € C,

(LCMC1)  B%(c(—1)) ® coy1 ® ()2 = C1(~1)C2(—1) @ C1(0) ® C2(0),
(LCMC2) C(_1)€C(C(Q)) = ]-HEC(C);

then (C, p, a) is called a left (H, 3)-comodule Hom-coalgebra.

Remark 2.4 (1) It is obvious that (H, Ay, ) is a left (H, )-comodule Hom-coalgebra.
(2) When o = id4 and 8 = idy, a left (H, 3)-comodule Hom-coalgebra is the usual left

H-comodule coalgebra.
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(3) In a way similar to the case of Hopf algebras, in [27], Zhang and Li concluded that the
equation (LCMC1) is satisfied if and only if A¢ is a morphism of H-comodules for suitable

H-comodule structures on C ® C' and C|, respectively.

Left module Hom-coalgebra (see [9]) Let (H, () be a Hom-bialgebra and (C,a) be a
Hom-coalgebra. If (C, >, «) is a left (H, 8)-Hom-module and for all h € H and ¢ € A,

(LMC1) (h>¢)1 ®@ (h1>c)a = (h1 > c1) @ (ha > ¢2),
(LMC2) ec(h>c)=cg(h)ec(c),

then (C,r>, «) is called a left (H, 3)-module Hom-coalgebra.

Remark 2.5 When a = id¢ and 8 = idy, a left (H, )-module Hom-coalgebra is the usual
left H-module coalgebra.

Left comodule Hom-algebra (see [22]) Let (H, () be a Hom-bialgebra and (A, ) be a
Hom-algebra. If (A, p,«) is a left (H, 3)-Hom-comodule and for all a,a’ € A,

(LCMAL)  p(ad’) = a_1yai_y) @ a)ajg),
(LCMAQ) p(lA) =1lg®14,

then (A4, p, ) is called a left (H, §)-comodule Hom-algebra.

Remark 2.6 When o =id4 and § =idy, a left (H, §)-comodule Hom-algebra is the usual
left H-comodule algebra.

Left smash product Hom-algebra (see [6, 9]) Let (H,3) be a Hom-bialgebra and
(A, >, ) be a left (H, 3)-module Hom-algebra. Then (AjH,a ® () (AjH = A® H as a linear
space) and unit 14 ® 1y is a Hom-algebra with the multiplication

(a@h)(d @h') =a(h, >a a') @B (h)l,
where a,a’ € A, h,h' € H, and we call it a left smash product Hom-algebra denoted by
(ApH, a ® 3).

Remark 2.7 (1) Here the multiplication of smash product Hom-algebra is different from
that defined by Makhlouf and Panaite in [13, Theorem 3.1].

(2) When a = ids and § = idy, we can get the usual smash product algebra A#H (see
[16-17]).

Left smash coproduct Hom-coalgebra (see [6]) Let (H,3) be a Hom-bialgebra and
(C,p,) be aleft (H, 3)-comodule Hom-coalgebra. Then (Co H,a® () (CoH =C® H as a

linear space) and counit ec ® ey is a Hom-coalgebra with the comultiplication
Acor(c®h) =c1 ® o187 (h1) ® o (c20) ® ha,

where ¢ € C, h € H, and we call it a left smash coproduct Hom-coalgebra denoted by (C' ¢
H a®f).
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Left Radford biproduct (see [6]) Let (H,3) be a Hom-bialgebra, and (A, a) be a left
(H, B)-module Hom-algebra with module structure > : H® A — A and a left (H, §)-comodule
Hom-coalgebra with comodule structure p: A — H ® A. Then the following are equivalent:

(i) (AE)H7 Ak, 1a @ 1, Asor,e4 @ e, @ () is a Hom-bialgebra, where AfH is a left
smash product Hom-algebra and A ¢ H is a left smash coproduct Hom-coalgebra.

(ii) The following conditions hold (Va,b € A and h € H):

(LR1) (A, p, ) is a left (H, §)-comodule Hom-algebra,

(LR2) (A, >, «) is a left (H, 8)-module Hom-coalgebra,

(LR3) e4 is a Hom-algebra map and As(14) =14 ® 14,

(LR4) Ax(ab) = a1(f?(az—1)) > o (b1)) ® a™(az())be, and

(LR5) hf(a(-1y) ® (6°(he) > ago)) = (B2(h1) > a)(—1yhe @ (B%(h1) > a) (o)

Left-left Hom-Yetter-Drinfeld module (see [6]) Let (H,3) be a Hom-bialgebra, (M,
D>ar, ) be aleft (H, §)-module with action >y : H® M — M, h® m +— h >y m, and
(M, pM ) be a left (H, 3)-comodule with coaction pM : M — H @ M, m m_1y ®
mo)- Then we call (M, 1>, p™, anr) a left-left Hom-Yetter-Drinfeld module over (H, ) if the

following condition holds:
(LYD) h1B(m(_1y) ® (8*(h2) >a moy) = (62 (h1) >a m)(—1yhe ® (B%(h1) B m) (o),

where h € H and m € M.

Left-left Hom-Yetter-Drinfeld category (see [6]) Let (H, 5) be a Hom-bialgebra. Then
the left-left Hom-Yetter-Drinfeld category £YD is a braided tensor category (see [5]), with tensor
product (M ® N, aj ® an) and associativity constraints, and the braiding is defined by

SrugN :HOMON — M@N, h@m@n (hy >y m)® (ha >y n)

and
pMEN M @N — H®M® N, m®n»—>b’*2(m,1n,1)®mo®no,

where h € H, m € M andn € N,

1

aNp: (MRN)®P — M@ (N®P), (m@n)®@p— ay (m)®(n®ap(p))

and
ey M@N — N@M, m@n— (82(m_y) >n ay'(n) @ ay (m)),

respectively, as well as unit (K,idg).

Left Radford biproduct and left-left Yetter-Drinfeld category (see [6]) Let (H, )
be a Hom-bialgebra such that 3% = idg, and (4, a) be a left (H, 3)-module Hom-algebra and
a left (H, ()-comodule Hom-coalgebra. Then (AiH, tanr, 1a @ 1a, Ao, €A R e, a® f) is
a left Radford biproduct Hom-bialgebra if and only if (A, ) is a Hom-bialgebra in the left-left
Hom-Yetter-Drinfeld category ZYD.

Quasitriangular Hom-Hopf algebra (see [23]) A quasitriangular Hom-Hopf algebra is a
octuple (H, u, 1y, A, £,5,08,R) (abbr. (H,(, R)) in which (H, u,1g,A,¢e,S, ) is a Hom-Hopf
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algebra and R = R' ® R? € H ® H, satisfying the following axioms (for all h € H and R = r):

(QT1) &(RY)R*= R'«(R* =1,

(QT2) R ®R'; @ B(R?) = p(RY) @ B(r') @ R*r?,
(QT3) B(R") ® R* @ R% = RYr' @ B(r?) ® B(R?),
(QT4) hyR'® hiR? = R'hy ® R%hy,

(QT5) B(R') ® B(R?*) = R' @ R

Remark 2.8 (1) When « = idy, a quasitriangular Hom-Hopf algebra is exactly the usual
quasitriangular Hopf algebra.

(2) Tt is slightly different from the definition in [23]. Here we replace the Hom-bialgebra
with the Hom-Hopf algebra and also add another two conditions (QT1) and (QT5). Similar to
the Hopf algebra setting, the quasitriangular structure R is invertible.

(3) Based on Yau’s results in [23], each quasitriangular Hom-Hopf algebra comes with solu-

tions of the quantum Hom-Yang-Baxter equations.

3 Double Biproduct Hom-Bialgebra

In this section, we mainly generalize the double biproduct bialgebra to the Hom-setting.
In order to define double biproduct Hom-bialgebra, we need first the right-handed versions of

some concepts and results. The proofs are similar to the left-handed versions, so we omit them.

Definition 3.1 Let (C,3) be a Hom-coalgebra. A right (C, 3)-Hom-comodule is a triple
(M, 0, ), where M is a linear space, 0 : M — M @ C (write 6(m) = mg @ mpy, ¥Ym € M) is
a linear map, and o is an automorphism of M, such that

(RCM1)  a(m)g ® a(m)n) = a(mg) ® B(mp)) and
(RCM2) - mygjj0) © mjoyn) ® Bmpy) = almio) @ mpp @ mpje,  mpojec (mpy) = a(m)
are satisfied for all m € M.

Definition 3.2 Let (H,3) be a Hom-bialgebra and (C,«) be a Hom-coalgebra. If (C, 6, «)
is a right (H, B)-Hom-comodule and for all ¢ € C,

(RCMC1)  cpop1 ® cloj2 @ B°(cy) = C1jo) @ Cao) ® C1[1)C2[1)
(RCMCQ) Ec(C[O])C[l] = 1H€C(C),
then (C, 4, ) is called a right (H, (3)-comodule Hom-coalgebra.

Definition 3.3 Let (H, 3) be a Hom-bialgebra and (C, o) be a Hom-coalgebra. If (C, <, @)
is a right (H, 3)-Hom-module and for all h € H and ¢ € A,

(RMC1) (¢<ah)1®(c<h)a=(c1 <h1)® (ca <h2),
(RMC2) ec(c<h)=eg(h)ec(c),

then (C, <, ) is called a right (H, 3)-module Hom-coalgebra.
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Definition 3.4 Let (H, () be a Hom-bialgebra and (A, «) be a Hom-algebra. If (A, 0, a) is
a right (H, 3)-Hom-comodule and for all a,a’ € A,

(RCMA].) 5(610,/) = ajo a’fO] (%9 a[l]ah],
(RCMAQ) 5(1A) =1a® 1y,

then (A, 0, «) is called a right (H, 3)-comodule Hom-algebra.

Definition 3.5 Let (H,3) be a Hom-bialgebra and (A, <, «) be a right (H, 3)-module Hom-
algebra. Then (HiA, f@a) (HiA = H® A as a linear space) and unit 1y ®14 is a Hom-algebra

with the multiplication
(h@a)(h'®a') =hp"" (1) ® (@ (a) < hy)d,

where a,a’ € A, h,h' € H, and we call it a right smash product Hom-algebra denoted by
(HpA, B ® «).

Proposition 3.1 Let (H,3) be a Hom-bialgebra and (C,d,«) be a right (H, 3)-comodule
Hom-coalgebra. Then (HoC,f®a) (HoC =H®C as a linear space) and counit eg @ ¢ is

a Hom-coalgebra with the comultiplication
Apoc(h®c) =h1 @ a™(crp)) ® B~ (he)er) ® 2,

where ¢ € C, h € H, and we call it a right smash coproduct Hom-coalgebra denoted by (H ©
C,p%a).

Theorem 3.1 Let (H,[() be a Hom-bialgebra, and (A, ) be a right (H, 3)-module Hom-
algebra with module structure <t : AQ H — A and a right (H, 3)-comodule Hom-coalgebra with
comodule structure § : A — A ® H. Then the following are equivalent:

(i) (HEA, LrpAs L @ 14, Apoa,en ® 4,8 @ ) is a Hom-bialgebra, where HiA is a right
smash product Hom-algebra and H ¢ A is a right smash coproduct Hom-coalgebra.

(ii) The following conditions hold (Ya,b € A and h € H):

(RR1) (A, d,«) is a right (H, 3)-comodule Hom-algebra,

(RR2) (A, <, «) is a right (H, 3)-module Hom-coalgebra,

(RR3) €4 is a Hom-algebra map and Aa(1a) =14 ® 14,

( Aa(ab) = a1 (byjg) @ (@ (az) < 6% (bip1)))b2, and

( (ao) < B%(M1)) @ Blap))he = (a < 5 (h2))jg) ® hi(a < 52 (ha))p)-

Definition 3.6 Let (H,(3) be a Hom-bialgebra, (M, <\ar, apr) be a right (H, 3)-module with
action <py - M@ H — M, m®@h +— m<iyh and (M, 6, any) be a right (H, 3)-comodule with
coaction ™ : M — M ® H, m mio) ® mpy. Then we call (M, <ar, 6M ) a right-right
Hom-Yetter-Drinfeld module over (H, (3) if the following condition holds:

RR4
RR5

— — — ~—

(RYD)  (mjg <1 8°(h1)) @ B(mpz))ha = (m <1 5°(h2))g) @ hi(m < 3% (h2))p),

where h € H and m € M.
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Definition 3.7 Let (H, ) be a Hom-bialgebra. Then the right-right Hom- Yetter-Drinfeld
category Y]D)g is a braided tensor category, with tensor product (M & N,apn ® ay) and asso-

ciativity constraints, and the braiding is defined by

1

apnp: (MA@N) QP —M®(N®P), (m@n)®@p— ay (m)®(neap(p))

and
cun : MON —NIM, m®n— a;,l(n[o]) ® (o) (m) <ar 62(71[1])),
respectively, as well as unit (K,idk).

Theorem 3.2 Let (H,(3) be a Hom-bialgebra such that % = idg, and (A, «) be a right
(H, 8)-module Hom-algebra and a right (H, 3)-comodule Hom-coalgebra. Then (HEA, LEpAs LE®
14, Afon, eg ®ea, @) is a right Radford biproduct Hom-bialgebra if and only if (A, «) is a
Hom-bialgebra in the right-right Hom- Yetter-Drinfeld category Y]D)g.

Next we introduce the two-sided smash product Hom-algebra, the two-sided smash coprod-

uct Hom-coalgebra and the double biproduct Hom-bialgebra.

Proposition 3.2 Let (H, ) be a Hom-bialgebra, (A,t>,aa) be a left (H,3)-module Hom-
algebra and (B, <,ap) be a right (H,3)-module Hom-algebra. Then (AtHEB, a4 ® 8 ® ap)
(ApHEB = A® H ® B as a linear space) and unit 14 ® 1y ® 1p is a Hom-algebra with the

multiplication
(@a@h@b)(d @h @b) =a(hi>ay'(d) @B (hah) @ (ag' (b) ARV,
where a,a’ € A, h,h' € H, b,b € B, and we call it a two-sided smash product Hom-algebra
denoted by (AtHEB, a4 ® B ® ap).
Proof It is direct to prove that
(a@h@b)(1a®1lp®lp)=(14®01g®1p)(a®@h®b) = as(a) ® B(h) @ ap(b).
On the other hand, for all a,a’,a” € A, h,h',h" € H and b,V', b € B, we have
(@a(a) @ B(h) @ ap(d))((d @K @V )(a" @h" @1"))
= aa(a)(B(h)r > ax' (@' (B > a3t (@) ® B7H(B(R)26~" (hyhi)h)
® (b 7 (hyh)2) (' (V) < hy)b")
LY a4(@)(B0n) o (o @)z (b > a3 (@) @ B (B(he) (3 (hy)B ™ (W)
© (b (87 (hy) B (h1))) ((ag" (V) < hy)b")
L a @87 () B 3 (@) (87 (haa) > 0! () 2 03 (a")
© B ((haB7 1 (hyy))hT1) @ (agt (b <1 (8" (hhy) B (B2))) (e (B) < B))ap(b”)
L 04 @87 () & 0z @)(B7 () & (871 (1) > a32(a")))
® 67 ((ha8 (hy)By) @ (a' ((ap! (b) < 871 (hhy)) < BYs) (e (B) < hy))ap(b”)
" aa@)((87 () & 03 @))(B7 (i)™ (W) & a3 0")
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® B ((haB7" (hiy))h1) @ (e (a5 (b) < B (h)) < hiy)(ap' (V) < h3))as(b”)

(C2)

=" aa(a)((h > a3 (@) (B2 (h)B72 (W) & ' (") @ B (B! (ha2) B ()

x B(h)) @ (ag' ((ap' (b) < hh) < h'z’l)(aél(b’)<ﬂ’1(h’z’)))a3(b")
(RM1)

=" aaa)((h > a3 (@)((B7%(ha1) 8~ (h1) > a3 (@) @ B~H((87 (ha2)

x 57 (W) B(RY)) @ (a5 (st (b) ) < 57 (h)) (gt () < 57 (1E))) s (V)
DD 4 (@) (> a3 (@) (B2 (han) B2 (Hhy)) & a (@)
(B (ha2) B (Whp))BURY)) @ (a5 (o () < o () <1 B(HY)) s (B)
“’”(A” aa(a)(h > a3 (@)(B (8 (halt 1) & s (@)
(B (hah)2B(W" 1) © (a (a5 (0) S BHY) < B )2)as (B)
‘LM“‘“) (alhs & a3 @))(5 (hahi)y & a”) © 57 (57 (hah})2B(h")1)

® (ap' ((ag'(b) < hy)b') < B(h")2)ap (")
=((@a®h@b)(a’ @ @V))(aa(a”) ® B(K") ® ap(?")),

which finishes the proof.
Dually, we have the following proposition.

Proposition 3.3 Let (H, ) be a Hom-bialgebra, (A, p,aa) be a left (H, 3)-comodule Hom-
coalgebra and (B, d,ap) be a right (H, 3)-comodule Hom-coalgebra. Then (Ao H o B,aa ® f®
ap) (AcHoB =A® H® B as a linear space) and counit €4 ® eg @ ep is a Hom-coalgebra
with comultiplication

Ala®h®b) = a1 ® ag—1)8~" (h1) @ ag' (bige) ® ' (az(0)) © B (h2)bipy) @ ba,
where a € A, h € H, b € B, and we call it a two-sided smash coproduct Hom-coalgebra denoted
by (Ao Ho B,aa®0®ag).

Theorem 3.3 Let (H,3) be a Hom-bialgebra such that % = idg, (A,aa) be a Hom-
bialgebra in the left-left Hom-Yetter-Drinfeld category 1YD and (B, ap) be a Hom-bialgebra in
the right-right Hom- Yetter-Drinfeld category YDZ. Then the two-sided smash product Hom-
algebra (AjHEB, a4 @ 0 ® ap) equipped with the two-sided smash coproduct Hom-coalgebra
(Ao Ho B,as ®3® ag) becomes a Hom-bialgebra if and only if

(DB)  fla(-1)) © bo) ® a(0) ® B(by)
= a-1)1 ® (a (b)) < B (a(-1)2)) ® (B*(bupn) > @ (a(0))) @ by,

where a € A and b € B.

In this case, we call this Hom-bialgebra a double biproduct Hom-bialgebra and denote it by
(ALHEB, s @ B ® ag).

Proof (<) We only need to check that Asopop is a Hom-algebra map. For all a,a’ €
A, h, W € H and b,b’ € B, we have

Asoro((a®h® b)(a/ ®h ® bl))
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= (a(h1 > oy (@)1 @ (alhy > ;" (@)2-) B~ (87 (hah)s)
® ag' (((ag' (0) < hy)b o) ® ag' ((a(hs > a3t (a'))2(0))
' (

® 67 (87 (hah)2) (o' (b) T ho)b )1y @ (g’ (b) <1 hy)b):

ALY (4 > a3 (@)1 ® (alhn > az (@)))a1) (B 2(ha1)B~2(Hy))

))2(0))
)

@ ag' (((ag' (b) Q) )1j0) ® oy ((alhy > o' (@)
1 @ ((ag' (b) < ho)b)s

® (B72(h22) B2 (1)) (e (b) < AoV

(LR4)(RR4) ,

)1l
a1(B8%(az(—1)) & ay ((h > 01" (a')1) @ (ay (az0)) (1 > 0" (a'))2) (1)
X (5_2(h21)5_2(h111))®043 (((aBl(b) h )1043 (bl[O])) )®04A ((0421(@2(0))
X (hi > a3 (a')2)(0) ® (B7%(ha2) 872 (o)) ((ap! (b) < hb)1ag! (W)

)
® (ap' (" (b) < hh)2) <1 B2 (V)b

(LCAL)(RGCAL) a1 (8% (ag—1)) > az' (b > ay' (@)1) ® (ax' (az0))(-1)

X (h1 >yt (@')a-1)(B72(ha1) B2 (h11)) © ap' ((ag' (b) < hy)oap' Big)o)
® oyt (ay (az(0)) 0y (1 > ay' (@'))2(0) ® (B7%(ha2) 872 (h12)) (a5 (b) < hb)ap

x ag! (by)) ® (o' ((ap' (0) < hy)2) < 57 (byy)))by

(LMC1)(RMC1) _ _ N
= a1 (B (az—1)) > ay' (hi > ay ' (a')1) @ (a1 (az(0)) (-1

X (hia > ay' (a)2) (1)) (B2 (ha1) B2 (h1y)) @ g ((ag" (b)1 <1 By ) o' (b)) o)
® ay' (0 (az(0)) o) (h1z > a3 (@) (2))(0)) @ (B2 (ha2)B 2 (hi2)) ((ap' (b)1 < k)

2(
% ag! (by)) ® (ap' (ap' (0)2 < hp) <1 52 (B 3)))by
)

)
(A2) 1/ 1 -1 -1 —1/ 7
=" a1(6*(ag(—1)) > oy (b > ;' (a)1)) @ (a; (az(0)) (—1y B ((haz > ay' (@')2)(—1))
Y

X (872 (h21)))B~ (1)) © ap' (' (b)1 < hby)g1es (Vg o))
® oy (0" (az(0)) 0y (ha2 > ' (@) (2))(0)) @ (B2 (ha2) B~ (B2 (h)y)
1]

x (ag' (b)1 < hay)u))Blag’ (b)) @ (ag' (ap' (b)2 < hiy) < B2(bpy)))by

(
(0—2)a1(62(a2< 1) B oz (B(h) > g’ (@) @ (o (az0) (1)
5(

(B (hanr) > ay ' (0)2) (<) (B3 (ha12)))hh @ e ((ag (b)r < B (hy12)) (o)
5 Vo)) ® ot (@ (as(0)) o) (87" (hanr) > ax' (@) 2) o)
"2 (ha2) B~ (877 (hh11) (g (b)1 < B (hhy2)) ) Blag (W) m)

X ag
® (B
® (ag' (ap' (0)2 < ) < B2 (byyy))bh

c a1</32<a2< ) B a7 (B(h) & a5 (@)1) @ (a5 (@)1

BB (B3 (hau)r) > @' (a')2) (- 1) (B7° (ha1)2))hy

®O‘Bl((0‘3 (b)y < B*(B~ (hl21) ))[0]043 (bl[O]) 1)

® ay' (a3 (az(0))0) (8% (h21)1 > a3 (') (2)) 0))

® (872 (ha2) B~ (B> (har)i(ag' ()1 < B2(67° (hy)2))) ) Blag! (o))
® (ap' (ap' (b)2 < hhy) < 52(5,1[1]))19/2
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P 41 (B (aa(1y) B a3 (B() & a5 (@)1)) @ (a3 (@20 1)~ (8% (han)s
x Blazt(@)a-1))hy @ ag' ((ag' (D)1 < B2 (873 (ho)1))ag (Vo)1)
® ay (@i (az(0))(0) (B2 (B3 (ha1)2) > a ' (') (2)(0))
® (872 (ha2) B~ (Blag" (0)112)) 87> (hy)2)) Blag" (B o))
® (ag' (g (b)2 < hyy) < BB [1]))b
NN 0 (82 (az( 1)) B a3 (B(h) & a3 (@)
® (" (azo)—1))B~ (B (harn)ah_1)))Py @ ap' ((ag' (bijo)) < hor1)ag (B o)0)
® ay' (ay" (az0)0)) (ha1o > 04;11(@/(2)(0)))) ® (5_2(/122)5_1(51[1]5_3(h1212)))bl1[o][1]
® (o' (' (b2) < hyy) <1 B2V y)))b
ML a1 (Blaz 1) & a3 (B(h) & a3 (@)
® (87 (ag(—1)2) 871 (872 (hann)ah _q)))hy @ ag* ((a' (baje)) < higyy)byg)
® oy (as(0) (har2 B> oy (afgy(0))) @ (B2 (ha2) B (bry B> (h12)))bipp
® (ap' (ap' (b2) < hiy) < B(b11112))5
2 a1 (Blaz- 1) & 03! (Bh) & a3 (@)
® (87 (ag(—1)2)8 % (hanr)) (ah_1y 71 () @ ' ((a" (baje)) < hiyy)bi)
® ' (ag(0) (ha12 &> 0‘21(@/(2)(0)))) ® (672 (ha2)b1p)) (B2 (hy12) B~ (Bipyn))
® (' (ap' (b2) < hby) <1 B(Vi110))bh
2 a1(Blaz 1) & a3 (i > a3 (61) @ (B (an-112)82(hz)) a1y B2 (R)
® 041_31((0@1(51[0]) < B(h/w))bll[o] ® 0‘21(@2(0) (B(har) > 04;11(@22)(0))))
® (872 (ha2)ba)) (B2 (hy) B~ (Mya1)) @ (' (' (b2) < hiyg) <1 (D) (112) 05
P 0 (Blaa ) > (871 () & 032 (ah)
® (87 (an(—1)2) 8% (h12))(ah_ 1) B (h1y) @ (ag” (b)) < M) (b))
® ay (as(0)) (ha1 B> a3 (aley())) @ (672 (ha2)bapa)) (82 (W) B~ (Vi)
® ((ap?(b2) <1 B (hhy)) <1 B(b70)) b5
P 01 (a1 87 () B a3 (@)
® (67" (ag(—1)2) 872 (h2))(ah_ 1) B2 (h7y) @ (ap” (b)) < hyp)a (b))
® ay (as(0)) (ha1 B> a3 (aley(0))) @ (B2 (ha2)bapa)) (B2 (W) B~ (Vi)
® (ap' (b2) < (571(’1/22)5/1[1]2))5'2
M a1 (aa 1B () B a1 (@)) @ 57 (s 87 (n))2)(ah B2 (M)
® (ap 2( ) < hyp)agt (bll[O]) ® a ' (ag(0)) (har > oy (a‘(Q)(O)))
® (877 (ha2)bipn)) B~ (B~ (hy)bip))1) @ (o' (b2) <1 (B (hh)bypyy)2)bh
= a1((ag—1y8~ ()1 > ax'(a))) @ B~ ((ag-1)B" (h))2)(ah_1y B2 (y)
® (ap ( 0) < hig)ag' (b 1[0]) ® a;' (ag))(har > 0422(@/(2)(0)))

— ~
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® ﬂ’l((5’1(h22)ﬂ(bl[1]))(ﬂ’1(h’z)bim)l) ® (ap' (b2) < (B (h)bypy))2)by

(DB)

=" a1((ag—1)B~ (M) > az'(a))) @ B (a1 87" (h1))2) (B (ab_1)1) B2 (h1y)
® (a5’ (brj) <V ah_1y9) < hiz)ag' (b)) ® ez (az(0))
X (ha1 > (bl[l]l D>y ( (2)(0)))) ® 6" ((5 (h22)bl[1]2)(ﬁ_1(hé)blm])1)
® (ap' (b2) < (671 (hy) 1[1]) )b
L 41 (@a 087 () 2 a3 (@) @ 57 (aa 157 (hn)2)
X (B (ah_1y)B72(h11) @ (a5 (b)) < (ah 19287 (B12))) s (B o))
® 04,41(@2(0))(( "(ha1)bipp) > iy (aly) o))
(G 1(h22)b1[1]2)(571(h,2) 1) © (ag' (b2) < (871 (hy)b))2)b
ar((ag—1)B~" ()1 > a3 (ah)) @ B~ ((ag—1) 871 (h1))2 a1y 8" (h1)1)
® (o (b ]) (ag_1yB " (h1))2)ag" (W) © a* (az())
X (B~ (h2)bih > a*(alay0))) @ BB (ha)bapa))2 (B~ (BE)bih)
® (o' (ba) < (671 (h)bip1))2)b5
= AscroB(a@h @ b)Apopop(a @b @),

(Al)(Cl)

andA(1A®1H®1B):1A®1H®1B®1A®1H®1B is easy.
(=)Seta=14, h=h'=1g,and ¥ =15 in

Ascrop((a@h@b)(a @h @b)) = Asoron(a @ h @ b)Asshop(a @B @b,

and we have

aa(a’)y ® Blaala)y—1) ® ag'(ap(b)ijp) ® oy’ (@a(d)z) ® Blas(b)iy) © ap(b):
= aa(a)) ® Blay_q))1 ® ap(ag’(big) < Blay_1))2)
® aa(Bbip) > oy (aby)) @ B(bipy)2 ® ap(be).

Then, applying e4 ® idy ® idp ®id4 ® idy ® e to the above equation, by (C1), we obtain the
condition (DB).

Remark 3.1 (1) When ay = ida, 8 =idy, and ap = idg, we get Majid’s double biproduct
bialgebra in [11].

(2) Let B = K, and we obtain the left Radford’s biproduct Hom-bialgebra. Let A = K,
and we obtain the following right Radford’s biproduct Hom-bialgebra H:A

Corollary 3.1 Let (H,(3) be a Hom-bialgebra, and (A, ) be a right (H, 3)-module Hom-
algebra with module structure <t : AQ H — A and a right (H, 3)-comodule Hom-coalgebra with
comodule structure § : A — A ® H. Then the following are equivalent:

(i) (HEA, PEpA, L @ 14, Apos,en @ 4,8 @ ) is a Hom-bialgebra, where HiA is a right
smash product Hom-algebra and H o A is a right smash coproduct Hom-coalgebra.

(ii) The following conditions hold (Ya,b € A and h € H):

(RR1) (A, 9, ) is a right (H, 3)-comodule Hom-algebra,
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RR2) (A, <, ) is a right (H, §)-module Hom-coalgebra,

RR3) €4 is a Hom-algebra map and As(14) =14 @ 14,

RR4) Aa(ab) = a1 (bijg) @ (a (az) < 5% (bipy)))b2, and

RR5) (ajg) <9 8%(h1)) © Blap)he = (a < B%(h2))jg) @ hi(a < 52 (ha))py-

Also, we have the following corollary.

(
(
(
(

Corollary 3.2 Let (H,3) be a Hom-bialgebra such that 3* = idg, and (A, «) be a right
(H, B)-module Hom-algebra and a right (H, 3)-comodule Hom-coalgebra. Then (HEA, WHpAs LH®
14, Afon,en ®ea, B ® ) is a right Radford biproduct Hom-bialgebra if and only if (A, «) is a
Hom-bialgebra in the right-right Hom- Yetter-Drinfeld category Y]D)g.

4 Quasitriangular Smash Coproduct Hom-Hopf Algebras

In this section, we introduce a class of new Hom-Hopf algebras: The T-smash coproduct
C op H, generalizing the T-smash coproduct studied in [3, 14]. The Hom-smash coproduct
Hom-Hopf algebra is a special case. Necessary and sufficient conditions for the smash coproduct
Hom-Hopf algebra to be quasitriangular are given.

In a way dual to [9, Theorem 3.1], we have the following proposition.

Proposition 4.1 Let (C,A¢c,ec,a) and (H,Ag,en, ) be two Hom-coalgebras, and T :
C®H— H®C (write T(c®h) = hr @ cp, Ve € C, h € H) be a linear map such that for
allce C and h € H,

(T)  ale)r ® B(h)r = aler) ® B(hr).
Then (Cor Ha® () (Copr H = C® H as a linear space) and counit ec ® eg with the
comultiplication
Acoru(c®h) =c1 @ B~ (h)r @ o (car) ® hy

becomes a Hom-coalgebra if and only if the following conditions hold:

(TS1) ep(hr)er =eg(h)a(e); hrec(er) = B(h)ec(c),
(TS2) hy1 @ hre @ aler) = BB (hi)r) ® hay @ e,
(TS3) Blhr) ® alc)r1 ® alc)re = hr @ a(cr): @ alcar),

where c € C; h € H and t is a copy of T'.
We call this a Hom-coalgebra T-smash coproduct Hom-coalgebra and denote it by (C op

H a® ().

Remark 4.1 (1) Let T(¢c®h) = c_1h ® ¢p in C'op H, and we can get the smash coproduct
Hom-coalgebra C' o H.

(2) When a = id¢ and 8 = idy, we can get the usual T-smash coproduct coalgebra (see
(3, 10]).

Theorem 4.1 Let (C,«, S¢) and (H, 3, S) be two Hom-Hopf algebras, and T : C@ H —
H @ C be a linear map. Then the T-smash coproduct Hom-coalgebra (C op H,a @ 3) equipped

with the tensor product Hom-algebra structure becomes a Hom-bialgebra if and only if T is a
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Hom-algebra map. Furthermore, the T-smash coproduct Hom-bialgebra (C op H,a ® [3) is a
Hom-Hopf algebra with antipode S defined by

S(c@h) = Sc(a™ er)) @ Su (B~ (h)r).
Proof We only prove that S is an antipode of (C o7 H,a ® (). The rest is straightforward
by direct computation. For all ¢ € C and h € H,
(S * idcops)(c® h) Sc( Hew))a™ Hear) @ Su (87187 (hn)r)i)he
2 Se(a(ew))a (e2)r @ Se (872 (ha)re)ha
Y Sea er))a ers) ® Su(B(32(ha)r))ho
= a"(So(er))a™ (er2) © Su(B(672(h1)1))he

‘D oL (Soleri)ers) © Su(B(5~2 ()r))ha
2 1cco(er) ® Su(B(672(h)r))ha

BV 1 cec(e) ® Su(B2(B7%(h1)))ha
=lcec(c) ® Su(hi)hs
=1c®1ye(c®h)

and

(idcorm * S)(c®h) = crSc(a™ (@™ (ear)e)) @ 871 (h)r Su (67 (ha)e)
D 1Sc(a(care)) ® B (h)rSu (B (har))
U2 e18c (a2 (ear) @ B (hy1) S (B (i)
@n . Sc(a™2(cor)) @ B~ (hr1Su (hr2))
= a1Sc(a™*(car)) @ B~ (1n)en (hr)
(=D ¢ Se(e2) @ 1em(h)
=1lc®1yg(c® h),

while

) @ Su (BB~ (h)r))
= Sc(ala™ (er)) ® B(Su (B (h)r))
= a(Sc(a ™ (er))) @ B(Su (B~ (h)r))
= (e ® B)(S(c®h)),

T

which finishes the proof.

Theorem 4.2 Let (C,a, Sc) and (H, 3,Su) be two Hom-Hopf algebras, and (C, p, ) be a
left (H, 3)-comodule Hom-coalgebra. Then the smash coproduct Hom-coalgebra (C o H,a ® [3)
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endowed with the tensor product Hom-algebra structure becomes a Hom-bialgebra if and only if
(C,p, ) is a left (H, 3)-comodule Hom-algebra and the following condition holds:

¢(-1h ® ¢0) = he-1) @ ¢(o).-

Moreover, the smash coproduct Hom-bialgebra (C' o H,a @ ) is a Hom-Hopf algebra with the

antipode
SCOH(C (24 h) = SC(ail(C(O))) ® SH(C(_l)ﬁil(h)).

Proof Let T(c® h) = ¢(—1)h ® c(p), Vc € C, h € H in Theorem 4.1.

Next, we generalize the concept of compatibility Hopf algebra pairs (see [10]) to the Hom-
setting.

Definition 4.1 Let (C,, S¢) and (H, 3, Sw) be two Hom-Hopf algebras, and 9 = 9*®@9? €
C @ H. A Hom-compatibility Hopf algebra triple is a triple (C, H,9) such that (¥ = 1)

(CT1) ec(@)9? =1g, 9en(¥?) =1c,

(CT2) 91 @0 ® B(W?) = a(®W!) @ a(T) ® 927,
(CT3) () @ ¥4 @v2% =0'T @ 8T @ B(9?),
(CT4) a(@') ® BW?) =9 @ v>.

Remark 4.2 (1) When o = id¢ and 8 = idy, we can get the compatibility Hopf algebra
pairs.

(2) If (H, 8, R) is a quasitriangular Hom-Hopf algebra, then (H, H, R) is a Hom-compatibility
Hopf algebra triple.

(3) ¥ is (convolution) invertible with 9! = So(91) @ ¥2.

Proposition 4.2 Let (Cor H,a® ) be a T-smash coproduct Hom-Hopf algebra. Define
p:Copr H—C, Yp(c®@h)=cep(h), ¢:CorH— H, p(c®h)=-cc(c)h

forallce C and h € H. Then ¥ and ¢ are both Hom-bialgebra maps.
Proof Straightforward.

Let (Cor H,a® [3) be a T-smash coproduct Hom-Hopf algebra, and R € Cor H® C or H.
Define

—~

YRYP)R)eCR®C, Q=(p@y)(R)e H®H,

P
U=Wop)(R)eCH, V=(e¢)(R)cH®C.

The following two lemmas are obvious.

Lemma 4.1 Let (Cor Hya® f3) be a T-smash coproduct Hom-Hopf algebra. If R satisfies
(QT1), then

ec(PYP? = Plog(P?) = 1¢,
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en(Q1)Q* = Q'vu(Q?) =1y,
ec(UNHU? =1y, Uley(U?) = 1¢,
EH(VI)V2 =1¢, Vl’Uc(VQ) =1g.

Lemma 4.2 Let (Cor H,a® f3) be a T-smash coproduct Hom-Hopf algebra. If R satisfies
(QT5) for a® B, then

(@@a)(P)=P, (800)(@Q)=Q, (a@f)U)=U (BeaV)=V

Lemma 4.3 Let (Cor Hya ® 3, R) be a quasitriangular T-smash coproduct Hom-Hopf

algebra. Then, we have
(QS) (@®B®a®pB)(R)=U'P' @Q'Ve PV UQ>
Proof By (QT2) and (QT3), we have

RY @B (R)r@a ' (Rlar) @ R @ RP @ 871 (RY:) @ a7 ' (R) © RY
=R'R o RR or' or P e R e R 7o R%* @ R
Applying ¥ ® ¢ ® ¥ ® ¢ to the above equation, we can get (QS).

Lemma 4.4 Let (Cop Hya ® ,R) be a quasitriangular T-smash coproduct Hom-Hopf
algebra. Then, for all c € C, and h € H, we have

(D1) B (VYHr® Plp @ PPV2 =V a(P') @ V2P?
(D2) QY e@U'TeUQ* = Q' ®a(U') ® Q*U?,
(D3) QV'ef  (@)reVir=V'Q' @Q*®a(V?),
(D4) U'P'@ 71 (U?)r @ P’r = PU' @ U? © a(P?),
(D5) BV @a(c)V? = Ve @ Via a(c)r),
(D6) o a(e)r)U' @ heU? = U'a(c) @ U?B(h).

Proof By (QT2), we can obtain
RY @B Y (R*)r®a ' (R'ar) ® R? ® o(R?) @ B(RY)
= a(RY) ® B(R?) @ a(r') @ B(r*) ® R*r® @ R, (4.1)
Applying ¢ ® ¥ ® ¥ to (4.1), we have that (D1) holds by (QS) and (T). Similarly, applying
Y@1Y @ to (4.1), we can get (D2) by (QS) and (T).
By (QT3), we have
a(RY) @ B(R*) @ R*1 @ B (R*2)r ® a™ ' (R?ar) ® R,
= R @ R*? @ a(r®) @ B(r*) ® a(R?) @ B(RY). (4.2)

(D3) can be obtained by applying ¢ ® ¢ ® ¥ to (4.2) and by (QS) and (T). Likewise, one gets
(D4) by using ¢ ® ¢ ® ¢ to (4.2) and by (QS) and (T).
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By (QT4), for all ¢ € C and h € H, we have

a teor)R' @ haR* @ o1 R* @ B (hy)r R?
= R'c; @ R?87 (h1)r ® R¥a ™ (car) ® R*ha. (4.3)

Apply ¢ ® 9 to (4.3), we get (D5). (D6) is derived by applying ¢ ® ¢ to (4.3).

Lemma 4.5 Given a quasitriangular structure R on a T-smash coproduct Hom-Hopf al-
gebra (C op H,a® f3), consider the induced elements P, QQ, U and V. Then

(1) (Cya, P) and (H,3,Q) are quasitriangular Hom-Hopf algebras, and

(2) (C,H,U) and (H,C,V) are Hom-compatibility Hopf algebra triples.

Proof (1) Applying ¢ ® ¢ ® ¢ to (4.1) and (4.2), we can get (QT2) and (QT3) for P,
respectively. (QT4) can be derived by applying ¢ ® ¢ to (4.3). Then by Lemmas 4.1-4.2,
(Cya, P) is a quasitriangular Hom-Hopf algebra. Similarly, we can prove that (H,[3,Q) is a
quasitriangular Hom-Hopf algebra.

(2) Apply Y @Y @ ¢ to (4.1), and ¥ ® ¢ ® ¢ to (4.2). (CT2) and (CT3) can be obtained for
U, respectively. Then (C, H,U) is a Hom-compatibility Hopf algebra triple by Lemmas 4.1-4.2.
The rest of (4.2) can be similarly demonstrated.

Lemma 4.6 Let (Cop H,a® (8) be a T-smash coproduct Hom-Hopf algebra. If there exist
elements Pe C®C, Qe HRH, UecC®H andV € H® C such that

(1) (Cya, P) and (H,3,Q) are quasitriangular Hom-Hopf algebras,

(2) (C,H,U) and (H,C,V) are Hom-compatibility Hopf algebra triples, and

(3) the conditions (D1)~(D6) in Lemma 4.4 hold,
then (Cor H,a® 3, R) is a quasitriangular Hom-Hopf algebra with the quasitriangular structure
given by

(a®@pB®a®p)(R)=U'P' @ Q'V'® P?V? e U?Q.
Proof It is obvious that R satisfies (QT1) and (QT5).
Next, we show that (QT3) holds for R:

LHS=U'P' @ Q'V' @ a ' (P*)1a” ' (V)1 @ 871 (B (U187 (Q)1)r

®a (@ (P?aa”  (V2)a)r) @ 871 (U?)2f71(Q%)a

SUP e QW g a T (P)aT (VA © 57O UM)ATHQN )
®a (a7 (P%)a”H (V2))r) @ B7H(U?2)671(Q%)

LI o () (PR @ 5@ (V) @ P @ 67 (u)r

®a” ((PPV)r) @ UQ?

(A2) ofl((Ulofl(ulPl))a(pl)) ® ﬁfl((Qlﬁfl(qlVl))ﬁ(vl)) 2 p*0? @ ﬁfl(u2q2)T
® o ((PPV?)r) @ UPQ?

(D4)(D3) a_l((Ula_l(Plul))a(pl)) ® 5_1((Qlﬁ_1(vlql))ﬁ(vl)) @ p?0? @ ulg?

® PV e U?Q?

(A:2) a—l((Ulpl)(ulpl)) ®ﬂ_1((Q1V1)(qlvl)) ®p2,02 ®u2q2 ®P2V2 ® U2Q2



Double Biproduct Hom-Bialgebra and Related Quasitriangular Structures 947

= RHS.
(QT2) for R can be proved by the similar method. And we check (QT4) as follows:

LHS = a (cor)R* @ hoR? @ ¢, R® @ 7 (h)r R
a Hear)a H(U'PY) @ ho 1 Q') @ cra” H(PPV?) @ 871 (ha)r 871 (UPQ?)
Lo ear (U PY) @ B (B(h2)(@'V) @ 0 aler ) (P2V2)
® 516 (h)r) (UQP))
o~ ((a M ear)UMa(PY) ® 571 (h2QH)B(VY)) @ a~ ' (1 PPa(V2)
® 5187 (h)TU)B(QP))
2 a1 (Urer)alP) © 871 (hQYBVY) © a (e PY)a(V?))
® ﬁ’l((Uth)B(QQ))

(

[

(A2)

P a0 U (eP) @ 571 (1Q)AV) @ o~ (e PAa(V?))
® 5 (BU)(MQ >>
B 0 a0 (Ple) @ BH(Q BV @ 0 (PRea)a(V?)
® BHBU) %))
IR 0T U PYer @ 57HBQ) (V) ® a”Ha(PH) (V) @ 87 (UQ s
(D5

2 0T (U PYer @ B (BQD(VIA ()r) @ o~ (a(PA)(Via~ (ear)
® ﬁ_l(UQQQ)hQ

WL U PYer © B7HQWVNB T ()r © a N (PPV2)a (ear) © B7HUQ)hs
=R'ci @ R*B7 ' (h1)r @ R*a™(car) @ R*hay
= RHS.

Therefore, (C or H,a ® 3, R) is a quasitriangular Hom-Hopf algebra.
Thus it follows from Lemmas 4.1-4.6 that we have the following theorems.

Theorem 4.3 The T-smash coproduct Hom-Hopf algebra (Cor H,a® (3) is quasitriangular
if and only if there exist elements Pe C®C, Qe HRH, U €¢ C® H andV € H® C such
that (C,a, P) and (H,[3,Q) are quasitriangular Hom-Hopf algebras, (C,H,U) and (H,C,V)
are Hom-compatibility Hopf algebra triples, and the conditions (D1)~(D6) in Lemma 4.4 hold.

Moreover, the quasitriangular structure R on (C op H,a ® [3) has a decomposition
(a®pBea®p)(R)=U'P'2Q' V' @ PPV’ U*Q*

Theorem 4.4 The smash coproduct Hom-Hopf algebra (C'o H,a ® [3) is quasitriangular
if and only if there exist elements Pe C@C, Qe HRH, U € C® H andV € H® C such
that (C,a, P) and (H,(3,Q) are quasitriangular Hom-Hopf algebras, (C, H,U) and (H,C,V)
are Hom-compatibility Hopf algebra triples, and the conditions (E1)~(E6) below hold:

(B1) P'_pyp'(VH)@Plo@PV?=V'®aP") e VP
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(E2) U'yp ' (QYeUlh)eU?Q*=Q' @ a(U') ® Q*U?,

(B3) QW' V?_ y (Q)a Vi =V'Q' ®Q*®a(V?),

(B4) U'P'®@P*_)B ' (U*) ® P =P'U' @U@ a(P?),

(E5) BV @ a(c)V? = Via(e)nh e Via  (alc) o),

(E6) a™!(a(e))U' @ ale)nhU? = Ula(e) @ U*B(h).

Moreover, the quasitriangular structure R on (C o H,a ® (3) has a decomposition
(@@ feap)(R)=U'P'eQ'V e PVie UQ*
Proof Let T(c® h) = c¢—1)h @ c(o), Ya € A, h € H in Theorem 4.3.

5 Applications

In this section, we extend the applications of the main results in Section 4 to a concrete
example.

The following result is clear.

Lemma 5.1 Let KZy = K{1,a} be a Hopf group algebra (see [19]). Then (KZsg,idxz,, Q)
18 a quasitriangular Hom-Hopf algebra, where Q = %(1 Rl+a®l+1®a—a®a).
Let To 1 = K{1,g9,z,9z | g> = 1,2° = 0,29 = —gz} be Taft’s Hopf algebra (see [20]), and
its coalgebra structure and antipode are given by
Alg)=g®yg, Alx)=z0g+1lez, Algr)=gr®1+gQ gz,
6(g) =1, E(IE) =0, E(gfﬁ) =0
and

Define a linear map a: To, 1 — T 1 by
a(l)y=1, alg) =g, olz)=%kx, olgr)=kgx,

where 0 # k € K. Then « is an automorphism of Hopf algebras.

So we can get a Hom-Hopf algebra H, = (T2, —1,0o pug, 11, Ag, 0061, _,, ) (see
[15]).

Lemma 5.2 Let H, be the Hom-Hopf algebra defined as above. Then (Hy, o, P) is a
quasitriangular Hom-Hopf algebra, where P = %(1 R1+gR1+109g—gRg).

Proof It is straightforward by a tedious computation.
Theorem 5.1 Let K7Zs be the Hopf group algebra and H, be the Hom-Hopf algebra defined
as above. Define the comodule action p: Hy, — KZs ® Hy by
p:H, — KZy® H,,

1y, — 1Kz, ® 1g

a?
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9+ lkz, ®g,
T ka®w,

gr — ka ® gz.

Then by a routine computation we can get that (He, p, @) is a left K Zg-comodule Hom-coalgebra.
Therefore, (HotKZso, o ® idiz,) is a smash coproduct Hom-coalgebra.

Furthermore, (HoiKZs, « ® idkz,) with the tensor product Hom-algebra becomes a Hom-
Hopf algebra, where the antipode S is given by

Sy, @ 1kz,) =1n, @1kz,, S(lg, ®a) =1y, Va,
S(g®1kz,) = 9@ 1kz,, S(g®a)=g®a,

S(z @ 1kz,) = gr ® a, S(z®a) = gz ® lkz,,
S(gr ®1kz,) = —r R a, Slgr®a) = —z® 1kz,.

Lemma 5.3 Let KZy be the Hopf group algebra and H, be the Hom-Hopf algebra defined
as above. Define

1
U=5(121+10a+9®1-g@a)€ Ho® Ky,

1
V= 5(1®1+a®1+1®g—a®g) € K7y ® H,.
Then (Hy, KZ2,U) and (KZ2, H,, V) are two Hom-compatibility Hopf algebra triples.
Proof Straightforward.

Theorem 5.2 With the notations as above, the smash coproduct Hom-Hopf algebra
(HQHKZQ, o ®idkz,, R)

s a quasitriangular Hom-Hopf algebra, where

1
R=-(1018181+90a®1@1+101098a—g@a®g®a).

Proof It is easy to prove that the conditions (E1)—-(E6) hold. And by Lemmas 5.1-5.3 and
Theorem 4.4, we can finish the proof.
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