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On the Same n-Types for the Wedges of the
Eilenberg-Maclane Spaces*

Dae-Woong LEE!

Abstract Given a connected CW-space X, SNT'(X) denotes the set of all homotopy types
[X'] such that the Postnikov approximations X (™ and X’(") are homotopy equivalent for
all n. The main purpose of this paper is to show that the set of all the same homotopy n-
types of the suspension of the wedges of the Eilenberg-MacLane spaces is the one element
set consisting of a single homotopy type of itself, i.e., SNT(X(K(Z,2a1) V K(Z,2a2) V
-V K(Z,2ay))) = * for a1 < az < --- < ag, as a far more general conjecture than the
original one of the same n-type posed by McGibbon and Mgller (in [McGibbon, C. A. and
Mgller, J. M., On infinite dimensional spaces that are rationally equivalent to a bouquet
of spheres, Proceedings of the 1990 Barcelona Conference on Algebraic Topology, Lecture
Notes in Math., 1509, 1992, 285-293].)

Keywords Same n-type, Aut, Basic Whitehead product, Samelson product, Bott-
Samelson theorem, Tensor algebra, Cartan-Serre theorem, Hopf-Thom

theorem
2000 MR Subject Classification 55P15, 55537, 55P62

1 Introduction

Let us call X(™) the n-th Postnikov approximation of a connected CW-space X. X (™ is a
CW-complex obtained from X by adjoining cells of dimension > n + 2 such that m;(X (™) =0
for i > n 41 and m;(X™) = 7;(X) for i < n. The Postnikov k-invariants k"1 (X) of X are
maps X (™Y — K(7m,(X),n + 1) and thus cohomology classes in H"+(X("=1; 7, (X)) for
n > 2. We say that two connected CW-spaces X and X’ have the same n-type if the n-th
Postnikov approximations X (") and X’(") are homotopy equivalent for all n > 1.

An interesting question raised by J. H. C. Whitehead is this: Suppose that X and X’ are
two spaces whose Postnikov approximations, X (™ and X’("), are homotopy equivalent for each
integer n. Does it follow that X and X’ have the same homotopy type? It is well known that
either if X is finite dimensional (use the cellular approximation theorem) or if X has only a
finite number of nonzero homotopy groups, then the answer to Whitehead’s question is yes!
However, in general, there are examples, founded by Adams [1] and Gray [6] independently,
saying that the answer to this question is no! It is also shown that in [16] if the base space of
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a sphere fibration ¢ : E —— B is a topological manifold, then a Hopf index theorem can be
obtained.

Let Z be the ring of integers and let 3 denote the suspension functor. For a connected CW-
space X, we let SNT(X) denote the set of all homotopy types [X'] such that the Postnikov
approximations X (") and X'(") are homotopy equivalent for all n. This is a pointed set with
base point * = [X]. It is well known in [11] that the set of all the same homotopy n-types for
the k-th iterated suspension of the Eilenberg-MacLane space K(Z,2b+ 1) is trivial for k > 0;
that is, SNT(X*K (Z,2b+1)) = *. One reason of this fact is that 2* K (Z, 2b+ 1) has a rational
homotopy type of a single sphere of dimension k£ + 2b+ 1. As we can see, the even dimensional
case is much more complicated because XK (Z,2a) has a rational homotopy type of a bouquet
of infinitely many spheres of dimensions 2a + 1,4a+ 1, -+ ,2na+1,---. So it is natural to ask
in the case of even integers. The first interesting case (a = 1) is the following conjecture.

Conjecture 1.1 (see [11, p. 287]) SNT(XK(Z,2)) = *.

The positive answer to this conjecture was given in [8]. More generally, what will happen
in the case of the suspension of the wedge products of the Eilenberg-MacLane spaces of various
types? After suspensions or wedge products of the Eilenberg-MacLane spaces K(Z,2a) and
K(Z,2b+ 1) for a,b > 1 as the infinite loop spaces, they become much more intractable, and
they are worth mentioning what it is in the SNT-sense. The purpose of this paper is to provide
an answer to the above query as a general version of the original same n-type conjecture.

Theorem 1.1 LetY := K(Z,2a1)V K(Z,2a3) V -V K(Z,2ay,) be the wedge products of
the Eilenberg-MacLane spaces, where a; is the positive integer for i =1,2,---  k with a1 < as <
<+~ <ag. Then SNT(XY) = .

In this paper we often do not distinguish notationally between a base point preserving map
and its homotopy class. We denote QQ by the set of all rational numbers. As an adjointness,
we will make use of the notations ¥ and  for the suspension and loop functors in the based
homotopy category, respectively.

2 Homotopy Self-Equivalences of CW-Spaces

Let Aut(X) be the group of homotopy classes of homotopy self-equivalences of a space
X and let Aut(m<, (X)) denote the group of automorphisms of the graded Z-module, <, (X),
preserving the Whitehead product pairings. McGibbon and Mgller (see [11, Theorem 1]) proved
the following theorem.

Theorem 2.1 Let X be a 1-connected space with finite type over some subring of the ratio-
nals. Assume that X has the rational homotopy type of a bouquet of spheres. Then the following
three conditions are equivalent:

(a) SNT(X) = *;

()
(b) the map Aut(X) int Mg Aut(X(")) has a finite cokernel for each n;

(c) the map Aut(X) Ik Aut(n<, (X)) has a finite cokernel for each n.

In 1976, Wilkerson (see [21, Theorem 1IJ) classified CW-spaces having the same n-type up
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to homotopy, and proved that for a connected CW-complex X, there is a bijection of pointed
sets
SNT(X) ~ lim'Aut(X™),

where lim' is the first derived limit of groups (not necessarily abelian) in the sense of Bousfield
and Kan [4]. Thus, if X is a space of finite type, then the torsion subgroup of 7, (X () can be
ignored in the lim'-calculation (see [12]).

We note that Y has a CW-decomposition of wedges based on the Eilenberg-MacLane spaces
K(Z,2as) as follows:

K(Z,2a5) = §%% UT{ U,, e UT5 Uy, e U---UTS_, U, _, "% UTs U, ?thas. ..

for s =1,2,--- , k, where v, is an attaching map, and 7,7 denotes the other cells or the Moore
spaces for torsions of the reduced homology groups for n =1,2,3,---.

In order to define the homotopy self-maps of the suspension of wedges of the Eilenberg-
MacLane spaces K(Z,2as), s = 1,2,---,k, we first define maps @% : Y — QXY for s =
1,2,--- ,kand n=1,2,3,--- as follows.

Definition 2.1 Let
K(Z,2a5)¢ = K(Z,2a1)V ---V K(Z,2a5_1) V K(Z,2as41) V - - -V K(Z, 2ay,)

for each s =1,2,--- |k, and let Y denote the t-skeleton of Y := K(Z,2a1)V K(Z,2a2) V -+ -V
K(Z,2ax). Then the cofibration sequences

i1,a Pl,as

K(Zv 2as)c — Y —— Y/K(Za 20’S)C
and
YQnaS—l 7’":‘%; Y p"vc"-; Y/Y’Znasfl
induce the exact sequences of groups

# i
Py as

Y/ K(Z,2a,)°, QSY] 2225 [V, Q5Y] —2% [K(Z, 2a,)°, QSY]

and
ﬁ 151 a
Y/ Yana,—1, Q5Y] 2% [V, QEY] —% Va4, 1, QY]
forn>2and s=1,2,--- k. We now take essential maps
-1

Pl e, (x) =ker(i}, ) C [V, QY]
and

pu et (x) =ker(it , ) C [Y,Q%Y]
forn>2and s=1,2,--- k. Similarly, we can choose maps

b3 Y/ K(Z,2a,)° — QXY

and

0% Y/ Yapa,—1 — QXY

with p’i!as (QZ?) =] and pBwS (122) =@% forn>2ands=1,2,---,k, respectively, by using
the above exact sequences.
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In the above definition, we note that
Y/K(Z,2a5)¢ = S U higher cells
and
Y/Yona, -1 = S*"® U the other sphere(s) and higher cells.

We now have the following definition.

Definition 2.2 We define the rationally non-trivial homotopy elements ZV* and Z% of
the homotopy groups modulo torsions ma,, (QXY)/torsion and mapn,, (QAXY)/torsion by Z{* =

17| g2as and T = )% | g2nas, respectively, for s =1,2,---  k and n > 2.

We now take the self-maps @2 : ¥Y — XY and maps 2% : §2"%+1 — Y as the adjointness
of % 1 Y — QXY and 7% : §?"% — QXY respectively, for s = 1,2,--- ;kand n =1,2,3,---.
We then order the basic Whitehead products (see [7]) of weight 1 on the graded homotopy groups
modulo torsion, m.(XY)/torsion, as follows: We order the rationally non-trivial elements x%
and 2% of . (XY) /torsion as z% < x% either if dim(z% ) < dim(z%), or if dim(z% ) = dim(z%)
and as; < a; for s,t =1,2,--- Jkand m,n=1,2,3,---.

Let [pfs, pft] : XY — XY be the commutator of self-maps ¢%: and ¢%; that is

[ Pn'] = O + 00t — P — 0,
where the operations are the suspension additions on Y. By using this suspension structure, we
construct self-maps of XY by T+ [, [ga(:;:l v Lenst oni] -+ ]], where T is the identity map
of XY and [¢n, [@Z‘;ljll o [omit, ome2] - - -] s the I-th iterated commutator of self-maps pn’
XY — XY, i =1,2,---,1 on the suspension structure for s; = 1,2,--- ,k, and n; = 1,2,3,---.
The Whitehead theorem asserts that the above self-maps I+ [@n:! [go(:;:l N e I |
of XY are actually homotopy self-equivalences.

We note that the above iterated commutator maps

as, as, Qsy

as,
[90"1 ’[@nll—llﬂ.” ;[@nl y Pngy ]"'HIEY—>EY

do make sense because there are infinitely many non-zero cohomology cup products in Y so that
it has the infinite Lusternik-Schnirelmann category (see [20, Chapter X] and [18]). Moreover,
Arkowitz and Curjel (see [2, Theorem 5]) showed that the n-fold commutator is of finite order
if and only if all n-fold cup products of any positive dimensional rational cohomology classes of
a space vanish.

Remark 2.1 (a) Let = be a rationally non-trivial indecomposable element of the homotopy
ErOUpPs T2(nyay, +noasy,+-4nias,)+1 (XY). Then
s As)_ s s s Asy_ s s
I+ [spf”" ) [‘Pnzill DA [30‘71“1 ) 50%22] e ]])ﬁ(x) =x+ [@gulﬁ [Somlfll IR [‘P?nl ) 90222] e ]]li(x)v

where the first addition is the one of suspension structure on XY, while the second addition
refers to the one of homotopy groups (see [8, Lemma 3.2]).
(b) Let J: Y — QXY be the James map. Then we have

asy sy ~NAs) Gy ~Asy  ~Usg

Q[Qp?;la[@z?l—_lla"' a[%pnl ) Pna ]H oJ = [90711, 7[50’%—1 y " a[%pnl ) P ]H
in the group [Y, QXY (see also [9, Lemma 4]).
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By using the Serre spectral sequence of a path space fibration
K(Z,2as — 1) — PK(Z,2as) — K(Z,2as)

for each s = 1,2, -+ | k, we have an algebra isomorphism H*(K(Z,2a); Q) = Q[as]. Here Q[as]
is the polynomial algebra over Q generated by a, of dimension 2a,; that is, a is a generator
of H?%(K(Z,2as);Q) with (o™, a!)) = 6mn, where o, is a rational homology generator of

dimension 2nas.

3 Proof of Theorem 1.1

We point out that the proof of Theorem 1.1 depends highly on Theorem 2.1. We remark
that the total rational homotopy group L= (QXY) ® Q of QXY is a graded Lie algebra
over Q with Lie bracket ( , ) given by the Samelson product which is called the rational
homotopy Lie algebra of XY (see [14] for the de Rham homotopy theory). For s = 1,2,---  k

and n = 1,2,3,---, we let L<,_, denote the subalgebra of L generated by all free algebra
generators of degree less than or equal to 2nag, that is

Egas,n = T<2na, (QEY) (24 Q

with generators 5{%7 € T2n;a., (QXYp) so that njas, < nas, where 5{%7 D S§2niasi — ONY is
the composition r o f(ﬁ] of the rationally non-trivial indecomposable element fc\?h D §2njas;
QXY of Ton;a,, (2XY) /torsion for s; = 1,2,--- ,k and n; = 1,2,3,--- with the rationalization
r: QYY — Q¥Yy. As an adjointness,

‘Cgas,n = 7T§2na5+1(2Y) & Q

with the Whitehead product [, ]w has the graded quasi-Lie algebra structure which is called
the Whitehead algebra with generators XZJ € ﬂgnjasﬁl(EYQ).

Remark 3.1 We consider the following cofibration sequence:

[enyt ens? Iw
52(n1a51+n2a52)+1 o e G2n1as,+1 ) G2n2as,+1 __, G2nias +1 o SQngaS2+17

where
Tn}t € Tonya,,+1 (S99 M) 2 7 C may 0, +1(EY) /torsion

are the rationally non-trivial homotopy elements. By considering the homotopy cofibre of
the above Whitehead product map and the cohomology cup product argument on it, we can

see that [x?fﬁ,xf{?]w is rationally non-trivial, and that by induction on [ the iterated ba-
sic Whitehead products [lel , [xij"_‘ll s it e lw - - - Jwlw in the graded homotopy group

7« (XY) /torsion are also rationally non-trivial (see [10, Lemma 3.5] for details).

Thus we can define the following.

Asp_q

Definition 3.1 The basic Whitehead product [xmi', [xn,'3b, - [xmis xm2lw -+« lwlw is
said to be a purely decomposable generator of the rational homotopy group in dimension 2(nya;+
Noag + -+ +ngay) + 1 if s1 = so = --- = s;, and it is said to be a hybrid decomposable gener-
ator if there is at least one s; which differs from one of those s;, where i € {1,2,--- .1} and
j=1,2,---,1.
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Recall that

H.(Y;Z)/torsion & Z{3;°

n=123,--and s=1,2,--- ,k}
as a graded Z-module and

H.(Y;Q) = Q{by

n=1,23,---and s=1,2,--- k}

as a graded Q-module, where 3% and b%s are the standard generators of the homology groups
Hypo. (Y;Z)/torsion and Hape, (Y;Q), respectively for n =1,2,3,--- and s =1,2,--- , k. The
Bott-Samelson theorem (see [3]) says that the Pontryagin algebra H,.(QXY;Q) is isomorphic
to the tensor algebra TH,(Y;Q) generated by {b% | n=1,2,3,--- and s =1,2,--- ,k}.

Let ad[pn;!, [go(:;:l o et on2] -] 1 Y — QXY be the adjoint of the iterated com-
mutator map [pn., [ap(:;l_‘ll s lenit ome2] -] : Y — XY, Then we have
as Asy_ s s ~As sy Qs Qs
ad[‘)oml ’ [So’ﬂll—ll L [@le ’ 410?122] e ]] = [‘pml ’ [So’ﬂll—ll IR [@7111 ’ 90?122] T ]]a

since the map ad = 7 : [XY, XY] — [V, QXY defined by

(adep)(y)(t) = P(y)(t) = »(y, 1)

is an isomorphism of groups, where p € [XY,XY], y €Y, t € [ and (y,t) € Y. Moreover, we
have the following lemma.

Lemma 3.1 Letj:Y; — Y and q:Y; — St be the inclusion map and the projection to the
top cell of Yy, respectively. Then the following diagram

J

Y, € Y
lq = i[@i‘;’f,[sz?;j‘_;,---,[aiil,ai;ﬂ---n (3.1)
St NG

_ag sy _Ggq Qg
@y @y e (@0 By ) )

sy ~Gsp_ g

is commutative up to homotopy, where t = 2(nias, + naas, +- - -+mnjas,) and (Tn,", (T, 5y,

<Aa51 AUy >

Tny' Tny?) - -+ )) 18 the iterated Samelson product.

Proof We first consider the exact sequence

* *

Y)Y, Y AY] 2= [V, Y AY] —=[Y;_1,Y A Y],
induced by a cofibration sequence
Vi1 sy 2> Y)Y

Let A:Y — Y AY be the reduced diagonal map (i.e., the composite of the diagonal A : Y —
Y x Y with the projection 7 : ¥ x Y — Y A Y onto the smash product) and let pp, 4, :Y —
Y/ Y21,a,,—1 be the projection for ¢ = 1,2. Then by using the cellular approximation theorem,
and considering the cell structure of Y A'Y and the composition with

Pny,as, /\pn27a52 Y AY — Y/Y2n1a5171 A Y/anza”,l,
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we have (Pny.a., A Pnsa.,) © Aoi =% From the above exact sequence, there exists a map
Vv Y/Y%,1 — Y/Y2n1a5171 A Y/Y2n2a5271

such that Vop = (pn; 4., A Pnsas,) © A.
By using this fact, we now consider the following commutative diagram up to homotopy
(see also [13] in the case of the infinite complex projective space):

Vi,
A Pt AGny?
Y YAY QXY AN QXY
J P Pnyias, /\Pnz,%z id (3'2)

~as,  ~as
Uyt A o2

Y)Yy ———=Y/Yana, -1 ANY/Yansa,, -1 —— QXY A QDY

Y,

~@s PCF
xngll /\17,22
C
q
~Qs] ~Qs
— (Zn " Bny?)
St Gg2nias; A G2n2as, 0%

where ¢ = 2(njas, +n2as,) and C : QLY AQXY — QXY is the commutator map with respect
to the loop operation, that is

C(@ni* (1), Puz* () = @’ () - Gni* () - (B ()~ - (B0 ()~

Here the multiplication is the loop multiplication and the inverse means the loop inverse v :
QXY — QXY defined by v(w) = w™!, where w™1(t) = w(1 —t), t € [0,1]. It shows that

[,\aSl PN A5y ~Usq

Pny awnz]oj: <{En1 )y T >O q.

The proof in case of the [-fold iterated commutators and the Samelson products goes to the

1

[Aa,;l P 1
]

Pni s Pno ] o ] for @Z;
(similarly for the iterated Samelson products of homotopy classes).

same way by substituting @n:’ and [@Zfl__ll ye and @32, respectively

Lemma 3.2 Let h: 7. (QXY) — H,.(QXY;Q) be the Hurewicz homomorphism. Then
R((@n'y (@5 @t Bng?) ) = (Bt (B 1B @] e (B,

where bl is the standard generator of rational homology in dimension 2(nias, +noas, + -+ -+
nias, ).

Proof By applying homology to the above homotopy commutative diagram (3.2) in the
case of the two-fold commutators and the Samelson products, we obtain

h((@ns, T2 )) = Byt P 1 (B2°)
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in rational homology of QXY . Here nas = nias, + neas, and b%s is the standard generator of
Hj(nya,, +nsa.,) (Y3 Q). The homotopy commutative diagram (3.1) in Lemma 3.1 shows that
this lemma is still true for the [-th iterated commutators and the iterated Samelson products,

as required.

By considering the cell structure of the product of CW-spaces (this works for countable
CW-complexes or when one factor is locally finite), we have the following lemma.

Lemma 3.3 If X is a CW-complex of finite type with base point xy as the zero skeleton
and if f and g : X — QX' are the base point preserving maps with f|x, ~ * and g|x, ~ *,
respectively, then the restriction of the commutator [f, g] : X — QX' to the (p + q)-skeleton of
X is inessential.

Proof For details, see [10, Lemma 2.3].

Lemma 3.4 Let t = 2(nias, + noas, + -+ + njas, ). Then

sy g

~Q s ~Q s ~Qs
[90"11 ) [Samf1 ) [SO?MI ) 90%22] o ']”Yt—l 1Y — QXY
is inessential, where s; = 1,2,--- Jk and n; =1,2,3,--+ fori € {1,2,---,1}.
Proof We prove this lemma by induction on [. Since ad[gn', ons’] = [pns', on?] =
[@?Lll , @Z;] and @i Yonya, , = xforsi=1,2,--- k,andn; = 1,2,3,---, by Lemma 3.3, we see

that the commutator [@?Lll , @Zf] restricts to the trivial map on the skeleton Yo(n1a., +n2asy)—2-
By considering the cell structures of the Eilenberg-MacLane spaces described above, we see
that Y has no cells in some ranges of dimensions, more precisely, between dimensions 2njas, +
2ngas, — 2 and 2njas, + 2ngas, — 1, that is

Y2(n1a51 +noas,)—2 — YQ(nlasl +ngasy,)—1+

sy Oy

The cellular approximation theorem shows that the restriction [@n;", Pn, to

]|Y2(n1a51+n2a52)71
the skeleton is null homotopic.

Oy AU,

We now suppose that [@Z‘;ljll v [Pndt s Ons _, Is inessential.

] o .]|Y2(n1u.51 tngasy+otFng _1as,_ ;)
. ~Q 5 . . .
Since @n,' |vs, _, =~ %, the similar argument as described above shows that
l 2njas; —1 3
~As; sy g sy ~Osy
[90711, ) [@nz—l y Ty [@nl y Pno ] o .]”Yt—l = k.

By induction on [, we complete the proof of this lemma.

Lemma 3.5 For each basic Whitehead product [y, [x(:;l_‘ll e e e lw - lwlw of

the graded homotopy group m.(XY'), we can construct the corresponding iterated commutator

[@Zjl ’ [90(:171—_11 P [9071511 ’ 50?122] e ]] in the group [EY, EY] such that
I 9y Gor1 sy SAe2) As) — p%s L\ Oy Ger1 Gs1 0oz e
( +[50nl ) [@nz—l ) ) [50711 ) Png ] ]])ﬁ(xn ) =z, + [xnl ) [xnl—l ) ) [x’m y Tngy ]W ]W]Wv

where A # 0, and % and xy)" are rationally non-trivial indecomposable elements, and na, =

N1as; + N2ls, + -+ + Ny, .
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Proof We argue about a matter with induction on [ again. We first show that

[onits @yl (@) = At 203w,

where A # 0, and nas = nias, + neas,. To do this, we consider the following commutative
diagram:
Qlon it vona?ls

T (QDY) — TR (QRY)

hl lh
Qlenitendls
H.(OXY;Q) ————— H.(QXY;Q)

The Cartan-Serre theorem (see [5, Theorem 16.10]) asserts that the Hurewicz homomorphism
h: 7 (QXY) — H.(QXY; Q) becomes an isomorphism

T (QXY)® Q = PH,(QXY;Q),
where the latter is a primitive subspace of H,(QXY;Q). Thus we observe that
h(Z5e) = Ablke + decomposables (A # 0)

for each s = 1,2,--- Jk and n = 1,2,3,--- (compare with the Hurewicz map of the Brown-
Peterson spectra in [15, p. 166]). Here 2% is the rationally non-trivial indecomposable element
of the homotopy groups, and b%: (= E.(b%)) is the rational homology generator in dimension
2nag, where E : Y — QXY is the canonical inclusion. We now have

hQ[SOZSf ) @Zjh(ﬁ) = 9[9071511 ) @Zf]*h(ﬁ) (by commutativity)
= [@n, P2 ]« (A% + decomposables)  (by Remark 2.1 (b))
= [@nit, Prs ] (Ab2*) + 0 (by Lemma 3.4)
= M((@ni' Zn?)) (by Lemma 3.2 )
— RAE ). (33)

It can be noticed that the above zero term is derived from the fact that the restriction

(B, @?{;2]|Y2(,,L1a51+n2a52>71 to the skeleton is inessential by Lemma 3.4; that is

(@t @ni?]e(bny) =0

for dim(by) < 2(n1as, +n2as,)—1 in rational homology of QXY Moreover, we see that 7% and
(Tpod Zpe2) are rationally non-trivial indecomposable and decomposable elements, respectively,
in 7r2(ma51+n2a52)(QEY)/torsion, by Remark 3.1 as adjointness for decomposable generators,
and that h(Z%*) is spherical, and thus primitive. Now considering the above equation (3.3), we
observe that

Asq ~Qsy ~Cs

Q[Sogbbll y Pz ]ﬁ(i‘\razg) = )\<$n1 ,$n22>.
On the other hand, Q[gpfﬁl,goszz] is a loop map, thus it is an H-map. Furthermore, the
Scheerer’s theorem (see [17, p. 75]) says that there is a bijection between [XY,XY] and the set
[QXY, QXY ]y of homotopy classes of H-maps QXY — QXY. Therefore, by taking the adjoint
of the Samelson product, we obtain the result.
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We now suppose that the result holds for the (I — 1)-fold Whitehead product. Since

[Aasl_l [/\aSl Aa,;Q] ” ~
ng—1 ) [Pna s Pna YZ("la'Sl+"20'5‘2+"'+”[71‘15171)_1 -

Qs Gy
) < > !

and the iterated Samelson product (E?Lffll,~~ Tnyt, ZTny’) - -+ ) is rationally non-trivial, by

using the first result above and combining with @Z,l 1Y — QXY we can construct an iterated
commutator map [Gn:! [@Z?"_‘ll o [Pt Bm] - -]] such that, after taking the adjointness, the

desired formula of this lemma is obtained.

Remark 3.2 We turn now to the other types of purely decomposable generators, namely
T xaTw, X9 x5 Iwlw and [[x7°, x5 1w, X1, X5°]w]w, consisting of the basic Whitchead
products of the rational homotopy. It can be shown that we can also consider the iterated com-
mutators [[¢]°, 5], [¢1%, ¥5°]] and [[p]*, 5], [¢1*, ¢i°]] (corresponding to the basic Whitehead
products [[x7*, x5°lw, [X7% x5 lwlw and (X7, x5° 1w, [X1%, X4°]w]w, respectively) satisfying
Lemma 3.5 whose proof goes to the similar way.

By using the results described above, we now proceed to the proof of Theorem 1.1 as follows.

If X is a connected H-space of finite type, then X has k-invariants of finite order, and
H*(X;Q) becomes a Hopf algebra which is the tensor product of exterior algebras with odd
degree generators and polynomial algebras with even degree generators. On the space level,
this means that every H-space has a rational homotopy type of a product of rational Eilenberg-
MacLane spaces. The Eckmann-Hilton dual of the Hopf-Thom theorem (see [19, p. 263-269]
and [20, Chapter III]) says that XK (Z,2as) has the rational homotopy type of the wedge
products of the infinite number of spheres, that is

EK(Z, 2as) ~0 S2a5+1 vV S4a5+1 vV SGaerl VIV S2na5+1 Vo

for each s = 1,2,--- , k. By using both the basic Whitehead products and the Hilton’s theorem
(see [7]), we can find various kinds of rational homotopy indecomposable and purely decompos-
able generators on 7, (XY) ® Q as follows:

Tablel s=1,2,--- ,k

n dimension | indecomposable purely decomposable

1 2a, + 1 X -

2 dag + 1 Xe -

3 6as + 1 Xar X1, X5 Iw

4 8as +1 X4 DG x5 Tws XX xa" lwlw

5 10as +1 X5 DX G T, DG DG X Twlw, I x5 Tw

D, A s xsslwlwlw, e Ixds, xo* lwlw

Moreover, we can see that there exist hybrid decomposable generators of the rational homo-
topy. The hybrid decomposable generator might be occurred firstly in dimension 2a3 + 1. For
example, if a1 =1, az = 3 and ag = 4, then [x7*, x7?]w and [x7?[x7", x4*lw]w are the hybrid
decomposable generators in m9(XY) ® Q and 717(XY) ® Q, respectively. The number of purely
or hybrid decomposable generators increases dramatically as the homotopy dimensions are on
the increase.
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Since the ranks between the graded homotopy group modulo torsion and the graded rational
homotopy group coincide with each other, we can also find the corresponding indecomposable
and decomposable elements on 7, (XY)/torsion. More precisely, it can be seen from the above
table that there is only one indecomposable generator, up to sign, of the homotopy group
Tona.+1(2Y ) /torsion for each n =1,2,3,--- and s = 1,2,--- | k, while there are various kinds
of purely or hybrid decomposable generators in it (possibly) for n > 2.

We now let L = (m(XY)/torsion, [, |w) and L<g, n = (T<2na,+1(2Y)/torsion, [, Jw)
be the Whitehead algebras (corresponding to £ and L<,, », respectively) under the Whitehead
products. And we denote I3*L and DgsL by the indecomposable and decomposable com-
ponents, respectively, of the homotopy group modulo torsions, namely, m2,4.+1(2Y)/torsion.
Then we have that %L = 7, and thus Aut(I?*L) = Zs for each s = 1,2,--- |k and n =
1,2,3,---. Moreover, the following sequence

0 —= Hom(I% L, D% L) — = Aut(L<q, n) —2= Aut(Lea, n) ® Aut(1% L) —= 0

is exact for each s =1,2,--- ;k and n =1,2,3,--- (see [11]). Here the map f sends

[om’, [om 3ty [ms s oni2] - -]]s € Hom(I2 L, D% L)
to
T+jolem, o'ty lon on2] -1l 0 ¢ € Aut(Lea, ),

and the map g is given by restriction and projection, where ¢ : L<, , — I}*L is the pro-
jection and j : DL — L<,, , is the inclusion. We observe that the above short exact
sequence is still valid since we are working on m<gpq,+1(2XY)/torsion. Furthermore, we get
Aut(maq,+1(XY)/torsion) = Zy for s = 1,2,--- , k, and Aut(m<one,+1(XY")/torsion) is infinite
forallm > 3 and s =1,2,--- | k. Therefore the induction step begins. We now suppose that the
map Aut(XY) — Aut(L«,, ) has a finite index. For each basic (iterated) Whitehead product

[T, [Tt [onst e |w - lwlw € Dés L (or other types of iterated Whitehead prod-
ucts) with nas = nias, + neas, + - - + njas, and x(:l €lyLfori=1,2,---,l, by Lemma 3.5,
we can always establish an iterated commutator [¢n:’, [gonjl PR [go(fbil , @%;2] -++]] (or other

types of iterated commutators), and thus we have a homotopy self—equlvalence

I+ [onts [om' sty lond oni?] -] € Aut(ZY)

completely depending on the form of [xn, , [xnl' e [zt e ]w - - - Jwlw such that the re-

striction (I+[gn:!, [gonfl e endt on] - ‘Dilz <., . tothe subalgebra L., . is the identity,
and

e a/s — S e S
(I—I—[gpil" ’ [melfll [ [Sam 790%22] o ]])ﬁ(xfrl;) = xag +>‘[xm ) [xml 11 y " [xghl ’ x?mz]W T ]W]W,

where A # 0, and nas = njas, + noas, + - - - + njas,. By considering the indecomposable and
(purely or hybrid) decomposable generators, induction hypothesis and Theorem 2.1, we finally
complete the proof of Theorem 1.1.

Remark 3.3 One may wonder why the k-th suspensions are not mentioned in this pa-
per (or the previous papers [9-10]) for k > 2. Indeed, the homotopy self-equivalences I +
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[omt, [om 3t s lonst, o]
b

Py [Pri—y 5 Pni s Png
one might wish on the self-maps of the k-th suspension of a given CW-space Y for k > 2 since

-]] constructed in our main theorem are not as well behaved as

the group [Z*Y, X¥Y] becomes abelian for k > 2. However, it is reasonable for us to conjecture
that there are lots of self-maps in this abelian group which are nontrivial rationally, but suspend
to the trivial self-map of LFF1Y.
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