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Abstract Slow motion for scalar Allen-Cahn type equation is a well-known phenomenon,
precise motion law for the dynamics of fronts having been established first using the so-
called geometric approach inspired from central manifold theory (see the results of Carr
and Pego in 1989). In this paper, the authors present an alternate approach to recover
the motion law, and extend it to the case of multiple wells. This method is based on the
localized energy identity, and is therefore, at least conceptually, simpler to implement. It
also allows to handle collisions and rough initial data.
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1 Introduction

1.1 Motivation and setting

This paper is a follow-up of a previous work with Orlandi [3], where we derived an upper
bound for the motion of front for gradient systems with potentials having several minimal wells
of equal depth. Our approach there is based on the local energy inequality combined with
some appropriate parabolic estimates. Our aim in this paper is to extend the analysis in order
to derive the precise motion laws for fronts: The approach is however restricted at this stage
to scalar equations. We will take advantage in particular of the fact that in the scalar case,
stationary solutions can be completely integrated, allowing for refined energy estimates.

It is presumably needless to recall that the study of the motion of fronts for scalar reaction-
diffusion equations has already a very long history. In particular, equations of Allen-Cahn
type, that is, when the potential possesses only two distinct local minimizers which are non-
degenerate, have been extensively studied. Under suitable preparedness assumptions on the
initial datum, the precise motion law for the fronts has been derived in the seminal works of
Carr and Pego [6] (see also [10]). Their approach relies on a careful study of the linearized
problem around the stationary front, in particular from the spectral point of view. This type of
approach is also sometimes termed the geometric approach (see, e.g., [8]), since it involves ideas

related to central manifold theory. Alternate methods, usually termed energy methods relying
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on global energy estimates have later been worked out (see [5, 11, 12]). They are presumably
more direct to capture the essence of the slow-motion or metastability of pattern phenomenon,
but have been unable at this stage to yield the precise motion law. One of the aims of this
paper is therefore to fill the gap between the two methods, and raise the energy methods to the
same degree of accuracy as the geometric one.

The motivations of this paper are however manifold. First, as mentioned relying on the
results in [3], we wish to recover the precise motion law of Carr and Pego, providing therefore
an alternate approach which eludes the use of spectral theory and which also allows for a larger
class of initial data. Second, whereas most of the existing literature is devoted to Allen-Cahn
type potentials, our method can handle also potentials with several equal-depth wells. Notice
that a major difference in the later case is that, whereas only attractive forces between the
fronts are present in the case of two wells, repulsive forces may be present when there are more
than two wells, inducing important differences in the limiting ordinary differential equations.

Besides this, we are able to handle collisions and splittings, and extend the analysis past
these events: Similar issues were addressed and solved in the Allen-Cahn case! by Chen [8],
relying crucially on a comparison principle worked out by Fife and McLeod [9]. In our opinion,
such an argument cannot be extended for potentials with more than two wells, and when
hence repulsive forces are present?. Finally, last but not least, we expect that the approach we
develop here can be extended and be used as a model in order to derive the motion law in the
case the potential wells are degenerate as well as the case of systems, with possibly additional
assumptions on the stationary solutions.

To be more specific, we consider and analyze the behavior of solutions v of one-dimensional
reaction-diffusion equations of the following form:

1
6—2‘//(’[]5),

(PGL). Opve — OppVe = —
where 0 < € < 1 denotes a (small) parameter, v denotes a scalar function of the space variable
z € R and the time variable ¢ > 0, the function V', usually termed the potential, denotes
a smooth scalar function on R, and V' denotes its derivative. Notice that equation (PGL).
actually corresponds to the L? gradient-flow of the energy functional £. which is defined for a
function u : R — R by the formula

ul? u
Sg(u)z/Reg(u):/Re%—i—&. (1.1)

£

Our assumptions on the potential V' express the fact that it possesses several minimizers which
are non-degenerate and are formulated as follows. We assume throughout that V is smooth

and satisfies the three conditions:
(Hy) inf V=0 and the set of minimizers ¥ = {y € R,V (y) = 0}
is a finite set, with at least two distinct elements, that is

Y={o1,---,04}, ¢>2, 0,<0;, VI<i<j<g. (1.2)

! Actually, only collisions occur in the Allen-Cahn case, splittings do not.
2As a matter of fact, Proposition 3.1 in [8], which rephrases the Fife-McLeod result, simply does not hold
when there are more than two wells.
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(Hz) We have that \; = V" (0;) > 0 is positive for each point o; of X.
(Hs) We have V(u) — 400, as |u| — +oo.

A canonical example is given by the function

1— ’LL2 2
whose minimizers are 01y = +1 and oo = —1, with A\; = Ay = 2 and which is a potential of
Allen-Cahn type. Another example we have in mind and we wish to handle is given by
Voo (u) = (1 + cosu), (1.4)

for which ¥ = {(2k + 1)m,k € Z} and \; = 1. Clearly, the potential given by (1.4) does not
satisfy conditions (H;) nor (Hgs), since it has infinitely many minimizers and does not converge
to +oo at infinity. However, the analysis can be carried over for this type of potentials, as
Theorem 1.5 below will show.

As in [3], the assumption in this paper on the initial datum v2(-) = v.(-,0) is that its energy
is finite. More precisely, given an arbitrary constant My > 0, we assume throughout the paper
that

(Ho) E(v?) < My < +oo.

In particular, in view of the classical energy identity

E(ve (-, T2)) +€/TIT2/R

we have, Vt > 0,

2
(z,t)dwdt = E.(v.(-\TV)), VYO<Ti<T»,  (L5)

v,
ot

£ (va(, 1)) < M, (1.6)

so that for every given t > 0, we have V' (v(x,t)) — 0 as |z| — oo. It is then quite straightforward
to deduce from assumptions (Ho)—(Hz) as well as the energy identity (1.5), that v(z,t) — o4
as x — +o0o, where o4 € Y does not depend on t.

1.2 Regularized fronts and their evolution

The notion of regularized fronts is presumably central in this paper. It describes a situation
where, at some given time ty > 0, the solution v, to (PGL). is close to a chain of stationary
solutions which are well separated, and suitably glued together. This occurs, as we will see,
when the solution has already undergone a parabolic regularization. The rate of accuracy of
the regularization, is described by a parameter & > 0, homogeneous to a length, and which is
also related to the distance between two fronts.

We recall that for i € {1,---,¢ — 1}, there exists a unique (up to translations) solution ;"

to the stationary equation with ¢ = 1,

vz + V' (0) =0 onR (1.7)
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with, as conditions at infinity, v(—o00) = 0; and v(+00) = 0;41. We also set, for i € {2,--- , ¢},
¢; (+) = Gi(—-), so that ¢; is the unique, up to translations solution to (1.7) such that v(4o00) =
0; and v(—o0) = 0;-1. A remarkable fact is that there are no other non-trivial solutions to
equation (1.7) than the solutions Qi In particular there are no solutions connecting minimizers

3. Some relevant properties of these solutions (; will be collected in

which are not neighbors
Section 3. For ¢ = 1,--- ¢ — 1, let z; be a point in the interval (o;, 0;41) where the potential
V restricted to [0;, 0541] achieves its maximum, and set Z = {z1,- - ,24—1}. Since we consider
only the one-dimensional case, any solution (; takes once and only once the value z;.

Next let tg > 0, 0 > e, and r > & be given, where «; > 0 denotes some constant which

will be specified in Subsection 3.2.

Definition 1.1 We say that v. satisfies the preparedness assumption WP (5,t) if it satisfies
the energy assumption (Ho) and if there exists a collection of points {ay(t)}resw) n R, with
J(t) ={1,---,L(t)}, such that the following conditions are fulfilled:

(WP1) For each k € J(t), there exist a number i(k) € {1,---,q}, such that

Ve (ak (1), 1) = zigr).- (1.8)

(WP2) For each k € J(t), there exists a symbol Ty, € {+,—}, such that

where I, = ([ax(t) — 8, ax(t) + 8] for each k € J(t).
ot
(WP3) Set Q(t) =R\ k(g)llk. We have the energy estimate

ve(eyt) = ¢ty (%’M) Hc;(m <exp (- plg), (1.9)

/Q@ e-(vo(-,1))dz < C Mo exp ( - plg). (1.10)

In the above definition p; > 0 denotes a constant which will be defined in Section 3 (see
(3.24)). Notice that, if we consider more generally, for ¢ > 0, the subset ®(¢) of R is defined by

O(t) = {x € R, such that v.(x,t) € Z}. (1.11)
If WP.(8,1) holds, then we have for 6 > «¢,
O(t) = {ar(t) }res)- (1.12)

In particular, the points ay(t) are easily shown to be unique (see Section 4), and once their
existence has been established, the main focus is then on their evolution in time. We introduce

also the quantities

b;t(t) = inf{ /\j+(k)|ak(t) —apt1(t)| for k€ 1,--- ¢ —1 such that Ty, = £fr11}, (1.13)

3The situation might be very different in the case of systems, where anyway the notion of neighbors is perhaps
meaningless.



On the Motion Law of Fronts for Scalar Reaction-Diffusion Equations 87

with the convention that the quantity is equal to +oo in case the defining set is empty, and
where, for a given index k € J(t), we define the integers j* (k) as 5% (k) = i(k) £ 1, if Titky = +»
and j* (k) =i(k) F 1, otherwise. We also set

8 (t) = inf{&] ()8, (1)}

Notice that if WP (8, t) holds, then it is a simple exercise to show that, if «; is chosen sufficiently

large, then we have
Jak(t) = as1 (8)] = 5, (1.14)

so that & < vV Aminda(t), where A\pin = inf \;. Conversely, given the points {ay}, the largest
value of § for which one may expect WP.(8,t) to hold is precisely of the same order as 8,(t).

Our first result describes the situation, where the initial datum satisfies the assumption
WP(5,T). We will show that the motion law for the fronts is governed by a simple first
order differential equation, which is of nearest neighbor interaction type. The strength of the
interaction of the (k + 1)-th fronts on the k-th fronts is governed by the quantity I"k", (Hai(t)})
defined, for a collection of ordered points {ay,---,a¢}, with a1 < as < --- < a; and signs
{f1,--+, e}, by the formula

VA (k)
13

T (ai}) = e s B Bl exo (- ax = axia]) (1.15)
with the convention ¢ + 1 = +00. The numbers Bii entering in formula (1.15) depend only on
the properties of the stationary front ¢; and will be explicitly defined in Section 3 (see (3.9)).
Let us however emphasize that B > 0. Tt follows in particular that FZE({‘”}) > 0 if the signs
T and Tx41 are the same, and FZE({W}) < 0 if they are opposite. Notice also that the quantity
I‘:,E({ai(t)}) decays exponentially as the distance between two neighboring fronts increases.

We also set
Ty ({ai(s)}) = =T, ({ai(s)}),
with the convention that

Ii.({ai(s)}) =T1.({ai(s)}) = 0.

Our first main result shows that the evolution of regularized fronts is related to solutions of

a differential equation of the type
d _
e br(s) = =65 > Th ({hi(s)DIL+CL)), (1.16)
te{+,—}

where &; denotes a positive quantity* related to ¢; and C;L(s) stands for some error term which

will be shown to be exponentially small.

Theorem 1.1 Assume that the potential V satisfies assumptions (Hy)—(Hs), let € > 0, and
let ve be a solution to (PGL), satisfying (Ho). Let T > 0 be given. There exists constants

4actually its energy
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o >0,¢c>0,0<v, <1, pe. >0, and S, > 0 depending only on V and My and a time
T =T(T) > T satisfying

2

UT) 2 Tl T,80(1) = - (2L1) 47, (1.17)

such that, if & > o.e and property WP(8,T) holds, then we may assert:

(i) For any time t € [T,T| the points {ay(t)}resr) satisfying (1.8) are unique and well-
defined, whereas for any t € [T + c.ed,T], property WP (v.d,t) holds.

(i) Property WP(vid,(T),t) holds for any t in [Tirans , T|, where

% (T)

8. (T
Tirans = T+€2 exp (ﬁ> < T—l—exp ( -
10e 2e

) (Tt = 7). (1.18)
(i) We have |8,(T) — 84(T)| > p.84(T).
(iv) For any time t € [T, T|, there exists a collection of points {bx(t)}res(r) satisfying the
differential equation (1.16) with
5 8.(T
Cl(s)| Sexp(—p*g>, Vs € [1,T], |Cl(s)] Sexp(—m%), Vs € [Thrans: T, (1.19)
such that

)
| a’k(s) - bk(s)| S € exp ( — P« g) fOI‘ any s € [Tv Ttrans]v
8.(T)

3

(1.20)

| ar(s) —br(s)| < eexp ( — P ) for any s € [Tirans, T

A few comments are in order. The first two statements describe how property WP, is
propagated by the equation (PGL).. Assertion (i) of Theorem 1.1 shows that property WP,
remains true, except possibly on an initial boundary layer of order £, where the collection of
points {ay }re. is however still well-defined, and with some smaller length® &’ = v,8. Assertion
(ii) shows, that, after a transition period [T, Tiyans], whose length is small compared to the length
of [T, T, the rate of the approximation has improved to &' = v,8,(T'), which as mentioned, is
the order of the best rate of approximation possible.

The approximation by the differential equation (1.16) is presented in assertion (iii). Turning
first to the differential equation (1.16), we notice that two neighboring fronts with the same
signs T repel, whereas they attract when these signs are opposite. In particular, we will show in
Section 2 that, if there exists some k € {1,---,¢} such that {; = —Tx+1, then collisions have to
occur for the differential equation (1.16). Moreover, if the infimum in (1.13) is achieved at some
fronts of opposite signs®, then the maximal time of existence Tinax of the differential equation

(1.16) satisfies an estimate of the form

T
7—1111a)( - T X 52 €xXp (M>7 (121)
S

5Recall that this parameter is supposed to describe the accuracy of the approximation by a chain of stationary
solutions glued together.

6As a matter of fact, the purely attractive case, for which 5, = —Tk+1, for every k, and hence all forces are
attractive, occurs for instance for the Allen-Cahn functional.
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see inequality (2.5) for a precise statement. On the other hand, if all the signs 75 are identical,
then the system is purely repulsive, and is then defined for all time, i.e., Tiax = +00. Moreover,
in that case, the system has actually diffusive properties (see Proposition 2.4 below).
Comparing property (1.21) of the differential equation with (1.17) for the partial differential
equation (PGL)_, we observe that the time T —T' is of the same order of magnitude as the one
provided in (1.21), and therefore appropriate for comparing the two equations. Moreover, in
view of assertion (ii) of Theorem 1.1, we see that a point at least as been moved by at least
a distance of order of magnitude &,(7"), which is indeed the appropriate length scale. On this
length scale, it follows from assertion (iv) that the differential equation (7.8) describes, up to

some lower order terms, the motion of the front points.

1.3 Collisions of fronts

Whereas collisions in the ordinary differential equation (1.16) represent genuine singularities
for the solutions and lead to a maximal time of existence, it is not the case for the partial
differential equation (PGL)_, which in view of its parabolic nature possesses regular solutions for
all positive time. The notion of fronts is however only well-defined, in the sense of the previous
subsection, if the fronts remain sufficiently well-separated, since their mutual distance should
be at least of order «.e. Our results below show that collisions in (1.16) induce an intermediate
time layer for solutions to (PGL)_ or order €2, where annihilation of fronts takes places. This
time layer is actually described by two collisions times: The first one, 7_, corresponds to a time
where two fronts with opposite signs become «.e close, a distance at which the approximation
by the differential equation (1.16) no longer remains valid. The existence and properties of the

time 7_ | are provided in the following result.

Theorem 1.2 Let ¢ > 0, T > 0 and & > P.e be given, where B, > 2, is some constant
depending only on V' and My. Assume that WP.(8,T) holds and that the signs {{r}res are

not all identical. Then there exists some time 1_;, such that the following hold:

(i) For any t € [T, T_,], property WP (ce,t) holds and we have 87 (t) > 61 (T) — c.e.

» “col

(il) We have 6, (7_;) < 2x.e.

col

(ili) We have the upper bound T_,, —T < C*e? exp (bZE(T)), for some constant C* > 0 de-

pending only on 'V and M.
(iv) For any t € [T, 7], if 8.(t) < (1 — )&, (T), then property WP (%-84(t),t) holds.

Notice that the fact that two fronts with opposite signs become close at time 7_, is stated
in part (ii). In contrast, fronts with the same signs remain well-separated, as shown by the first
assertion.

In order to analyze the annihilation of fronts, we provide first some definitions. Assume
therefore that at some time ¢ conditions WP (5,t) are satisfied, with & > «;e. We say that a
point ay, (t) for ko € J(t) is free, if and only if

|aky+1(t) — ar, ()| = Kee, (1.22)

where the constant k¢ > 0 depends only on V' and M, and will be defined in Section 9, and
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with the convention that ao(t) = —oo and as11(t) = +00. We set
Oree(t) = {k € J(t), such that ay(t) is free}.

Likewise, we say that a point ag, (t) for ko € J(t) is purely repulsive if and only if {5, = Tr,+1 =
Tro—1, With the convention that to = { and f,41 = .. We set

Oyep(t) = {k € J(t), such that ay(t) is purely repulsive},

and Oater () = O(T) \ Orep(T'). Notice that, if a point ay,(t) is purely repulsive, then we have
|ang+1(t) — ary (1)] > V Amaxd, (t), and hence is free if 8 (¢) is sufficiently large, that is,

Q)wp(t) C Q)free(t)a (1~23)

provided &7 (t) > v/ AmaxKee. In view of assertion (i) in Theorem 1.2, this last condition is met
in particular for t € [T, 7 )| provided we choose B, sufficiently large, what we assume from now

on. The next results provide the annihilation of at least two fronts with opposite signs, within

an additional time of order &2.

Theorem 1.3 Lete > 0, T >0 and b > y.c be given, where vy, is some constant depending
only on V and My. Assume that WP-(5,T) holds, and that the signs {t{r}res are not all
identical. There exists a time ’Tc'gl such that condition WP (o.e, ’];1'1) holds, and such that for
some constant T depending only on V and My,

0< T —T <Y (1.24)

col col —

Moreover, the following holds:

(i) We have the inclusion O(T.1) C O(T.)) + [—Kee, Kee], where K. is some constant de-

pending only on V and M.
(it) We have §(@ee(T28)) = #(@tee(Toer)): #(Orep(Tely)) = #(Prep(Tcy)).

(Dfree (TJr

col

) C Q)free(T;l) + [_Kc57 KCE] and Q>rep (TJF

¢ col

) C Ouep(Z,)) + [—Kee, Keg]-

C

(iii) We have for some m > 1,

ﬂ(‘bam(Tcﬁl)) < H(@attr (7)) — 2m.

We notice, combining assertion (ii) and assertion (iii) that the total number of front points
has decreased by 2m, that is,
HO(T)) < H(O(T;

col col

))—2m, m>1,

so that the results in Theorem 1.3 do indeed describe the annihilation of at least two fronts,
annihilation which occurs on a time interval of order €2, in view of (1.24). Moreover, in view of
assertion (ii), we have a one to one correspondence between free or repulsive points at time 7_;
and Tc;rh

occurs among the attractive points which are not free, among which m pairs disappear in the

each of these points being moved at most at a distance of order e. The annihilation

process. This annihilation process can then only occur a finite number of times, after which

the system becomes purely repulsive, all fronts repelling each other.
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1.4 Relaxing the preparedness assumptions

We relax now the preparedness assumptions, and extend our analysis to the case of bounded
energy initial data. For that purpose, we make use of the framework and concept developed in

[3], and define as there for a scalar function u on R, its front set as the set D(u) defined by
D(u) = {z € R, dist(u(z),X) > po}.

This notion which might be understood as a substitute to the notion of front points defined so
far only when assumption WP, holds. The constant g > 0 which appears in this definition is
chosen so that, for i = 1,---,¢q, we have B(0;, 1) N B(0j, o) = 0 for all i # j in {1,---, ¢}
and %)\i < V"' (y) <2\ forallie{l,---,¢q} and y € B(0;, 1o). A few elementary arguments
yield (see [3, Corollary 1]) that, if the map u satisfies the energy bound & (u) < My, then there

exists ¢ points x1,--- ,x¢ in D(u), such that
¢
D(u) = {z € R, dist(u(z),3) > wo} C | Jlwi — &, i +¢] (1.25)
k=1

with the bound ¢ < ¢y = % on the number of points, where 7y > 0 is some constant depending
only on the potential V. In the context of equation (PGL)., we set moreover D(t) = D(v. (-, 1)),
so that

o)
D(t) | JIn(®), (1.26)
k=1

where the intervals I (t) = [a; (), a) ()] are disjoint, with a length less than e¢ and §(.J) < £.
It follows from our definitions of the front set, that in the intervals [a; ,(¢),a,, (¢)] the function
ve (-, t) takes values near some of the minimizers, which we denote by o;- (1) = 0j+x—1). The
points a,:f play a role similar to the front points a; in the definition WP., except that they
are now only defined up to a scale of order €, and that the function is not necessarily close to
a stationary front in their neighborhood”. As a matter of fact, we notice that, if WP.(5,t) is

satisfied, then, in view of (WP2), we have

D) | {an(®)} + [—xwe, kue] (1.27)
keJ(t)

for some suitable constant ky, depending only on V' and M,. However, the regularizing proper-
ties of equation (PGL). are at work, and drives the function towards a well-prepared case, as

our next result shows.

Theorem 1.4 Let T > 0 and o« > o be given and assume that (Hy) holds. Then there
exists a time t € [T,T + w(a)e?], such that WP.(ag,t) holds with w(a) = co? Mg exp(2p1a).
Moreover, we have

U {an(®)} € D(T) + [—k.c, kel
keJ(t)

7in contrast, the results described assuming WP. yield an accuracy of order log(—p« g), hence extremely

sharp when 8 is of order 1.
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A general principle might therefore be stated as follows: Up to an error term of order £2
in time and of order ¢ in space, the system behaves as if it were well-prepared according to
assumption WP.. More precisely, after an initial boundary layer in time of size at most w(cv)e?,
during which the front set has been moved at distance of size at most k.e, the preparedness
assumption WP, (o, t) is full-filled, so that we are in position to apply Theorems 1.1-1.3,

which relate the dynamics to the ODE (1.16).

1.5 Relaxing the assumptions on V

The assumptions on the potential can be modified and in fact actually weakened to handle
also other kind of potentials, for instance periodic potentials like (1.4). For that aim, we
introduce an alternate set of assumptions on the potential V', which can be stated as follows:

(H)1pis We have that inf V' = 0 and that the set of minimizers ¥ is a discrete set which
contains at least two elements.

We may hence write ¥ = {0;},cs, where J C Z, with 0; < 0, if i < j. If iy is a maximal
element (resp. minimal) in J, then we set 0;,41 = +00 (resp. 0;,—1 = —0).

(H)2bis The potential V' is of class C* with ||V'||c2r) < co. Moreover, we have

Amin = inf V" (0;) > 0.
icJ
(H)spis There exists some number v > 0 such that, if i € J or i + 1 € J, then we have

inf  V(s)>v forielJ

s€[04,0041]

Obviously, the potential given in (1.4) satisfies these assumptions, as well as actually any

smooth periodic potential having non-degenerate minimizers. We have the following theorem.

Theorem 1.5 The results in Theorems 1.1-1.4 hold true if we replace the assumptions (Hy),

(Hg) and (Hs) on the potential V by assumptions (Hipis), (Hapis) and (Havis), respectively.
The argument of the proof of Theorem 1.5 actually relies on an elementary observation.

Proposition 1.1 Assume that the potential V' satisfies assumptions (Hipis), (Howis) and
(Habis), and let u be such that E.(u) < My. Then the limits u(£oo) = 11111 u(x) exist and we

have, for some constant A depending only on ||V'||c2m) < 00, v, and Amin,
u(z) € [u(+oo) — A, u(+o00) + 4], Vx eR. (1.28)

Moreover, if v. is a solution to (PGL). satisfying (Hp), then the limits u(£oo,t) = lim wu(x,t)

r—Fo00
do not depend on the time t and hence

u(z,t) € Jug(+00) — A,up(+00) + A], VxR, t €R. (1.29)

In order to prove Theorem 1.5, we then observe that relation (1.29) shows that the solution
takes values only on a finite interval of R: We therefore may modify the potential outside of
this interval without changing the solution, so that assumptions (Hy)—(Hs) are fulfilled. We

may then rely on our previous results.
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1.6 Elements in the proofs

The proofs of our main results contain several distinct ingredients. The starting point is
the study of solutions to the perturbed stationary equation, which writes for a scalar function

u defined on R as
Upy = 2V'(u) + f on R. (1.30)

Our main result concerning equation (1.30), which is completely elementary since it relies
essentially on Gronwall’s lemma, is given in Proposition 3.1. It states that, if the function
verifies an energy bound of the form &, (u) < My and if ¢2 | fllz2r) is sufficiently small, then the
function u is close to a chain of stationary solutions, i.e., heteroclinic solutions, as described in
property WP (5,t), with a parameter & proportional to —e log(ag | fllz2r)). We use this result
with v = v.(-,¢) and f(-) = dyve, so that smallness of the dissipation |\8tv€(~,t)||2L2(R) at some
time ¢ yields property WP.(8,t), with a parameter § large when dissipation becomes small.
Combining this property with the energy identity (1.5), which allows to control dissipation,
we show that the flow drives to well-preparedness. A similar result was already established
in [3, Theorem 3]. However, here we take advantage of an important specificity of the scalar
case, which is actually the only one which is used in this paper: Stationary solutions are
perfectly known, and can even be integrated thanks to the method of separation of variables.
In particular, assumption WP, implies a kind of quantization of the energy, which, in turn,
allows to improve bounds on the dissipation.

The next step is to introduce more dynamics in our arguments. For that purpose, as in
[3, Lemma 2], we use extensively the localized version of (1.5), a tool which turns out to be
perfectly adapted to track the evolution of fronts, and which writes, for a smooth test function

x with compact support in R,

d

% x(x) e (ve)dr + / Ex(a:)|8tv5|2da: = Fs(t, x,ve), (1.31)
R

Rx{t}

where the term Fg is given by

Fs(t,x,ve) = /Rx{t} <[€%§ — @} X) de=e* /Rx{t} E(v(-,t))Xda. (1.32)

The first term on the right-hand side of identity (1.31) stands for local dissipation, whereas the
second is a flux. The quantity & is defined for a scalar function u by
() =% — V() (133)

sometimes referred to as the discrepancy term in the literature. It is constant for stationary

solutions on some given interval I, i.e., for solutions to
~Ugy + 2V (u) =0 on I, (1.34)

and it vanishes for finite energy solutions to (1.34) on I = R. Using (1.31) for appropriate
choices of test functions, combined with several parabolic estimates, we have shown in [3] the

following theorem.
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Theorem 1.6 Let T > 0 be given, and assume that (Ho) holds. There exist constants
po > 0 and &y > 0, depending only on the potential V and on My, such that if r > e, then
for every t > 0,

D(t + At) C D(t) + [—r, 7], (1.35)

provided 0 < At < p(2)7'2 exp (pot).
€

Actually, Theorem 1.6 is established in [3] for general systems, under assumptions on the
potential V' which are the higher dimensional analogs of (H;)—(Hs). In particular, a rather
remarkable fact is that the result does not involve any assumption of any kind on the stationary
solutions®. A central idea in the proof is to derive appropriate upper bounds on the discrepancy
in region which are far from the front set, as well as a suitable choice of test functions x for
(1.31): They are chosen to be affine near the front sets, so that the second derivative vanishes
there, and the flux term needs only to be estimates off the front set.

Theorem 1.6 provides a first estimate of the velocity. This estimate combined with the
results of Proposition 3.1, and the energy identity (1.5) is actually already sufficient to prove
Theorem 1.4.

In order to establish Theorem 1.1 and derive actually an efficient motion law, we need to
derive a far more precise estimate for the discrepancy. In order to sketch the argument, assume
that WP.(8,t) holds for some & > 0, and let ay(t) and ap41(t) be two front points, with
k € J(t). In order to estimate the interaction between these two points, we evaluation (-, )
near the middle point a1 (t) = L (ar(t) + ar41(t)). To that aim, we use several observations
as follows:

(1) The behavior of v, near the points a is described with high accuracy using the ap-
propriate heteroclinic solutions near the points ap and agi1, say on intervals of the form
[ak(t), ar(t) + 0] and [agy1(t) — O, api1(t)], where & is of the same order as 5. We will term this
region the inner region.

(2) The heteroclinic solutions are known.

(3) The evolution of the points ay, is known to be small thanks to Theorem 1.6.

(4) In the outer-region [ay(t) + 8, aps1(t) — 8], the solution is well approximated by the

solution to the linearized equation near the minimizer o)+, which turns out to be

O — 8§xu€ + 6_2/\j(k)+u€ =0.

The boundary conditions are deduced from the values of the heteroclinc solutions at ay(t) + &
and ap4+1(t) — .
(5) It relaxes very quickly to the solution to the corresponding stationary equation: This
. . . . . A Gyt t
time relaxation is described by factors involving terms of the form exp ( - 16—2)
The expression of the discrepancy £ for the stationary solution in the outer region then
offers, after an appropriate small relaxation time, a good approximation of & near the point

Ay (t). We then use identity (1.31) with functions y which are affine, except possibly near

8which is a far more difficult question for systems than in the scalar case
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the points a; 1 (), so that the previous expansion can be used. We show that this yields a
good approximation of the motion of the front points, leading to the proof of Theorem 1.1.
The proof of Theorem 1.2 is based on the approximation provided by Theorem 1.1 as well as
some properties of the system of ordinary differential equations (1.16). The proof of Theorem
1.3 uses extensively, besides the results in Theorem 1.1-1.2, the quantization of the energy.
We describe now the outline of the paper. Since our arguments involve several ordinary
differential equations, in particular equations (1.7), (1.16) and (1.30), and since the properties
involved are all completely elementary, we wish to present them first. Therefore, we start in
Section 2 with some result concerning equation (1.16): These results are only used in the proof
of Theorems 1.2-1.3, the reader may therefore skip this part in a first reading of the paper.
Section 3 presents some properties of the stationary equations (1.7) and (1.30), in particular
properties of the heteroclinic orbits, which are obtained through the method of separation of
variables, as well as the statement of proof of Proposition 3.1. In Section 4, we describe several
properties related to the well-preparedness assumption WP,., in particular the quantization
of the energy, how it relates to dissipation, and its numerous implications for the dynamics.
In Section 5, we set up a toolbox, which presents various parabolic linear estimates. These
estimates are then extensively used in Section 6, where they provide estimates for (PGL). on
parabolic cylinders, assuming that the map takes values to one of the minimizers o;. A major
emphasis is put on the expansion of the quantity &£, which is estimated sharply near the middle
of the cylinder. Section 7 is devoted to the proof of Theorem 1.1, based on formula (1.31)
as well as on the expansions of ¢ provided in Section 6. Section 8 is devoted to the proof of
Theorem 1.2 whereas Section 9 is devoted to the proof of Theorem 1.3. Finally in Section 10,

we outline the proof of Theorem 1.5.

2 Some Remarks on the Differential Equation (1.16)

2.1 Statement of results

This section, which is independent of our previous analysis, focuses on general properties
of the ordinary differential equations (1.16), with an emphasis on estimates for the possible
collision time. Therefore, we assume that we are given an integer £ € N*, a mapping { from
J to {+,—}, where J = {1,--- £}, a solution t — b(t) = by(t), - ,be(t) to the system (1.16),
where the constants ijf6 are defined according to the definition (1.15), which requires that the
value of one of the numbers i(k), for instance #(1) is also given. We consider the solution on its
maximal interval of existence, that is, [0, Tiax]. We assume moreover throughout this section
that the correction terms C);(s) satisfy the smallness assumption

qmin
cl(s)] < T (2.1)

where qmin = inf{q;} and qmax = sup{q;}. In order to describe the behavior of this system, in

particular possible collisions, we are led to introduce the quantity

85(t) = inf{ /A s (o [bi (£) = bya ()] for k€1, , £(to) — 1}. (2.2)

It turns out that this quantity controls the motion of the points as our next result shows.
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Proposition 2.1 Let b = (by,---,bs) be a solution to (1.16) on its mazimal interval of
existence [0, Tinax] and assume that (2.1) is satisfied. Let 0 < t1 < to < Tiax be given. For
k=1,---,¢, we have the bound

|bg (1) — br(t2)] < Soldp(t1) — dp(t2)] + Sie,

AdaxBL B8 and Sy = 841 B2 log((m +

where we have set S() = 16m(m + 1)_2qmaxA_1 max*~ min

DA 2 B2

min Inax) .

Notice that we have also the more straightforward inequality

[06(t1) = dp(t2)| < X|br(t1) — br(t2)l,

which is a simple consequence of the triangle inequality.
The proof of Proposition 2.1 will be given later. In view of the previous result, it is therefore

of importance to derive bounds for &,. In this direction, we first have the following result.

Proposition 2.2 Let b = (by,---,bs) be a solution to (1.16) on its mazimal interval of

existence [0, Tmax| and assume that (2.1) is satisfied. Then, we have, for any t € [0, Tinax],

log [1 — e 2Sytexp ( - bbg(o))} < &(t) ;bb(o) <log {1 + e %Syt exp ( — bbio))}

where we have set Sy = 8¢~/ Amaxd i, B2 -
Proof Tt follows from (1.16) and (2.1) that, for any k = 1,--- £, we have

| S]] < daph B (- ), (2.3

and hence | < /N () [br(t) — b1 (8)]| < Szexp (— @) Integrating, we obtain

cou(t) — 84(0)] < S /Otexp(— 20))gs,

3

and the assertion follows as a standard exercise.

In order to derive more refined estimates, we need to take into account the signs of the

interactions. For that purpose, we introduce the quantities
b:l‘):(t) = inf{ )\j+(k)|bk(t) —bit1(t)] for ke l,--- £ —1such that { = £Tx41},

with the convention that the quantity is equal to +oo in case the defining set is empty, and
we also set Bpax = sup{Bii} and B, = inf{Bii}. The main results on this section can be

summarized as follows.

Proposition 2.3 Let b = (by,---,bs) be a solution to (1.16) on its mazimal interval of

existence [0, Tiax] and assume that (2.1) is satisfied. Then, we have, for any time t € [0, Tiax],

+0p) — 6T )

05O g s, + 12t (- 2D)] g, o
2.

87 () — 67(0) _ & (0

b()fbglog |:S§—S4€ 2texp<— bg( )):| —IOgSé;
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1 1
where Sy = (m + A2 BiZe, St = 167"(m + 1251 Amin 285, S5 = (MaxBr2), and S} =

min ax) min
\/)\InaxBI;?n and S = ((m+7 V)l‘;‘B‘}ax) If all signs {1k }kes have the same value, then Tyax = +00.

Otherwise, we have the estimate
S’ 6, (0)
Tinax < €293 (b—) 2.5
<2 exp (22 (25)

Given any two times 0 < t1 < to < Tax, we have the estimate

e b (s) 1y3 2 2
[ e (= 20)ds < 287 M bu(ta) - du(en)] + S (2.6
t1
where 8} is defined in Lemma 2.3 below. Moreover the following inequality holds, in the sense
of distributions
o, (2
e—b, (t) < 4dq} B2, exp ( — ﬂ) on [0, Timax]- (2.7)
dt €

Notice that the behavior of ng and &, are very different, the first one measuring the repulsive

forces present in the system, whereas the second measures the attractive ones.

Remark 2.1 We have stressed so far the behavior of the equation (1.16) for positive times.
The properties of the system are actually similar when time flows backwards, i.e., considering
negative times. It suffices to change the attractive forms into repulsive ones and vice-versa to

deduce the corresponding results. Notice in particular that b% is changed into 7.

Proof of Proposition 2.1 (Assuming Proposition 2.3) Integrating inequality (2.3), we
obtain

t2
o
bulen) = b)) < 47 B [ enp (= 24D )
t

1

and the conclusion follows invoking (2.6).

The proof of Proposition 2.3, relies on several observations which we present next, the
completion of the proof of Proposition 2.3 being presented in a separate subsection.

Our starting point is that, since the system (1.16) involves both attractive and repulsive
forces, it is convenient to divide the collection {b;(t),ba(t), - ,be(t)} into repulsive and attrac-
tive chains. Consider more generally a positive integer £ € N*, set J = {1,---, £} and let | be a
function from J to {+, —}. We say that a subset A of J is a chain if A consists of consecutive

elements.

Definition 2.1 Let A= {k,k+1,k+2,--- ,k+m,k+m+1} be an ordered subset of m+ 2
consecutive elements in J, with m > 0.

(i) The chain A is said to be a repulsive chain, if and only if given two elements i1 and
ig in J, we have if i, = Tiy. It is said to be a mazximal repulsive chain, if there does exists a
repulsive chain which contains A strictly.

(ii) The chain A is said to be an attractive chain, if and only if given two elements iy and
io in J, such that |iy —iz| = 1, we have t;, = —1i,. It is said to be a mazximal attractive chain,

if there does exists an attractive chain which contains A strictly.
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Notice that, in view of our definition, repulsive or attractive chains contain at least two
elements. For a given map t, consider its maximal repulsive chains, ordered according to
increasing numbers Aj, As,---,A,. Consider two consecutive chains A; = {k;, k; + 1,k; +
2, kitmg ki+mi+1} and Ay = {kig1, ki +1, ki +2, - ki +migrs ki +map+13
It follows from Definition 2.1 that k; +m; + 1 < k; 1. we leave to the reader to check that the

chain
Bi={ki+m;+1,--kit1}

is a maximal attractive chain. In particular, we may decompose J, in increasing order, as
J:B()UA1UBlUAQUBQU'HUBP,lUApUBp, (2.8)

where the chains A; are maximal repulsive chains, the sets B; are maximal attractive chains
fori =1,---,p—1, and the sets By and B,, are possibly void or maximal attractive chains.

Moreover, we have, for i = 1,--- ,p,
Ain By ={ki+m;+1}, BN A1 = {kip1}.

2.2 Maximal repulsive chains

In this subsection, we restrict ourselves to the behavior of a maximal repulsive chain A =
{j,7+1,---,7+m}, m < {—2 within the general system (1.16). Without loss of generally,
we may assume that t; = + for i € A. Setting up = bp4;, we are led to study the function
U = (ug,ug, -+ ,upyy1). It follows from the fact that b satisfies (1.16), U is moved through a

system of m ODE’s; and two differential inequalities as follows:

()= —ag' Y0 TLuEN+ L) (29)
te{+.-}

and

1 (8) 2 4, T (U +C(s)) 20,
s (2.10)

d _
eqst0(s) < do T3 -({U(s)H(A +Cf () <0.
We assume that the solution is defined on I = [0, Tyax|, and that at initial time, we have
up(0) <up(0) < -+ <up(0) < uy11(0). (2.11)

The behavior of this system is related to the function F. defined on R™*2 by

1
F(U) =Y F" ), (2.12)
k=0
where, for k=1,--- ,m —1and u = (ug, -, Um+1), We set

k+3 -1 _ U —u
FTHU) = €A Bit Bioyy exp ( —/ Aﬁ(@%) >0,
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the numbers q; > 0, By > 0 and \j+ ;) > 0 being computed thanks to (1.15). In the case g <

up < o < Uy < Gme1, the value of F;(u) describes a nearest neighbor repulsive interactions
between the points u;. We have, for k =0,...,m,

OF _

G (U) =TL(U) = T (U), (2.13)

where T}, (U) =0,T5_(U) =0, for k=0,--- ,m, we have set

k+1
OF. ' ? _ Uk+1 — Uk
F;e(lﬂ = ur (U) = B;Bk-i-l exp ( Y. Ajt (k) %)’

for k=1,---,m+ 1, we have set
8Fk_% |uk U |
_ - — Uk—1
FpaU) = =5 (U) = =B B yep (= [y 0.
Notice in particular that I‘:,E = FI;+1,E for k=0, ---,m. We consider

Pmin(U) = inf{ )\j(k)|uk+1 —ugl, k=0,---,m} and &,(t) = pmin(u(t)).
We prove the following proposition in this subsection.

Proposition 2.4 Assume that (2.1) is satisfied and that the function W satisfies (2.9)—(2.10)
on [0, Tmax] with (2.11). Then, we have, for any t € [0, Tinax],
du(t)

%(0) > log |83 + Sue texp ( - b“T(O))] — log Ss. (2.14)

The proof relies on several elementary observations, which we present first before completing
the proof of Proposition 2.3. We start with some specific properties of the functional F', which
are stated in the next lemma.

Lemma 2.1 Let U = (ug, -+ ,Um+1) be such that ug < ug < -+ < Upy < Upy1. We have
—3 122 . Pmin(U) < F(U) < -3 122 . Pmin(U)
Amamein exp ( e ) — —_ (m + 1)>‘min8max exXp ( c )7 (215)
82
[VE(U)| < (m 4+ 2) A g (D), (216)
and for every k=0,--- ,m+1,
1 62 i pmin(U) 82 i Amin F(U)
F.(U)| > —|TF U)| > Din — > _—min . 2.17
2 0 S () Bl Ty

Proof Inequalities (2.15)—(2.16) are direct consequences of the definition (2.12) of F. In
view of formula (2.13), if k = 0 or k = m+1, there is nothing to prove, provided that we choose
o < 1. Next, let k =1,--- ,m and consider for instance FZE. we distinguish the following two
cases.

Case 1l |I' [ < %|F;§E . If this case occurs, then, we have, in view of (2.13),

or
D] < 2|5 ()] < 2V
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and we are done with a choice of vy < %
Case 2 |I"k"_176| =il = %|F;§E . In this case, we repeat the argument with & replaced
by k — 1. Then either
Ty o < 2[VEU),
so that |FZ_,5| < 4|VF(U)|, and we are done, or |F;€"_276| > %|T}€"_175|, and we repeat the argu-

ment. Since we have to stop at k = 0, this leads to the desired inequality.
The next result emphasizes the gradient flow structure of (1.16).
Lemma 2.2 Let W be a solution to (2.9)—(2.10) on [0,T], such that (2.11) and (2.1) hold.

Then, we have, for every t € [0, Tax),

< —% [VE(U(t))]* < =Sae 2F (U(1))*. (2.18)

S F(u)

In particular, F(u(t)) < e[Sie™%t + piyy] | < Fu(0)).

Proof Combining equations (2.9) and (2.10) with the chain rule, we are led to

d W oF duy,
€EEOW»_fZ;aE((DH;U

< — G VF(U(E) [ + 2q;ix|VF(u(t))IS;f|Fk,s(u(t)>Islzlflczi(t)l

-1 -1
_ qmax qmax
< G VE(U())* + 9 IVE.(U(t))|* = — IVEU(®)?,

where for the last inequality, we have invoked Lemma 2.1 and inequality (2.1). The second
inequality in (2.18) is then a direct consequence of (2.17). Finally, the last inequality of the
lemma follows by integration of the differential inequality (2.18).

Proof of Proposition 2.4 Combining the last inequality of Lemma 2.2 with inequality
(2.15), inequality (2.14) follows.

We complete this section with the following lemma.

Lemma 2.3 Let W be a solution to (2.9)—(2.10) on [0,T], such that (2.11) and (2.1) hold.
1
Given any time 0 <ty < ta, we have, with S = 2log((m + 1)\ 2 B>

min max)7
to
] 1
/ exp ( — u£5)>d8 < S;l)\glaxB;iQHE [bu (tg) — bu(tl)] + 8152.
t1

Proof We have by the chain rule and inequality (2.15),

2 d FAU()
[

e G loa(PU0)] = ~ s G PU0) = S, > SihmbB e (- 20,

€

The conclusion follows by integration.

2.3 Maximal attractive chains

In this section, we provide a few properties of a maximal attractive chains B = {j,j +
1,--+,7+m}, with m < ¢ — 2 within the general system (1.16): In particular, we show that it
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generates collisions in finite time, with an upper bound on the collision time. We may assume
without loss of generally that {; = +, so that f;+, = sign(—1)*. Defining 1l as above, the
function U still satisfies (2.9), but the inequalities (2.10) are now replaced by

e 1 (5) < At D (U4 Cin(9)) <0,
(2.19)

6%110(5) > qor({s({U(s)})(l +CJ(S)) >0.

The behavior of the chain B is now still related to the functional F.(U), where F. is defined

. K
in (2.12), with B,f = Bj([js,;gn(_l) and hence takes only two values, and A+ () = A;+. However,
the differential inequality (2.18) is now turned into

S P > B TR > P, (2.20)

which, by integration yields F(i(t)) > [F(lf(o)) — 846_2t} -t > [Sé exp (@) — 845_2t]_1.

Proposition 2.5 Assume that (2.1) is satisfied and that the function W satisfies the system
(2.9) and (2.19) on [0, Tmax| together with (2.11). Then, we have, for any t € [0, Tinax),

M < log [3;, — SuePtexp ( - %Eﬂﬂ ~log ;.

The argument is similar to the proof of Proposition 2.4, we therefore omit it.

Lemma 2.4 Assume that (2.1) is satisfied and that the function W satisfies the system (2.9)
and (2.19) on [0, Timax| together with (2.11). Then, we have the estimate

to .
/ €XP ( B buis) )ds < ST N B lieou(te) — du(t1)] + Soe?.
t1

2.4 Proof of Proposition 2.3 completed

Inequalities (2.4) and (2.6) of Proposition 2.3 follow immediately from Proposition 2.4 and
Proposition 2.5 applied to each separate maximal chain provided by the decomposition (2.8):
We leave the details of the proof to the reader. Inequality (2.5) is then a direct consequence of
(2.4). For inequality (2.7), we consider again each maximal attractive chain and notice that, if

by is an element of such a chain which is not at the end points, then we have

m),

L )] < g B e 221

and a similar estimate holds for the points which are at the end of the chain. A few elementary

arguments then lead to the conclusion.

3 Remarks on Stationary Solutions

In this section, we collect a few elementary results about stationary solutions to (PGL)..
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3.1 Stationary solutions in R with vanishing discrepancy

Stationary solutions on R may be described by using the method of separation of variable,
a tool which cannot be extended to systems. As matter of fact, this simple fact turns out to be
crucial, and explains for a large part why the analysis of this paper remains restricted to the
scalar case.

Consider more generally an interval I of R and a solution v to (1.34). Multiplying equation

(1.34) by u, we are led to the fact that, for any solution u of (1.34), we have

d
W =0, (3.1)

so that £ is a constant function on I. We restrict ourselves in this section to solutions with
vanishing discrepancy, that is which verify
-2
.u )
& =0, that is, 5 =€ V(u). (3.2)

Differentiating (3.2), we verify that any smooth solution to (3.2) is actually a solution to (1.34).
We finally solve equation (3.2) by separation of variables. Consider the function (; defined on

the interval (o;, 0541) by

(3.3)

“ o du

where z; is defined in the introduction. The map 7y; is one-to-one from (0;, 0;+1) to R, so that

we may define its inverse map
G (@) =y (@) (3.4)

from R to (0;,0:41) as well as the map ¢; (z) = ¢ '(—z). We verify that ¢ (£) as well as
¢ (E) solve (3.2) and hence (1.34). The next result, those proof is left to the reader, shows

that we have actually obtained all solutions.

Lemma 3.1 Let u be a solution to (1.34) on some interval I, such that (3.2) holds, and
such that u(xo) € (0, 0541) for some xg € I and somei € 1,--- ,q—1. Then

Tr—a r—a

u(a:):gr( ), Vel or u(m)zgf( ), Ve el

9 S

for some a € R.
Next, we provide a few simple properties of the functions Cii which enter directly in our

arguments. In view of the definition (3.4), we have

G0) =2, G0 =V2V(z) >0, (3-5)

3

whereas a change of variable shows that ¢; has finite energy given by the formula

Oi41
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It is also straightforward to establish that there exists some constant 3; > 0, such that, if for

some s € R, we have |*(s) — o;] > %, then
|s| < B1. (3.7)

We introduce the constants

- 1 1 1

4= | [~ g et
Cit1 1 1 1

Af:/z,., [m‘mmﬂ—u)}dw

+

%

10g(%‘+1 — 21)7
Ait1

so that we obtain the expansions, as u — 0, and as u — 0, ,

1
vi(u) = A7 + Now log(u — 0;) + 1HOgj(u —0;),

N 1 (3.8)
Yi(u) = A — log(0ip1 —u)+ O (0iy1 —u).
i+1 U—=0;,4
It follows that as x — —oo0 and as z — +o0,
¢H(z) = 0i+ B exp(vAix) + O (exp(2V/\; 2)),
reee (3.9)

¢H(x) = 0411 — B} exp(—/Aip12) + %QLOO(GXP—(Q Ait1T)),

where B; = exp(—A; ) and B;" = exp(—A;). Similar asymptotics hold for derivatives. For
0 <e<lgiven,andi=1,---,qg—1, consider the scaled function Ciig = Qi (—) . Straighforward
' €

computations show that

o) = 2o () 4 0 (o (Y],

€ wmmee (3.10)
- /\7;+1 + 2 >\i+1$ 3>\i+1$
e=(Guer) (@) = B e () 4 0 (exp (),
so there is some constant C' > 0 which does not depend on r and ¢, such that
r 2V 2/ Niq1r
> + > 6, — - - Y ). .
G, > /_r eE(CZ!E)da: > G, C’[exp ( . ) + eXp( . )} (3.11)

3.2 Study of the perturbed stationary equation

This section is devoted to some properties of solutions (1.30), that is to the perturbed
differential equation u,, = 2V’ (u) + f on R, where the function f belongs to L?(R). The
main result of this section will be to show that, if u has bounded energy and if f is small, then
u is close to several translations of the functions (; . suitably glued together. More precisely,

we assume throughout this section that

E(u) < My (3.12)
and consider the number
1
= Stog(—L ), 819
P1 coe? || fllz2(r)



104

F. Bethuel and D. Smets
where p; and cg are constants depending possibly on My and which will be determined later
(see (3.24) for p; and the proof of Lemma 3.4 for ¢o). Hence, we have

_3
2

€ p1d
1l = =—exp (- 251,
co

We assume throughout this subsection that

£

(3.14)
df > o1 >0,

(3.15)
where «; > 0 is some constant depending only on V', which will be fixed in the proof of Lemma
3.4 below. This assumption implies in particular

3
coe? || fllL2my < 1.

notation

(3.16)

If I is some interval of R and g is a C* function defined on R, it is convenient to introduce the

lgllczry = suplg(z)| + e suplg’ (2)].
xel zel
The main result of this section can be stated as follows.

(3.17)
Proposition 3.1 Let u be a solution to (1.30) satisfying assumptions (3.12) and (3.15).
fulfilled:

Then, there exists a collection of points {ar}res in R, such that the following conditions are
(1) 8(J) < %, where &g = inf{S;,i={1---,q}.

(2) For each k € J, there exists a number i(k) € {1,---,q}, such that

u(ay) = Zi(k)-

(3) The points are well-separated, that is, we have, for k # K/,

(3.18)
. ds
dist(ay, ar) > 5 (3.19)
(4) For each k € J, there exists a symbol t; € {4+, —}, such that we have the estimate, for
Iy = [ag — d7f7ak+ djfL
o (2] < (——pldf> 3.20
Hu Cik) e 5 cily) ~ P 4e )’ (3.20)
J
(5) Set Qu(to) =R\ U I. We have the energy estimate

d
/ ee(ve (-, to))dz < exp ( - M) (3.21)
Qr(tO) 2e
proach of [3], we recast equation (1.30) as a system of two differential equations of first order.

The proof of Proposition 3.1 will be decomposed into several lemmas. Following the ap-
For that purpose, we set w = eu,, so that (1.30) is equivalent to the system

1
Uz = —W and w, = EV,(U) +ef,

(3.22)
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which we may write in a more condensed form as
1
U,=-G{U)+eF onR, (3.23)
€

where, for z in R, we have set U(x) = (u(z),w(z)) and F(x) = (0, f(x)), and where G denotes
the vector field on R? given by G(u1,us) = (u2,V'(u1)). Notice that |[VG(u1,us)| < N(|ui),
where N > 1 is some continuous non-decreasing scalar function. On the other hand, since u is

assumed to satisfy the energy bound (3.12), we have
[ullLee ) < C(Mo + 1),
so that we are led to set
p1 = N(C(Mo+1)+1). (3.24)

We next compare a given global bounded solution u of (1.30) to a possible local solution u° of

the unperturbed equation

Upy = 2VV (1) (3.25)
with comparable initial condition at some point zg € R. We denote accordingly U® = (u°, e ~1u2)
on its maximal interval of existence. As a consequence of Gronwall’s identity, we have the

following lemma.

Lemma 3.2 Let A = (—=b,b) be an interval of R, u be a solution to (1.30) on A and u® be
a local solution to (3.25). Assume that for some number a satisfying b > a > 0, we have the

inequality

U0 =0 O+ =l < exp (= P27). (3.26)

9

Then u® is well-defined on [—a,+a], and we have

IU = UO o arapy < (JU(0) = U°(0) mllfllp) exp (7). (3.27)
Proof Let I be the largest interval containing 0, such that
[u®l| oo 1y < [lulloo + 1. (3.28)
On I, since (U — UY), = G(U) — G(U°) + F, we obtain the inequality
(U = U] < B U~ U°| +4|F|

It follows from Gronwall’s inequality, that, for x € I,

(U = U")(=)] < exp (@)KU —U%)(0)] + }/O e[F(z — y)|exp (@)dy

so that by the Cauchy-Schwarz inequality, we are led to the bound, for = € I,

)

3
g2

(U - 0@ < (100) - V)] + = flz2) exp (7). (3.29)

Hence, if (3.26) is verified, then [—a,a] C I and (3.27) follows.

We will combine the previous lemma with the following lemma.
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Lemma 3.3 Let u be a solution to (1.30) on R, such that & (u) < My < +00. Then

3
€ (W)l Lo my < V2Moe? || £l L2(w)-

Proof This is a direct consequence of the equality dd—xge (u) = e2f %u, (f—xu, Cauchy-Schwarz

inequality, and the fact that it is zero at infinity since u has finite energy.

Lemma 3.4 Let u be a solution to (1.30) on R satisfying assumptions (3.12) and (3.15)
and let xg € D(u). There exists some point yo € R, some i € {1,---,q} and some symbol
T € {+,—}, such that for every 0 < a < ds, we have

p
=l = w0)loxo-autay < exp (= 20 —a). (3.30)

Moreover, there exists some constant 1 > 0 depending only on the potential V', such that, if

df > me, then yo € [xo — %7 zo + g—’;] and

yo+dJ‘4 d
i eI (- 4 ep (— P29r
[ et 6Lt~ mnas] < 0F e (- P), (3.31)

where the constant C' > 0 depends only on the potential V.

Remark 3.1 (1) Since ¢/ (0) = z;, it is straightforward to deduce from (3.30) applied with
a= 7de and the properties of the functions Cj (see (3.9)) that, if the constant o is choosing
sufficiently large, then there exists some point go, such that |yo — yo| < g—g and u(y) = z;.

(2) We also notice that if the constant oy is chosen sufficiently large,

ds 3dy 3dy - dy

D(u) N [go + 550 + T} —0 and D(u)N [go - Lo - 3—2} —0. (3.32)

(3) Set
pgzinf{%,\//\_iizl,---,q}. (3.33)

Then, it follows combining (3.11) and (3.31) that

yo+J—d' d
: f p2ds
— < — — =4 .
‘ /yo_z ee(u)dr — 6;| <C S exp ( 5 ), (3.34)

since the function s — sexp(—s) is decreasing for large values of s > 0 choosing the constant

«; sufficiently large, and if we assume dy > o€, we are led to

yo+dJ2‘; 60
ee(u)de > —, (3.35)
yo—dJQ‘; 2

where g = inf{&;,i=1,--- ;¢ —1} > 0.

Proof Going back to Lemma 3.2, we consider as solution u° to the unperturbed equation

(3.25), the solution obtained choosing as initial conditions u°(z¢) = u(xo) and the derivative

0

Y(xp) in such a way that & (u®)(zg) = 0. Obviously, it suffices therefore to choose

V(e (z0))

2

u

(ug(20))* =
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We impose moreover the sign of ul(zg) to be the same as the sign of u,(xo), which does not
vanish, so that ug is uniquely defined. Since by construction & (u°) = 0, it follows from Lemma
3.1 that

UO() = CZE( - yO)
for some point yg € R, some i € {1,---, ¢} and some | € {+, —}. Notice that, since z¢ € D(u),

there exists a constant ¢y > 0 (depending only on the choice of py and on the numbers A;,

hence on the properties of the potential V'), such that

elus(zo)l® _ V(u(wo)) | 4 co
2 € €

so that by Lemma 3.3,
elug(x
clealoll 5 @ /oMol ey

Since by assumption (3.15), we have coe? Il fllz2®) < 1 and deduce

elus(zo)l® o _ vV2Moco™!

2 € €
We next impose as first condition on cg that co? > 2\/§M0, so that we obtain, since 0 < ¢ <1,
elug(xo)| > v/co. (3.36)

Combining the identity £2(|u,(xo)|> — |ul(x0)|?) = 2&.(u)(w), the bound (3.36) and Lemma
3.3, that are led to
2v/2My s

e (uz —ug)(z0)| < 2| fllL2m)-
Since u(zg) = u’(xg), we deduce
2v/2My 3
|Uw0) = U°(0)| < =="e* | l|z2w)- (337)

In view of Lemma 3.2, we estimate

HNwmé@Qa

we completely determine cg. In view of

|U(0) — U°(0)

3 P
My

Imposing the additional condition co > 2v/2 NG +

1
2
the definition definition of dy, we are hence led to

IFllzecey < exp (- 290,

€

3
£2

Ve

The inequality (3.30) then follows from Lemma 3.2. For the second assertion, we specify

U(0) - U°(0)] +

inequality (3.30) for the point x = ¢ with a = %f, so that

d
610 = y0) — ulao)| < exp (= ) <exp (- HH) < &2
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provided, for the last inequality that o is chosen sufficiently large. Since zp € D(u), we have
either |u(zg) — 0;] > Ho or |u(xp) — 0i41]| > Ho, and hence

|Cg,g($0 —Y0) — 0i| = o or Kle(xo —yo) — Oit1| > Ho-

Invoking (3.7), we are led to

|zo — yo| < Bie.

Choosing o possibly even larger so that oy > 1631, we are led to yo € [zg — i—g, o + %], that
is the second assertion follows. We finally turn to the proof of (3.31). For that purpose, we
choose a = ?’?Tf, so that [yo — %f, Yo + %] C [xo — @&, x0 +a], and hence, by inequality (3.30), we
may decompose u as u = Cis(~ — yo) +w, where

< exp ( - pl—df) (3.38)

10l s o— % ot 21y 1z

Expending accordingly the energy, we derive estimate (3.31).

Remark 3.2 The conclusion (3.30) of Lemma 3.4 remains essentially unchanged, if instead
of a solution u defined on the whole real line R, we consider a solution on a bounded interval
A. In that case, however, we have to replace in our computation the quantity || f||z2r) by the
quantity || f]|z2(a) + E(u(z)

V2M,
changing the constant ds by the constant

, where z is some arbitrary point, which lead, in the conclusion, to

d = = tog (s0c {1120 + Z52)). (3.39)

Conditions (3.15)—(3.16) also have been changed accordingly.

Proof of Proposition 3.1 (Completed) We distinguish two cases.

Case 1 D(u) = 0. In this case, we take J = ), and the only thing to be established in this
case is estimate (3.21). Since D(u) = (), there exists some ¢ € {1, - , ¢}, such that |u—o;| < po.
Multiplying equation (1.30) by u — o;, we are led to

/ u? + e N\o(u — 0y)%der < / u? 4+ 2V (u)(u — o;)da
R R

:/Rf.(u—cri)dx

< fllee@ylle = oill L2 (w) (3.40)

and hence, by Cauchy-Schwarz, — [ eu? + e ' Ao(u — 05)*dz < )\5153|\f|\%2(m. In view of (3.14)
and the fact that 0 < ¢ < 1, this yields to (3.21).

Case 2 D(u) # ). we construct the points a; by an inductive argument, which stops in a
finite numbers of steps. Let first g be an arbitrary point in D(u). Applying Lemma 3.4 to xo as
well as Remark 3.1, we deduce the existence of a point 7y, such that u(yy) = z;, |yo — zo| < 16,

dp ~ 3dyy ~ 3df . dy
D(u)N [yo—i— 327y0+7} =0 and D(u)N [yo 1 Yo — 32} 0. (3.41)
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Applying (3.30) with a = %, we are led to

p
exp ( - 4—;df). (3.42)
We set a1 = 9o, so that (3.18) as well as (3.20) are satisfied for £ = 1. Moreover, it follows from

(3.35) that

e B
HU’ Cz,e( Yo )Hcl([yo—d2 7yo_|_dJ2‘_]) -

S
/ L e(wydr < My— 20, (3.43)
R\[a1— a1+ %] 2
We iterative the process considering next Qy = D(u) \ [a1 — %f, ay + dgf] If this set is empty,
then we take J = {1}, i(1) = ¢ and {; = {, and we stop. Otherwise, we choose some z1 € {4,
and argue as we did above, now with z; instead of xg: This yields a point 71, some number

i(2) € {1,---,q}, some sign {2 € {+, —}, such that |yo — x1] <4 =

ot o
=l (= mm(m$wﬁ%rﬁm( Ld;). (3.44)
dy 3df ~ o 3dy o dy
D(u —| = D . 4
Setting as = 71, and invoking (3.35) again, we are led to
/ 2 . . es(u)dr < Mo — &o. (3.46)
R\ U [ax— ap+4]

Notice also that, by construction, |a; — ag| > dgf

We construct the set {ay }res repeating the previous construction inductively Since in each
iteration the energy in estimates (3.46) decreases by at least an amount of , we stop in at most
% number of steps, and all assertions, except (3.21) have been verified. In order to establish

(3.21), we argue as in case one. We have, integrating by parts in (1.30) for k=1,--- ,¢—1

Qip1— =
/ U2 eV () — o))
aH-JQi

ai1—4
= [, o)+ euter) - o (aulan)ds

1+J2‘—

_ p1dy
< M llzzayll = GzllL2( it L aia -y T € exp ( B 2—€>’ (3.47)

so that

d

e 3p1d
e/ (u2 + e 2Xo(u — 0;))dz < Cexp ( _ M)
a11+d42‘4 de

By summation, we obtain (3.21), and the proof of Proposition3.1 is complete.
As a by-product of the Proposition 3.1, we may also derive a global estimate.
Lemma 3.5 Let u be a solution to (1.30) satisfying assumptions (3.12) and (3.15). then,
d d
- Zei(k)‘ < CMO?f exp ( - m)

keJ <
Proof It suffices to combine (3.34) and (3.21).

we have
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4 Regularized Fronts

4.1 First properties

In this section, we provide some properties of the solution v. to (PGL). on time slices on
which it has already undergone a parabolic regularization, that is when fronts become close to

the stationary ones, and are well separated. Such a situation is described in Definition 1.1.

Lemma 4.1 If WP_.(8,10) holds, then WP-(d',ty) holds for any x1e < & < 3.

We leave the proof to the reader. Next, we consider for k € J(ty) the function w,fs =

Ve — O-ji(k)'

Lemma 4.2 Letty > 0, 0 > xie be given, and assume that v. satisfies condition WP (8, 1o).
Then, we have, for any 0 < 6" <6,

< o (- 22) o ()]

where we have set B,j = —TkBJ(kk) and B, = TkBi_(,B“, with the numbers BijE > 0 having been
introduced in (3.9).

by
(wE(ag + 6, to) — B exp ( — %5')

Proof We have, in view of the definition of condition WP, (8, o),

!

va(akié',to)—gj(’ik)(:t%)‘ §exp(—p1§), (4.1)

whereas by (3.9), we have

&' _YAEw 5'))‘ < Kexp ( - L)‘ji(k)é’). (4.2)

o (£ ?) ~ (3200 = Bl exn ( e e

In several place, we will assume additionally that ¢’ < 5 \/‘;Lﬁé, where Amax = sup{\;}.

Then we obtain under the assumption of Lemma 4.2

SNrm 2 /Nt
(w (a £ ' to) — BE exp ( - %5) - ﬂa)] (4.3)

€

<K {exp (
For the outer region, we have the following lemma.

Lemma 4.3 Lettg > 0,0 > e be given, and assume that ve satisfies condition WP (5, o).
Then, we have, for x € [ar + 8, ax+1 — 8] (resp. x € [ar—1 + 8, a — §]),

i (@, to)] < Cexp ( ~ plzi;) (resp. i (x.1)] < Cexp - plz%)).

Proof We write |%(w,i€)2| = 2|€_%w;66%%(w;6)| < Zeg(w,is), so that
x
|w,:',5(x,t0) - w,:',s(ak(to) +8) < 2/ ee(w,:"s)(x, s)ds.
ak(to)Jré
The conclusion then follows from Lemma (4.1) and assumption WP3.

We complete the subsection with energy estimates.
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Lemma 4.4 Letty > 0,0 > xie be given, and assume that v. satisfies condition WP (8, o).

Then, we have

600 10)) — €(t0)] < Mo2 exp (— 222, (4.4)

where py is defined in (3.33) and where the front energy E(to) is defined by E(to) = > Sy
keJ(to)

The proof is similar to the proof of Lemma 3.5, and we omit it.

Notice that the front energy &(tg) may take only a finite number of values, and is hence
quantized. We emphasize also that, at this stage, the front energy &(t) is only defined assuming
that condition WP.(8,t9) holds. However, we leave to the reader to check that the value of
&(tg) does not depend on 6, provided of course that & > aye, so that it suffices ultimately, in
order to define &(ty), to check that condition WP, (1€, to) is full-filled.

Choosing possibly a larger value for the constant «;, an immediate consequence of Lemma

4.4 as well as the fact that €(tp) may take only a finite number of values is as follows.

Lemma 4.5 Let Ty > T > 0 be given, and assume that conditions WP (x1e,T) and
WP (e, T1) hold. Then, we have €(Ty) < E(T). Moreover, there exists a positive constant
w1 > 0, such that, if €(Ty) < &(T), then we have E(Ty) < E(T) + .

We next discuss the case of equality &(T7) = &(T), in particular with respect to the L2
norm of the dissipation, which is central in several of our arguments. For that purpose consider
two times 7" and Ty, such that Ty > T > 0, and set

v,
ot

dedt =& (v(,T)) — & (ve(+,T1)) - (4.5)

dissip [T, Th] = ¢ /

Rx [T, T}]

As a direct consequence of Lemma 4.4 and the global energy identity (1.5), we have the following

corollary.
Corollary 4.1 Assume & > xie, and let Ty > T > 0 be such that both WP.(8,T) and
WP(8,T1) hold and that €(T) = &(Ty). Then, we have

dissip [T, T1] < 2M0§ exp ( — pié)
€ €

4.2 Finding regularized fronts

Occurrences of well-prepared time slices may be found thanks to Proposition 3.1 and a rough

mean-value argument. In many places, we rely on the following observation.

Lemma 4.6 Let T'> 0, AT >0 and 6 > 1€ be given. If
5
AT > co2e2 dissip [T, T + AT] exp (2p12), (4.6)

then, there exists some time to € [T, T + AT], such that WP(8,ty) holds.

Proof By the mean-value argument, there exists some time to € [T, T + AT, such that

_,dissip [T, T + AT] &3
' i = 1 7 Sz <_ _).
[0 ( 7t0)HL2(R) =€ AT =2 €xp 2915
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Consider next the map u = v(-, o), so that u is now a solution to (1.30), with source term f =
O¢(-,to). Hence f satisfies (3.14) with dy = 25. The conclusion then follows from Proposition
3.1.

As a matter of fact, one may initiate the search of regularized fronts using (1.5), that is
dissip [T, T1] < M. (4.7)
Therefore, it follows from Lemma 4.6 that it suffices to impose
AT > co?e? My exp (2p1§> (4.8)

to deduce the existence of a time to € [T, T + AT], such that WP.(d,tp) holds. In particular,
taking & of the form & = ae with a > &4, we see that given any T' > 0, there exists a time
t € [T, T + w(a)e?], such that WP, (ae,t) holds with

w(a) = co? My exp (2p10) . (4.9)

Since we assume « > & the front energy &(t) is then well-defined. In other words, on each
time interval of size w(ay)e?, there exists some time for which the front energy is well-defined.
On the other hand, this energy is non-increasing takes only a finite number of values, so that
we may expect to find large time intervals, where it remains constant. This is the situation we

analyze in the next subsection.

4.3 Propagating regularized fronts
We assume throughout this subsection, that we are given 6 > o« and two time T} > T > 0,

such that

{ng(s,T) and WP, (8, T1) hold, (4.10)

&(T) = &(T}).

Under that assumption, our first result shows that v. remains regularized on almost the whole

time interval [T, T1], with a smaller & though.

Proposition 4.1 Assume that assumption (4.10) holds with § > &oe, where ag > o is
some constant depending only on the potential V' and the constant My. There exists some
constant 0 < vy < 1, such that given any time t € [T + c1€6,T1], property WP(v1d,t) holds,

where ¢; = 2Myc3.
The proof of Proposition 4.1 involves the next result, of possible independent interest.

Lemma 4.7 Assume that assumption (4.10) holds with & > aye. We have the estimate, for

te T +¢e% T,
5 )
|Opve (2, t)| < CMOEQ\/;exp ( — p22—€).

Proof Differentiating equation (PGL.) with respect to time, we are led to

C
01(81v:) = Oua(Orve)| < 5100, (4.11)
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It follows from standard parabolic estimates, working on the cylinder A, = [z —¢, z+¢] x [t—e2, 1]
that

: 5 5
1002 (2, 1)) < Ce™ 4|0 p2(ay < CMoe_Q\/;exp (—poyr).
where the last inequality follows from Corollary 4.1, and which yields the conclusion.

Proof of Proposition 4.1 We divide the proof into several steps.

Step 1 Given any time t € [T + c1£8, T1], we may find some time t € [t — ¢1€5,], such
that WP, (’\/25,5 holds, where 0 < v, < 1 is some positive constant.

Proof of Step 1 In view of Corollary 4.1, we have dissip [t — c2e5,t] < QMOS exp ( — %5).
The conclusion follows directly from Lemma 4.6, applied with T' =t — ¢1£d and AT = c;€96, the

definition (3.33) of py, and the choice vy = 40721. Concerning the constant vy, our choice will be

1
Vi = 51nf{91\/3, %,Vz} with v = inf{4p—p21ﬂ/2}- (4.12)

Step 2 Set UP = [ax(t) +Vv15,ax+1(t) —v18] and U} = [ax(t) +Vv28, ag41(t) —v28]. Then,

we have, for any s € [t,t], i = 0,1 and provided that «g is chosen sufficiently large,
o
Z ee((ve(z,5))dr < exp ( —wplg>.
k 4

Proof of Step 2 Since v; < v and in view of property WP, (v28,t) inequality (1.10), we

have for i =0, 1,

Consider the cylinder A, = [ax(t) + %2, ax(t) + X2 x [£,1], and set Opq = Max{6,, 0.4},
where, for i = 0, 1, we have defined

O = MaX{ Ve (ak+i(t) + w%éﬁfj - 'Ue(ak+i(t) + \%675>’, s € [ﬂt]}

3
It follows from Lemma 4.7 that |0pq| < C’Mo(g) 2 exp ( — P2 %) The conclusion that follows
from the estimates provided in Proposition 6.1.
Step 3 There exists some point z € [ag(t) + 6, ax(t) + 28], such that

€ 5
&) < Goxp (= va01?).

Proof of Step 3 It is a direct consequence of the inequality e 1|¢.| < e-(ve), Step 2 for
1 = 1 and a mean-value argument.

Step 4 (Proof of Proposition 4.1 Completed) To prove that W7P.(v15,t) holds, we have
to establish that conditions WP3(v18) and W P4(v18) hold at time ¢. Condition W P3(v15)
is actually an immediate consequence of Step 1. For W P2(v1d), we apply Remark 3.2 to the
map v:(-,t) on the interval A = [ax(t) — 28, ak(t) + 28] with f = Ov.(.,t), so that, in view of

Lemma 4.7, we derive £2 I1fll2cay < CModexp ( - pQ%). Computing d according to (3.39) we
find, thanks to the definition of v,
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provided that as is chosen sufficiently large. This yields

Th P1 ~ P1P2
lw = iy« = vo)ll et ((wo—a,m0+a]) < €XP ( - 2_€df) < exp ( ~ Toe 5>,

which establishes WP:3(v10) at time ¢ for our choice (4.12) of the constant v;.

We complete this subsection deriving a simple consequence of Corollary 4.1, which will be

used in several places. Consider an arbitrary point a € R, numbers d > 0, > 0 and set

+
Uty

Lemma 4.8 Assume that assumption (4.10) holds with & > age. Let t € [T,T1], a € R,
d >0 and r > 0 be given. There exists some d € [%,d], such that

~ or )
+
49((1715)(d7 r) < 2\/M0£ exp ( - p22—6>.

Proof Set t; = inf{t — er,T}. It follows from Corollary 4.1, the definition of dissip and a

standard mean-value argument that, for some de [g, d], we have the inequality

(d,r) =Max{|v-(a £ d,t) —ve(a £d,s)|, s €[t —er,t+er]N[T,T1]}. (4.13)

e ~ ~ 4Mod 5
/ (1000 (a + d.s)? + |0ve(a - d,s))ds < 2> exp (= p2= ). (4.14)
t e%d €

The results follows by integration and invoking Cauchy-Schwarz inequality.

4.4 First properties of trajectories

In this subsection, we discuss a few elementary properties of the subset ®(t) of R, defined
in (1.11) in particular in connection with the property WP.(8,t). As a matter of fact, this is
the true for all positive times, as a consequence of a general result of Angenent on parabolic
scalar equations? (see [2]): Moreover, the number of elements in WP, (8,t) can only decrease.
Going back to Proposition 4.1, we see that if (4.10) holds with & > «se, then the number of

points in ®(t) is constant on the interval [T, T;], and therefore, we may write, for ¢ € [T, T3],

Ot) = {ar(®) brescr- (4.15)
Concerning the motion of the individual points a/(+), we have the following proposition.

Proposition 4.2 Let 0 < T < Ty and & be given, and assume that condition (4.10) holds
with & > oge, where oz > &g is some constant. Then given any times t and t' € [T,T1], we
have

/ |t — t/| 5
law(t) — ax(t')| < (T—Fclé) exp(—pgg). (4.16)

Proof We divide the proof into steps.

Step 1 Given any times ¢t and ¢ € [T, Ty], such that |t — ¢/| < c166 and WP, (v18,t'), we
have

2
lak(t) — a(t')] < %exp(—2p3§). (4.17)

9This is the second place where we invoke the fact that the equation is scalar: However, this observation is
not crucial in the proof.
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Proof of Step 1 We apply Lemma 4.8 with r = ¢18, a = a(t) and choose d of the form
2

- Gon(-)

where the parameter g is determined by o = inf { £2, X122

} Since we impose that 40 < ps,

there exists, in view of Lemma 4.8, some de [ ,dJ, Such that

p3 _'29]6 53 p36
9(a 0 (d, c8) < 2\/C1Mo eXp ) < 2\/61M0€—3exp ( - @)

< exp ( — ‘%i) (4.18)

Since the assumption 0 < & < 1 holds, the last inequality holds if & > «gze, provided that
a3 > &g > 0 is chosen sufficiently large. On the other hand, since WP, (v15,t’) holds, we have
for any —v10 <1 <v;9,

vlé)

ve(ag(t') +1,t') — Cz(k)( )‘ SeXp(—pl? , (4.19)

while we have that for any [ € R the estimate |C;r("'k)(é) — zl(k)‘ > Kinf {é, 1}, where K is

some constant. We deduce that for any —v16 <[ < v, we have

l V16
/ A > . M N S
[ve(ar(t') +1,t") — 2| 7K1nf{€,1} exp( P1— ) (4.20)
Next assume by contradiction that
(t') — ar(t) = I ( 0 ) (4.21)
— —exp( —o—). .
ag ak =3 CXp 026

If (4.21) holds, then we have
~ _ 3e? 8
no_ S 2¢
ai(t') = lax(t) + d = "= exp (= 057 ).
Using (4.20) with | = ax(t) — [ar(t) + d], we are led to

v (ap(t) £ d, t') — Ziky| > K% exp ( - Q%) — exp ( - lelg) > exp ( — 9435), (4.22)

'lel

where the last inequality holds since we impose 0 < p < , provided & > aze and that «g is

chosen sufficiently large. Combining this inequality with (4.18)7 we are led to

[ (ag(t) £ d,t) — Ziwy| > K% exp ( - i—i) —exp ( - %i) > exp ( - g—i), (4.23)
provided & > «3e and that o is chosen sufficiently large. Since |v.| < Ke™!, we deduce, setting
Mingg = inf{|ve(ar(t) + ,1) — 2|, | € [~d,d]},

Minpq > exp(— 9—6) _Kd > exp( 96) Ke exp(— Q—6> > exp(— 9—6) >0, (4.24)
8¢ € 8e 5 € 2e
provided 0 > age and that g is chosen sufficiently large. On the other hand, it follows from
the definition of ay(t) that |v.(ax(t),t) — ziu)| = 0, so that Minpq = 0, a contradiction, and so
that (4.21) does not hold, if & > «ge. Similarily, one shows
2

)
_ N < e —
ap(t) —ag(t') <4 5 exp( 926),



116 F. Bethuel and D. Smets

which leads to the conclusion (4.17) with p3 = £ by choosing a4 sufficiently large.
Step 2 Given any times ¢ and ¢’ € [T, T1], such that |t — t’'| < ¢1€8, we have

lak(t) — an(t)| < ?exp ( - ngg). (4.25)

Proof of Step 2 Without loss of generality, we may assume that T' < ¢ < ¢’ < Tj. This
is an immediate consequence of Step 1 and Proposition 4.1. Indeed, if ¢’ > T + c¢1€0, then it
satisfies, in view of Proposition 4.1, WP, (v19,t'), and the conclusion then follows directly from
Step 1. Otherwise, we have t' — T < c¢1£8. Since assumptions WP, (8,T') holds, we deduce from
Step 1 that

2
ax(t) — ax(T)| < s exp (—ps2),
and the same inequality with ¢ replaced by ¢’. Combining these two inequalities, the conclusion
follows.

Step 3 (Proof of Proposition 4.2 Completed) We introduce the intermediate times t,, =
[t—t']
c1ed

t+kcied for n € {0,1,--- ,ny}, where ny is the largest integer less than with tg, 41 = t'.

In view of Step 2, we have for n =0,--- ,ny,
g2 5
Jan(tar1) = ai(ta)] < S exp (= 2092),
so that adding these inequalities, we are led to
2

() = ot < 1y + D5 e ( 022) < (L2240 6) S e (—2052),

and the conclusion follows for a suitable choice of the constant os.

If follows from Propositions 4.1-4.2 that if assumption (4.10) is satisfied for some & > aye,
then the number of front points ax(t) does not change on the time interval [T, 7], the front
points ag(t) are perfectly labelled, continuous in time. Likewise the numbers i(k) and the signs

7i(k) do not depend on t. Moreover, an elementary, yet important observation is:

Lemma 4.9 Let 0 < T < Ty and b be given, and assume that condition (4.10) holds with
d > age. Then, given any k1 # ko € J(T') and t € [T, T}], we have

|ak, (t) — ar, ()] = v18.

Proof If t > T + 19, then the conclusion follows immediately from the fact that property
WP (v1d,t) holds. If T <t < T + c1€d, then we have for j = 1,2,

1 1—v1)d
la, (t) — an,; (T')| < 2c18 exp ( - psg) < %7
provided that «g is chosen sufficiently large. On the other hand, it follows from property
WP(8,T) that |ak, (T) — ak,(T)| > 8, and the conclusion follows combining the previous in-

equalities.
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4.5 The stopping time 7 (8, T)

Whereas the two previous subsections discussed some consequences of condition (4.10), we
provide here a situation where such a condition is met. For that purpose, we will invoke for the
first time so far the upper bound on the speed of the front set provided in Theorem 1.6. Given
a time T' > 0 and & > 0, we assume throughout this subsection that WP (T, 8) holds. We then
set

o
Tsim (8, T) = inf {s >T, 3k #k € J(T), such that |ax(s) — ag(s)| < 5}, (4.26)
in the case that the set on the right-hand side is not void, and Zg, (T, 8) = +oo otherwise. We
have the following proposition.

Proposition 4.3 Assume that WP-(T, ) holds with & > auye for some constant xy > 3.
Then condition C(v48,T, T4 (8,T)) is met, where 0 < vy < 1 is some constant. Moreover, we

have

5
Toim(T,8) — T > 2c162 exp (pog). (4.27)

J(T)
Proof We first establish inequality (4.27). In view of (1.27), we have D(T') C kL_Jl {ap(T)}+

[—oue, xp€], so that, combining with Theorem 1.6, for r > «ge, we are led to the inclusion

J(T) J(T)
DT+ AT) C | J{arn(D)} + [~oae —r,0qe + 7] =C | L, (4.28)
k=1 k=1

provided
0 < AT < (AT)o = pfrexp (po ) .

where the sets Iy, , denote the intervals Iy, , = [ax(T) — x1e — r,ax(T') + ot1e + r]. Choosing

we deduce that
pjose?
16

) 5
dis(Ig, Iy ) > 3 +20e and (AT)o > exp (pog) > 4dcg?e? My exp (pog),

where we assume that the constant o is chosen sufficiently large. This proves (4.27).
For the first statement, we notice that, thanks to (4.8) there exists some time T € [Tgim —
(AQT)O , Zsim] such that WP, (v40,T1) holds, where we set

~ . { P2 1}
V4 =inf { —, = ¢.
801 4

Next consider the time Zg, (T1,V48). Using a similar argument, we may find some time T €
[Teim (T, 8), Tim (T1,V48)], such that WP.(v38,Ts) holds. It follows that C(v35,T,Ts) holds,
hence C(v38, T, Tm(8,T)) holds. Choosing v4 = V3, the proof is complete.

Combining the previous result with Proposition 4.1, inequality (4.16) of Proposition 4.2 as

well as the identity (4.15), we are immediately led to the following statement.
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Proposition 4.4 Assume that WP.(T,d) holds with 6 > oye. Then for any t € [T,
Teim (T, 8)], the points {ax(t)}res(r) satisfying (1.8) are well-defined. Moreover, assumption
WP (vod, t) holds for any t € [T +c2ed, Tsim (T, 0)], where vo =vi1vy and ca = c1v4. Moreover,

we have
5
lak(t) — ax(T)| < cexp ( - p32—€) for any ¢ € [t,T + %], k € J(T), (4.29)
provided that the constant &y is chosen sufficiently large.

Inequality (4.29) will be used to handle small initial time boundary layers of size €2, which

are related to the parabolic estimates provided in the next section.

5 Linear Parabolic Estimates

In this section, we single out a few linear and mostly elementary parabolic estimates, which
will be used directly in the study of the nonlinear equation (PGL).. We consider in this section

0 < £ < 1 a small parameter, the standard space-time cylinder'°
A= [— %%} x [0, 1], (5.1)
a smooth function ¢ defined on A, such that for all (z,t) € A , we have
c(z,t) > A, (5.2)
where A > 0 is a given positive number, and linear parabolic equation
e — 0% ue + e 2c(x,t)u. =0 on A. (5.3)
as well as its special case,
i, — Qﬁxue +e 2 u.=0 onA. (5.4)
Notice that it follows from the maximum principle and (5.2) that we have the inequality
[us| < ue, (5.5)
where u. is the solution to (5.4) satisfying u. = |uc| on II, where
N=TuUll_ Ully (5.6)

with Iy = [—43, 4] x {t}, I_ = {21} x [0,1] and II; = {3} x [0,1]. In several places, we will

be led to assuming that the function c satisfies the additional condition
le(x,t)] < C for (z,t) € A. (5.7)
The main estimate of this section will be given in Proposition 5.1. It involves also the difference
¢(z,t) = c(z,t) = A > 0. (5.8)

We start with a few preliminary results.

10More general cylinders and solutions may be handled by using translations and scalings.
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5.1 Basic estimates

Lemma 5.1 Let u: be a solution to (5.3), such that u. =0 on II_ UTL,. We have

At
Juc(a D] < exp (= 5 ) =, Ol 4 (5.9)

272

for any (x,t) € A. Moreover, if ¢ satisfies (5.7) then, we have for 2 <t < 1 and —% +e<
r < % —¢,

c At
O, 8)] < Zexp (= 55 ) e, Oll w3 41 (5.10)

Proof For the first statement, we notice that the function h defined by

At
A, t) = exp (= 55 ) e 0)l ooy 4
is a solution to (5.4), and hence, by the maximum principle, we have u. < h(z,t). Invoking
(5.5), the conclusion (5.9) hence follows.
For the second statement, that is estimate (5.10), we invoke the regularization properties

of the heat equation together with a scaling argument. Let (xo,%9) € A be given, such that

Tr—Xo
€

and

€2 <ty <1 and —% +e < a9 < % — . We perform the change of variable x —

t — % + 1, so that (xg,tp) corresponds in the new variables (x,t) to the point (0,1). We
consider the scaled map

u(x, t) = uc(wo + ex,to + 2(t — 1)), (5.11)

which satisfies the parabolic equation

ou — 92 u+ c(x, t)u =0, (5.12)
on the large cylinder A, = [—% — %, = — i] x [~4 +1, 1] and where the function c is defined

as
c(x,t) = ce(wo + ex,to + 2(t — 1)). (5.13)

It follows from assumption (5.7) for any given |c(x,t)| < C. To conclude, we evoke the following

standard parabolic estimate.

Lemma 5.2 Let u be a smooth real-valued function on A and assume
|0 — Ogzul <b on A and |u| <d on A. (5.14)

Then, if A% denotes the cylinder [— %, %] X [%, 1}, there exists a universal constant C > 0,
such that

Hazc'U”LOO(A%) < C(b+d).

For a proof, we refer to [4, Lemma A.7], where closely related estimates are established.
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Proof of Lemma 5.1 (Completed) We apply (5.14) to the equation (5.12), restricted to
A C A, withd = ||C(x,t)ue||Loo([$0_57x0+5]X[t0_527t0]) and ¢ = Hu€||Loo([$0_E7xO+E]X[t0_527t0]). ‘We
are hence led to the inequality, using (5.7),

10<u(0,1)] < Cllullzoe(a) = C [Jttell Loe (fwo—c.ao+e] x to 22 t0])-

Invoking (5.9), and going back to the original variables, the conclusion (5.10) follows.

Lemma 5.3 Let u. be a solution to (5.3) such that u. = 0 on . There exists a constant
C > 0 which does not depend on € nor on A, such that for all (z,t) € A,

VA 1
juse, )] < Clluelmqn_omy | exp (= (12l - 5) ) | (5.15)
Moreover, if the function c satisfies condition (5.7), then, we have

1

e 0] < Chuclmn oy [exp (2 (11 - 2)) (5.16)

Proof It follows from the maximum principle that for all (z,t) € A,
|u(m,t)| < Hu€||L°°(H_UH+)\I/67 (517)
where ¥, is the stationary solution to (5.4) given by ¥.(z,t) = ¥, where U . is the solution
to the stationary problem (5.29) with boundary conditions

1 1

\1/0,6( - 5) —1 and foo,E( - 5) =1, (5.18)

so that

Uy () = cosh (@) {cosh (2—)} 71, (5.19)

and in particular,

0< Wo.o(z) < 2exp (g (|x| - %)) (5.20)

Combining (5.20) and (5.17), we derive (5.15). The proof of (5.16) follows the same arguments
as the proof of inequality (5.10) of Lemma 5.1. Therefore, we omit it.

5.2 Equations with source terms

Next, we let f € C?(A), we consider the equation with source term
Oty — (ﬁwu6 + 5*2c(x,t)u6 =f onA (5.21)
with boundary condition

u. =0 onIL (5.22)
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Lemma 5.4 Let us be a solution to (5.21)~(5.22). We have the estimate

[ue(, )] \/_/ \/_|x |)

Moreover, if ¢ satisfies (5.7) then, we have

|0z e (2, 1)] < / flx l)()itip |f(y,s)|dy. (5.24)

+ C5||f||L°°([:co—s,xo+s] X [to—e2,to])

sup |f(y,s)|dy. (5.23)
0<s<t

Proof By the maximum principle, it suffices to consider the case f > 0, what we assume
throughout the rest of the proof. Invoking the maximum principle once more in that case, we

conclude that 0 < u. < u., where u. is the solution to
i, — éﬁmug +e M. =f onA (5.25)

with boundary condition u. = 0 on II. We are led therefore to establish the bound (5.23) for the
solution u. only. We extend the function f to the whole of R x [0, 1] setting f(z,s) =0, if z &

[—2.1]. Given t > 0, we consider also the function fi(z) of the scalar variable z defined by
fa) = sup f(,s), (5.26)
0<s<t

and the solution u! of the differential equation

d? _ A
2 u'(x )+— L= f" onR, (5.27)

given by convolution with the corresponding kernel, namely

VAlz —yl\ =
- [ e o (=) P (5.25)

Next, we consider the function @ defined on R x [0, 1] by @'(z, s) = u'(z), so that we imme-
diately derive that
Ot — it + 20t = Tt > £ om [0,1] x [— 1,1]
€ 2°2
Invoking once more the maximum principle, we deduce that @' > u. on [0,] x [— %, %} and
the conclusion (5.23) follows.

Next, we turn to the proof of (5.24). We argue as in the proof of (5.10), and consider
the change of variables and the scaled map given by (5.11), which satisfies in our setting the
parabolic equation dyu — 92, u + c(x, t)u = f, where the function f is defined by f(x, t) = 2 f-(x¢
+ex,tg + €2(t — 1)). Invoking Lemma 5.2 once more, we deduce that

|8Xu(07 1)| < c ||u5||L°°([9L’0*6,I0+6]X[tO*Ez,to]) + €2||f||L°°([1076,I0+6]X[t0762,t0])7

which yields the conclusion (5.24).
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5.3 Stationary solution to the linearized problem

In this subsection, we consider the interval I = [—3, 2] and the solution U. to the stationary
problem for a given parameter A > 0
d? _2 11
d2U + X7 ?U. =0 foraxe|- ok 2] (5.29)
Ue(=3) =z and Ud(3) =17,

where 7. and 71 are given. The solution to (5.29) is easily integrated as

Ue(z) = Asmh(\/j)

+ B. cosh (5.30)

()
where the constants A. and B. are deduced from the values of 7. and v by

NSNS R V1!
— (vt~ 9g (At~
A: = (v — 72 )[2 sinh ( 5 )} and B = (v, + 1. )[2 cosh ( 5 )} :
We introduce a quadratic form related to the discrepancy defined for a scalar function u by

1

2[6 u? — 2. (5.31)

Qx(u) =

Lemma 5.5 The function Q(U.) is constant on [—3, 3] with value

A [ 2 o () + ()2 + (007

_ A2 2 _

The proof is a straightforward computation, which is left to the reader. Similarly, we also

have, concerning the energy, for any z € [—%, +1],

9 (dUE

xT

2 A 1
DA (@) = 2(5) (@) + AU2(@) < CA(E)? + (07)?] exp (%(x -3)) (65:32)
In view of our subsequence analysis of the nonlinear problem (PGL),, we are led to introduce
various additional assumptions on vF and the function c. First, we consider the case, where

v and 47 are of the same order of magnitude, that satisfies an inequality of the type

ol
Ve

’75
'Ye

T < Ko, (5.33)

where K is some given positive constant. In that case, we have the expansion

_ VA
QUZ) = =777 exp (= “2) L+ Ro.l, (5.34)
where the error term Ry . satisfies, for every 0 < e < 1, the bound

|Ro.c| < C(K2 +1)exp ( - g) (5.35)



On the Motion Law of Fronts for Scalar Reaction-Diffusion Equations 123

5.4 Comparison with the stationary solution to (5.4)
Next, we set
v, = ug( — 1,0) and 1 = ue(—i— 1,0),
2 2
and consider the solution U; to (5.29) with corresponding boundary conditions. Our next results
describes the possible relaxation of a given solution u. to (5.3) to the stationary solution U.. In

order to state our result, we introduce appropriate notions of oscillations for the various parts

of the boundary II, namely first

b0 = [|Ue — ue (-, 0)[| ooy (5.36)

~4.3]
and
Opa = sup ({177 — ueo, 1), (@,8) € T FU LI —uc(e )], (o) €TLY).  (5.37)

Proposition 5.1 With the notation above, we have the estimate, for (x,t) € A,

[ue(,1) = Us(2)] < fpexp ( - §> + Cha | exp (@ CE %))}

# (St ) lam o1+ Do (2 (- 3)). 639

Moreover, if ¢ satisfies (5.7), then, we have, for t > 2,

ottt ~ Ul)] < Stpexp (= 22) + oy [exp (A2 (o1 - 2))]

* (% + i)MLw(A)(IVJI + 72 |) exp (g(lxl - %)) (5.39)

Proof We may decompose u. as
ue(z,t) = Us(z) + Us () + w1 e (2, 1) + ug (2, 1), (5.40)
where U. is the solution to (5.3) defined on A, such that
U.(x,0) = uc(2,0) — U.(z) onlly and U.=0 onIl_UI,,
where the function uy . is the solution to (5.3) defined on A, such that

ure =0o0n1ly and wu.(z,t)=u(x,t)—Uc(x,t) for (z,t) € II_ U4,

and finally us . is the solution to (5.21) with boundary condition us . = 0 on II and source term

f given by
flx,t) =¢(x,t)Uc (). (5.41)

The function ug . is estimated thanks to Lemma 5.1, which yields

~ At
|U:(2,t)] < b exp ( - 6—2>, (5.42)
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whereas the function u; . is estimated thanks to Lemma 5.3, which yields

[ut,e (@, t)| < Cllue — woellLoom_umy) [exp (g (|x| - %))} (5.43)

In order to estimate the function us ., we will invoke Lemma 5.4, and for that purpose, we need
first to bound the source term f given by (5.41). We have

Sup [y O] < llsCo ) pooay (W T+ 172 Dxo,e (%) (5.44)

< 205 M (0 + he ) exp (@(m -2)) (5.45)

In view of Lemma 5.4, we are therefore led to estimate the integral
: VA VA 1
1) = [ e (- 2 e (2 (0l - 5) o
-3

We leave it as an exercise to the reader to verify that

0<I(z)< (2 + %) exp (g (|x| - %)), (5.46)

so that

o) oo (L (- 3)). (5.7

Combining (5.42)—(5.43) and (5.47), we derive (5.38). For (5.39), we use the corresponding

estimates, observing that

lug.c(z,1)] < (2 +

VA 1
1l (a-esmaterxtio—eraoy < Cllsllzeiny (91 + e exp (“2 (lel = 5)).

5.5 Estimates for the quadratic part of the discrepancy

In this subsection, we wish to derive some estimates for Qx(u.), there @ is defined in (5.31).
Furthermore, we restrict ourselves to the case that there exists some given constant o > 0, such
that

0
oiny < _£ .
Oba + ISl oo (a) _eXp( €>7 (5.48)
and we finally also assume that
Y|+ S+ 00 < Ko. (5.49)

Lemma 5.6 Assume that uc is a solution to (5.3), and that assumptions (5.33) and (5.48)—
(5.49) are full-filled. Then, we have, for (x,t) € A,
_ VA
Que) (@) = =777 exp (= 2 ) [+ Roe(@,8)] + Co.(a. 1), (5.50)
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where the error term satisfies the estimate, for every 0 <e <1 andt > 0,

Ro.c(,t)] < C(KG +1) [exp (%(zﬁm - 29)) +exp ( - g)} (5.51)
and
1Co.c(x,1)] < CH2 [exp ( - zg—ét)} (5.52)

For the proof of Lemma 5.6, we expand u. = U + 7., where r. = (u. — Uc), so that by
Cauchy-Schwarz inequality,

Q(u)(2:1) = QUL < Da(re) + [DAG)DAWU)]? < 5DA(r) + 3 DA(UL).

We then estimate the right-hand side of this inequality thanks to the estimates for r. provided
in Proposition 5.1, inequality (5.32) for Dy (U.) as well as the expansions (5.34) and (5.35). We
omit the details.

In the asymptotic limit ¢ — 0, the bound (5.51) shows the term R (z,t) is indeed an error

term only in the case x is small. In particular, if |z| < ﬁ and 0 < ¢ < 1, then, we have

\/X)} (5.53)

[Ro(e,8)] < UG + 1) exp (= 2) +exp (= =

6 Relaxation to the Stationary Equation off the Front Set

The purpose of this section is to obtain a precise expansion of the discrepancy function
&(,t), when computed far from the front set. For that purpose, we are led to analyze in details
a typical situation we present next. Let (zg,t0) be a given arbitrary point in R x R*. For r > 0,
we consider the space-time cylinder

r r
Ar(il,'o,to) = {xo,to)} + A, = |29 — §,LEO + 5 X [to,?“Q +t0],

where A, = A,.(0,0) = [ — 5, +%] x [0,7%], and a solution v. to (PGL).. We assume throughout
this section that the front set of v, does not intersect A, (xg, %), that is, we assume that there
exists some @ € {1,--- ,q}, such that, V(z,t) € A,.(z0,to),

|ve(,t) — 03] < no-

Following the notation introduced in Section 5, we set v. = v, (a:o -5, to) — 05,7 =0 (xo—i— 55

to) — 0;, and define U, , as the solution to

d2 L, rr
_ @Ue,r +Xie ?Uer =0 forze [— 3 5]; (6.1)
Ue(—g):'yg and Us(g)zvi

Set IT = TIoUIT_UILy with ITg = [—%, 5] x {to}, - = {—3} x [to, to+7%], I = {5} x[to, to+77],

Ova(r, o, to)(ve) = sup{0;},,0,,} and 6o, = ||U., — ve(x, 0)|[oof—z 2], (6.2)
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where L‘)fd = sup{|yE — we(2,t)|, (,t) € Hi(r,x0,t0)}. We assume in this section that 6hq

satisfies the following smallness assumption: For some fixed constant ¢ > 0,

-
Opa(r, zo,t0)(ue) < exp ( - %) (6.3)
We assume similarly that
- 4o _or
e+l < eXP( 25). (6.4)

Notice in particular that, if (6.3)—(6.4) are satisfied, then we have
|ve — 0;] < exp ( — g) on A, (xo,to). (6.5)
5
The main result of this section is as follows.

Proposition 6.1 Let (xq,ty) be in R x RT, let 7 > & be given, and let v. be a solution to
(PGL)., such that (6.3)—(6.4), (5.33) and (Ho) hold. Then, we have for (x,t) € A.(zo,to),

Ve (2, ) — Usﬂ“(x”

< oo (-2 s o (Lo -ni- - 1)) 69

and, if t > €2,
|0z (ue (@, t) — Ue())]

S

L

Moreover, we have for every 0 < e < 1,

€e)(@.t) = —17 exp (= Y20) 14 Ry 0]+ € ) (6.9

where the error terms satisfies the estimate

Rslont)] < OG-+ 1)l 92 oo (2l = 20l - o) +ep (= Y20)] - (69)
and
C1c (2, 1)| < COZ, exp ( - @) (6.10)

Proof In view of the scale and translation invariance of the equation (PGL)., we are led

g

to introduce the new parameter e = £, which satisfies assumption 0 < € < 1, to perform the

change of variables z — x = =" and t — t = t;ﬁo, and finally to set
Ve(x,t) = v (rx + xo, r’t + to),

so that v, is now a solution to (PGL),, and the original domain of interest A,.(z¢, to) is changed
into the standard cylinder A. On the other hand, since o; is a minimizer for the potential V'
which is assumed to be smooth, we may expend the potential V' as

V(u) = %(u — )%+ ®(u)(u — o), (6.11)
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and its derivative V’/ near o; as
V(1) = N(u — 03) + o(u)(u — 0;)3, (6.12)

where ® and ¢ are some smooth functions. Setting w. = v. — 0; on A we are led to rewrite the
equation (PGL), as

dhwe — 02 we + € 2ci(x,t)we =0 on A, (6.13)
where the function ¢; is defined on the cylinder A as ¢(x,t) = A; — ¢c(x,t) with
Se(%,t) = ¢ (ve(x, 1)) [ve(x,t) — 03]®  for (x,t) € A.
It satisfies therefore, in view of assumption (6.4), the estimate
(0l < Cexp (=2 (6.14)

We are hence in position to apply Proposition 5.1 to the equation (6.13): Estimates (5.38)—
(5.39) combined with the inequalities (6.3) and (6.14), then lead directly to (6.6). Turning to
(6.9), we write

E(v:) (@, 1) = Qn, (we(x, 1)) + @ (w: + 07)wl (x, ),
so that (6.9) is a direct consequence of Lemma 5.6 together with the smallness assumptions
(6.3)—(6.4), which lead to (6.5) and allow to bound suitably the term ®(w. + 0;)w?(x,t).

Finally, we end the section with a crude estimate, which will also be used in some places.

Lemma 6.1 Let (zg,t) be in RxR™, let r > € be given, and let v. be a solution to (PGL).,
such that (6.3)—(6.4), (5.33) and (Ho) hold. Then, we have for (z,t) € A, (zg,to),

eevn(o,) < E My (- P 4 O ey (B2 () - 2= )]

The proof is a direct consequence of Proposition 6.1 and inequality (5.32).

6.1 Expansions and bounds for £ assuming WP.(5,T)

Appropriate expansion for ¢ are the central tool in order to derivate the motion law of
the fronts. Throughout this section, given & > 0, we assume that WP.(5,T) holds for some
time T > 0 and given some & > 0. For times ¢ € [T, Tm(5,T)], we consider the intervals
[ak(t), ax+1(t)]. Our purpose is to provide some accurate estimates for the discrepancy £ on
these intervals. It turns out actually that our estimates are essentially relevant only for points

near the center
_ag(t) + agya ()
Wty T T
of the interval, provided that the length d(t) = |ar+1(t) — ar(t)| of the interval is not too large

compared to 6. For that purpose, we will use in some places the condition
L(s)

di(t) 5 5
< —= = i — ) < : — .
B =S )\mmV5 exXp (04 88) > )\Inmv5 exp (03 88) ’ (6 15)
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with the last inequality being a consequence of the inequality ps < p3, where we set

2
V5 = 1nf {vl, (6.16)

s

Our next result is central in the derivation of the motion law.

Proposition 6.2 Let T > 0 be given, and assume that WP (8, T) holds for some & > ose,
for some constant a5 > oy. Given any time T + &2 <t < Ty (8,T) and k € J(T), such that
WSy (t) holds, we have, for x € [ar(t), ar+1(t)],

() (,t) = T . ({ai() D1 + Rae (@, 8)] + Coe(a,1), (6.17)

where I‘;E({ai(t)} is defined in (1.15) and the error terms satisfy the estimate, for positive
constants K1 > 0 and pg,

p(zv g+ (k) |JU Opl |—Q65)

€

Roe(z,t)] < K [ex +exp ( - 7W)} (6.18)

and

)\j+(k)(t—T) 5) (6.19)

(Ca.c (2, )| < K1 Moexp ( - = —p12).

Notice that the previous result yields a precise expansion of the discrepancy provided that
the following conditions are met:

(i) The distance between the points ay(t) and ai41(t) can be compared to the length 8, i.e.,
condition WS(t) is met.

(i) The point z is close to the center a1 (¢).

(iii) The time ¢ is not too close to the initial time T'.

More precisely, a direct consequence of Proposition 6.2 is as follows. If WS (¢) is satisfied

and

Ped di(t)
— ()] < >T
L el W v

then, we have

€(ve)(@, 1) =Ty .({ai(t)})[L + R (x,1)], (6.20)
where
R t)] < exp (— 22). (6.21)

Proof of Propostion 6.2 We first describe the general outline of the proof. We will work

on a cylinder of the form
Ay (1) = [aw(t), arr (B)] x [t —ex, 2],

where the parameter r > 0 homogeneous to a length is defined by

r—inf{%,%}<aexp (p(;%) (6.22)
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We then divide this cylinder A, (t) into a region close to the front sets near ax(t) and ayy1(t),
termed here the “inner region”, and the rest of the cylinder, termed the “outer” region. In
the inner region, we will show that the solution remains close to an optimal profile, whereas in
the outer region, we are in position to apply Proposition 6.1, with the main point in the proof
being somehow to glue together the inner and the out region.

In order to define the outer region, we argue as in Lemma 4.8, so that we may find some
number & € [%8,v58], where v; is defined in (6.16), such that

a8 ) 00,0 (557) < 4\/;556’{13 (- p32%> < e (- ‘)34_65)' (6:23)
We then define the outer region as
Aout (1) = [ag(t) + 8, apr1(t) — 8] x [t — er,t].
Adapting the notation of Section 6 to the present framework, we are led to set w. = ve — 0+ (1),

- = {ax(t) + 8} x [t —er,t], Ty = {appa(t) + 8} x [t —ex,t],
Ve = we(ak(t - 81;‘) +gat - 613), ’7: = ws(akJrl(t - 81;')) - gvt - EI‘),
Oba = sup{@,ii, 91;1}; where e]zgtd = Sup{h/ei - ws(xvt”v (xvt) € H:t}v

and 0y accordingly (see (6.2)). Finally, we notice that there exist some time 7" < ¢/ < t, such
that |t — ¢'| < cped and WP.(v18,t’) holds. Indeed, if t — T > c9ed, then the existence of ¢/
follows directly from Corollary 4.4. On the other hand, if t —T < ¢2ed, we simply choose t' = T,

so that the same conclusion holds. Notice also that we have the inequality

Jar(£) = ar(t)] + lags1 (1) — apa ()] < 2% exp (- p4§). (6.24)

In order to apply Proposition 6.1 to Aoyt (t), we need to deduce several estimates for v, v,
Obd - -+, which are mainly derived from estimates on the inner region. We divide the remainder
of the proof into several steps.

Step 1 Estimates for v and 7.

Set Bt = —TkB;L(’“k) and B~ = Tk+1Bi_(;ii+11)- If 2 is sufficiently large, we have

Ve — B exp ( — 7@6” < exp ( — p4i> (6.25)

4e

and

1 \/)"+k : A+ (k) <
§|Bi| exp ( - ]7()6> < |vE| < 2|BF|exp ( - ji()é). (6.26)
€ €
Proof It follows from condition WP, (v14,t") that for the time ¢’ defined above and for any
0<d < %5, we have
A 2/,
we (ap(t') £ 0',t") — B exp ( — %5') < Kexp ( — ﬂé’). (6.27)

g
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Indeed, in view of the definition (6.16) of vs and since ps < p1, we have

3. 3 P3 P1
6 <25 < Svsh < 6 < 5,
2 2 > 8\/ )\max 2\/ )\max

so that Lemma 4.2 and the previous remark apply. We turn first to the estimate for v. We
choose ' = & + ap(t) — ap(t'), so that ag(t') + &' = ax(t) + 5, whereas

VA At (k) = At

_ Jt(k) o\ _ _ it (k) _ it (k) _ ’
exp ( . ) ) exp ( . 6) exp ( . (ar(t) — ax(t )))
Hence, inequality (6.24) yields

(- ) (-

<K5
—ex
=73 p

Combining (6.27) with (6.28), we deduce that provided & > ¢,

won(t) +8.#) — B exp (~ Y205 < e (- (2205 40,8))] (629

3

( a (7V’\JE+<’€>5 + p4§)). (6.28)

On the other hand, it follows from the definition of H(ia_t)(S, r) that

|we (ar () + 8,) — we(ar(t) + 8,¢)] < OF, 1 1 (8,1). (6.30)
Combining (6.27), (6.29)—(6.30), (6.23) and the fact that py < p3, we derive (6.25) for 7.. We

derive the corresponding estimate for - using the same argument. For the proof of (6.26), we

observe that, as a consequence of our construction of & and the definition (6.16) of v5, we have

. P I

N -
so that, if g is sufficiently large, then % exp ( S A A O 6) > exp ( — p4%)7 from which we

€

deduce the conclusion.
Step 2 Estimates for 6,q and 6.
‘We have

(-2Y2205) g, < Conp(

B i)
1z P15z )

Proof of Step 2 The estimate for 6,4 is a direct consequence of (6.23) together with the

5
Opa < exp ( — p4—) < exp

inequality ps < ps, whereas the estimate for 6y follows directly from Lemma 4.3.
Step 3 Proof of Proposition 6.2 completed.
We are now in position to apply Proposition 6.1 on the cylinder Agy(t) with

5 31 3
r=di(t)—20, or= 16\ [ A5+ (k)05

so that assumptions (6.3)-(6.4) and (5.33) are satisfied, with a constant Ky depending only
on the numbers B+, and provided that the ratio g is sufficiently large. We have therefore, for

every 0 < e < 1 and every s € [t — e, t],

\/ )‘;r(k) (di(t) — 20) -
1+ Roelw, )] + Co5), (6.31)

€

§e) (@, 5) = =777 exp (
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where the error term satisfies the estimates
Ra.e(z, )]

i 2
< C(KG+1)|Ivdro [ exp (g\/ Ajle = a1 ()] = gr) +exp(

and

_ VAT Aj*f)dk(ﬂ)} (6.32)

/\;r(k)((t—ﬂ)_s) 6). (6.33)

(Cacla,8)| < Cexp (= —p12

22
We next use formula (6.31) at time s = ¢, and distinguish two cases. If t — T' > e‘i’“i(t), then
3t (k)

r= Lm, so that
At ()

|Cac(x,t)| < Cexp ( - 7W),

and then, we absorb this term in the second term on the right-hand side of (6.32) at the cost of
a larger constant C'. Otherwise, that is, if r = %, then Ca . (,t) has exactly the form provided
in (6.19), and we are done for this part of the error terms. It remain to check that the other
error terms have the announced behavior. For that purpose, we first notice that it follows from

Step 1 that
VA .
vHnT = BYB™ exp ( - 2%5) [1+ Rs), (6.34)
where R3 < K exp (—m%) , and that

A

31 \/>\j+—(k:)5 15v/ AminVs &
e ) sew (- —E). (6:35)

Combining (6.31) and (6.34)—(6.35), we obtain the desired result by choosing
P4 15\/>\minv5}
4’ 32 '

We also need to handle the case, where the assumption WSk () is not met. In that direction,

exp(—2or) < exp ( -

pe = inf {95,

we are not able to provide an expansion, but only an upper bound, which turns out to be

sufficient for our further analysis.

Proposition 6.3 Let T > 0 be given, and assume that WP (8,T) holds for some & > oge.

Given any time t € [T, Tum(5,T)], such that inequality WSk (t) does not hold, we have for

k=1, 0(t)—1 and z € [ax(t) + @,a,ﬁé(t)—k d'“Q(t)},

)\j+ (k) (t - T)
82

R /At (k) L()
4e )}’

(0, 0)] < K [exp ( - —012) +exp (

with L(8) = v/ AminVse exp(—pa).

The proof is essentially the same as the proof of Proposition 6.2, with the main point being
to replace the definition of r given in (6.22) by the new choice r = inf {L(5),=L}. We leave
the details to the reader. Finally, in some place, we will need another estimate somewhat in

the same spirit as Proposition 6.3 provided by the following lemma.
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Lemma 6.2 Let T > 0 be given, and assume that WP (8,T) holds for some d > age. Given

any time t € [T, Tsm (8, T)], such that t > &2, given k € 1,--- L(t) — 1 and = € [ak(t), ar+1(t)],

we have

)\j+ (k) (t - T)

. )\j+(k)'y(x,t))}7

[&c (2, 1) SK[exp(— —p1§>+exp(— "
where y(x,t) = inf{|x — ar(t)|, |z — ap+1(L) }.

The proof is a rather direct consequence of inequality (5.32), therefore we omit it.

7 Motion Law for Fronts

The purpose of this section is to provide the proofs of Theorems 1.1-1.2. To that aim, we
will combine the result of the previous section with the motion law for the local energy (1.31)

by making use of test function of a special type, which we describe in this section.

7.1 Approximating the points ag(t) using the energy density
Let t > 0 and let k € J(t) be given. Since the expansion for the discrepancy £ is only

accurate near the points a4 1, We are led to introduce intervals Zy(t) of the following form:

_ = P6d P60
Ti(t) = [ay, (t,8), a)f (¢, 8)] = |@p_1(t) — mvak—k%@) + 4\/m}7 (7.1)
where, for the construction of the points a1 (t), we distinguish several cases.
Case 1 None of the conditions WS (t) and WSj_1(t) holds. In that case, we set
¢(9)

Qg1 () = an(t) £ 5

Case 2 At least, one of the conditions WSy (t) or WSj,_1(t) holds. Without loss of generally,
we may assume that WSy, holds, with the other case being handled in a similar way. Then, we

distinguish once more two subcases. If

& (1) < 44/ ;I‘:X di (t) with dy; (£) = dy_1(t), (7.2)

then we set
Ty () = gy (1), Gy (6) = an() — 245 (1)
Otherwise, we set a1 (t) = a1 1(?).
Notice that, if condition (7.2) is met, then |/A;+yd} (t) < 44/X;~ x5)d;, (t). We then con-
struct a test function x = X, having the following properties:

x has compact support in Zy(t),
x(@) = — ax(t) on the interval [a;_1(t), a1 ()], (7.3)
K] < 48Amaxpg 257"

One may check that the set of functions verifying these three conditions is not void. Notice

that X = 0 on the interval [a;_1(t),a;,1(t)], and hence ¥ has support on Vi(t) = Zi(t) \
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(a,ﬁ% (1), Ayl (t)). In view of Proposition 6.2, we introduce that the stopping time Ty (0,¢) is
defined by

b
Te(8,1) = inf { T (8,8) = 5 > ¢, such that Ja;(s) - a;(¢)| < . pj
forj:k—1,k,k+1}. (7.4)
We consider the energy density by (s) = [i X(k,¢)€c(ve (-, 5))dz, as well as the related quantity

bk,t(s) = Clzgl[bk,t(s) + dissip (t, 87X(k,t)) - ﬂlg] + ax(t),

where qr = &),

Ov, |2
dissip (¢, s,x) = ¢ X‘

We claim that by ;(s) offers a good approximation of ax(s).

(z,u)dzdu, BY= /Raz:e6 (Cj(i)(g))dm (7.5)

Lemma 7.1 Let T > 0 be given, and assume that WP-(5,T) holds for some & > age. We
have, for any k € J(T') and s € [T + c2ed,%1(5,T)],

) )
— < — — ) <
lak(s) — bre(s)] < KDy(t) exp( P3 25) < ngxp( p34€>

where we have set D (T) = inf{L(8),d; (T),d; (T)} and for the last inequality at the cost of a

possible larger choice of the constant og.

Proof Since in view of Proposition 4.4, property WP, (v(d, s) holds for s € [T + c2ed% (6,
T)], we deduce from (1.9)—(1.10) that

£

‘bk,t(s) - /R (& — ax(t))e. (g&) (M))dx‘ < K MyDy(t) exp ( - plv()g),

where K > 0 is some constant. On the other hand, we have, going back to (7.5),

/R (z — (e (s (ﬂ))dx = (a(s) — ar (1)) Gy + B

£

Finally, by Corollary 4.1, we also have |dissip (¢, s, x)| < C@k(t)gexp ( — pgg), so that the
conclusion follows combining the previous inequalities, and imposing additionally that ps3 <

P1Vvo-

7.2 A first motion law for the points ag(s)

Our previous estimates lead to us directly to the following result, which is the building block

in the proof of Theorem 1.1.

Proposition 7.1 Let T > 0 be given, and assume that WP (8,T) holds for some & > oge.
Let t € [T, Tsm(8,T)] and consider k € J(T). Ift > &2, it holds for s € [t, Tsm (8, T)], that

sl =T) 5, 8) 1 g (- Vmully)

‘5—bkt ‘ <K1[eXp(— 2 1

(7.6)
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where Dy, (t) = inf{d} (t),d,, (t), L(5)}, with L(8) defined in Proposition 6.3. Moreover, if one
of the conditions WSy (t) or WSk_1(t) holds, and

inf{d; (), d; ()} .

t>T  =THT)=T 7.7
= Tk k ( ) + 2\/m ) ( )
then, we have for s € [t,Ty(t,0)], where Ty is defined in (7.4), the differential equation
d _
e Pra(s) = —a; YT T (s +clis), (7.8)

'I'E{Jr,*}

where the error term satisfies the estimate |C,];(s)| < Kexp(—£2).

Proof Inequality (7.6) is a rather direct consequence of Proposition 6.3, the definition of

our test function, and the motion law for the local energy (1.31), which yields

d .
et = [ Fsede = [ gul)ide (7.9)
Vi (HUVTt) Rx {t}

where Vi (t) = [aki% (1), ap+1(t) + 4\/9%} C [aki% (s) — 2\;%, ap+1(s) + 2\/"%}, with the
inclusion being a consequence of the definition (7.4) of the stopping time Ty.

Turning to (7.8) we may assume that, for instance WS (t)(8) holds, that is, we are either
in Case 1 or Case 2 of the definition (7.1) of Z,. We have for s € [t, Ty (p, )],

+oo

Fs(s, x,ve)dw = TZE({%(S)})/ X[+ Rs.(, s)|da. (7.10)

ar(t) Vi)

Next we remark that, in view of the properties of the y, we have
[ R Racon9)lde = ~lagy () + [ %Rl 5)d
Vi) Vi)

Moreover, in view of the construction of x, we have X(ay; 1(t)) = 1. Since we assume that
WSj,(t) holds, we may invoke on the interval V;"(¢), the bound (6.21), so that finally our

computation yields
+oo
Fs(s,x,ve)dz =T ({ai(s)D[L + Co,1k™ ()]

ag(t)

with the estimate |C(J67k)(s)| < Kexp (— £222). In view of Lemma 7.1, we may write

D e({ai(s) DL+ Com k™ ()] = T ({bie(s) DL+ Cg i ()]

with the estimate |C;f (s)| < K exp ( — £22). Similar estimates hold for the integral ff:;()t) Fedz,
if WSk—1 holds, which lead to equation (7.8) in that case. Otherwise, we are in Case 2
of the definition (7.1) of Zy, and then ff(’;()t) Fsda turns out to be lower order compared to
f;):c():) Fs(s,x,ve)da, so that (7.8) holds likewise.

We complete this section with a lower bound for ¥(¢, ).
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Lemma 7.2 Under the assumptions of Proposition 7.1, we have the lower bound

2

. € 8a(t)
= f > Tret(t, 8 =5a
T:,8) =, inf T(1,8) > Teelt,8ul1)) = 5 exp( :

)+t

where the constant S is defined in Proposition 2.2.

Proof We first observe, combining the definition (7.4) of T(¢, ) and the result of Lemma
7.1, that for some ko € J(t),

o (5(4,8)) = by (1) > G

We then invoke several properties of the differential equation (1.16) presented in Section 2!!.

First, in view of Proposition 2.1, we have, for any k € J(t),
b1y (T(2,8)) = by (B)] < So[0s(T(2,8)) — 04 (1)] + Sue,

so that, if «g is chosen sufficiently large, we obtain, combining the two previous inequalities,

Ped

[06(T(2,8)) — 05(t)] = YV,

We finally invoke Proposition 2.2 to deduce that

ba(t))} o Pd o Pe%
€ - 8SOE\/ )\max B 8SO\/ )\max7

and the conclusion follows, choosing possibly ag sufficiently large.

“log [1 — e 2S[T(t,8) — t]exp ( -

We deduce from the previous result.

Corollary 7.1 Let T > 0 be given, and assume that WP:(5,T) holds for some & > ore,

where o7 > ag is some constant. Then, we have for any times inf{e? t} < s1 < s < T(t,9),

[br¢(s1) = brt(s2)] < K[eexp ( - plg) + @ exp( \/m@k(t))]

= (7.11)

If moreover we have inf{e? t} < s1 < 8o <t+e2exp (b”(T)

9e
0 < p7 < p1, the following holds:

), then we have that for a constant

o
— < — —_
[br,t(51) = brt(s2)] < cexp ( p7€>,

(7.12)
ax(s1) — a(s2)| < cexp (—pr2).

If Di(t) = L(8), then (7.11) holds for all inf{e?,t} < s1 < 59 < T(t,9).

Proof Inequality (7.11) is derived integrating inequality (7.6) in time. The first inequality
in (7.12) is then derived immediately, noticing that 8,(7) < 28,(t) < 2¢/Amin @k (t). Finally,
the second inequality of (7.12) follows combining estimate (4.29) of Proposition 4.4, Lemma
7.1 and (7.12) with possibly a judicious tuning of the constants a7 and p7. The last statement

is proven similarly.

which are actually independent of the present discussion.
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7.3 Proof of Theorem 1.1

Step 1 Defining the time T(T'), proofs of (1.17) and assertions (i)—(ii).
We first consider the stopping time ¥(7,0) defined in Lemma 7.2. We then choose the

constant Sy, such that S, = Sa, so that we are immediately led to the inequality
TT,8) > Trer(T,8(T)), (7.13)

where Tier is defined in (1.17). On the other hand, in view of definitions (4.26) and (7.4),
we also have the inequality T(7,8) < Zim(T,8). Imposing furthermore that the constant o,
in the statement of Theorem 1.1 satisfies the condition o, > oy, we are in position to apply
Proposition 4.4, which yields that WP, (v0,t) holds for any t € [T + c2e6, (T, 8)] and that
the points {ax(t)}res(r) are well-defined for ¢ € [T, T + c2e0], where the constants c; and v
are defined in Proposition 4.4.

We next introduce a new length scale & defined by

~ 8. (T ~  8,(T
65=20 if %01) <20 and b= ;2(‘)1) otherwise. (7.14)
In order to define T, we distinguish two cases.
Case 1 & =25.
In this case, we set
TT) = <(T,9).

With this choice, (1.17) follows from (7.13), whereas as already mentioned, Proposition 4.4
shows that WP, (v(d,t) holds for any ¢ € [T + c2¢8,T]. Since in the case considered here, we
have &,(T") < 44p195, it follows that property WP, (v.8.(T),t) holds for any ¢t € [T + c26, T,
provided that the constant v, satisfies the conditions v, < 421’31 and o, > 44p1 4. We impose
also ¢, = co, and we verify that (1.17) as well as assertions (i)—(ii) have been established in the

case considered here.

T 8.(T)
Case 2 6 = 5907 > 20.

We introduce first AT and ﬁrans defined by

8. (T ~ 2 8.(T
AT = 602€2MQ exp (—a( )>, Tivans = 1 + —6 exp ( a( )> < Tirans-
11e 2 10e

It follows from Lemma 4.6 and (4.8) that there exists some time Tyeg € [T, T + AT, such that

WP, (Treg, d) holds. We define T as

_ T ba(T)
T(T) = T(Treg, 8) = s(Treg, 2—m) > (T, 6). (7.15)

First notice that AT + czeg <T- ﬁrans = % exp (bi(()z)

positive constant. Hence, imposing the additional condition o, > &7, we are led to T—l—AT—l—cQES
€ [T, Tivans), and hence Tieg € [T, Tivans). We claim that

), provided & > age, where «g is some

T(T) > (T, 5). (7.16)
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Indeed, in the case considered here, we have 5> 26, so that T = ‘Z(Treg,g) > T (Treg,20). On
the other hand, by Corollary 7.1 and (7.12), we have, for any k € J(T),

~ )
a1 (8) = @k (Tirane)| < cexp (= pr2) < cexp(—ots).

Hence, in view of the definition of T, we deduce T(Tyeq,28) > F(T,0), provided that og is
chosen sufficiently large, and the claim (7.16) follows. Then this establishes inequality (1.17)
in Case 2.

In order to establish assertion (ii), we invoke again Proposition 4.4. Tt yields that for
any t € [Treg + 0265, T], and hence any t € [imns,l], property WPE(t,VOS), i.e., property
WP.(t, %ba(T)) holds. Hence, property WP, (t,v.8,(T)) holds for any t € [Tirans, T], pro-
vided that v, is chosen so that v, <

530,- This establishes assertion (ii) whereas assertion (i)
follows from the fact that Tiyans < T(T,5). In view of the previous discussion, we are now in
position to fix the value of the constant v, as

Vo

p=— 7.17
Ve = Tio (7.17)

Notice that a number of our other constants have been determined so far, namely, besides v,
also S, and c,.. We however still have left open the choice for «, and p,.

Step 2 Defining the points by (t), proof of assertion (iv).

In order to define the points {bx(t)}res(1), we distinguish two cases.

Case 1 Dy(T) < L(d).

In this case, one, at least of the conditions WS (t) or WSy, _1 (t) holds. We then set

be(t) = by (t) for t € Tirans, T, (7.18)

and define the family {by.}rcs(r) on [T, Tirans] as the unique solution to the system of ordinary

differential equations (1.16), with initial datum at time Tiyans given by

bk (Ttrans) - bkyftralxs (Ttrans) (719)

with the coefficients Cff taken as Cff (t) = Cx £ (Tirans) for any t € [T, Tirans|. Since the two
definitions and the desired estimates are somewhat different, we handle the intervals [T, Tirans]
and [Tirans, T] separately.

For the interval [Tiyans, T], in view of the choice (7.18) of the function by, the statement
of assertion (iv) on the time interval [Tirans, T] is essentially a consequence of Proposition 7.1
and Lemma 7.1. Indeed, condition (7.7) is clearly satisfied for ¢ > Tirans, since, in view of
our constructions, we have for any k € J(T'), Tirans > T,j (T’trans), provided 6 > o,e, and that
the constant o, is chosen sufficiently large. On the other hand, we know, thanks to assertion
(ii) that WPE(%/*ba(T),ﬁranS) is satisfied. It follows that the functions by are solutions to
a system of the form (1.16) on the interval [Tirans, T], and that estimate (1.19) holds for the
whole interval [t, T], provided that we choose
P67V

2

pe < (7.20)
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Turning to (1.20) for the interval [Tirans, T], we invoke Lemma 7.1 at time ﬁrans, since, as
mentioned WP (v.8,(T), ﬁrans) holds, where v, is fixed in (7.17). It yields for s € [ﬁrans +
2684 (T), T] that

8.(T &, (T
lak(s) = b, 7, (1) < Keexp ( — P3Vs “(6 >) < cexp ( — s “(6 )), (7.21)
where the last inequality holds, if we impose additionally
Px < V3V, (7.22)

and provided that o is chosen sufficiently large. Since ﬁmns + 2684 (T') < Tirans, provided
d > age, inequality (7.21) holds in particular for s € [Tiyans, €]. Hence inequality (7.21)
combined with the choice (7.18) of the functions by leads directly to (1.20) for the interval
[Tirans, T], and establishes assertion (iv) on the interval [Tirans, T|.

Turning to the interval [T, Tiyans], we notice that it follows directly from our definition (7.19)
that the function by is a solution to a differential equation of the desired form with the desired
estimate (1.19) for the coefficients. It remains to establish (1.20) for the interval [T, Tirans)-
For that purpose, we relay on several distinct observations. First, it follows from Corollary 7.1,
inequality (7.12) that

)
|ak (t) — af (Ttrans)| <eexp ( - p7g> for t € [T7 Ttrans]7 (723)

S,
so that bb(Ttlrans) = ba(Ttrans) < 2 1(()T)7

Next, in view of the equation (1.16) for {b }xe.s(r), we may apply Lemma 2.2 and Remark
2.1 to assert that

provided that «, is choose sufficiently large.

ba Trans ba T ba T
|85 (Tirans) — 85(t)| < Keexp ( — ( ; ) + 1é5)) < cecexp ( - 5(5 )) for t € [T, Tirans|,

so that
48,(T)

bb(f,) > fort e [T; Ttrans]a

provided that o, is chosen sufficiently large. Hence we deduce integrating inequality (2.3)

between T" and Tiyans, we are led to

38, (T
k() — by Theans)] < cxp (= 22) e r ) (7.24)

Combining (7.23)—(7.24) and (7.21) for ¢t = Tirans, we derive (1.20) on the interval [T, Tirans|, if
we impose, besides (7.20) and (7.22) the conditions p. < p7 and p,. < %

Case 2 Dy(T) > L(d)

In this case, define the family {by}res(r) on [T, T] as the unique solution to the system of

ordinary differential equations (1.16), with initial datum at time Tirans given

bk (Ttrans) = ag (Ttrans) (725)

and with the coefficients C taken as Ci(t) = C& (Tirans) for any t € [T, T).
One verifies with the same argument as above that with this choice of function by inequalities

(1.19) are automatically satisfied. For inequality (1.20), we apply the last statement in Corollary
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7.1 and inequality (4.29) in Proposition 4.4: Since properties WP.(5,T) and WP (v.8,(T))
hold,

5
ja(t) = a(T)| < cexp (= pr2)  for ¢ € [t, Thvand,

e (7.26)
|ak (t) - ak(Ttrans)| < eexp ( — P77V« a(€ )) for t € [Ttran37¢]-
Using the same arguments as for (7.24) but now on the whole interval [t, T], we obtain
8, (T
[br(s) — br(Tirans)| < €exp ( - %), telT,T. (7.27)

Combining (7.26), (7.27) and the definition (7.25), we derive the desired conclusion (1.20) in
the case considered.

Step 3 Proof of assertion (iii).

The stopping time T is defined in Step 1, where we distinguish two cases. We provide here
a proof in the second case, the proof in the first case being readily the same (and even possibly
a little simpler). In view of (7.23), we first observe that, we have, for any k& € J(T), and if
S > «,

d 2
lag(T) — ak(Treg)| < 2eexp ( - p7g) < ~ exp(—pr7 o). (7.28)
On the other hand, in view of the definition (7.15) of T, there exists some ko € J(T'), such that
Pe
ko (T) — agy (Treg)| > —————
| ko( ) ko( g)| 88p1\/m
Combining (7.28) with (7.29), we are hence led to

|a’k0 (E) — Qkg (T)

8 (7). (7.29)

| > Pe

~ 8901V Amax
provide that the constant o is chosen sufficiently large. Combining this inequality with (1.20),
we deduce that

5.(T),

> Pe
N 9091 Vv )\max

provided once more that the constant o is chosen sufficiently large. Since {by}res(r) is a

|b/€0 (E) — bi, (T) 8 (T)a
solution to the differential equation (1.16), we may invoke Proposition 2.1 to assert that

P6 S P6
> 5,(T)— —e> ——MM
| - 900180\/ )\max a( ) SO - 910180\/ )\max

provided again that the constant o is chosen sufficiently large. Invoking once more (1.20), we

64(T) = 8,(T) 6 (T),  (7.30)

finally deduce
Ps

>
| N 92pISOV Amax

which yields the desired result, provided that p. is chosen sufficiently small.

|ba (E) - ba (T) ba (T)v

8 Collisions

The proof of Theorem 1.2 relies the results in Theorem 1.1, combined with various properties
of solutions to the differential equation (1.16). We present next the other main observations

which lead to the proof of Theorem 1.2 as separate subsections.
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8.1 Comparing with the differential equation (1.16)

We first notice that, under the assumptions of Theorem 1.1, a rather direct consequence of
inequality (1.20) is that, for any T <t < T(T) (resp. Tirans < T < T(T)),

850 850 <cexp (—0.2) [resp. [6(0) ~ 5 0] < cexp (— 0. 2] )

where the subscript b refers to the solution {by}re (1) to (1.16) described in Theorem 1.1.
Hence, we may use the properties of the differential equation (1.16) presented in Section 2 to
derive related results for the partial differential equation. For instance, applying Proposition
2.3 to {by }res(r), we are led, for ¢t € [T, T)] and & > «.e, to the estimates

M > log [1+A05*2(t—T)exp(—@)} — Ay, 8.2)
8 () — 8 (T) < log [1—A05_2(t—T)exp(—b;—(T)>} + A, ’
5 5

where Ag > 0 and A; > 0 are two constant depending only on the constants in Proposition 2.3.

As an immediate consequence of (8.2), we obtain for ¢ € [T, T)],
0 (1) = 87 (T) — e, 8, (1) <8, (T) + e, (8.3)

where v > 0 is some constant. We next present a few observations and constructions which

enter into the proof.

8.2 The stopping time T,
We introduce a new stopping time T; defined by

TL(T) = inf {s € [T, T(T)], s.t. [da(s) — 8a(T)| = %ba(T)}, (8.4)

so that T;(T) < T(T'). Since the comparison between the partial differential equation and the
ordinary differential equations holds only on a bounded interval of time, we are led to introduce
an iterative construction in order to track more accurately the solution. More precisely, we

construct inductively and whenever this as a meaning for j € IV,
T (T) = Tu(TH(T)) = Ti(T(T)) (8.5)

with the convention Ty(7T) = T. Upper bounds for Ty, expressed in terms of 8,(T) will be
needed for our proofs. A first one is derived from (8.2), which yields
- _A-1.2 5, (T)
T(T) < TT) < T (T) = Ag'eexp ( - T) g (8.6)
Lemma 8.1 Assume that property WP-(8,T) holds, and that & > Bae, where fo > B1 is
some constant. Assume that &7 (T) <&, (T). Then we have

o (T .
TU(T) STL(T) = Azexp(—A))AG 2 exp (- 222 ) (1+2))+, (8.7)
€ 4
where Aoy = eXp(—Al)Aal. If furthermore,
3P4 _
+ il
of (1)(1+ 22 ) <&,(1), (8:8)

then, we have the identities d,(T1(T)) = 87 (T1(T)) = 67 (T)(1 + &).

a
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Proof By the assumption, the inequality & (T) < &, (T) holds, so that we have, on one
hand, 8,(7) = & (T'), whereas on the other hand, we have by the definition of Ty, the inequality
84 (s) < 8F(T)(1+ &) for s € [T,T;]. Going back to (8.2), we check that, if T (T) < T(T),
then &) (T (7)) > & (T)(1+ &), and the first assertion follows. We leave the second assertion
to the reader.

Our previous discussion leads us to distinguish whether condition (8.8) is met or not.

8.3 The iterative construction (8.5) when condition (8.8) holds

When condition (8.8) holds, we introduce the integer n; defined as
. . _ 3P\
ny = inf {j e N, o, (T3) > (1 + ?)ba (Tj)},

where the time T is defined by T; = T;(T) for j = 0,--- ,ns. We denote by v/ = {bi}ke](T)
the solution to the ordinary differential equation (1.16) defined on I; = [T}, T}+1] obtained

invoking Theorem 1.1. We describe first some elementary properties.

Lemma 8.2 Assume that (8.8) and WP.(5,T) hold with & > Bae. Fork=0,--- ,ny, we

have
_ st _ ot P« + - P
0(L) = 55(1) = 5D (1+ 85) (L) =8, (1) < Bau(T)) (89)
and
8 (T;
0< Tji1 —Tj < Ase?exp (@) (8.10)

For any j = 1, ,ns and every s € [T}, Tj11], property WP (v.8) (Tj—1),s) holds, and we
have

n(t) ~ 1(0)) < cexp (—p. (14 2) 7 8Ty, (5.11)

Proof The identities (8.9) and (8.10) follow directly from Lemma 8.1, whereas the last

assertions are a direct consequence of Theorem 1.1 assertion (ii).

Remark 8.1 As rather direct consequence of inequality (8.10) we deduce that for some

constant Ag > 0, and provided that (35 is chosen sufficiently large,
oI (T
0<T;—T < Aseexp (%) (8.12)

The main result in this subsection are summarized in the following proposition.

Proposition 8.1 Assume that (8.8) and WP.(5,T) hold with & > Bae. Then, we have the
inequality &, (s) <&, (T') +¢ for every s € [T, T,,] and

T, < Ase? exp ((1 - &) @

- )+T. (8.13)
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Proof we introduce the stopping time s; defined by
s1 =inf{s € [t,Ty,], s.t. &, (1) =8, (T) + ¢},

if the set on the right-hand side is not empty, and s; = T}, otherwise. Let j; € N be such that
s1 € (Tj,,Tj,+1]. Since &, (s) < &, (T) + ¢ on [T, s1], we deduce, combining with inequality
(8.3) applied for the time T}, , that &, (s) < &, (T)+ (y+1)e on [T, T}, +1]. It then follows from
the definition of ny that

6 (1) + (7 + De 2 8, (T 1) = (1+ 5 )od (T, 40):

Hence, if we choose the constant o sufficiently large, then we have (1 + pT*)b"’(T]lJrl) <&, (7).
It follows, invoking inequality (8.12) that

(Tj,41 —T)exp ( — b;T(T)) < e?Agexp ( — P 658(5) ) (8.14)

In view of inequality (2.7) of Proposition 2.3, we have
d 2 0, (s) ! g2 67 (s)
dtbbJ( ) < qmlanax €xp ( - T) < SqmmBmax exp ( — T)’

where the last inequality is a consequence of (8.11), provided that we choose the constant o
sufficiently large. We then deduce that for s € [sg, s1], we have

b;_<T>>,

d 2
< —
dtbbJ ( ) SqmmBmwx eXp ( c

Integrating this inequality and using again (8.11), we are led to
o5, (T
b5 (1) — 85 (1) < 8™ (51— T Boueexp  — 2 02)

e (e (1+5) D)

k=1

cenfon( 05D von(-p MDY s

where Ay > 0 is some constant. If B2 is chosen sufficiently large, then we deduce from (8.14)
that &, (s1) — 9, (T') < §. Hence, s; = T},, which establishes the first assertion in Proposition
8.1. Inequality (8.13) follows going back to (8.14).

8.4 The iterative construction (8.5) when condition (8.8) fails

We begin this subsection with a preliminary results, which is somewhat a counterpart to

Lemma 8.1.

Lemma 8.3 Assume that property WP-(5,T) holds with & > Bae, and assume that (8.8)

does not hold. Then we have 5,(T1(T)) = o, (T1(T)) = (1 — &=)s, (7).

Proof In view of our assumption and since 0 < p, < 1, we have &, (T) > 8,(T) > 26, (T).

It follows on the other hand from (8.3) that 8,(T1(T)) < &, (T') + ~ve. In view of the definition
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of Ty, we have [8,(T1(T)) — 84(T)| = G8,(T), so that either 8,(T1(T)) = (1 + £)6,(T) or
8,(T1(T)) = (1 — 5)d4(T). The first equality is excluded: Indeed, if it were true, then we

would have, combining with our previous inequality,

(15 )0u(m) <87 (1) 49,

a contradiction with the fact that (8.8) does not hold, if we choose the constant B2 sufficiently
large. Hence we conclude that 8,(T1(T)) = (1 — &)8,(T'), which, combined once more with

(8.3), leads to the conclusion.

When condition (8.8) fails, a new stopping time is introduced, related to the integer my
defined by

my =inf{j € N,s.t. &, (T;) < 2x.e}. (8.16)

Proposition 8.2 Assume that property WP(5,T) holds with & > Pse, and assume that
(8.8) does not hold. We have for j=1,--- ,ny,

(1)) = 8, (13) =05 (1) (1 - 2 (817)

For every s € [T}, Tj+1], property WP (v.8, (Tj—1),s) holds and &} (s) > &5 (T')—~e. Moreover,

o (T
T, —T < Aze? exp (#) 8, (Tm;) < 2ae. (8.18)

Proof The proof is very similar to the proof of Proposition 8.1 and relies both on Theorem
1.1 and Lemma 8.3. We therefore omit the details.

8.5 Proof of Theorem 1.2 completed

We choose throughout (3, = 2. We distinguish two cases.
Case A Inequality (8.8) does not hold.
In this case, we are in position to apply the results of Proposition 8.2 in Subsection 8.4. As
a matter of fact, we choose
Toor = Ty,

col

where the value of my is provided by (8.16). For this choice, imposing C* > A3 and ¢, > A, all
the statements provided in Theorem 1.2 are provided by the results of Proposition 8.2.

Case B Inequality (8.8) holds.

Here, we are in position to apply first the results of Subsection 8.3. We introduce the
time 7o = T,,, where T, is provided by Proposition 8.1. Hence, we obtain the bounds
o, (To) <8, (T) +&, 8, (To) > (1 + 2=)6; (To) and

%—T§A452exp((1—%)b;7m) +T. (8.19)

It follows that inequality (8.8) holds for the time 7y, and we may therefore then argue as in the
first step, setting
1., = Tmf (,TO);

col
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It follows from inequality (8.18) of Proposition 8.2 that

& (1) ) , (8.20)

— (7
T — To < Ase’exp (#) < eAse® exp ( .

where the last inequality follows from the bound &, (7p) <o, (T)+e. Moreover, we have
8, (Thn,) < 2a.e. The conclusion then follows combining (8.19)(8.20) and an appropriate choice

a

of the constants.

9 Annihilations

The purpose of this section is to provide the proof of Theorem 1.3.

9.1 Dissipation of energy

Proposition 9.1 Let 0 < Ty < Ty be given and assume that WP(5,T;) holds fori=1,2
with & > se, where 3 = sup{Bg,éh/floc*}, and vy s the constant introduced in Lemma 4.9.

Assume moreover that the signs {ty}rescr,) are not all identical. Then, it holds

E(Ty) > (1) + wq, (9.1)

provided To — Ty > C..e? exp (@), where the constant Wy is introduced in Lemma 4.5.

Proof Assume by contradiction that inequality (9.1) does not hold. In view of Lemma
4.5, we then necessarily have €(T;) = &(T3), and we are in position to apply Lemma 4.9, which

yields in particular,
o, (1) >v1d > 4dae  for any t € [Th, Ty (9.2)

In view of our assumption on Ty — 7%, we deduce that 7_, defined in Theorem 1.2 belongs to
[T1,T3]. From the very definition of 7__;, we obtain &, (7 ) < 2«.e, which contradicts (9.2)

ol? col
and hence completes the proof.

We notice that, under the assumptions of Theorem 1.2 that &(s) = &(T') for any s € [T, 7T__].
We next define the time 7.}, > 7.,

ol o1 for which a dissipation has undergone.

Proposition 9.2 Let T > 0 and & > 0 be given, suppose that the assumptions of Theorem
1.2 are full-filled and that moreover & > fse, where 4 > P3 is some constant depending
only on 'V and My. Then there exists some time ’TC;FI > T, such that WP, (e, ’];ng) holds,
(T}

Mo.

) < &(T) + w1, and moreover (1.24) holds, for some constant Y depending only on'V and

Proof We impose first that B4 > 2v,'B3. Turning to Theorem 1.2, by continuity of the

function 87 (-), we may assert that there exists some time T} € [T',7_)], such that

57 (T1) =2v; '3 < PBu,

and, in view of assertion (iii), that property WP.(p3e,T1) holds. On the other hand, assuming

that the constant (34 is given, it follows from Lemma 4.6 and relation (4.9) that there exists some
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time T € [T, +w(B4)e?, T, + 2w(Pa)e?], such that condition WP, (Bae, T>) holds. Moreover,

col
by definition, we have

w(Ba)e? < T — T, < 2w(Ba)e?. (9.3)
We choose next the constant 34 sufficiently large, such that it satisfies the additional condition

w(Ba) > Cyexp(v; ' Bs),

sothat To =Ty > Th — T, > w(Ps)e? > Cie?exp @ It follows hence from Proposition 9.1

that &(T1) > &(Ty) + wy. Setting 7_, = Ty the conclusion follows with T = 2w(B,).

col —

9.2 The fate of fronts between 7_, and Tt

col

Proposition 9.3 Let T'> 0 and & > 0 be given, suppose that the assumptions of Theorem
1.2 are full-filled and that moreover & > Bye. There exists a constant k. > 0, such that

U {a@rc U {aTo)) + ke keel. (9-4)

keJ (7)) keJ(T.})

If for some ko € J(T_},

col

), ko (T,,) is well separated from the other fronts in the sense of (1.22),
then we have

_ Kf 9Ky
|amo (Tc;rl) — Qs (Tcol)| < 1_057 |am’ (TcJorl) — Omyg (ch)rl)l > 1—05 for m/ # mg.

Proof Recall that in view of Theorem 1.3, we have T, — 7., < Ye2, so that, in view of

col col —
Theorem 1.6, we have, for some constant x1 > 0, such that, for any s € [T, 7.}],
D(s) C D(Teg) + [, mucl. (95)

On the other hand, by (1.27), we have D(72

col

)C U {ak(chl
keJ(T2)

(9.4), choosing k¢ > 2Ky + 2k1, the inclusion (9.4).
Assume next that (1.22) holds for some ky € J(7

col

)} + [Kwe, Kwe], which yields

), with a constant k¢ > 0 yet to be

determined. We set

_ K¢ _ K¢
Teo(T8) = {m € J(TH). am(Th) € |an (T5) — e, any(To) + e |

and Oy, (7)) = {am (7)), m € Ji, (T} If we impose the condition k¢ > 10k, then the

second assertion of Proposition 9.3 essentially reduces to prove that these sets are singletons.

Imposing also that k; > 4k1, we see in view of (9.5) that |ve(-,7.})) — 0j(g)-| < po on the
interval [ak,—1(7_,,)) + k1€, ar, (7.,;) — £1€], which is not empty in view of our constraint on kg,

and similarily that |v. (-, 7},

col
+
Hence, ve (-, 7.0,

) = Oj(ko)+ | < po on the interval [ag, (7)) + K1€, aro+1(Ze,;) — K1€].

col col

) needs to connect between the points ay,(7_,,) — k1€ and ag,(7_,,) + k1€ the

values 0y~ to 0j1)+, and hence we deduce that

Q)ko (7:;;1) = ®(7:;>r1) n [a’ko (Tc;) — K1€, Ak, (7231) + ng] # 0.
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To complete the proof, it remains finally to show that ®y, (7.,

col
that purpose, we invoke once more the localized energy inequality (1.31), with a test function

x such that 0 < y <1 and

) reduces to a single point. For

X =1 onlak(Ty) — Ste, ar,(Toy) + Stel,

co
x=0 on R\ [ako ,Tcgl) - %57 QAkq (,Tc;l) + %E]a
¥ < 16K %2,

Writing (1.31) for this choice of test function, we are led to

| [ xectoat T = [ xesou T < 1600 (9.6

On the other hand, in view of the energy quantization property expressed in Lemma 4.4 which

can easily be localized, we deduce that

) )
< 16M0K1?2 + Mog exp ( — p%)

‘ > Sim) — ik
mEJko(T&)

Since v (-, 7.7,

wop) needs to connect between the points a,(7_;) — k1€ and agy (7)) + Kmye the

¢ ¢

values 0y~ to 0+, there exits some mg € Ji, (T.5), such that Sim) = Gi(k,), and the

col
previous inequality becomes

5 1
D S < 16Moki” + Mo—exp (- %) (57)
meEJry (T,5)\{mo}

The right-hand side of this inequality can be made arbitrarily small, choosing k¢ and possibly
also PB4 sufficiently large, whereas the right-hand side is either zero or bounded below by a
positive constant. Hence for a suitable choice of the constants, we are led to Ji, (7.5)\{mo} = 0,

yielding hence the desired conclusion.

9.3 Proof of Theorem 1.3 completed

First notice that the time ’]:;;1 has been defined in Proposition 9.2, and the estimate (1.24)
as well as the condition WP, (x.e, ’];ng) have been established there. It remains hence to prove
assertions (i)—(iii). Assertion (i) rephrases the inclusion (9.4) of Proposition 9.3. Assertion (ii)
follows from the second assertion in Proposition 9.3, as well, for the part concerning repulsive
points, inclusion (1.23) and the discussion thereafter.

The proof of Assertion (iii) requires some additional discussion. Arguing as for (9.7), we

deduce that
Z Sy = Z Sikys
ak(T:—])e(Drep(Tctl) ag (TC_I)E (Drep(T_ )

o o col

so that, in view of the inequality &(7_

col

Z Gin) = Z Sik) + H1. (9.8)

ar(T,5)€ Queer (T1) ar(T,5)€ Qurer (T7)

co

) < &(T) + py, we are led to the inequality
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We next invoke several observations. The first one is that the set O, (7

1) can be decomposed

as Oaeer (7)) = U Ql where all of the sets 2, are maximal attractive chains. We notice that
m=

a maximal attractlve chain involves only one heteroclinic orbit denoted here &,,, so that

> G =1(2,,)6m.

ar (7 )€ Am

col

In view of the continuity of the front sets properties described in Subsection 9.2, each maximal
attractive chain 2, gives rise to a corresponding maximal attractive chain 2}, for @, (’Z’C;rl)7
so that O, (7.1

P
col) = U 12% the number of elements in 2}, is odd if the number of elements in
m=

A~ is odd, even but possibly zero if the number of elements in 2(; is even. Moreover, invoking
the localized energy identity (1.31) with appropriate test functions as for the proof of (7.16),
we obtain

BAE) < ().

On the other hand, inequality (9.8) is turned into

p p

YIECTICHIED SELTISHEN

m=1 m=1
Hence, combining the two last inequalities, we deduce that there exists some mg, such that
(A5,) < #(2A,,,). The conclusion follows, taking into account that the numbers involved are

positive integers with the same parity.

10 Relaxing the Assumptions on the Potential

In this section, we outline the main points of the arguments of the proofs of Proposition
1.1 and Theorem 1.5. An important step is to check that the result stated in [3, Lemma 1]
remains valid under assumptions on the potential we consider here. More precisely, we have

the following lemma.

Lemma 10.1 Assume that the potential V' satisfies assumptions (Hy)—(Hs). Let u be such
that E.(u) < +o00. There exist constants gy > 0 and N > 0 depending only on ||V’ c2(w), v and
Amin, such that, if, for a € R, we have

/ ee(u(x))da < no,
la,a+1]

then there exists some o; € X, such that

[u(2) = 03] < N(IVllo2eys v Amin) / e-(u(@)dz)’, Ve €laa+1.  (10)

la,a+1]
The proof is parallel to the proof of Lemma 1 in [3] and is left to the reader. We notice also
that (1.25) remains also valid with £ < £y, where the constant £y depends only on [|[V’||c2(r), v

and Apin.
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10.1 Sketch of the proof of Proposition 1.1

Since f[a at1] ec(u(z))dx — 0 as a — +o0, so that, in view of (10.1), we deduce that there

exists some 04 € ¥ (resp. 0_ € X), such that |u(z) — 04| — 0 as z — 400 (resp. as © — —00).

In view of (1.25), we have

14
u(R) C | Julli — &, 2 +€]) + [~ 1o, Ho]-
k=1

On the other hand, by embedding, we have

|’U,([£L'z —&,%; + 6])| < \/25Hﬂ”L2(R) < 2Mj,

so that |u(R)| < oMy, and (1.28) follows. Finally, we leave the last assertion to the reader.

10.2 Sketch of the proof of Theorem 1.5

In view of Proposition 1.1 and relation (1.29), we know that v. takes values in some interval

of the form [0y — A, 04 + A], with A depending only on ||VIHCQ(]R), v and Apin. We may then
construct a potential V, such that V = V on the set [0 —24, 0 +2A] which full-fills conditions
(Hy)(Hs). It follows that the function v, is also a solution to (PGL). for the potential V, and

we are hence in position to apply the results in Theorems 1.1-1.4, which leads to the desired

conclusion. One may also check that the extension 1% might be constructed in such a way that

all constants involved in the theorems depend only on ||V’ HCQ(R), v and Anpig.
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