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Abstract This paper contains a detailed, self contained and more streamlined proof of
the 12 decoupling theorem for hypersurfaces from the paper of Bourgain and Demeter in
2015. The authors hope this will serve as a good warm up for the readers interested in
understanding the proof of Vinogradov’s mean value theorem from the paper of Bourgain,
Demeter and Guth in 2015.
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1 The Theorem

Consider the truncated (elliptic) paraboloid in R™,

Pn71 = {(517 agnflagf + +572L—1) 0 ng = 1}

)

For each cube @ in [0,1]" ! and g : Q — C, define the extension operator Egl = Eq as follows:

Eqg(x) = /Qg(fla o bpmn)e(Gan A a8+ 6 )an)dE,
where e(z) = e2™1%,

é': (517"' 75”*1)

and

x=(z1, - ,Tp).

This can be interpreted as the Fourier transform g/cE, where the measure do is the lift of the
Lebesgue measure from [0,1]"~! to the paraboloid. When @ = [0,1]""!, we will sometimes
write Eg for Ejg 1jn-1g9.

n=1 YWe will use

We will use the letters @, ¢ to denote cubes on the frequency side [0, 1]
the letters B, A to denote cubes on the spatial side R™. Throughout the whole paper we can
and will implicitly assume that all cubes have side length in 2%. This in particular will place

(harmless) restrictions on various parameters such as ¢, o, R, that we will not bother to write
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down explicitly. Thanks to this assumption, we will be able to partition (rather than use finitely
overlapping covers) large cubes into smaller cubes. Given a cube @ C [0,1]"~! with side length
1(Q) € 27 and a € 27 smaller than 1(Q), we will denote by Part, (Q) the (unique) partition
of @ by using cubes @, of side length «. A similar notation will occasionally be used for spatial
cubes B.

We will write B = B(cp, R) for the cube in R™ centered at c¢p and with side length [(Bgr) =
R, and we will introduce the associated weight

1
[z — cp|y 100n

(5 %")

The exponent 100n is chosen large enough to guarantee various integrability requirements. We

wp(x) =

will see that Theorem 1.1 remains true for any larger exponent £ > 100n, and the implicit
bounds will depend on E. This observation will allow us to run our induction argument, as
explained in Section 3.

For a positive weight v : R™ — [0,00) and for f: R™ — C, we define the weighted integral

1

I flle ) = (/Rn |f($)|pv(x)dx);.

For 2 < p < oo and § € 47N let Dec(d, p) = Dec,,(6,p) be the smallest constant, such that
the inequality

N

19l o <DecGn) (D 1Easliun)
QEPartéé ([0,1]»—1)

holds for every cube B C R™ with side length §~! and every g : [0,1]"~ — C.
The [? decoupling theorem proved in [3] reads as follows. We refer the reader to [3] for a

few applications that motivate the theorem.
Theorem 1.1 We have the following sharp (up to 6~ ¢ losses) upper bound for Dec,,(0,p):
Decy,(6,p) Sepn 0,
if2<p< % The implicit constant depends on €, p,n but not on §.

We will present a rather detailed argument for this theorem. Essentially, we rewrite our
original argument from [3] using a more streamlined approach. This approach has started to
take shape in our subsequent papers on decouplings and has gotten to this final form in the
joint work with Guth [4]. One new feature of our argument compared to [3] is that we avoid
the special interpolation from [3], that relies on wave-packet decomposition. Another one is
that we use the multilinear Kakeya inequality, rather than the multilinear restriction theorem.
The argument we describe here also clarifies various technical aspects of the theory, such as the
role of the weights wp and the (essentially) locally constant behavior of Fourier transforms of
measures supported on caps on the paraboloid.

We hope the argument will be accessible to experts outside the area of harmonic analysis.
We believe this will serve as a warm up for the readers interested in understanding the proof

of Vinogradov’s mean value theorem from [4].
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A brief summary of the argument is presented in Section 3. The most important sections

are the last two. The details from the remaining sections may be skipped at the first reading.

2 More Notation

Throughout this paper we will write A <,, B to denote the fact that A < CB, for a certain
implicit constant C, that depends on the parameter v. Typically, this parameter is either €, v
or K. The implicit constant will never depend on the scale §, on the spatial cubes we integrate
over, or on the function g. It will however most of the times depend on the degree n and on the
Lebesgue index p. Since these can be thought of as being fixed parameters, we will in general
not write Sp .

We will denote by Bgr an arbitrary cube in R™ of side length I(Bgr) = R. We use the

following two notations for averaged integrals:

),
F=— [ F,
f 1Bl J
B

i ;
P50 = (37 [ 1FPs)”

Given a function 7 on R™ and a cube B = B(c, R) in R™, we will use the rescaled version

ne(z) = U(x}_%c)

|A| will refer to either the cardinality of A if A is finite, or to its Lebesgue measure if A has
positive measure.

We will sometimes write (f, g) for the inner product [ fg.

3 A Brief Description of the Argument

We use two types of mechanisms to decouple. One is the L? decoupling (see Section 6).
This is very basic, it relies just on Hilbert space orthogonality, but it is nevertheless very
efficient. It decouples into frequency cubes whose side length is as small as permitted by the
uncertainty principle, namely equal to the reciprocal of the side length of the spatial cube. The
second mechanism is a multilinear decoupling that relies on the multilinear Kakeya inequality
(see Theorem 9.2). Combining these with multiple iterations leads to the multiscale inequality
(10.7). This inequality has a very simple form when 2 < p < %, and a short warm up
argument is presented in the end of Section 10 to prove Theorem 1.1 in this range.

For the general case, the argument will go as follows. We will introduce a family of con-
stants Dec,, (9, p, v, m), and will show in Section 8 that they dominate Dec,, (4, p). On the other
hand, in the last section, we use (10.7) to show that each Dec, (0, p,v,m) can be controlled
by a combination of powers of § and some power of Dec,,(d,p) (see (11.10)). This inequality
represents an improvement over the trivial estimate Dec, (6, p, v, m) < Dec,, (0, p). By playing

the two bounds (see (11.10) and (8.3)) against each other, we arrive at the desired upper bound

Dec,, (6,p) Se 67°.
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An unfortunate technicality is the fact that we will need to work with the family of weights

for a cube B = B(c, R) in R",
1

(1+ IwECI)E
Here E > 100n. For each such exponent F, we will let, as before, Dec,,(d,p, E) denote the

smallest constant that guarantees the following inequality for each g, B = Bg-1:

wB,E(x) =

1

2

1Bl rwse) < Deca@n E)( 30 1Bl )
QePart 1 ([0,1]")

All the quantities that will depend on weights will implicitly depend on E. This includes
Decy, (8, p,v,m), Di(q, B",g) and A,(q, B",s,g). Sometimes we will suppress the dependence
on FE, and will understand implicitly that the inequality is true for all £ > 100n. The weight
wp, g will always be the same on both sides of a given inequality. The implicit constants will
depend on E but that is completely harmless.

We will prove Theorem 1.1 by using induction on the dimension n. We set a superficially

stronger induction hypothesis, namely, we will assume that
Decp—1(0,p, E) Se,p 0°°
for each 2 < p < 22 and each E > 100(n — 1). We will use this to prove

Decn(5,p, E) SE,E 576

for each 2 < p < % and each E > 100n. The reason for such a hypothesis is coming
from inequality (8.8), which essentially uses the lower dimensional constant Dec,,_1 (6, p, F') to
make a statement about Dec,, (0, p, ). Larger dimensions demand higher values of E due to

integrability requirements.

4 A Few Useful Inequalities

One technical challenge in the proof of Theorem 1.1 is to preserve the exponent E for the
weights wp involved in various inequalities.

A key, easy to check property of the weights wp = wp, g that will be used extensively, is
the following inequality:

g < Z wa S wa, (4.1)
AeB

valid for all cubes B with {(B) = R and all finitely overlapping covers B of B with cubes A of
(fixed) side length 1 < R’ < R. The implicit constants in (4.1) will (harmlessly) depend on E,
but crucially, they will be independent of R, R’.

We will find extremely useful the following simple result.

Lemma 4.1 Let W be the collection of all weights, that is, positive, integrable functions on
R™. Fiz R > 0. Fix E. Let O1,02 : W — [0, 00] have the following four properties:
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O1(wp.g) S O2(wp,E)

for each cube B with side length R. The implicit constant is independent of R, B and only

depends on the implicit constant from (W1), on E and n.

We will sometimes be able to check a stronger assumption than (W1), where Oz (wp) is

replaced with Oz (npg) for some rapidly decreasing function 7.

Proof Let B be a finitely overlapping cover of R™ with cubes B’ = B’(cp/, R). It suffices
to note that

wp(e) S Y 1p(2)ws(cs)

and

> wp(@wp(ep) S wp().
Remark 4.1 It is rather immediate that for each f,

01(’0) = ||f”€ﬁ(v)

satisfies (W2) and (W4). Also, for fixed p > 2 and f;, Minkowski’s inequality in /2 shows that

0s0) = (X Il

satisfies (W3) and (W4). Most applications of Lemma 4.1 will use this type of operators.
We complete this section with the following reverse Holder inequality.

Corollary 4.1 For each q > p > 1, each cube Q C [0,1]" "1 with I(Q) = % and each cube
B in R™ with [(B) = R, we have

1Bl s S B0l Ly, £,) (42)

with the implicit constant independent of R, Q), B and g.

Proof Let 7 be a positive smooth function on R" satisfying 15(0,1) < 7B(0,1), such that the
Fourier transform of 77% is supported on the cube B(0,1). We can thus write
1
1EQgllLam) < 1Bl 2= IngEqQgllLamn)-

(nh

Let 6 be a Schwartz function which equals to 1 on the cube B(0, 10). Since the Fourier transform
1
of nj Egg is supported in the cube 3Q) (having the same center as () and side length three times

as large), we have

1 1 —
npEqg = npEqg) * 0q,
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and thus, by Young’s inequality, we can write

1 1 —~
B EQllLaen) < InpEQgllr@m 0ol r@n S R

N EQQHLT’(T]B)'
Here
111 11
¢ p r  p 1

Now, following the notation and ideas from the proof of Lemma 4.1, we may use the previous
inequalities to write

/|EQ9|qu7E <Y wB,E(CB')/ |Eqgl?
B'EB B’

_ng
<R 7 Z wB7E(CB')||EQ9”%P(nB/)
B'eB

RV (ge:B[wB,E(CB')] . ||EQgHIZ/p(7]B’)>

aq
gR*%(/|EQg|prﬂ)p.
caq

Remark 4.2 Note that there is a loss in regularity in (4.2), as the weight exponent is %

[

A

on the right-hand side. A simple example shows that this exponent is optimal. This will later
cause some minor technicalities. In particular, it will force us to use the smaller weight wa 10E
(as opposed to wa, g) in (8.1). This will in turn allow us to go from (11.8) to (11.9) by using
(4.2) for indices p and 2.

5 An Equivalent Formulation

For § < 1 and Q C [0,1]""!, define the §-neighborhood of P*~! above Q to be

Ns(Q) ={(&1, én1, 4+ + & 1 +1): G eQand 0 <t <6}

For each f:R™ — C and R C R", denote by fr the Fourier restriction of f to R
fota) = [ Feeta-€ae.

In this section, we will make repeated use of the following inequalities, where Bpr will refer to
the cube centered at the origin in R",

1
WBR,E * (WwBR"E> S WBR E, R’ <R (5.1)
and, when n = 2,
1 \Bi, 1 A\
Wy, B(T1,T2) < ( ‘m) ( |x2|) , E1+Ey<E. (5.2)
I+%7 M+%

We will need the following alternate form of decoupling, when we will derive inequality (8.8).
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Theorem 5.1 For each E > 100n, the following statement is true for each F' > I',(E),
where T, (E) is a large enough constant depending on E and n. For p > 2, each f : R™ — C
with Fourier transform supported in N% ([0, 1]"=1) and for each cube Br C R™, we have

1
1 lrng e SDeen B (3w @)
QEPartR_% ([0,1]n—1)

Proof To simplify notation, we will show the computations when n = 2. In this case,
I'2(FE) = 2F + 2 will suffice.
Using Remark 4.1, it will suffice to prove

_ 3
| fllLr(Br) S Deca(R laP,F)< > HfN%(Q)H%P(wBR,E)) :
QePartR7% ([0,1])

Due to translation/modulation invariance, we may assume Bg to be centered at the origin.

A change of variables allows us to write

f@hm):/“ F(©)e(e - x)ae
N ([0,1])

L
R

/ f(s, 2+ te(swy + szxg)e(txg)dsdt.
Qx[0,%]

QePart 1 ([0,1])
R

1
2
Next, combining this with the Taylor expansion

= 2 2y

4!

we can write for © € Bpg,

|f(2)] < Z
j>0

(4m)?
il

X Eeg) (53)

Q€Part 4 ([0,1])
R 2

where

gi(s) = /OR1 Fls,s*+ t)(%)jdt.

Obviously, (5.3) leads to the following inequality:

_ (47)7 3
HfHLP(BR) < DeC2(R 1ap7 F) Z i ( Z HEngH%P(wBR,p)) :
Jj=0 QEpartR,% ([0.1])

It remains to prove that (note that we have F on the left-hand side and E on the right-hand
side)
1EQ3jllLr(ws, r) S NNy @ L ws , 0)s

uniformly over j > 0.
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An easy computation allows us to assume Q =

to [0, R~

J. Bourgain and C. Demeter

[0, R2]. Indeed, translating [u,u + R~ 2]

%] on the frequency side will replace (1, x2) with (x1 + 2uza, x2) on the spatial side.

Note that when 0 < u < 1, these shear transformations affect the weights wp only negligibly.

We start by writing

HEngHII;P(wBR,p) N/HEngH%’(B(y,R))wBR,F(y)dy-

Recall that

- AN
Fas(o) = [ Tl

For z € B(y, R), we write

e((&f — &)a2) = e((&F

— &)ya)e((€F

) (& ~ &2)ma)ele - a)de.

- 52)(582 - y2))7

and apply another Taylor expansion for e((£2 — &)(z2 — y2)) to arrive at

I<Z

It now remains to prove

I, o 705

SV, @1y )

|EQQJ

N1 (Q)
DY e((er -

uniformly over j > 0.

We write

y & —&)N\I
[Vé(@)f(f)(w) e((f1 §2)y2)e

where

(B — opmpets - myag]

§2)y2)e 5‘

d
P (B(s,R) wpy, F(y)dy

e(§1x1 + &a(x2 — y2))d¢,

o) = [ Fleym(e

my(€) = ms () = e(ehya) (MY (B S0yt (e,

2

7 is a Schwartz function equal to 1 on [—2,2] and supported in [—3, 3], and

F=In, @
R
Let M;(t) be a compactly supported Schwartz function which agrees with ¢/ on [0, 1] and
satisfies the derivative bound
<p1 5.4
Hdtk HL&(R) ~k (5:4)

uniformly over j > 0 for each k£ > 0.

Note that we can also write

N —E2)\J
floy (B Y o2 ~ eappa)e

e(§1x1 + &a(xe — y2))d¢,

o) = [ Fleying(e
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where )

~ ~ R(& —¢ 1

1(6) = 1y (©) = e(u) My (TS ) ey ).

Applying Holder’s inequality, we arrive at

/H/ e(§171 + &a(2 — y2)) f}

< / FIP iy (2) R L (21 — . 22)wps o (y)dardy

d
LR BB wag,r(y)dy

= [1Er@)] [[ 175l = )R 1001 = 0, 22w ey
It remains to show that

[ 151 (B 130) 01 = o1, ~2) g () S i (),

In fact, we will prove a slightly stronger inequality

= _ 2|\ ~F
[l (1m0 — o —mum ey € (142 (10 DT s
An easy computation using (5.4) shows that for each s1,s2 > 0,

105205270, 1 S (BE+120) R
R2

Combining this with the fact that m; is compactly supported in [—R*%,R*%] x [-R7Y, R7Y

leads, via repeated integration by parts, to the following estimate for the Fourier transform:

(7705 (21, 22)] < 1 (21)d2(2),

where
1 1 s1
< - (-
(bl(xl) ~S1 R% (1+ i |x1‘1 ) (56)
RZ4R™2|ys|
and
1 1 82
<
$2(22) S R(1+ |ag|) . (5.7)

Let Ip = [— %, %] and recall that Bg = Ip x Ig. Using (5.7) and (5.1) (n = 1), we may now

write

J 51 (B 218,0) 01 = 1.~y (o)l

(¢2 * ( 11R))(—$2)/ (¢1 * (%IR))(yl — 1)wp,,F(y)dy

S 10 (o (b))~ o
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Recalling (5.5), we are left with proving that

/ (¢1 « (%IR))(M — 2 wp,r(y)dy < R(1 + 'é') " (5.8)

We split the analysis into three cases. We will need F' > 2F + 2.
(a) ly2] < R. In this case,

Using (5.1) with n = 1 twice (first R = Rz then R’ = R) and (5.2) with By = E, E, = 2, we
get

P1 * lIR (y1 — z1)wp,,r(y)dy
)

0 =) ) " 415
E

<Rr(1+ %') :

N

as needed.

(b) |y2| ~ KR, with K € [1, R2] N 2N, In this case,

Using (5.1) twice (first R = KR2 then R’ = R), and (5.2) with By = E, E, = 3, we write

/yz ~KR (¢1 * <_ ))(Zh — 21)wp,,r(y)dy

<K/ 1+ |)_ (1+|3;%1|) dyl/ ‘ KR(1+%)_3dy2
yal~

|x1|) EKR R(l M)—E

SE(1+5 = i

K3 K

Note that summing over K € [1, R2] N 2" leads to the desired estimate (5.8).
(c) |y2| ~ KR? with K € [1,00) N 2Y. In this case,

and so, by (5.1), we have

(60 (1m)) o =) & g (1 ) ™

[N
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Next, combining this with (5.2) (Ey = E, E; = E + 2) and then with (5.1), we get

(915 (512) ) 91 — 1) 0 r (y)dy
o (0 (579))

1 —xi[\~F1 ly1[\~F ly2|\ —E—2
<Ré/(1+|y1 xl') —(1+—) d / (1+—) d
~ KR R R ” lya|~KR2 R v

-B  KR? . |z1|\~E KR3
< 1 |$1| < 3 1
SR (1+ ) 7(KR%)E+2NRZ(1+KR> ETTE
R 21|\ ~F
< (1450
- K<1+ R)

Note that summing over K € [1,00) N 2" leads to the desired estimate (5.8).

6 L? Decoupling

We will use Lemma 4.1 to prove a very simple but efficient decoupling. This exploits L?
orthogonality and will allow us to decouple to the smallest possible scale, equal to the inverse

of the radius of the cube. This process is illustrated by the following simple result.

Proposition 6.1 (L? Decoupling) Let Q be a cube with [(Q) > R™'. Then for each cube
Br C R™ with side length R we have

1

2
1Baglrzwsy S (3 1Eatl3aun,))
qEPartiR(Q)

Proof We will prove that

1Bag3omy ) S S 1Eugl3nn, - (6.1)
quart%(Q)

Fix a positive Schwartz function 7, such that the Fourier transform of |/ is supported in a
small neighborhood of the origin, and such that 7 > 1 on B(0,1). By invoking Lemma 4.1, we
see that inequality (6.1) will follow once we check that

1Eoaliesy S Y. 1E@lTaem, (6.2)
4eParty (Q)

holds true for each cube B’ with I(B’) = R.
Note that the Fourier transform of /ng E,g will be supported inside the R~!-neighborhood

of the paraboloid above g, and that these neighborhoods are pairwise disjoint for two non-

adjacent ¢. Since
1EQ9| 725 S 1EQIllT2(,) = V1B EQall 72y

(6.2) will now immediately follow from the L? orthogonality of the functions \/f5 E,g.
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7 Parabolic Rescaling

A nice property of the paraboloid P*~! is the fact that each square-like cap on it can be
stretched to the whole P! via an affine transformation. Affine transformations interact well
with the Fourier transform, and this facilitates a natural passage from the operator Eg to

E[O71]n—1.

Proposition 7.1 Let0 < § <o <1 andp > 2. For each cube Q C [0,1]" 1 with (Q) = o2
and each cube B C R™ with [(B) > §~1, we have

5 3
1 EQgllLr(ws) S Decp(;) ( Z ||qu||2LP(wB)) :
qEPHFtJ%(Q)

The implicit constant is independent of 0, 0,Q, B.

Proof Let us first assume [(B) = §~1. We will apply Lemma 4.1 to

01(v) = [ Eqgllf )

0= Y 1Bl

g€Part 1 (Q)
52

(see Remark 4.1). It thus suffices to prove that

) 3
|Eaglirim SDeco(Z) (X0 1EuglEnun))
qEPartS%(Q)

Assume Q = a + [0, 0%]”*1 with a = (a1, ,an—1). We will perform a parabolic rescaling via

the affine transformation L = Lg,

Lo umt) = (6 6y = (B9, Sl ety

o3 o
A simple computation shows that for each cube @, we have
|Eég(x1, S T, Tp)| = o |E@L9L((x1 + 2a1xn)0%, s (Tt + 2an_1mn)a%,mn0)|,
where Q= L(@)7 gr = go L. The image S of B under the affine transformation 7' = T
To(r1, - Tp—1,2n) = ((x1 + 2a1xn)0%, s (@1 + 2an,1xn)0%,xna)

can be covered with a family F of pairwise disjoint cubes A with side length 6~ 'o, such that

we have the following double inequality, in the same spirit as (4.1):

ls(z) $ ) wpi(z) Swp(T ). (7.1)
B'eF



A Study Guide for the 12 Decoupling Theorem 185

The second inequality is very easy to guarantee for a proper covering, as [(B’) < [(B). After a

change of variables on the spatial side, we get (since Qr = [0,1]""1)

n—1 _ ntl
EQallLrsy =02 0~ 2 |[EgLl|Le(s)

n—=1_n+1 !
<o (X 1B,
B'eF

5D (D[S (Y Eeelw,)

B'eF g €Part _ 1([0,1]"1)

=

NS
o=

IN

}

(£)2

n—1_ n+1 )
=o' 75D, (2)[ X (X 1Bwsliiw)

B’eF qg€Part %(Q)
.

Qe

[NIS]

=

Using Minkowski’s inequality followed by (7.1), this is dominated by

n—1_n+41 )
o 2 2p Decp(;)( Z HEngLH%P(Z wB/)>
quartS%(Q)

n—1_ n+1 1) 1
T Dee, (Z) (N IBuilpuper)
quartS%(Q)

(e

A

By changing back to the original variables, this is easily seen to be the same as

1

Decy (D) (X Bl )

g€Part 1 (Q)
52

This finishes the proof in the case I(B) = 6~ 1.

Let us next assume [(B) > §~!. By invoking again Lemma 4.1 (see Remark 4.1), it suffices

to prove

N

)
|Eaglirs) SDecs(2) (X 1B o))
quartS%(Q)

Using (4.1) and Minkowski’s inequality, we may complete the argument as follows:

1
1Eaglerm S (D 1Easli))
AgParts_1(B)

o)X (X MEwl))

A€Parts—1(B) g€Part %(Q)
8

sPee, (D)X W)

ge€Part 1(Q)
52

8 Linear Versus Multilinear Decoupling

Let w: P ! — [0,1]"! be the projection map.
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Definition 8.1 We say that the cubes Q1,- - ,Q, C [0,1]"~! are v-transverse if the volume

of the parallelepiped spanned by unit normals n(P;) is greater than v, for each choice of P; €
Pr=1 with W(Pz) € Qz

For E > 100n,2 <p < oo, m € Nand 0 < v < 1, we let Dec(d, p, v, m, E) = Dec, (6, p, v, m,
E) be the smallest constant, such that the inequality

> (I1Eos

AePart, 1 (B) =1

11
i’ ik
Lr(wa,108)

" =
<Dec@prm B[ Y 1Bl (8.1)

i=1g;€Part 1 (Q:)
52

holds for each cube B C R™ with [(B) = §~!, each g : [0,1]""! — C and each v-transverse
cubes Q; with equal side lengths p satisfying p > 62 . Recall that Part,-1(B) is the partition
of B by using cubes A with [(A) = p~!. The lower bound which we impose on the size of p is
a bit more severe than the minimal lower bound p > ¢ 3 needed in order to make sense of the
quantity Part s (Qi). This restriction can be ignored now and should only be paid attention to
in the final argument from the last section, when we dominate (11.7) by (11.8).

Note that we use wa, 105 rather than wa g in (8.1). This is done for purely technical reasons,
as explained in Remark 4.2.

Since |Eq,g| can be thought of as being essentially constant on each A, the quantity

S (I11Eos

A€Part, 1 (B) =1

1_1

enno) ]
Lr(wa 10E)

can be viewed as being comparable to

e
i=1

The former will be a preferred substitute for the latter due to purely technical reasons.

L
n

Lr(wpg,10E)

Several applications of Holder’s inequality combined with (4.1) show that for each v, m,
Dec(6, p,v,m, E) < Dec(d, p, E). (8.2)

This inequality is too basic and will never be used. We will instead derive a stronger form of it
in the last section (see (11.10)), which dominates Dec(d, p, v, m, E) by using a combination of
powers of ¢ and some power of Dec(d, p).

We will now prove and later use the following approximate reverse inequality. Recall the
definition of I',,(E) from Theorem 5.1.

Theorem 8.1 Let E > 100n. Assume that one of the following holds:
(i) n=2.
(ii) n > 3 and Decy,—1(0,p, T'y—1(10F)) Se.p 6~ €.

~
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Then for each 0 < v < 1, there is e(v) = e(v,p, E) with 111% e(v) =0 and C, ., such that

for each m > 1, we have

Dec, (R, p, E) < Cl,,mRE(”)(l + sup Decn(R'il,p, I/,m,E)) (8.3)
1<R'<R

for each R 2, m 1.

We next prove the case n = 3 of the theorem and will then indicate the modifications needed

for n > 4. The argument will also show how to deal with the case n = 2.

Remark 8.1 If P, P;, P; € P?, the volume of the parallelepiped spanned by the unit

normals n(F;) is comparable to the area of the triangle with vertices 7(F;).
The key step in the proof of Theorem 8.1 for n = 3 is the following result.

Proposition 8.1 Assume Deca(0,p, T'2(10F)) <c 0—€. Then there are constants C, C,, such
that for each m > 1 and each R > K?",

1

. 2

1Egl vy <CE (2 1Bt )
aEPartK71([0’1]2)

(X 1B )]

BEPart 1 ([0,1]%)
K2

=

N

+ KODeey (R p. K2mB)( Y 1EA0 13y )
A€Part -1 ([0,1]2)
R

Proof Using Lemma 4.1 (see Remark 4.1), it suffices to prove the inequality with the
unweighted quantity ||Eg||rr(py) on the left-hand side. Cover Bg with a family Partx (Br) of
cubes Bx C R? with side length K.

Let ¢ : R — C be a Schwartz function with Fourier transform equal to 1 on B(0,10). For
each o € Partg—1([0, 1]?), define

1

1 »
¢o(Bk) = (@/|Eag|pw3K,10E) .
Note that since Eng = (Fag) * ¥k for an appropriate modulation/dilation ¢k of 1, we have

sup |Eag(z)| S ca(Bk)-
rE€BK

This is a manifestation of the uncertainty principle that asserts that |E,g| is essentially
constant at scale K. Let a* = o*(K) € Partg-1([0,1]%) be a square that maximizes co (B ).

Define also
Sbig = {1 ca(Bk) > K™ ca-(Bk)}.

The number C' will change its value from one line to the next one, but crucially, it will always
be independent of K.

We will show that for each Bx € Partx(Bpr) there exists a line L = L(Bg) in the (&1,&2)
plane, such that if

5= {(@1,&) : dist((61,8). D) < 2. )
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then for = € By,

|Eg(x)]|
< Cey (Bk) (8.4)
- }
w0 max (] ea(B1) (8.5)
K—2_transverse  i=1

+| > Eagl)]. (8.6)

aCSy,

To see this, we distinguish three scenarios. First, if there is no a € Sy with dist(c, *) > %7
then (8.4) suffices as
|Eg(z)| < ca(Bk) < Cea-(Bk).

Otherwise, there is a** € Sy, with dist(a**, a*) > %. The line L is determined by the centers
of a', o, which are chosen to be furthest apart among all possible pairs in Shig- Note that the
distance between these centers is at least 1—13.

3 € Spig, such that o? intersects the complement of S, then (8.5)

Second, if there is «
suffices. To see this, note first that o is forced to intersect the strip between a' and o?
perpendicular to L. Thus, a triangle determined by any three points in o has area > K 2.
Combining this with Remark 8.1 shows that a', a?, a® are K ~2 transverse for C' large enough.

Third, if all & € Shig are inside S, the sum of (8.4) and (8.6) will obviously suffice.

We now claim that (8.4)—(8.6) imply the following:

| EgllrBy)

1 1
€ 2 2
<CR[( X MEatlne) (T 1Bl )]

acPart 1 ([0,1]2) pePart 1 ([0,1]2)
K2

1

3 a
+KC max (HHEaig‘LP(U)BK,loE))J' (87)

aj,ag,ag

K —2 _transverse =1

Only the third scenario above needs an explanation. Cover Sy, by pairwise disjoint rectangles
U of dimensions K~ ! and K *%, with the long side parallel to L. To simplify notation, assume
the equation of L is n = 1 and that Bx = [0, K]®. For each fixed y the Fourier transform of
(z,2) — Es,g(z,y, 2) is supported in the O(K ~!) neighborhood of the parabola 7 = £2 + 1.
Using Theorem 5.1 and our hypothesis Deco (K1, p,T'2(10E)) <. K¢, we can write

1
2

|Es.9(,9,2)ll 1z o sy S Deca (K p,10E) (S 109,123 s o o)
U

1
_ 3
S 0 (Y IBug@ v 2 sy e von)) (8.8)
U
Next raise this inequality to the power p, integrate over y € [0, K] and use

w[O,K]Z,loE(xv Z)]-[O,K] (y) S wBKJOE(xv Y, Z) (89)
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and Minkowski’s inequality to write

| 32 Fu

a:aCSp

[N

< € 2
LP(BK) ~€ K (XU: HEUgHLP(wBKJOE))

Note however that since we are dealing with the third scenario, the contribution of Ejg 1)2\s, 9

is small

1 E70,112\8, 9l L2 (wp 1 10m) < Z [Eagllze(ws, 10) < Ca(Bk)|Bk|?.
aZShig

Using the triangle inequality, we get

|LT’(UJBK,10E)'

1 1
b 2
(X IEco swnnoe) < D 1Bs0lruny o)+ ClEacg
U ﬁePartK_% ([0,1]2)

We conclude that (8.7) holds under the third scenario. The first two scenarios are quite imme-
diate.

Using wp, 108 < WB, E, (8.7) further implies that

I EgllLe(By)

1

1
. 3 3
<ok (Y NBdans) F( X 1B ]

a€Part 1 ([0,1]2) BePart 1 ([0,1]?)
K2

Wl

(8.10)

ap,ag,ag
K—2 _transverse  {=1

3
+ K¢ max (H |Ea.g ‘Li”(’wBK,lOE))

Finally, we raise (8.10) to the power p and sum over all Bx € Partx(Bgr), by invoking
Minkowski’s inequality and (4.1), to get

IEgll L (Br)
1 1
€ 2 2
<Ck (X NBlns) (X 1B, )]
acPart 1 ([0,1]2) BEPartK_% ([0,1]?)
1
+KCDec3(R—1,p,K—2,m,E)( 3 HEAgH%,,(wBR’EOZ.

AePart _ 1 ([0,1]?)
R 2

An application of Lemma 4.1 finishes the proof.

Parabolic rescaling as in the proof of Proposition 7.1 leads to the following. The details are
left to the reader.

Proposition 8.2 Let 7 C [0,1])? be a square with side length & > R3K?" . Assume

Decs (8, p,T2(10E)) < 07 €
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for all 8 < 1. Then if R > K?", we have

HETgHLT’(wBR,E) < CEKS[( Z HEO‘gHQLp(“’BRvE))

acPartg 1 (7)

(X 1B, ]

pePart (1)
5

1
2

|

1
K 2

[N

+KCDe03((R52)—1,p7K—Q,m,E)( Z HEAgH%p(wBR’E))
AcPart (1)

1
R 2

The constants C¢,C" are independent of §, R, T, K.

We are now ready to prove Theorem 8.1 for n = 3. Let K = v=3. Let also R > K2 =

v=2""" Tterate Proposition 8.2 starting with scale § = 1, until we reach scale § = R2K2" .

Each iteration lowers the scale of the square from § to at least Ll. Thus we have to iterate

K2
O(logk R) times. We use the following immediate consequence of Holder’s inequality:

1
3
> 1Bo913 s, )
BeEPart 1 ([0,1]%)
R™ 2 K2™
%
SEOO( Y 1B, ) (8.11)
AePart _ 1 ([0,1]2)
R 2
Since
Decs((6°R) !, p,v,m,E) < sup DeC3(R’71,p,1/,m,E),
1<R'<R
we get

||E[0,1]29||LP(wBR,E)

< (CC’SKE)O(IOgK R) go) (1 + 1<s}1%1/11RDec3(R'_1,p7 v,m, E))

(X 1B, )

A€Part _ 3 ([0,1]2)
RT2

[N

:RfO(l)logu(CCE)Jrel/fO(l)(1+ sup Dec;g(R'*l,p,y,m,E))
1<R'<R

S 10l uny )

AePart _ 1 ([0,1]2)
R™2

N

The result in Theorem 8.1 now follows since C, C¢ do not depend on v.

To summarize, the proof of Theorem 8.1 for n = 3 relied on the hypothesis that the contri-
bution coming from squares (3 living near a line is controlled by the negligible lower dimensional
quantity Deca(d,p) = O(6~¢). When n > 4, the contribution from the cubes near a hyperplane
H in [0,1]"! will be similarly controlled by Dec,_1(d,p). That is because 7~ 1(H) is a lower
dimensional elliptic paraboloid whose principal curvatures are ~ 1, uniformly over H. This
paraboloid is an affine image of P"~2, and can be analyzed by using parabolic rescaling. When

n = 2, there is no such lower dimensional contribution.
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9 From Multilinear Kakeya to Multilinear Decouplings

We start by recalling the following multilinear Kakeya inequality due to Bennett, Carbery
and Tao [1]. We refer the reader to [6] for a short proof.

Theorem 9.1 Let 0 < v < 1. Consider n families P; consisting of tiles (rectangular bozes)
P in R™ having the following properties:

(i) Fach P has n — 1 side lengths equal to RZ and one side length equal to R which points
in the direction of the unit vector vp.

(ii) vp, A--- Awvp, > v for each P; € P;.

(iii) All tiles are subsets of a fived cube By with side length 4R.

Then we have the following inequality:

n 1 n 1
n—1 n—1
f } 115" S B ] } f Fj (9.1)
Bag 71 I=1 By
for all functions F; of the form
Fj = Z Cp].p.
PeP;
The implicit constant will not depend on R,cp,P;.
We use this to prove the following key result.
Theorem 9.2 Let p > % and § < 1. Consider n v-transverse cubes @1, ,Qn C

[0,1]"Y. Let B be an arbitrary cube in R™ with side length 62, and let B be the (unique)
partition of B into cubes A of side length 6. Then for each g : [0,1] — C we have

n

% [H( >, |\EQi,19H2wn;1g )%} / (9.2)

AEB i=1 Q;.1cParts(Q:) Ly (wa)

se,ya—e[ﬁ( > ||EQi,lg||ifz;lz( ))E]. (9.3)

=1 Q;1€Parts(Q;)

<.

Moreover, the implicit constant is independent of g,d, B.

Remark 9.1 This result is part of a two-stage process. Note that, strictly speaking, this
inequality is not a decoupling, since the size on the frequency cubes @); 1 remains unchanged.
However, the size of the spatial cube increases from § ' to 62, which will facilitate a subsequent

decoupling, as we shall later see in Proposition 10.1.

Proof Since we can afford logarithmic losses in 9, it suffices to prove the inequality with

the summation on both sides restricted to families of @; 1 for which ||Eg, ,9|| pex-n have
’ L. n (wB)

comparable size (within a multiplicative factor of 2) for each i. Indeed, the cubes Q; ; satisfying
(for some large enough C' = O(1))

FEor e < ¢ max FEo. ne
H Q1,1gHL:(7711)(wB)— Qi,1€Part5(Qi)H Q"’Y1g||L;)(717'1)(U}B)



192 J. Bourgain and C. Demeter

can be easily dealt with by using the triangle inequality, since we automatically have

max || Eor ne < §¢ max Fo. ne
oy Py o) s <07 e VB0l s

This leaves only log,(6~9™) sizes to consider.

Let us now assume that we have N; cubes Q; 1, with ||Eqg, g/ pe-v of comparable
’ L n wB)
:

size. Since p > 22 by Hélder’s inequality, (9.2) is at most

p(" 1)

(HN) |B|Z[H(Z|\E%gn s ) (9.4)

AeB i=1 " (wa)

For each cube Q = @Q);1 centered at cq, we cover B with a family F of pairwise disjoint,
mutually parallel tiles Tgy. They have n—1 short sides of length 6 ! and one longer side of length
572, pointing in the direction of the normal N(cg) to the paraboloid P"~! at cg. Moreover,
we can assume these tiles to be inside the cube 4B. We let T (x) be the tile containing =, and
we let 27 be the dilation of Ty by a factor of 2 around its center.

Let us use ¢ to abbreviate W. Our goal is to control the expression

& 11 (Z 1Ba..0lEg0n)

AEB 1

We now define Fg for x € Ur,er,Tq by

Folz):= sup |[lEqgl|L; Ry
2o yEQTQ(x)H Q HLn(wB<y,s 1))

For any point z € A, we have A C 2Tg(x), and so we also have
1EQallLe(was) < Fo(x).

Therefore,

|B| > 11 (Z |Eq,. 19HL‘1(wA) fH 3 F3, 1) Til.

AEB i 4B Q7 1
Moreover, the function Fc% is constant on each tile Ty € Fg. Applying Theorem 9.1, we get

the bound o
JI(Er) " s T/ )

Q7 1 1 4B
It remains to check that for each Q = Q; 1,

1EQllzsam) S 1EQdl L(ws)- (9-5)

Once this is established, it follows that (9.4) is dominated by

76<HNi%7ﬁ) H(ZHEQHQIIPL )Tl (9.6)
=1

i=1 (ws)

P
n
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Recalling the restriction, we have made on Q; 1, (9.6) is comparable to

5_6“2[(2”]5@19” pn=1) )%};,

=1 Qin " (ws)
as desired.

To prove (9.5), we may assume @) = [ — %, %}nil, and thus Eé\g will be supported in
[—8,0]" ! x [-62,6%]. Fix = (21, ,z,) with Tg(z) € Fg and let y € 2T (z). Note that
To(x) has sides parallel to the coordinate axes. In particular, y = = + ¢’ with |y§| < 4671 for
1<j<n-—1and |y,| <4572 Then

HEQQH%‘I(’LUB(%(S_1))
5 / |EQg(J)1 + UL, Tyl T Up—1, Ty + Up + y;)|qw3(07,571)(u)du. (97)

Now, using Taylor series, we can write

|EQg 1+ U, Tyl T U1, T+ Uy + y;z)|

_ /EQg (@ -+ w)e(Aayh)dN
10005 | [ — An | o
< Eog(\e(X - )
10009"
- Z O M, (Bqg)(w -+ )l
Sn=0 n
Here M, is the operator with Fourier multiplier 1gn-1(A1,- -+, An—1)ms, (58 ), where

s () = )™ 1 31 00)

We are able to insert the cutoff because of our initial restriction on the Fourier support of Eqg.
Plugging this estimate into (9.7), we obtain

oo

||EQ‘g||Lq(’LUB( 5— 1) ~ Z

sp=0

1000

-[|M,,, (B9l Ls

wB(w,E*I)).

Recalling the definition of Fiy and the fact that

(5"/ Wp(z,s-1)(2)dr Swe(z), zeR",
4B

we conclude that

1000
1Fallty s S 3000, B g (9.8)

sp=0

1
272

my defined on R, with derivatives of any given order uniformly bounded over s,. It follows
that

Note that ¢ — ¢ 1_ 11 (t) agrees on [—1, 1] with a compactly supported smooth function

Imz, ()| S E(2n)
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with implicit constant independent of s,,, where

E(@n) Snr (1+ |za])™

for all M > 0. Let M7 denote the operator with multiplier 1gn-1(A1, -+, Ap_1)m} (2)‘6’; ). We

Sn

can now write
|Ms,, (Eqg)(z)| = |M{, (EQg)(2)| S |Eqgl © &2 (2),

where ® denotes the convolution with respect to the last variable z,,, and

€52 (20) = 0%€(8%n).

Using this, one can easily check that

1M, (EQo)| Ty S (EQgl? © &s2,wp) = ([Eqgl?, &2 © wi) < (|Eqgl?, w).

Combining this with (9.8) leads to the proof of (9.5)

> 1000%"
”FQ”%uq@B) N Z S—n!|‘EQgH%§(wB) N ”EQgHig(ws)'

sp=0

The argument is now complete.

10 The Iteration Scheme

Let 0 < v < 1. Throughout this section, we fix some 0 < § < 1 and also n v-transverse
cubes Q1,- -+ ,Q, C [0,1]"~! with side length at least d.

For a positive integer s, B® will refer to cubes in R™ with side length I(B®) = §~° and
arbitrary centers. We will only encounter cubes B C R™ with side length I(B) € 2. This will
allow us to perform decompositions by using cubes of smaller size in 2.

The implicit constants will be independent of d, g and the spatial cubes Q;.

Let t,p > 1 and consider the positive integers ¢ < s < r. We define

1

) | (D SN W S N

=1 Q4 ,q€Partsa (Q;)

To simplify notation, we will denote by Bs(B") = Parts—s(B") the (unique) cover of B"
with cubes B® of side length 6~°. Define

Tl

1 ,
A B =—— D B%,g)?)".
0 800) = (g | 2 Daler B0

The letter A will remind us that we have an average. Note that when r = s,
Ap(q7 Bra T, g) = DQ(q7 Bra g)

For % <p,let 0 < K, <1 satisfy

n 1—rp Ky
+—.
p(n—1) 2 P
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In other words,
_ pn—p—2n
SECEPICEN
SetaISO/ﬁp:Ofor2§p§%.
The next proposition will combine our main two decoupling devices, Theorem 9.2 and the
L? decoupling. The result is a partial decoupling. Indeed, note that the term A,(1, B2 1,g)

in (10.1) involves frequency cubes of size §, while the term A,(2, B, 2, g) involves frequency

2n
n—1’

2n
n—1°

cubes of smaller size 62. Inequality (10.1) is only a partial decoupling in the range p >
since the weight r,, of the term D,(1, B2, g) is nonzero. But this weight is zero when p <
For these values of p, inequality (10.1) has the very simple form

A;D(]-v BQ; 179) Se,u 676Ap(2; B27 2;9)

This can be easily iterated and leads to a simpler proof of Theorem 1.1 in the range 2 < p < =4

See the discussion at the end of this section.

Proposition 10.1 We have for each B? and p > 2,
Ap(1,B%,1,9) Sew 6 “Ay(2,B2,2,9) "D, (1, B2, g)". (10.1)
Proof Assume first that p > 2” . By Holder’s inequality,
HEQi,19||L2('wBl) 5 ||EQ1',,1g|| p(n=1)
i Lﬁ n UJBI)
Using this and Theorem 9.2, we can write

a5 (1 X IEauoll s )7 0102)

n

1=1Q;,1 €Parts(Q;) (wp2)

Using Holder’s inequality, we can dominate this by

Ep

. 277 2n
(I T 1Bl (H > 1Beugly,,) " (103)

1=1Q; 1 €Parts(Q;) 1=1Q; 1 EParts (Q;)

It suffices now to apply L? decoupling (Proposition 6.1) to the first term in (10.3).

We have “interpolated” between L? and LP. We have used L? because (as explained in
Section 6) this space facilitates the most efficient decoupling. Indeed, note that the term
A,(2,B%2,g) on the right-hand side of (10.1) has cubes of side length ¢%, which is as small as

one can hope, given the size of the spatial cube B2.

If p < 2% using (10.1) with p = 22, we can write
AP(]-vBQa L,9) < Az—_”l (LBQ, 1,9) SE,V 676A2%L1(2aB272ag) = 676AP(2aB272ag)'

Inequality (10.1) is easily seen to be true with k, replaced with 1, by simply invoking (4.1)
and the fact that Dy < D,. Consequently, it will be true for each exponent in the interval

~

[kp, 1]. The example g = 1 with [(Q) = ¢ shows that one can not consider exponents smaller
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than k,. The relevant thing about k, that will be used in the final section is the fact that

2(n+1)

Kp < % precisely in the subcritical range p < =-——.

The following sequence of propositions will allow us to rewrite (10.1) in a form that is more

suitable for iteration.
Proposition 10.2 We have for each cube BM with M > 2 and p > 2,
Ap(1,BM 1,9) Sew 6 A (2, BM2,9) " D, (1, BM, g)". (10.4)
The implicit constant is independent of M.

Proof Raising (10.1) to the power p, summing over all cubes B? € By(BM) and using

Holder’s inequality, we have

1€agbi)slln < M1(ag)sll g 1835l -

The only thing that needs to be verified is the inequality

S D1, B2 g)" £ D,y(1, BM g)P. (10.5)
B2eBy(BM)

This however immediately follows from Minkowski’s inequality (recall p > 2) and the fact that

E wp2 S wppM .
32662(31\/1)

Proposition 10.3 Let [,m € N with | +1 < m. We have for each cube B>" and p > 2,
Ap(Ql’BT"’ 2l,g) Sew 57216Ap(21+1’Bz’"j2l+1vg)1fnpr(21’B2’",g)np. (10.6)
The implicit constant is independent of I, m.
Proof Apply (10.4) with ¢ replaced by 62 and M = 2m—L,
We can now iterate Proposition 10.3 to get the following immediate conclusion.

Proposition 10.4 Ifm > 1 and p > 2,

A,(1,B*"1,9)
m—2
Sewan § A (2771, B2 2m1 gy(1=s) ™ TT Dy(21, B2, g)rr () (10.7)
=0

The implicit constant is now allowed to depend on m, but this dependence will prove to be
completely harmless.
We complete this section with a quick proof of

Decy, (8,p) Se 67¢

for 2 < p < -2%-. This fact was first proved in [2]. In this range £, = 0 and (10.7) becomes a

very satisfactory inequality

Ap(1, B 1,9) Sewm 0 CA,(2771, BY" 2m7L g).
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Combining this with (11.5), we may write

Il % med]]

=1 Q;1€Parts(Q;)

Sewm 8 Dp(2" 1, B2),

Lp(B2™)

By invoking Cauchy—Schwarz, we can afford a rather trivial decoupling

ey

1

1
E?’L
Ba.ul?] |

Lp(B2™) Lr(B2™)

i=1  Q;1€Part;(Q)

Combining these two and substituting 62" — § we can write

n 1
e
i=1

Now choose m as large as desired to argue that

<€Vm 67667(n71)2_m_1D <_ Bl).
Le(BY) Y P

Decy, (6,p,v) Sew 07°.
Finally, combine this with Theorem 8.1 by using induction on n to argue that

Dec,, (0,p) Se 67°.

Now back to the case p > % As mentioned earlier, (10.7) is only a partial decoupling
in this range. The argument for this case presented in the next section will go as follows.
Assume the linear decoupling constant satisfies Dec,, (8, p) ~ 6~ "». We will first apply parabolic
rescaling to majorize the terms D, in (10.7) by some powers of ¢~ "7. Then we will combine
(10.7) with a trivial decoupling (Cauchy—Schwarz) to derive an upper bound on the multilinear
constant Dec, (4, p,v) in terms of 6. We play this against Theorem 8.1, which produced a

lower bound for Decy,(d, p, ) involving 6. These will force 7, to be zero.

11 The Final Argument

In this section, we present the details for the proof of Theorem 1.1. Let £ > 100n. By
combining the triangle and Cauchy-Schwarz inequalities, we find that Dec,, (6, p, E) < 6~ for
some C), large enough. For p > 2, let n,,, g = 1p,g > 0 be the unique (finite) number, such
that

;iII(l) Dec,, (6, p, E)§"™ 277 =0  for each o > 0 (11.1)
and
lim sup Dec,, (6, p, E)d" 777 =00 for each o > 0. (11.2)
6—0

We will use induction on n, as described at the end of Section 3. Assume either n = 2 or

n > 3, and in addition, assume that we have

Decnfl((svpa E) Se 0 ¢



198 J. Bourgain and C. Demeter

for E > 100(n — 1) and 2 < p < % We need to prove 7, , r = 0 for E > 100n and
2 <p< 2(:1'11). Note that for such p, we automatically have that p is smaller than %,

the critical index for decouplings in R™~!. In particular, if n > 3, our induction hypothesis

guarantees that

Decy,—1(0,p, E) S 0¢ (11.3)

~

for each £ > 100n and 2 < p < %
Fix2 <p< % for the rest of the proof (so in particular we have p < 20). Fix also
E > 100n. All quantities A, and D, will be implicitly assumed to be relative to this E. The
2(n+1)
n—1

Note that for 2 < p < %, we have

case p = will follow via a standard limiting argument explained in the end of the section.

2(1 — kp) > 1. (11.4)

We start with the following rather immediate consequence of Proposition 10.4.

Theorem 11.1 Consider n v-transverse cubes Q1,-++,Qn, C [0,1]""1 with side length at
least 6. Then for m > 1 and p > 2, we have

2Kp

AP(L BQm7 1, g) §E7V7m 67(np+e) (27n7 ——

@EOA—rpN™

2hp—1 )Dp(zm—l,BQ’”’g)

+

with the implicit constant independent of Q;.

Proof This will follow from Proposition 10.4, once we make a few observations.
First,

Ap2m71 B2 2m 7 g) S D27, B g). (11.5)

This is a consequence of Holder’s inequality, Minkowski’s inequality in 12 and (4.1) (like (10.5)
very much).

Second, an application of Proposition 7.1 shows that
D, (2!, B*",g) S Decy (8" 2 p)Dy(27 ", B g).

Finally, combine these with (11.1) and Proposition 10.4.

By replacing 62" with &, we prefer to write the inequality in Theorem 11.1 as follows:

(1—rp)™

_ O(1_2-m_2p 1
AP(2imaBla27mvg) ge,u,mé o+ )(1 2 st )Dp<§7Blvg) (11'6)

with the implicit constant independent of the cubes Q;. Here the assumption is 1(Q;) > 6% .

Let B = B! be a cube in R" with [(B) = 6~!. Consider n v-transverse cubes Q1,- -+ ,Q, C
[0,1]"~1 with side length p > 62 ™. Let, as before, Part,—1(B) denote the partition of B by
using cubes A with [(A) = p~!. Denote also by B,,(B) the partition of B by using cubes A,,
with I(A,,) =072 ".
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We may write, first by combining Cauchy—Schwarz and (4.1),

som X (D

A€Part, 1 (B) =1

< g2 [m . (H H ( 3 |E,.g

m€Bm(B) i=1 " gi€Part ;. (Q:)

11
\i§<wA,10E>> } ' (11.7)

1

1.1
17, (118
Lﬁ)(wAm,mE)) } ( )

and then by using Minkowski’s inequality and (4.2) (recall that p < 20), we have

st b Y (Y I

Am€Bm(B) i=lg;€Part , m (Qi)

—(n—1)2— ™! 1 s
<g§ Y [MAZ (IT > 1Ew

m€Bm(B) =1 gi€Part 5 m (Q:)

S =

2 7w
|L§)(UJA.,”,1OE)> :| (119)

|L2(wAm E)) }

Tl

= A,(27", B, 27™ g).

Invoking (11.6) and removing the normalization, we conclude that

2.

A€Part, 1 (B) =1

1_1

w]p
10E)
(A—rp)™

Senm 6~ (1227 I GEET ) oy 1[1‘[ >, Eag

i=1g;€Part 1 (Q;)
52

1
|2 2n
LP(wB,E) °

By taking a supremum over all QQ;, B, g as above, we deduce the following inequality, which

is a stronger substitute for (8.2):

Cm 28 (1—rp)™m .
Decn(é,p, V,m,E) Se,l/,m 5*(Tip+e)(172 2npp1+ 2,€pp1 )5 (n—1)2-m~1 (11.10)

Combining this with Theorem 8.1 (use (11.3)) and (11.2), we may now write

o 2k (1—rp)™
somreter) < 57(%“)(1 2 et o )5*(71*1)2""‘1
l ~EV,m Y] l

for some sequence J; converging to zero. This in turn forces

2kp (1 —rp)™
25p — 1 2kp — 1

—np +e+e(v) > —(n, + 6)(1 —om ) — (n—1)27m"!

for each €,v > 0. Thus, letting €, v — 0, we get

2K 1-— m
P ( Kp)
kp—1 2kp — 1

—np > =1, (1 -2 ) —(n—1)27m"1,

and by rearranging terms, we have

(n—1)2"1t>n,

(11.11)
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As this holds for each m > 1, (11.4) will immediately force 1, = 0.

Let us now show that n,, = 0 for p, = % Let B C R" be a cube with {(B) = §~ 1.
Using inequality (4.2), for p < p,,, we can write

1 E0,17 19l Len (B) S 1 E10,177 19 e (wg)-

Combining this with Holder’s inequality, we get

N

1B gl SDecap)( S 1Bl
QEParté% ([0,1]»—1)
1
—€ E
ol (0 X 1Bl i)

Q€Part 1 ([0,1]"~1)
52
It suffices to note that ¢ — 1 as p — pa,.
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