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1 Introduction

The Sobolev embedding theorem states that if Wwie (R™) is the homogeneous Sobolev space,
obtained by completing the set of compactly supported smooth functions C°(R™) under the
norm ||Vul[zpgn), then W1LP(R™) embeds into LP (R™), whenever n > 2, 1 < p < n and
p% = % — 1. This fails when p = n, ie., W1™(R™) does not embed into L>(R™). One of the
well-known remedies of this failure is to say that W™ (R") embeds into BMO(R"), the space
of functions of bounded mean oscillation. In [2, 4], Bourgain and Brezis established another
remedy of the failure of this Sobolev embedding for Wln(R”) They proved, among other
things, that if X is a differential ¢-form on R™ with Wl’”(IR") coefficients, where 1 < ¢ <n—1,
then there exists a differential ¢-form Y, whose components are all in Winn e (R™), such
that

dY =dX

with
1Y llyirrnape < ClldX]|

Ln.
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(Such a theorem would have been trivial by Hodge decomposition, if W™ (R") were to embed
into L>°(R™).) The existing proofs of the above theorem are all long and complicated. On the
contrary, a weaker version of this theorem, where one replaces the space W1 N L by L°°,
can be obtained from the following theorem of Van Schaftingen [9], when ¢ < n — 2.

Theorem 1.1 (see [9]) Suppose that [ is a smooth vector field on R™, with
div f=0.

Then for any compactly supported smooth vector field ¢ on R™, we have

[ o] < sl W)

where (-,-) is the pointwise Fuclidean inner product of two vector fields in R™.

See e.g. [4, 6]. We refer the interested reader to the survey in [10], for a more detailed
account of this circle of ideas.
The original direct proof of Theorem [[1]in [9] proceeds by decomposing

/”<f, 9) = g/ﬂk(/ﬂkmx{s}m’” fi¢i> ds,

and by estimating first directly the innermost (n — 1)-dimensional integral. This gives the
impression that the strategy is quite rigid. The first goal of this note is to prove Theorem [I]
by averaging a suitable estimate over all unit spheres in R™.

In a second part of this paper, we adapt this idea of averaging over families of sets to prove
an analogue of Theorem [[LT] in the setting where R™ is replaced by the real hyperbolic space
H™.

Theorem 1.2 Suppose that f is a smooth vector field on H™, with
divg f =0,

where divg is the divergence with respect to the metric g on H™. Then for any compactly
supported smooth vector field ¢ on H™, we have

| [ (5.0 a] < Cllllurn) [Vl (12)

where (-, -)g and dVy are the pointwise inner product and the volume measure with respect to g
respectively, V¢ is the (1,1) tensor given by the Levi-Civita connection of ¢ with respect to g,

£l = [ 1oV, [19a6llmon = ([ 19,015 415)
H™ H™

We note that the above theorem is formulated entirely geometrically on H", without the

and
1

n

need of specifying a choice of coordinate chart. As explained in Appendix A, Theorem [[.2] can
be proved indirectly by patching together known estimates on R™ via a partition of unity, and
by applying Hardy’s inequality to get rid of lower order terms.

We shall prove Theorem [[L2] by averaging a suitable estimate over a family of hypersurfaces
in H", where the family of hypersurfaces is obtained from the orbit of a “vertical hyperplane”
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under all isometries in H'. The latter shares a similar flavour to the proof we will give below of
Theorem [Tl The innovation in the proof of the result for the hyperbolic space is in deducing
Theorem from Proposition Bl and in establishing Lemma [B4] (see Section Bl for details).

2 Another Proof of Theorem [I.1]
Theorem [T will follow from the following proposition.

Proposition 2.1 Let f, ¢ be as in Theorem [Tl Write B™ for the unit ball {x € R™: |z| <
1} in R™, and S"~ for the unit sphere (i.e., the boundary of B"). Also write do for the standard
surface measure on S"~1, and v for the outward unit normal to the sphere S*~. Then

1—L

f“Ll(Tén*l)||¢||W1v"(S"—1)~ (2.1)

[ 0069 00] < Ul o

Here H(b”Wl,n(Snfl) = ||(b| Ln(sn—1) =+ ||VS7L71¢|
S*=1 given by the covariant derivative of the vector field ¢.

Ln(sn-1), where Vgn-1¢ is the (1,1) tensor on

The proof of Proposition 2] in turn depends on the following two lemmas. The first one is
a simple lemma about integration by parts.

Lemma 2.1 Let f,v be as in Proposition 2. Then for any compactly supported smooth
Sfunction ¢ on R™, we have

/Sn_l<f,l/>1/1 da:—/ (f, Vi) da.

R7\B"
The second one is a decomposition lemma for functions on the sphere S*~1.

Lemma 2.2 Let ¢ be a smooth function on S"~1. For any X\ > 0, there exists a decompo-
sition
p=p1+p2 onS"H
and an extension P of o to R™ \ B", such that @ is smooth and bounded on R™\ B™, with

1
||301||L00(Sn71) < CAmn VS”?up| Ln(sSn—1),

~ 1_
||v<)02||Loo(]R"‘\IB”) S CA" 1||VSH71(IO|

Ln(Sn—1)-

Here ||[Vgn-1¢|| is the norm of the gradient of the function ¢ on S"~!. We postpone the
proofs of Lemmas 2.JH2.2] to the end of this section.
Now we are ready for the proof of Proposition 211

Proof of Proposition 2.1 Let f,¢ be as in the statement of Theorem [l Apply
Lemma 22 to ¢ = (¢, V), where A > 0 is to be chosen. Then since

”vS”*l <¢7 V>|

-1y < Cllgllwn o,

there exists a decomposition
<¢71/> =1+ g2 on Snila
and an extension @2 of w2 to R™ \ B”, such that ¢y € C°° N L (R™ \ B"),

1
||(p1||Loo(S7L71) S C/\”

¢||W1,7L(Snfl)
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and
HV%HL“(R"\B”) <Oxi! ”QS”WL"(S"—l)'

Now

/Sn_1<f7 v)(¢,v)do = /Sn_l<f, vypr do + /Sn_1<f, v)po do
=1+

In the first term, we estimate trivially

I < ([ fllzr -1y lle1ll oo sn—1y < CAn

P Y Pp—

To estimate the second term, we let € be a smooth cut-off function with compact support on
R™, such that 6(z) = 1 whenever || < 1. For € € (0,1), let 0.(x) = §(ex). Then . =1 on
S*~! so we can rewrite I as

I= / (f,V)p20.do
§n—1

for any ¢ € (0,1). We then integrate by parts using Lemma 2] with 1) := @20., and obtain
1—- [ vVEa- [ (VG
R7\B" R7\B»

(The cut-off function 6. is inserted so that ¢ has compact support.) We now let ¢ — 0*. The
second term then tends to 0, since it is just

= [ @) (V) o) o)
R7\B"
where f € L, VO(e:) € L* and $3 € L™ on R™ \ B". On the other hand, the first term tends

to
- / <fa V(Z2> dx
R"L\]Bn

by dominated convergence theorem, since f € L' and V@s € L™ on R"™ \ B". As a result,

= / (. V@) da,
7L\IB7L

from which we see that

~ 1 _
1 < I fllzr@mgn IV@2ll oo @nyry < CAR T Fllnr@ovge) | @llwm gn-1y.-

Hf”Ll(R”\B”)

Together, by choosing A\ = Tt @n—1)
Ll@n—

, we get

1—1

1
‘/S 71<f7 V><¢7 V> do| < C”f”fl(Rn\Bn)||f||L1("én—1)||¢||W1s"(S"*1)

as desired.

We will now deduce Theorem [[LT] from Proposition 21l The idea is to average (ZI]) over all
unit spheres in R”.
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Proof of Theorem [I.1] First, for each fixed x € R", we have

(f(2), $(a)) = c / (f (), w) (), w) do(w), (2.2)

S§n—1

where we are identifying w € S"~! with the corresponding unit tangent vector to R™ based at
the point z. Hence to estimate [g, (f(x), ¢(x)) dz, it suffices to estimate

/n /Sn_l<f(x)aw><¢($),w> do(w) dz,
which is the same as
/n /S (f(z+w),wld(z + w),w) do(w) dz

by a change of variable (z,w) — (z + w,w). Now when z = 0, the inner integral can be
estimated by Proposition B} for a general z # 0, one can still estimate the inner integral by
Proposition [Z1] since the proposition is invariant under translations. Thus the above double
integral is bounded, in absolute value, by

1 1—1
I oy / 1£C+ My 190z + Yl wrm gy de.

Applying Holder’s inequality to the last integral in z, one bounds this by

1 1

1 1-5 n o
CIS s ( / 1+ Meenndz) " ( / 16z + Mliysn @) d2)

n

Since
[ 18G9l dz = el s
and
/, [6(z + W1n(gn-1ydz < c(1DlLn@ny + VO @ny);
we proved that under the assumption of Theorem [I.1] we have
| [ 40| < €l ey (190l oy + [z (23)

This is almost the desired conclusion, except that we have an additional zeroth order term on
¢ on the right-hand side of the estimate. But that can be scaled away by homogeneity. In fact,
if f and ¢ satisfies the assumption of Theorem [[LT] then so does the dilations

fe(@) =" f(e7 ), delx) = p(c7a), €>0.

Applying (Z3) to f. and ¢. instead, we get
[t
R7l

| [ 4.0)] < Cllsllsnrvel

< Ol fellr@n) (Ve

Ln(R™) —+ ”d)E' Ln(Rn)),

ie.,

rr@®n) T[] Lnmn))-
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So, letting ¢ — 0T, we get the desired conclusion of Theorem [[.1

Proof of Lemma [2.9] Note that (f,v)y = (¢ f,v), and v is the inward unit normal to
O(R™\ B™). So by the divergence theorem on R"™, we have

/S,H<f7 vy do = —/ div(¢f) da.

R \B?L

But since div f = 0, we have
div(ypf) = (f, V) + ¢ div f = (f, Vi),

and the desired equality follows.

Proof of Lemma Suppose that ¢ and X are as in Lemma 221 We will construct first
a decomposition ¢ = ¢ + @9 on S”7 !, so that both ¢; and 5 are smooth on S*~!, and

1
1]l poe(sn—1y < CAn ||[Vgn-160||Lnsn-1y,

1_
||VSW,—1()02HLac(Sn—1) S CAn 1”V§n—1§0|

Ln(Sn—l).

(Here Vgn-1¢9 is the gradient on S"1.) Once this is established, the lemma will follow, by
extending ¢9 so that it is homogeneous of degree 0; in other words, we will then define

~ x
Pa() = @2(—), |z| > 1.
|z
It is then straight forward to verify that
= 1_
V@2l Loe (gr\gm) < CAZ [ Vgn-19l| 1 gn-1),

since the radial derivative of @5 is zero.
To construct the desired decomposition on S~ !, we proceed as follows.
IfA>1, weset po = fs ©, 50 that Vgn-1¢0 = 0 on S"~!, then

501280_][ s

and the estimate for ¢ follows from the classical Morrey—Sobolev estimate.
If 0 < A < 1, we pick a non-negative radial cut-off function n € C2°(R™), with n = 1 in a
neighborhood of 0, and define 1) (z) = n(A~'z) for x € R™. We then consider the function

vERT = | mE—y)doly).

When restricted to 2 € S !, this function is a constant independent of the choice of x € S*~1,
by rotation invariance of the integral. We then write ¢y for this constant, i.e.,

o= [ m@=pdo). el =1 (2:4)
Note that by our choice of , when 0 < A\ < 1,

ey AT (2.5)
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Now we define, for 2 € S*~ !, that

Then for z € S*!, we have

a@ =t [ me =l - o) dot)

by definition of cy. But for z,y € S*~!, we have, by Morrey’s embedding, that

lo(z) = ()] < Clz =y [ Va1l (sn-1)-

It follows that

lp1(2)| < C[|Vsn-19] 7 do(y).

et [ m@ ey

wn(z) and 7 (z) = 7(A"1z), we see that the right-hand side above is just

Letting 7(x) = |x

O\

Vsn—1¢] Ln(gnfl)cgl / 1 m(x —y)do(y).
sn—

But this last integral can be estimated by
[ - pydoty) s 4,
Snfl

by the support and L° bound of 7,. Hence using also (Z3]), we see that

1
||301||L00(S7L71) S C/\” ||vSn71(p| Ln(Snfl)

as desired.
Next, suppose that z € S*"!, and v is a unit tangent vector to S"~! at z. Then

Dutoa () = A5 ! / (0, V) (A (& — 9))o(y) doy). (2.6)

Sn—l

But if we differentiate both sides of the definition ([2:4) of ¢y with respect to 9,, we see that
0= [ IOt e =) doty) (27)
Multiplying Z7) by A~'c} '¢(z), and subtracting that from (&), we get

0,62(@) =\t [ (0. V) = ) ely) = ()] doy)

Using Morrey’s embedding again, we see that

= do(y).

0,62(@)] < ON Vs sl s [ 10 V0O @ =)o =

1
n

Letting 7j(z) = |z|= |{v, Vn)|(z) and 7, (z) = (A~ 'x), we see that the right-hand side above is
just

CA* A Vgumrg|

Ln(S’rH)Cxl/S . M (z —y)do(y).
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But this last integral can be estimated by

/Sn_l Mz —y)do(y)do(y) < )\n—17

by the support and L> bound of 77,. Hence using also (Z3]), we see that
1
HVSn—MpQ”Loo(Sn—l) é CAn 1||VSW,—1¢|‘LW,(SW,—1)

as desired.

3 A Borderline Sobolev Embedding on the Real Hyperbolic Space H™

We now turn to a corresponding result on the real hyperbolic space H™. We will first give
a direct proof in this current section, in the spirit of the earlier proof of Theorem [I[LT] by using
spherical averages. In the appendix, we give a less direct proof, using a variant of Theorem [[.1]
on R™.

First we need some notations. We will use the upper half space model for the hyperbolic
space. In other words, we take H" to be

H" =R} = {z = (2/,2,) e R"!' xR: 2, > 0},
and the metric on H" to be

B | dz|?
=z

g:
We will use the following orthonormal frame of vector fields:

0 )
e =Tp—, t=1,---,n

83%
at every point of H". Note that if j # n, then

Ve” €; = 0. (31)
(Here V = V is the Levi-Civita connection with respect to the hyperbolic metric g.) In fact,
since {eq, -+, ey} is an orthonormal basis, for any k = 1,--- ,n, we have
1
<V€nejv €k>g = §(<[ena ej]a ek>g - <[6’m ek]v ej>g - <[ej7 ek]a en>g)
1
= 5 ({ej,en)g = (1 = dun)er, €5)g — (=0knej en)g) = 0.

Also, we have
Ve, en = 0. (3.2)
This is because if j # n, then
(Ve,en,€j)g = —(en; Ve, €j)g =0

by B1)), and

1
<Venenven>g = Een(<enven>g) =0.
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To prove Theorem [[.2] note that we only need to consider the case n > 2, since when n = 1,

[ee]
Jollimay < [ 10,001y = 19,0l
and (L2) follows trivially. Hence from now on we assume n > 2.
We will deduce Theorem from the following proposition.
Proposition 3.1 Assume n > 2. Let f, ¢ be as in Theorem [[L2. Write S for the copy of
(n — 1)-dimensional hyperbolic space inside H", given by
S={zxeH": x; =0},
and X for the half-space
X ={xzeH": 21 > 0},

so that S is the boundary of X. Also write dV; for the volume measure on S with respect to
the hyperbolic metric on S, and v = ey for the unit normal to S. Then

1—1

| [S (79610 VI | < CIT I o 1 F iy I llwn ) (3.3)

Here ||¢llwrncs) = |9llzn(s)y + IVgPlln(sy, and all integrals on S on the right-hand side are
with respect to dV.

The S will be called a vertical hyperplane in H". It is a totally geodesic submanifold of H".
We will consider all hyperbolic hyperplanes in H", that is the image of .S under all isometries
of H". The set of all such hypersurfaces in H® will be denoted by &; it will consist of all
Euclidean parallel translates of S in the 2/-direction, and all Euclidean northern hemispheres
whose centers lie on the plane {x, = 0}.

The proof of Proposition 3] in turn depends on the following two lemmas. The first one is
a simple lemma about integration by parts, which is the counterpart of Lemma 211

Lemma 3.1 Assume n > 2. Let f, S, X, v be as in Proposition 3.1. Then for any

compactly supported smooth function ¥ on H"™, we have

/(fv V)g¥ dV; = _/ (f; Vgih)y dVy.
S X

The second one is a decomposition lemma for functions on S, which is the counterpart of
Lemma [2.2]

Lemma 3.2 Assume n > 2. Let ¢ be a smooth function with compact support on S. For
any \ > 0, there exists a decomposition

p=p1+p2 ons,
and an extension Qs of po to H™, such that @y is smooth with compact support on H"™, and

1
[@1llLo=(s) < CA™ (Vg

Ln (S)

with
[V g@all oo uny < CATH| Vel

Ln(S)-
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We postpone the proofs of Lemmas B.JH3.2l to the end of this section.
Now we are ready for the proof of Proposition Bl

Proof of Proposition B.I] Let f,¢ be as in the statement of Theorem Apply
Lemma B2 to ¢ = (¢, V)4, where A > 0 is to be chosen. Then since

[Vg(dv)gl

(this follows since |ex(p, V)| = [(Ve,@,v) + (&, Ve, )| < |Vg0|g + |@|g for all k), there exists a
decomposition

n(s) < Cllollwinsy,

<¢;V>g:<;01+802 on Sv

and an extension @z of w2 to H™, such that ¢y € C°(H"),
1
[e1llLee(sy < CA™(|[lwrn(s)
and
IVg@alloeqny < CAT7Hdllwin(s).-
Now
[ttty avy = [ (£ v+ [ (fgen av;
=I1+1I
In the first term, we estimate trivially
1
I < [ fllzresyllorllnoesy < CA= | fllrsyllollwrns)-

In the second term, we first integrate by parts using Lemma Bl with ¢ = ©», and obtain

T=— /X<f7 V,Ga)y AV,

SO
1] <[ fll22 ) IV gPall Loo (1m)
1 _
< CAn 1||f||L1(X)||¢||W1v"(S)~

”f”Ll(X)
Hf”Ll(s)

Together, by choosing A = , we get

1—-1

| /S (2 (0 0g AVY| < Ol ey 1 o I wnn )

as desired.

We now deduce Theorem from Proposition 1 The idea is to average (B3] over all
images of S under isometries in H" (i.e., all hypersurfaces in the collection S).

Proof of Theorem First, for each fixed z = (2/,x,) € H", we have the following
analogue of the identity (Z2I), used in the proof of Theorem [t

oy = [ (@) )y {6(0). 20l do(o),

§n—1
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Here we are identifying w € S"~! with the corresponding tangent vector to H™ based at the
point z. (Note then x,w has length 1 with respect to the metric g at x, so z,w belongs to
the unit sphere bundle at x.) Furthermore, since the above integrand is even in w, we may
replace the integral over S*~! by the integral only over the northern hemisphere S’f;l ={we
S"~1: w, > 0}. Hence to estimate [, (f(z), d(z))y dVj, it suffices to estimate

dz

ot
L

[ ] @)2)s(8(0).00)y dote) (3.9
T ISy
We will compute this integral by making a suitable change of variables.

To do so, given z € R’} andw € S’f;l, let S(x,w) be the hyperbolic hypersurface in S passing
through x with normal vector w at z. In other words, S(x,w) would be a Euclidean hemisphere,
with center on the plane {z,, = 0}; we denote the center of this Euclidean hemisphere by (z,0),
where z = z(z,w).

For each fixed z € R}, the map w +— z(x,w) provides an invertible change of variables from
Si_l to R"~1. Thus we are led to parametrize the integral in [3.4) by z instead of w. In order
to do that, we observe that the vectors x — (z,0) and w are collinear. This implies that if
z = z(z,w), then

(Here |z — (2,0)] is the Euclidean norm of  — (z,0).) Write ®,(z) for the right-hand side of
the above equation. We view ®, as a map ®, : R"~! — Sﬁ71 C R™, and compute the Jacobian
of the map. We have

(D®:)" ()

(Crops E=2eE—(z0r)

B 1
= (2,0)] |z — (2,0)]?

(Here we think of z, z as column vectors, and D®, as an (n — 1) X n matrix.) Thus

' 1 (¢/ = 2)® (2' = 2)'
(D®;)" DPy(2) = Iz — (2,02 (I_ |z — (2,0)[? )

By computing the determinant in a basis that contains 2’ — z, we get

Jac ®,(z) = \/det[(D®, ) DD, (2)]

N 1

e = (2, 0)n
— xn

B |J) - (Z,O)ln

By a change of variable w = ®,(z), and using Fubini’s theorem, we see that (B4 is equal to

/R”H/n (@), 20 P2 (2))o (D), 20 Po(2))g _du 55

|z —(z,0)|" ap b

Now we fix z € R”"!, and compute the inner integral over = by integrating over successive
hemispheres of radius r centered at (z,0). More precisely, let S(z,r) be the Euclidean northern
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hemisphere with center (z,0) and of radius r > 0. Then S(z,r) € S, and for any z € R" ™!, we
have

/ (f(@), 20 Ps(2)) g (p(2), 2P (2))y du

= GO e
= [T e, o) e, T
0 z€S(z,r In T

where do(z) is the Euclidean surface measure on S(z,r). However, if € S(z,7), then x,,®,(z)
is precisely the upward unit normal to S(z,7) at . Also, if dV] is the induced surface measure
on S(z,r) from the hyperbolic metric on H", then

do(x)

)
T

av! =

indeed if we write w = % then at x € S(z,r), we have

;. . dz dppdz do(x)
dVg =lp,0dVy = lepw 0 = “poil T aoil-
Ty In T In T

(Here 4 denotes the interior product of a vector with a differential form.) Hence the integral

B3 is just equal to
o dr
Lo L L gt v e (36)
n=1J0 z,r

By Proposition [3] and its invariance under isometries of the hyperbolic space H™, we have

[ ot ay;

= == n n "
< O ([ 10 0%) 7 ([, (%0l = 1) av;)

Hence by Holder’s inequality, (3:0) is bounded by

n - dr 1-+
Wi ([ [ [ 1 vy a2)

- | dr =

n n / n

(/]Rn—1/0 /S(ZW)OVQ(’MQ + |¢|g) d‘/;] 7’*”—_1 dZ) .

But undoing our earlier changes of variable, we see that

° dr
av; d
/]R"_l/o /S(z,r)|f|g V;]Tn_l :
R—1 IES zr) xﬁ ! Tn
- / :
Ty, dx
“J (x)“(/w-l o e

= C|| fllzr@ny-

dx
a:—20|" ot 42
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Similarly,

Lo 09aly +1605) 4V de = CUT 061y + 10l
R7=1J0 S(z,r) r
Altogether, (30) (and hence ([34))) is bounded by

Cllf 2@y ([Vg@llnany + @l aam))-

This is almost what we want, except that on the right-hand side we have an additional
||l L»@ny. To fix this, one applies Lemma below, with p = n, and the desired conclu-
sion of Theorem follows.

Lemma 3.3 Assumen > 2. For any compactly supported smooth vector field ¢ on H™, and
any 1 < p < oo, we have
18]l e @m) < ClIVgollLe -
Proof In fact, for any function ® € C°(H"), and any exponent 1 < p < oo, we have, from

Hardy’s inequality, that

@l r@ny < Cllen®|lLe@n)- (3.7)

> dz, p \P [ dz,,
o P—<( ) o[
| et < () [ et S

by Hardy’s inequality. ([B7) then follows by integrating over all 2’ € R™~! with respect to dz’.
Now we apply B1) to & = (¢,e;), 1 <j <n—1. In view of (BI), we have

enq) = <V€n ¢7 ej> + <¢7 Ven ej> = <V€n ¢7 6j>a

This is because

so we get
{6, e} L ny < CIV g0l Lo(n)-

Similarly, we can apply 1) to ® = (¢, e,), and use (B2) in place of [BI]). Altogether, we see
that

[l r@ny < ClIVg@llLeEny

as desired.
We now turn to the proofs of Lemmas B.IH3.2i

Proof of Lemma [B.3] Note that (f,v),9 = (¥ f,v),, and v is the inward unit normal to
0X. Also dVg' agrees with the induced surface measure on S from H™. So by the divergence
theorem on H", we have

[ ttmgwavy == [ aiv, @pav,
s X
But since div, f = 0, we have

dng(lbf) =(/, vgw>g +pdivy f = <fa vgw>g7
and the desired equality follows.

The proof of Lemma will be easy, once we establish the following lemma.



248 S. Chanillo, J. Van Schaftingen and P.-L. Yung

Lemma 3.4 Let ¢ be a smooth function with compact support on H™, m > 1. For any
p>m and X > 0, there exists a decomposition

¢=¢1+@s onH",
such that o is smooth with compact support on H™, and

m

1/l poo(gmy < CAMT

ngOHLp(Hm)
with
IV g2l Loo(m) < CA™ % |V 0| 1o i) -
We postpone the proof of this lemma to the end of this section.

Proof of Lemma Suppose that ¢ and A are as in Lemma We identify S with
H™, where m = n— 1. (This is possible because the restriction of the metric of H" to S induces
a metric on S that is isometric to that of H™.) Using Lemma B4 with p = n, we obtain a
decomposition ¢ = 1 + @2 on S, such that

1
[@1llLo=(s) < CA™ Vgl

L™(S)
with

IV galloe(s) < CA= [ Vgl

(8- (3.8)

We then extend o to H" by setting for (z1,2”,7,) € R x R""2 x Ry,

62(-%17-%,/) l‘n) = Y2 (Oa l‘”a \/ .ﬁ% + x%)

One immediately checks that @, is smooth with compact support on H", with

IV g@all ooty < IV g02llLoe(s)-
In view of ([B.8)), we obtain the desired bound for V @s.
It remains to prove Lemma [3.4]

Proof of Lemma 3.4 When m = 1, the 1-dimensional hyperbolic space H' is isometric to
R, and Lemma 34 follows from its counterpart on R (see, e.g., [9]). Alternatively, it will follow
from our treatment in the case m > 2, 0 < A < 1 below.

So assume from now on m > 2. Suppose that ¢ is smooth with compact support on H™,
p>m and A > 0. We will construct our desired decomposition ¢ = ¢ + 2. Recall that since
p > m, the Morrey inequality on H™ implies

1@l Loe am) < ClIVg@llLo@m)- (3.9)

|s| > 1. Let zp := (0,1) € H™, and let (y,(z) := ((d(x, z0)), where d is the hyperbolic distance
on H™. Consider the localization (,,¢ of ¢, to the unit ball centered at xo. It satisfies

To see this, let ¢ € C2°(R) be a cut-off function, such that ((s) = 1 if |s| < 3, and ((s) = 0 if

[ Caopllwrr@my < CIV gl Lrm), (3.10)
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where the left-hand side is a shorthand for

€z Pll Lo ®m) + 1V e(Cao )l Lo ()

Here V. denotes the Euclidean gradient of a function. (BI0) holds because by the support of
Czy, We have

1Copll L @my = [|Cao Pl Lr@my < IV g0l Lr@m)

and

[Ve(Cao@)lr@m) < [[(Velao)@llLo@m) + 1Cao (Vew) ||l Lr @m)
< O(llellr@my + Vgl Le@my)
< OV gl pe@my,

where we have used Lemma B3] in the last inequalities (note that Lemma B3] applies now, since
m > 2). In particular, by Morrey’s inequality on R, from BI0), we get

m

z—y|'Tv

|Co (2) () = Cao (W) ()| < ClIV gl L @m)

for all x,y € R™. Taking © = x¢ and y € H™ such that d(y, zo) = 2, we get

le(@o)| < ClIV gl Lo m)-

Since the isometry group of H” acts transitively on H"", and since the right-hand side of the

above inequality is invariant under isometries, we obtain

o(@)] < ClIVgellLr@am)

for all € H™, and hence [B.9).

In particular, in view of B3, when A > 1, it suffices to take 1 = ¢ and @ = 0. We then
get the desired estimates for 1 and @9 trivially.

On the other hand, suppose now 0 < A < 1. We fix a compactly supported smooth function

n € CX(R™), with
/ n(v)dv = 1.

pa(x) = / o2’ + e’V e )N (A" ) do,

For x = (2, x,,) € H™, we define

where we wrote v = (v/,v,,) € R™™! x R, and define

p1(x) = p(z) — p2(2).

Note that o is smooth with compact support on H™, and hence so is ¢;. Now for ¢ =
1,2,---,m—1, we have

(e;p2)(z,y) = / e " (eip)(a + mpu'e’™, xmev’”))fmn()flv) dv.

m
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Since v +— n(A~1v) has support uniformly bounded with respect to 0 < X\ < 1, we have
e~ Um < (C on the support of the integral, where C' is independent of 0 < A < 1. Hence by
Holder’s inequality, we have

||ei<P2||L°°(Hm)

<O [ leaplP (@’ e ) dv) T IA 0O 0

=B ([ el IR

the last line following from the changes of variables z,, = e, and then 2’ = 2/ + z,,0". We
thus see that

lleio2|lLoommy < CA™ ™,

as desired.

Furthermore, when i = m,

(eng2)@) = [ [(eme)a’ +amv/et o)

m—1

+ Z vi(eip) (2" + zpv’e’™ xme”’“)} A" (A ) do.

i=1

Using that |v;| < C on the support of the integrals (uniformly in 0 < A < 1), and Hdlder’s
inequality as above, we see that

m

llemwz|lLoe@my < CA™ 7 |Vl Lo @my,

as desired.

Finally, to estimate ¢1, note that
o(z) = )\lirg+ o(x" + Tpe’ v 2pme™ )N (A ) do.

Hence
p1(x) =
A d
—/ / o(@' + et zymet™ ) —[s~ (s )] dv ds.
0 m ds
But

d - 0 1
—&[3 zz:a— vin) (s~ v)],

so we can plug this back in the equation for ¢, and integrate by parts in v. Now

(P@” e 2] = (1)@ + T 0 ™), i =1 m = 1

8vi
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and
W[Sﬁ(xl + L€'V, Tpe’™)] = (emp) (@ + Tpme’ v’ zpe’™)
m
m—1
+ Z vz 180 fE + Ty evm’l} xme”'"),
=1
Hence

A m
—/ Z/ (ei0) (2" 4 Tpme™ v xme’™)s™ ™ (vin) (s v) dv ds

Am 1
—/ / i (e;0) (2" + Tpe™ v zpme’™)s™ ™ (vin) (s v) dv ds.
O m

When 0 < A < 1, the integral in v in each term can now be estimated by Holder’s inequality,
yielding

A
11l zoe aam) S/ Cs™ 7 [Vl Le@m) ds

m

=CO\75 ||V

950||Lv(Hm)-

This completes the proof of Lemma [3.4]

Appendix A Indirect Proof of Theorem

We will give an alternative proof of Theorem from the following variant of Theorem [LT],
whose proof can be found, for instance, in [9] (it can also be deduced by a small modification
of the proof we gave above of Theorem [L]).

Proposition A.1 (see [9]) Suppose that f is a smooth vector field on R™ (not necessarily
div f = 0). Then for any compactly supported smooth vector field ¢ on R™, we have

\/R,}f, ¢>‘ < CI eIVl + | div £l 21 |9]

L")? (A'l)

where (-,-) is the pointwise Euclidean inner product of two vector fields in R™.

To prove Theorem [[L2] we consider a function ¢ € C°(R) and we define for o € H" the
function ¢, : H" — R by
Cal) = C(d(z, ).

/ C(x) AVy(a) = 1.
]H[n

Now given vector fields f and ¢ as in Theorem [[.2] we write

[0V = [ [ (Cal@), oty % (2) V).

If « =(0,1) € H", then

[ tart@). sty av, = / (AL

We assume that
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where (-, ), is the Euclidean inner product of two vectors. Hence by Proposition [A.1] this last
integral is bounded by

Ca®

Ve (2258 [y 147G Pl | 255

ant?

C(l¢afllzrgeny

L7 (R™) Ln(]Rn)) ’

where we write V. to emphasize that the gradients are with respect to the Euclidean metric.
Now on the support of ,, we have |z,| ~ 1, so altogether, we get

[t ooy vy
< C(lIafllzr@m) + Vg (Ca)s Follor @) IV ol on @my + 1]l 2n @m))- (A.2)

This remains true even if « # (0, 1), since there is an isometry mapping « to (0, 1), and since
(A2) is invariant under isometries of H™. By integrating with respect to o € H", we see that

| [ 50| < Clllluran) (190l + 16 n i)

We now use Lemma B3] to bound ||@||z» @) by [Vl zn@n). This concludes our alternative
proof of Theorem
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