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Uniform Asymptotic Expansion of the Voltage Potential
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Abstract Asymptotic expansions of the voltage potential in terms of the “radius” of a
diametrically small (or several diametrically small) material inhomogeneity (ies) are by now
quite well-known. Such asymptotic expansions for diametrically small inhomogeneities are
uniform with respect to the conductivity of the inhomogeneities.

In contrast, thin inhomogeneities, whose limit set is a smooth, codimension 1 manifold,
o, are examples of inhomogeneities for which the convergence to the background potential,
or the standard expansion cannot be valid uniformly with respect to the conductivity, a, of
the inhomogeneity. Indeed, by taking a close to 0 or to infinity, one obtains either a nearly
homogeneous Neumann condition or nearly constant Dirichlet condition at the boundary
of the inhomogeneity, and this difference in boundary condition is retained in the limit.

The purpose of this paper is to find a “simple” replacement for the background poten-
tial, with the following properties: (1) This replacement may be (simply) calculated from
the limiting domain Q\ o, the boundary data on the boundary of €2, and the right-hand side.
(2) This replacement depends on the thickness of the inhomogeneity and the conductivity,
a, through its boundary conditions on o. (3) The difference between this replacement and
the true voltage potential converges to 0 uniformly in a, as the inhomogeneity thickness
tends to 0.
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Thin inhomogeneities
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1 Introduction

Asymptotic expansions of the voltage potential in terms of the “radius” e of a diametrically
small (or several diametrically small) material inhomogeneity(ies) are by now quite well-known
(see [4, 11]). Let w. denote the inhomogeneity, and let 0 < a. < oo denote the conductivity
inside the inhomogeneity. The potential u. converges (in the far field) to a limit “background”
potential ug, which is independent of the conductivity a.; this convergence (and for that matter
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the approximation rate of any finite number of terms in the asymptotic expansion) is uniform
with respect to a. (see [21]).

As was shown in [10], the existence of the first two terms of the asymptotic expansion
carries over to a situation much more general than that of a finite collection of diametrically
small inhomogeneities, namely that of an arbitrary set w. whose Lebesgue measure converges
to zero. The convergence statement there is modulo the extraction of a subsequence, and so
it is really a compactness result. Furthermore, the convergence is not generally uniform with
respect to the inhomogeneity conductivity a..

Thin inhomogeneities, whose limit set is a smooth, codimension 1 manifold, are indeed
examples of inhomogeneities for which the convergence to the background potential ug or the
standard expansion cannot be valid uniformly in a.. Indeed, by taking a. close to 0 or to
00, one obtains either a nearly homogeneous Neumann condition or nearly constant Dirichlet
condition at the boundary dw. of the inhomogeneity. This boundary, however, does not shrink
to a single point as ¢ — 0, as is the case when the inhomogeneity is of small radius, but rather it
“converges” to a codimension 1 manifold, o, which has positive capacity. Neither the problem
with homogeneous Neumann boundary condition nor the one with constant Dirichlet condition
on ¢ has ug as its solution. Consequently, the convergence of u. towards uy cannot take place
uniformly in a..

The purpose of this paper is to find a “simple” replacement for ug, say u?, with the following
properties:

(1) 4 may be (simply) calculated from the limiting domain € \ o, the boundary data on

€

011, and the right hand side.

(2) u? depends on ¢ and a. through its boundary conditions on o.

(3) ue — u? converges to 0 uniformly in a., as € tends to 0.

Such a convergence result is useful for theoretical as well as for practical purposes as follows:

(i) For theoretical purposes, it easily allows one to identify the (¢ independent) limit of the
potential u., when the behavior of a. is more precisely known.

(ii) For numerical purposes, it allows to trade a problem posed on a very thin domain,
which may be difficult to simulate due to the requirements of a very small mesh size, for a
problem posed on a fixed domain with a single additional interphase boundary condition (see
the numerical experiments in [22]).

We also briefly discuss the derivation of the next term in a “uniform” asymptotic expansion
of u.. From a practical point of view, knowledge of the first two terms would give a very
effective tool for the determination of w, from the knowledge of far field data of u., in a fashion
that would work independently of the conductivity a. (see [3] for the description of such a
reconstruction algorithm in the context where the conductivity inside the inhomogeneity is
constant and does not depend on €: a. = a, where 0 < a < c0).

There are other studies of asymptotic expansions, specifically related to thin inhomo-
geneities. In [7], the authors established a first-order asymptotic expansion of u. when the
conductivity coefficient a. is independent of e. They considered both the case of a closed, and
an open curve o as far as the limiting set of the inhomogeneity is concerned. They relied on very
sharp regularity estimates for u. near the boundary of the inhomogeneity. This analysis was
carried over to the Helmholtz equation in [6]. In [5], a (closed) thin conductivity inhomogeneity
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was considered and analyzed in the case, where the coefficient a. degenerates to 0 as e — 0, by
using I'-convergence techniques. This situation was also investigated in [1] in the context of the
minimization of non-linear energy functionals, and in [9] in a situation where the boundary of
the inhomogeneity was oscillating. In [22], the resistive limit %= — 0 was considered, a case of
particular relevance as an approximation to the behavior of the membrane of a biological cell.
In this very particular situation, the authors established the existence of a limiting potential.
The analysis is very different from the one presented here and relies on matched asymptotic
expansions in all three subdomains: The interior region, the membrane, and the exterior region.
It seems difficult to extend such an analysis to the general case studied here.

The technique which we use here to verify the uniform approximation property of u? es-
timates the norm distance between u. and u? in terms of the gap between the corresponding
energies, by using both the primal and dual formulation. This technique goes back to at least

the reference [20]. It has the additional nice feature that it only relies on uniform regularity

0

<, not for u..

estimates for the approximate solution u

2 Preliminaries and Main Notations

2.1 Setting of the problem

Let © C R? be a bounded domain with smooth boundary, and ¢ be a closed C?® curve,
included in  and lying at positive distance from 9€2. The closed curve ¢ divides Q) into two
subdomains Q= and Q7. Q™ (resp. Q1) denotes the subdomain interior (resp. exterior) to the
curve o, and unless otherwise specified, n stands for the normal vector to o, pointing outward
from Q. For any subset V C Q, we denote V* := V' N Q*F (remark that, with this notation,
OV*E #£ 9(V*)). If u is any function defined on €2, we denote by u¥ its restriction to QF. If u*
and v~ have traces u*|, and u™ |, on o, we denote by [u] := u*|, —u" |, the jump of u across
0. Moreover, when wu is sufficiently regular, we denote by

ou* )
%(m) = %1_{% Vu(z £tn(x)) - n(z)
the exterior and interior normal components of Vu at « € o. The associated normal jump
across o is denoted by [g—;ﬂ.
Except for the thin inhomogeneity the domain €2 is occupied by a conductive material, with
conductivity 1. The thin inhomogeneity (with mid-surface o, and width 2e (see Figure 1)) is

we :={x +tn(z),z € 0,t € (—e,¢)}

and it has conductivity a.. The conductivity . in the entire domain is therefore given by

%(a?)={1’ ifo € 20D, (2.1)

a-, ifx € w..

We assume that a. € (0,00) is a scalar constant, but this constant may change with . In
particular, a. may go to 0 or co as € — 0.

A potential ¢ € H: (09) is applied to 992, and  has a charge distribution f € L?(£2). The
electric potential u. in €2 is the solution to

{—div('yEVuE) =f inQ,

Ue = @ on 0. (2.2)
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It is well-known that under the above hypotheses, the system (2.2) has a unique solution
u. € HY(Q). The following notations will be useful:

(i) For any open subset U C R2, LZ(U) denotes the subspace of L?(U) composed of functions
u such that [;; udz = 0. There is a natural mapping L*(U) 3 u — (u — \_(11| [y udz) € LE(U).
By a small abuse of notation, for any function v € L?(U), we shall write

1
Jullszr = o~ [ s

(ii) For sufficiently small § > 0, F5 denotes the following closed subspace of L?():

L2y’

Fs = {f € 1(@), supp(f) © 2\ w5, /mfdxzo}.

This Hilbert space may also be identified as Fs = L?(QF \ @) x LE(Q~ \ &s).

Figure 1 Setting of the thin inhomogeneity problem.

The goal of this paper is to understand the uniform asymptotic behavior of the potential
Ue, as the width 2e of the thin inhomogeneity goes to 0, uniform, that is, with respect to the
conductivity a. inside the inclusion. More precisely, we will derive an approximate problem

posed on the fixed domain Q\ o (with boundary conditions on o, depending on ¢ and a.), whose

0

solution wu,

is uniformly close to u. as € — 0, independently of the behavior of the sequence ac..

Remark 2.1 Let us briefly comment on the hypotheses of the above model and the possible
generalizations of our results.

(i) We assume that the background conductivity ~o, that is, the conductivity outside the in-
homogeneity, is equal to 1. This is only a matter of convenience, and it would be straightforward
to replace it by a smooth, variable conductivity distribution vo(z) with 0 < ¢o < yo(x) < ¢;1.

(ii) We consider the case of only one internal inhomogeneity, but our analysis immediately
carries over to the case of finitely many well separated, internal inhomogeneities.

(iii) We have chosen for simplicity to restrict our analysis to the case of two space dimensions,
but with some additional work, it carries over to thin inhomogeneities in higher dimension as
well. The curve o then gets replaced by a closed, smooth (codimension 1) hypersurface.

(iv) We also assume that a. is constant inside w.. As we will show, the limit behavior of u.
is completely different depending on whether a. degenerates to 0 or to co as ¢ — 0 (and at what
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rate). We do not currently know how to (rigorously) generalize the analysis presented here to
the situation where a. is variable inside w. and degenerates to 0 on some parts of w. and to oo
on other parts. A somewhat related problem would be to consider the case of a simple open
curve o.

(v) Our present results pertain to the conductivity problem (zero frequency). It should
be interesting to study the same geometric setting in the context of the Helmholtz problem.
We expect the generalization to a single fixed frequency to be rather straightforward, a more
challenging problem would be to obtain results that are also uniform over a broad range of
frequencies.

2.2 Some facts about distances and projections

In this subsection, we present some material about distances and projections, as well as a
version of the coarea formula that will prove very useful when calculating integrals on a set of
the form w.. The context is the same as in Section 2.1: ¢ is a closed curve of class C*® defining
two subdomains Q~, Q7" of a larger (smooth) bounded domain Q C R2. For any z € 2, let
d(z,0) := Iynelg d(x,y) be the Euclidean distance from z to o. The signed distance function dg-

to the interior subdomain 2~ is defined as

—d(z,0), ifze,
do-(x) =<0, if z € o, Yz € Q.
d(z,0), ifzeqQt,

It is well-known that the projection mapping
Do ¢ @ +— the unique y € o s.t. d(z,y) = d(x,0)

is well-defined on a sufficiently small tubular neighborhood ws of o (see, e.g., [18, Proposition
5.4.14]). The maximum thickness of such a neighborhood depends on the curvature of o. In
the remainder of this note, we shall assume that

wy C Q, and p, is well-defined on ws. (2.3)

This hypothesis is only a matter of scaling, and all the analysis adapts mutatis mutandis to
the general case. Property (2.3) allows us to define an extension of the normal vector field
n: o — S! to the whole w; as: n(z) := n(p,(z)); other quantities which are intrinsically
defined on o can be extended likewise. Thus, for any point « € w1, we shall denote by x(z) the
curvature of o at the point p,(z).

The derivatives of do- and p, are as follows (see, e.g., [2]):

K(x
Vdo- (z) =n(z), V*(do-)(x)=| 1+ n(x(%dg_ (z) 8 ;

(2.4)

Vpa(e) = | T+ r(@do @) |
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where the above matrix identities are expressed in the orthonormal basis (7(z),n(x)) of R2.
Here 7 denotes the 90 degree clockwise rotate of n(zx), in other words the extension of a smooth
tangent field on o, and V2u stands for the Hessian matrix of a function w.

These observations, together with the coarea formula (see [12]) yield the following proposi-

tion.

Proposition 2.1 Let g € L'(Q). Then,
[ode= [ a0t sma () () o), e
We o Jps (Y)Nwe

where du' is the one-dimensional Hausdorff measure on the pre-images p;(y) Nwe, and ds(y)
1s the Hausdorff measure on the codimension 1 subset o.

Remark 2.2 This formula may seem ill-defined at first glance, since g is only integrable
over (2. It is a priori that is not defined on all the one-dimensional sets p,1(y), y € o. However,
it turns out to be defined on almost every such set (see [15, Subsection 3.4.3, Theorem 2]), and
that is sufficient.

As explained above, the normal vector field n and the tangent vector field 7 on ¢ can be
extended as orthonormal vector fields to a tubular neighborhood of o. The coordinates (§-7,£-n)
of a vector £ in this basis will be denoted by (&;,&,).

It is convenient to express the two-dimensional divergence operator in the local basis (7, n).

Lemma 2.1 Let € be a vector field of class C' defined on a tubular neighborhood of o. Then,

K

1 =+ HdQ— gn

. 0 1o}
le(f) - E(f‘r) + %(gn) +
Proof We calculate

)=V T
= (Vehr+vrte) T
=(V&r) -7+ (V7T1) &

and similarly, %(fn) = (V& n) - n. For the latter identity, we relied on the fact that Vnn =
VnTn = 0 (which follows, e.g., from (2.4)). Since div(¢) = tr(VE) can be evaluated in any
orthonormal basis,

div(§) = (VET) -7+ (VEn) - n
0 0
~ L+ L -(vrn e (25)
By differentiation of 7-7 = 1, one obtains (V77)-7 = (V7L 7)-7 = 0. Similarly, by differentiation
of n-7 =0, using (2.4), one obtains

R

(Vrr)y-n=(Vrt'n)-7 (Vn* 1) 1 T rdo

The desired result follows from a combination of these two observations with (2.5).
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Remark 2.3 Arguments similar to those of the last proof reveal that

0%g 0%g K Jg

doron _ onor + 1+ kdg- OT

for any function g of class C? on a neighborhood of ¢. Thus, for any such function, Lemma 2.1
allows us to conclude that the vector field —g—fL T+ g—ﬁ n is divergence-free.

3 A General Argument to Estimate the Difference Between Energy
Minimizers

In this section, we introduce our main tool for assessing the convergence of minimizers
of variational problems, defined on possibly varying domains. We also present the special
considerations required to apply this tool to inhomogeneous Dirichlet problems, which are of
most relevance to the present studies.

3.1 An energy lemma

The following lemma may be viewed as a generalization of a rather standard fact about the

difference between minimizers of quadratic functionals.

Lemma 3.1 Let V., W, be two families of Hilbert spaces, and let H be another Hilbert
space, which continuosly contains all the V. and W.. Consider also a. : Vo x V. — R and
be : We x Wo — R, two families of symmetric bilinear forms that are continuous and coercive.
For any ¢ € H', define the energy functionals E- and F. (whose dependence on £ is omitted) by

E.(v) = %ae(v,v) —l(v), YvelV,
F(w) = %be(w,w) —f(w), VweW..

E. and F. admit unique minimizers vf eV, wﬁ € We, due to the usual Lax-Milgram theorem.
The gap between vf and wﬁ can be controlled in terms of the gap between the corresponding
energies as follows:

sup vl —wilm <4 sup |Bo(vf) - Fe(wp)]. (3.1)
lelr<t Jelr<1

Proof Let £ be an arbitrary linear form in H'. By the standard Lax-Milgram theorem, we
know that v¢ and w! are characterized by the fact that

ac(vhv) =L(v), Yo eV, b(whw)=Llw), YwecW.. (3.2)
This in particular implies that
1
Bo(f) =~ 0(0h),  Fulut) = —5t(uf). (33)
Consequently, for any ¢ € H', one has

|6(v2 = we)| = 2| Be(v7) — Fe(wg)|. (3.4)

€
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Now, define the bilinear form ¢ : H' x H — R by
q(€1,€2) :fl(’U? —w?), Wl,ﬁg c H.
Using (3.2), we obtain that

q(l1,42) = ag(vz1 v@) — be(we1 , w?)7

€ 1 7E €

from which it is clear that ¢ is symmetric. We are thus in position to use the polarization
identity for g,

1
q(ly,02) = Z((J(& + U, 01 + Uo) — q(b1 — Lo, 0y — {3)),

to conclude that
sup |q(f1,62)| <2 sup |q(¢,0)].

21l gpr <1, el s <1
el gy <1

In combination with (3.4), this last inequality yields

sup sup [0 (v2 —w'?) <4 sup |E.(v) — F.(wh)],
12l g7 <T (12l 7 <1 llell gy <1

which immediately gives

sup vl —wilm <4 sup |Bo(vf) — Fe(wp)].
lelr<t Jelr<1

This completes the proof of the lemma.

Remark 3.1 Suppose that the spaces V. and W, are only “weakly” contained in H, in the
sense that there exist linear continuous mappings P. : V. — H and Q. : W. — H through
which they may be identified with subspaces of H (we might even allow for the possibility that
these mappings are not injective). Change the quadratic functionals slightly to accommodate
for the following mappings:

E.(v) = %ae(v,v) _ Prw), VeV,
F.(w) = %bg(w,w) - QH(w), YweW,,

with P¥ and @} being the adjoints of P. and ()., respectively. The equivalent of Lemma 3.1

g

now asserts that

sup Hngf — stﬁHH <4 sup |E€(vf) — E.(w))). (3.5)
llell gr<1 el g <1

Remark 3.2 Some comments are in order about the meaning of Lemma 3.1, and the way

we intend to use it. Our purpose is to prove an estimate for the difference (v. — w.) between
the minimizers v. € V. and w. € W, of two energy functionals E. and F.. In the applications
ahead, v. and w, are solutions to some elliptic PDEs whose coefficients, or domains of definition,
depend on e. Of course, such an estimate can only be realized in terms of the norm || - |z of a
“larger” space H, which “contains” all the V., W.. Lemma 3.1 states that such an estimate can
be obtained in terms of the difference between the corresponding minimized energies (a quantity
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which should in principle be simpler to compute). To be more precise, such an estimate may
be obtained, provided that we are able to calculate the energy differences in a slightly more
general context, namely in the case when a (common) additional and rather arbitrary linear
term ¢ € H' has been added to the energies E., F.. Somehow, this additional linear term
plays the role of a “sentinel”, and is meant to “observe” functions in V. and W, or at least the
features of these that are expressed in the space H through which they are “seen”.

3.2 Extension of Lemma 3.1 to the case of inhomogeneous Dirichlet boundary
conditions
The purpose of this subsection is to describe the adjustments needed to the framework of
the previous lemma when we deal with inhomogeneous Dirichlet boundary conditions.

3.2.1 A short remark about minimization of functionals over sets of functions
satisfying an inhomogeneous Dirichlet boundary condition

Let Q C R? be a bounded Lipschitz domain, and V' be a Hilbert space of functions over €2,
such that the trace mapping
V3u — ulpq € H?(0Q)

is well-defined, continuous, and has a continuous right inverse (e.g. V = H'(Q)). Let Vo = {u €
V, v = 0 on 00} be the associated homogeneous space. Let a : V x V — R be a continuous
and coercive bilinear form over V', and ¢ : V' — R be a continuous linear form over V. We are
interested in the following minimization problem:

. 1
min  E(v), E():= ga(v,v) —L(v), (3.6)

veV
v=¢ on N

the solution, u, of which solves the variational problem

{a(u,v) =/(v) forallve Vy, (3.7)

U= on 0f.

As is well-known, (3.7) (and thus the minimization problem (3.6)) has a unique solution u =
U+ u, € V, where u, € V is a right inverse of ¢ for the trace operator (i.e., u, = ¢ on 99Q),
and u € Vj is defined by

a(w,v) =L(v) — a(ue,v), Yuve V. (3.8)

The existence and uniqueness of u are straightforward consequences of the Lax-Milgram theo-
rem. From a slightly different point of view, u can also be regarded as the unique solution to
the following minimization problem:

F(u) = 11}1611‘2 F(v), F(v):= %a(v,v) —L(v) + a(ug,v).

By using (3.8), we actually have

F(@) = —%a(ﬂ, 7) = —%e(a) + %a(uw, a). (3.9)
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We return to (3.6). As a straightforward consequence of the definition of w,,

1 1
min E(w)= Hél‘gl Ep(v), where Ey(v) := 5@(1}, v) —L(v) + a(ug,v) + Ea(uw, uy) — L(uy).
v=:o) on 9Q v 0

Note that the quantity Ey(v) differs from F'(v) by a term which is independent of v. Owing to
the previous considerations, Ey has a unique minimum point v = %, and

. 1 _ 1
min  E(v) = Ea(u,u) + aug,u) — (u) + Ea(uw, uy) — L(uy)

veV
v=¢ on 9N

= Saluu) — f(u),
or, by using (3.9),

Blu)= mip  B(o) = (@) + golup, @) + galug, u) — (o)

1 1 1
= —5tw) + a(ug,u) = 5 L(uy). (3.10)

This last formula is particularly convenient since it is an affine expression of E(u) in terms of u,
depending on the data ¢ and ¢ of the problem (3.7). It is the equivalent of (3.3) in the context
of variational problems of the form (3.7), posed on affine function spaces.

3.2.2 The energy lemma, the Dirichlet version

The following result adapts Lemma 3.1 to the case when inhomogeneous Dirichlet boundary
conditions are considered.

Lemma 3.2 Let Q be a bounded domain in R?, and let V., W, be two families of Hilbert
spaces of functions defined on 2, such that, for any € > 0, the trace operator

Vo3 v — vlaq € H?(0Q)

is well-defined, continuous, and has a linear continuous right inverse ¢ — v, (similarly for W
with a mapping ¢ — wy). Let H be another Hilbert space, which continuously contains all the
Ve and W,. Denote also by a. : Vo x Vo — R and b, : W, x W, — R two families of symmetric
bilinear forms that are continuous and coercive. For any ¢ € H%(8Q), ¢ € H', consider the
minimization problems

. 1
min E.(v), E.(v)= §a5(v,v) —{(v),
v=¢ on Q

. 1
in F.(w), F:(w)= ibg(w,w) — (w),
w=¢ on Q

which admit unique minimizers v&% € Vo, wt? € W, (again, the dependence of E., F. on { is
omitted). Then, for any s > %, the following estimate holds:

l, l, l, ‘,

s -l <4 s B — Rl (3.11)
1> 1=

H%’HH:J({agz)Sl H@HHinagz)Sl
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Proof For any elements ¢ € H5(92) and ¢ € H’', (3.10) implies that
1
|B=(v%) — Fe(wl?)| = 5= UWE? = W) + az (v, 00%) = be(wp, wE?) — (v, — wy)]-
Consider the space H := H' x H*(09) equipped with the norm

(6 D)l = max([|€]| s [|@l] 2+ o02))

and introduce the bilinear form ¢ : H x H — R, defined for (¢1,¢1), (¢2,92) € H by the

expression

— L2, L2, L2, L2,
q((glv 901)7 (827 902)) - _81 (vsz - w52 902) + a’E(vgm ) vsz 902) - bE(w<p1 ; w52 902) - 62(7)@1 - wcpl)'
The form ¢ is symmetric. Indeed, introducing vb = vloei — vy, and wh = whiPi — Wy, , One
obtains

/\/\

Q(wlv(pl)v (827902)) = —[1(’052 - wE ) + a’E(v@Uvézwz) - b (ws@lv 527902)

—l1(vg, — w«p2) — l2(vg, — ww)

/\

(
= —a (VP 02 4 b (Wit wh 2) 4 ac(vg,,002%2) = be(wy,, w>#?)
(

-4 Vpy — wtp2) - 62(U<P1 - wtpl)
= a’E(U<P1vv<,02) — Qe (vglva )_b (w<,01aw<,02)+b (wE aw£2)

- el(vgm - wtp2) - 62(U§01 - wtpl)'
The polarization identity now yields

sup |Q((€1a501)a(€2a502))| <2 sup |q((€a 50)7(67 @))L

ey o)l <1 -
li ez o2l <1 e,e)l<1

and therefore by the same technique as in the proof of Lemma 3.1

sup o —wi?g = sup sup [q((£1,0), (€2, p2))|
el <1 [l (€2,02)I1<1 [|€1]] s <1
H‘PHHS(ag)Sl

< sup |Q((€1,501); (€2a502))|

[I1(21,1) <1

1€, e2) Il <1

<2 sup |q((4, )L )]
lle.e)li<1

=4  sup |E-(v)%) — Fo(wh?)|.
el s <1

el s (a0) <1
This is the desired estimate.

Remark 3.3 (1) For the estimates (3.1) and (3.11) of Lemma 3.1 and Lemma 3.2, respec-
tively, it is sufficient (on the right-hand side) to envoke the supremum for ¢ belonging to a dense
subset of H', due to the continuity of the mappings £+ v¢, £ — w?.

(2) Lemmas 3.1 and 3.2 do not generally hold when the energies E. and F contain additional
linear terms ¢, € V! and d. € W/ (i.e., contain linear terms from a larger class than H')

Fov) = 5au(0,0) — colv) — v),  Fu(w) = gbe(w,w) — de(uw) — w).
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In this case, it may still be possible to control the difference ||vf —wf|| in terms of the difference
|E.(v) — F.(w!)| between the corresponding energies. However, this control will in general be
“weaker”, and may require assumptions that are not so naturally formulated in an abstract

framework.

4 Derivation of the 0" Order Approximation of u.

In this section, we formally construct a uniform 0*"-order approximation to the solution u.

0

o is, as explained earlier, the solution to a “simpler” problem

to (2.2). This approximation u
with the same data f, ¢, but posed on a fixed domain. Some of the coefficients of this “simpler”
problem depend on ¢ and a., and as we have explained in the introduction this is inevitable.
Later, in Section 6, we shall rigorously prove a uniform approximation estimate for u?. To be
more precise at that point, we shall prove that there exists a constant C' which only depends

on the data €, o, f and ¢, and not on € and a., such that
Jue — ] < Ce.

The norm || - ||, and the dependence of C' on f and ¢ will be specified later.

To construct the approximation u?, we rely on the fact that u. is the minimizer of an
energy functional E., and that the flux (7.Vu.) is the maximizer of a dual energy ES. We
begin with the construction of an approximate energy E? to E., and then we shall search the
desired approximation u? as the minimizer of E?. We also analyze the dual energy E¢ to obtain
additional information about the behavior of the flux (y. Vu,), which we shall need for the proof

of the estimate of (ue — u?).

4.1 Asymptotic expansions of the energy functionals associated with u.

4.1.1 Asymptotic expansion of the primal Dirichlet energy

As is well-known, the solution u. to (2.2) is the unique solution of the minimization problem

1
min  E.(u), E.(u)= —/'y€|Vu|2 dx—/ fudz. (4.1)
sem e, 2 Ja o

First, we transform part of this energy expression by means of the mapping H. : w; — we,
defined by

H.(x) = po () + edg- (x)n(x). (4.2)
A straightforward calculation based on (2.4) yields

1 + ElidQ—
VHE - 1 —|— Iﬂ}dﬂf 5 (43)
0 €

where the above matrix is expressed in the local basis (7,n) of the plane. For any function
u € H'(w.), we denote 4 := uo H.. A change of variables now leads to

/|Vu|2dx=/ (detVH)VH-Y(VH-HT)Va - Vade
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1 do- /0u\2 1 1+ erdg- 0u\2
:5/ &(_U) dﬂ_/ u(_u) d.
w; 1+ erdg- \OT € Ju, 14+ krdog- \On
Using this change of variables, we may now equivalently restate problem (4.1) as

min_ F9(u,0), (4.4)
(u,0)eVI
u=¢ on 9N

where the set V0O is defined as
VO = {(u,v) € HY(Q\ @) x H'(w1), Vz € 0, v(x £n(z)) = u(z £ en(z))},

and the rescaled energy F_E0 is given by

— 1 g, 1+ kdg- /0v\?2
jadl — 2 S U il
c (u, U) 2 /Q\wa |VU| dz + 2 /w1 1+ €l€dQ— (87’) de

Qe 1+ erdo- /0v\?2 /
— ———(=—) dz— dz.
+25 w, 1+ Kdo- (871) . qu v

Obviously, the equalities featured in the above definition of the space V_EO are understood in the
sense of traces. We now proceed to formally simplify this problem. Retaining only the leading
order contribution in the definition of the energy functional F_E0 (and of the space V_EO), we are

led to the approximate problem

min - F(u,v), (4.5)
u=p on 09

where we have introduced the function space
VO = {(u,v) € HY(Q\ 0) x H (w1), s.t. V& € 0, v(z £ n(z)) = ut(x)}, (4.6)

and the approximate energy

e dv\?2
Feo(u,v):—/m |Vu|2dx+%/ (1+/€d97)(a—:) dz

w1

Qe 1 ov\ 2
— — (=) dz— dz.
* 2e /w1 1+ rdg- (8n) v /qu .

This problem can be further simplified, by performing the “inner” minimization in v and ex-
pressing the result in terms of u. The problem (4.5) can thus be rewritten as

1
min {—/ |Vul|? dx—/fudx—i—Gg(u)}, (4.7
wenl(@\0) L2 Jq Q
u=¢ on 9
where
0(u) = - £ (@)2
Gelu) = oo { 2 /w1 (14 rdo-) or de
v(z4+n(z))=ut(z), zco

v(z—n(z))=u"(z), z€0

+Z—Z[Jlﬁ<%)2dx}. (4.8)
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This problem can be solved in terms of v which would give rise to an explicit expression for
G9(u). Instead of doing so, we note that the two terms of the energy are of different orders
when € — 0. One might therefore naturally expect that the behavior of the minimizer v of the

previous expression to leading order should be dictated by the term g= fwl ﬁ(g—g)Q dz.

From the Euler-Lagrange equation associated with this minimization, it follows that v should
satisfy

1 Ov Jw
- PO = H (w)).
/w1 1+ kdg- On On de =0, Vw € Hy(wr)

If we introduce the coarea formula of Proposition 2.1, this simplifies to

/ / (x+tn ))g—z::(x +tn(z)) dt ds(z) =0, Vw € H}(wy).

Choosing a test function w of the form w(x +tn(z)) = ¢(z)(t), with arbitrary ¢ € C>°(o) and
P € C*(—1,1), we now arrive at

/ oz / (v(z + tn(z)))d (£) dt ds(z) = 0,

from which we conclude that for any = € o, and any function ¢ € C>°(—1,1),

1 d ,
/,1 g (Ve + tn(2)))d’(¢) dt = 0.

As a consequence, for any x € o, the function ¢ — v(z + tn(z)) is affine. Introducing the
boundary conditions for v (see 4.8), we now arrive at

v(x +tn(z)) = i[u](x) + §(u+(x) +u (x), Vreo te(-1,1).

Substituting this expression for the minimizer in (4.8), we obtain

G%>6§/u+%nm$fw+;/T:§;@%dx

6“‘f// (14 th)? (x+tn( ))) dt ds(x “// o+ tn(a )))2dtds(a:)
:5“6// E(v(m—i—tn(m)))fdtds( )+4—E/U(u —u)2ds

we// aU+ aauT (a )+t(a;:( ) - aauT (x)))thdS(x)

+ 4— (ut —u™)? ds,

ag

where Proposition 2.1 was used for the first identity. Finally, after integration in ¢

=5 () () + e ans g o uran

Let us draw some conclusions of these formal calculations. (4.7) and (4.9) suggest to search

for an approximation u? to u. by solving

: 0
min - E(u), (4.10)
u=¢ on 9N
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where V,, denotes the space
V,={ve H'(Q\ o), v |sv |s € H (o)}, (4.11)

and the approximate energy E reads

2 =5 [ o e [ (52) + (G) + G G) o

42 (ut —u")?ds — / fudz. (4.12)
4e o Q

We also note that according to these calculations, the (rescaled) potential (u. o H.), inside the
inhomogeneity wy, should be approximated by the function v € H'(w;), given by

Wl)(e) + 3 (0 (@) + (), Ve eo, e (-11).  (413)

DO | =+

o + tn(x)) =

4.1.2 Asymptotic expansion of the dual energy and its maximizer

Before turning to a rigorous study of the function u? and its distance to u., we perform in
this section a formal study of the dual energy E¢ corresponding to E. in the spirit of [19].
The dual energy principle associated with F. asserts that
min  E.(u) = max FES(¢)

uweHL(Q) £€L2(2)2
u=¢ on 9N —div(&)=f

with
1 _
B = [ €mpds— [ a7 ePd (414)
o Q

The last extremal problem admits (7. Vuc) as the unique maximal argument. We shall now ap-
ply the same strategy as in the previous subsection, namely, to split the integral % fQ v LEN? da
into two, one over )\ Wz, the other over w., and rescale the second one by using a change of
variables. The following lemma provides a hint of what is the relevant rescaling when the
objects in question are vector fields.

Lemma 4.1 Let U,V be two smooth subdomains of R?, ¢ : U — V be a diffeomorphism
of class Ct. Let & € L*(V)? be a vector field, and f € L?*(V). Then the (weak) divergence
of & equals f if and only if the vector field |det(V)|(Vy)~1 (€ o9p) € L*(U)? has divergence
|det(Vah)|forh. In particular, & is (weakly) divergence-free, if and only if |det(V)|(Vep) =1 (Eoh)
s divergence-free.

Proof We have, successively,

divi(e) = f
@/Vg-wdx:—/vfpdx, Vp e (V)

o / det(V4)|(€ 0 0) - (Vp) 0t dz = — / det(V)|(f o 9)(pow) de, Vpe CR(V)
U U

o / det(T)|(€ 0 9) - (V) )TV (po y) da
U
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— [ et(Vu)lf o vpov) do, e CR(V)
U

& [ 1aet(Va(Ve) (€00 Vide = [ aet(Val(f o w)pde, Ve (V)
& |det(V1/))|(Vw)*1(§ o 1) has divergence |det(V)|f o 1,
which proves the desired result.

Remark 4.1 In the same way, we established Lemma 4.1. We may establish that if £ €
Haiy(V) with £€-n = g on OV in a weak sense, then |det(V)|(Vy) " (o) -n=g ow|%w| on
ou.

For any & € L*(Q)?,

L 6f? dz =

det(VH:)({o H.) - (£0 H.) dx

1

(mVHETVHE)E- £ dz,

T

1

where we denote & = det(VH.)(VH.)"1(£ o H.). We also calculate that

1 + ElidQ—

VHr 7| 1+ rdg

o

Performing a change of variables on w., and using these two identities in combination with
(4.3), Lemma 4.1 and Remark 4.1, we are led to rewrite the maximization problem for E¢ in

the form
max _ FO(&,n), (4.15)
(&,mevVe0
—div(§)=7f
—div(n)=0
where

(€,m) € Haiy(Q\Wz) X Haiy(w1), Yz € 0,

V0 = 11_:‘;7%(3: +n(z)) = &u(x + en(z)), , (4.16)
11__—;%(% —n(x)) = &nlx — en(x))

and the functional F0 is given by
o0 1 1 1+ ElidQ—
) = [ gonpds—3 [ jePan- g | 7
( o0 2 Q\w—al | 2ea, w1 1+ kdg-
g 1 —+ IﬁJdQ— 2
- ——n,d
2a, /w1 1+ erdg- M CF

Here we use that the support of f is away from w. (since f € Fs for some fixed § > 0).

As before, only the leading order terms in the definitions of V.0 and F0 are now retained
in the construction of the approximate extremal problem

max  F(¢,n). (4.17)
it
—div(n)=0
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The approximate set V< is

(61) € Han(©\ 0) X Hapn(w1), / €] =0,

VCO _ , 4.18
e e (R (@) = @), (19
T (A=) —n(z) =&, ()
and the approximate energy F<0 is
1 1 1
FCO _ . 2 2 _ 2
22 / (1 + kdg-)n? d=. (4.19)

Note that we have included the integral constraint fg [€r] = 0 as part of the description of the
set V. This additional constraint is a consequence of the interface conditions imposed on &
and 7, and the constraint div(n) = 0, and so it leaves the maximization unchanged. To simplify
(4.17) further, we remark as in Subsection 4.1.1 that the extremal problem in 7 can be solved
explicitely (at least approximately) in terms of . Indeed, we rewrite (4.17) as

1 2 c0 }
geHHd}?(té\U){ BQ§ ng ds 2/Qa|€| dz — GZ(8) ¢,
Jolénl=
where
62(6) = min, { 1 / e / (1+ kdg- 2 da | (4.20)
) . 73'6‘2‘/;0—0 2eae w1 1+ kdq- T 2a. w1 ¢ " . '

Here the set W< is given by

o _ o vmes LR+ n() = & (@)
WO‘{”EHd”< e (1—n>nn<x—n<x>>—fn<x>}'

We then proceed to calculate explicitely the expression (4.20). Intuitively, the minimizer n

should be characterized to leading order by the minimization of the term n? du.

25 f( ) +
25 1 ﬁdn
The aSSOClate(i EuleI—LagI allge e(]uatloll Ieads

1
L pGdz=0
/Wl 1+/€dQ—n

for any ¢ € Hqiy(w1) s.t.—div(¢) = 0, and (1£k(x)),(x+n(z)) = 0. Since for any ¢ € C°(wy),
the field (-3 9% 9% is divergence-free (see Remark 2.3), and has a vanishing normal component

n’ orT
(8w> on 8w1, we obtain
1 0
ey d —
/wl T+ wdgy om0

and now by using Proposition 2.1, we have

//1n7(a:+tn(x))g—1ﬁ(x+tn(a:)) dt ds(z) =
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Due to the same argument as in Subsection 4.1.1, we conclude that the quantity 7, (z + tn(z))
is independent of ¢t € (—1,1), that is, there exists a function a : 0 — R, such that

nr(z +tn(x)) =alz), Vreo te(—1,1).

We now rely on the divergence-free property of 1 to complete the calculation. Using Lemma
2.1, one has, for any fixed z € o and t € (—1,1),
(9777 ann K )

T+ (@) + G (@) + e () = divin) o+ in(@) = 0,

that is, letting z(t) = n,(x + tn(x)),

K(x) 1 0 1 Oa

2'(t) + mz(ﬂ = —ma(ﬂr(»f +tn(z))) = —mg(@a

which is nothing but an ODE for z. A simple calculation now gives that there exists a function
b: o0 — R, such that

t da b(x)

(@ +in(@) = — s 5 W Ty

Owing to the boundary conditions for 7,, in the definition of the set W<, the functions a and
b must satisfy

—%(m) +b(x) =& (),
oa Vx € o,
0 w) + () = &5 (2,
which after straightforward manipulations leads to

0

(- + (@) = —5[6:](2),

g 4.21)
1 t L - (

nn(z +tn(z)) = B (m[ﬁn]@) + THe@ (& (@) + &, (37)))

These expressions are unfortunately not as explicit as those obtained in Subsection 4.1.1, and
in particular they do not lead to a similarly simple variational problem for £&. However, they
do (approximately) connect the exterior and interior components, £ and 7, of the maximizer of
FO which hopefully is close to that of F0.

5 Study of the Approximate Function «?: Uniform Energy and Regu-
larity Estimates

In this section, we study properties of the solution u? to (4.10), which is our candidate for
the O*" order term of the asymptotic expansion of u..

We assume the data to be such that f € L?(Q2) with support away from o, and with
fQ, f dz =0 (this is expressed by requiring f € Fs for some fixed § > 0, see the definitions in

Subsection 2.1). We also assume that ¢ € H B (09). After first proving existence and uniqueness

0

Y. our main purpose is to establish energy and regularity estimates for u? (and

of the solution u
its derivatives) which are uniform with respect to ¢ and the sequence a. (see Subsections 5.3—

5.4).
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5.1 Existence, uniqueness, and a classical formulation of (4.10)

Let Vi, o be the subspace of V, (the latter being defined by (4.11)) composed of functions
with vanishing trace on 9€2. We define the following semi-norm and norm on V:

ul?, —/Q\U|Vu|2 dx+/a ((%)QJF (881‘—7_)2) ds+/ (ut —u)? ds,

g

ull?, = llulZziq) + lul?,-

We note that due to a standard Poincaré inequality, the seminorm | - |y, is actually a norm on
Vo0, equivalent to [|ul|, . The variational formulation associated to (4.10) is as follows.
Find u? € V,, with u?|sq = ¢, such that

/ Vu! - Vo dz
Q\o

%L(aug"’ ot oud v~ %(8u2+ v~ oud~ 8v+>) ds

or or | or or

3 or or or ot
+ g—z/ (Wt —ul ) (vt —v7T) ds = / fodz, Yve V. (5.1)
o Q

Proposition 5.1 The minimization problem (4.10), or equivalently the variational problem
(5.1), has a unique solution u? € V,.

Proof The existence and uniqueness of u? follow from the standard Lax-Milgram theorem,
the only point which deserves comment is the (nonuniform in € and a.) coercivity of the bilinear
form involved in (5.1) on the space V; o. This coercivity follows from the inequality

1 1 1 1
§(a2 + b + ab) = 6(a2 +b%) + g(a +b)? > 6(a2 +b%), Va,beR, (5.2)
and the fact (noted above) that the seminorm |- |y, is a norm on V; o, equivalent to | - ||3, .

Problem (4.10) can be stated in a “classical” form. Indeed, using smooth test functions
v e CX®(Q\ o) in (5.1), we first see that u? satisfies

A =f inQ\o

in the sense of distributions. If f and ¢ are smooth, then it is fairly easy to prove that u2
is actually C%“ up to the boundary 02 and up to the curve o, and it solves the equation
—Au? = f in a classical sense. The proof of regularity is a very standard elliptic regularity
argument, that we leave to the reader, however, in Subsections 5.3-5.4 (and the appendix), we
shall show exactly what a priori estimates hold uniformly in € and a.. Now using again (5.1),
and an integration by parts, we obtain that

0+ 0
[ (=TS
2ea. oudt ovt Gul= ov= 1 0ult Gv=  oulT duT
3 [,( T3 o))

or W—’— or Or

+ ;—; / (ut — w7 ) (vt —vT)ds =0 (5.3)
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for all functions v € V, . Using this last equality with test functions v € H'(Q \ o), such that
v =0 on 99, v is smooth on o, and v~ = 0 on o, we obtain that

ot  ea. r 0*ult 9% ac
+ (2t )
on 3 or or 2¢e

Symmetrically, by exchanging the roles of v~ and v, one obtains

(Wl —ud")=0 ono.

oul~  ea. (82u2++ 8%2‘) ac
or? or? 2e

o " 3 (ult —ul")=0 ono.
In summary, u is a solution to the following problem on Q \ o:

g

—Aul = f in )\ o,
ul =g on 02,

oudt  ca (2 O?ult 8%2‘) | ae

o T3 oz T2 ) o

oud~  ea. (8%2* N 82u2*) ac
on 3\ 072 or? 2e
Let us also notice that insertion of v € C°(Q2), v = 1 in a neighborhood of o, into (5.3)

[ 0o

This identity, in combination with the fact that fQ_ fds =0, gives

(T —u%")=0 ono,

(wd —u?")=0 ono.

yields

oud* ds = oul~
s On ), on

ds = 0. (5.5)

0

5.2 The dual energy maximization problem for u_

In this paper, it will prove convenient on several occasions to use the dual energy maximiza-
tion principle for u?. We remind the reader that the hypotheses for f and ¢ are

feFs={rer® @), swp(f)c Q\ws, [ fdr=0}, pe i)
o
We write

EO(u?)

€ €

u€Vy a

u=¢p on 00 +4—;/(u+—u_)2ds—/f x
o Q

[ e [ (G)  (Gr) G o
ud

1
f'VUd$—§/ |€|* dz
Q\o

Q\o
2ea, out . oum _ loout _ Oum |
+ ( w™ 4 w +—(—w + —w ))ds
_ m%/n max 55) o\ OT or 2\ Or or 7
wEVy =
u=p on 99 w_fif_f?E\L?z(a) ——=c (w+2 +w 2+ w+w_) ds

3 Js
+;—Z (u+—u_)zds—Z—Z/a,22ds—/qudx

o
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where the maximum in the last expression is achieved uniquely at £ = Vu, wt = %“—Jr, wo = aér
T T
and z = (u* —u~). We can now exchange the min and max in the above formula (see [14]) to

rewrite

1 e _ — e
Eg(ug):max{/ f'mpds——/ |£|2dx—£/(u}+2+w 2wt w )ds—a—/szs}.
[519] 2 Q\o 3 o 4e o

In this last expression, the maximum is taken over all functions £ € L?(Q\ 0)?, wh,w™,z €
L?(o), such that

—div(§)=f in QtUQ,

cae / Owt  Ow~ Qe
€ ont SE (2G4 )~ 22 =0 ono (5.6)
_ ca. Owt Oow™ a.
&= (G2 ) gm0 oo

We note that, in this particular context, the above exchange of the minimum and maximum
can be justified very simply, since the functionals at stake are quadratic, and we know explicitly

the associated minimizer and maximizer.
. . . . . oult _ oul—
This last maximum is achieved uniquely at ¢ = Vu?, wt = %, wo = % and z =

(u?*t — u7). We thus end up with the following convenient alternative expression for the

minimum energy E?(u?):

aq On
L[ (PN (U 0ut oud
- () () + 5 ) e
_ Z_z/ (2 — u0")? ds. (5.7)

0

5.3 Uniform energy estimates for u_

0
e

The following lemma provides preliminary energy estimates for the function u

Lemma 5.1 Let Q C R? be a bounded Lipschitz domain, and o be a closed C*>® curve in
Q, lying at positive distance from 0S). Let ¢ € Hz (092) and f € Fs for some § > 0. Then,

(1) There exists a constant C > 0, independent of € and a. (but dependent on Q and o),

such that

0+
ouy ‘

oud=
or ‘

L2(0) H or

1 aeé _
IVdlzz@no + ()’ | o) T () T =
< Clfllaen + 191 o)

(2) There exists a constant C > 0 independent of € and a. (but dependent on 2 and o),
such that

lllzas) < CUL Nz + 12l 43 o) N8lz3cay < CULS ez + 12l 13 oy

Proof (1) By definition of ¢ € Hz(9Q), there exists u, € H'(2) which we may assume to
have compact support in QT \ @5 for some 6 > 0, such that u, = ¢ on 9Q and |[uy| g1(o) <
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c H<p||H 3 00" The variational formulation of problem (4.10) may be expressed in terms of

i 0
We 1= UG — Uy,

Vw, - Vv dx
Q\o
25%/(8wj@+8w;8v__+l(8wj8v__+8w;@))
3 J,\O0r Or or Or 2\ Or Ot or 0Tt
—l—%/(w:—we_)(v*’—v_) ds:/fvdx— Vu, - Vodz, VYve V. (5.8)
2e Jo Q Q\o

Inserting v = w, as a test function, and relying on the inequality (5.2), we immediately obtain

owd |12 dw_ |2 a
2 € € € + —2
1VwelZaqene) + e (| G oo, + [T o) + 20t =22 ooy
< Olllell g3 oq) t I 2@ llwellm @y + 122 llwe = ml[z2(a-) (5.9)

for any value m € R (since [,_ f = 0). Due to the Poincaré inequality for functions on QF
which vanish on 0f2, we have

|we |l 124y < ClIVwellL2a+)s

and from the Poincaré-Wirtinger inequality on 2~

1
- w,
127 Jo-

wa - < O Vel p2a-)-

L2Q-) ~

It follows from a combination of these estimates and (5.9) that
dwt dw;

1 Ae % —
o 600 (| 1 )+ (%) o =

< OlF ez + el 3 og))- (5.10)

The desired result follows from this estimate and the facts that u? = w. + uy, ||| mr (o) <

CHSOHH%(BQ)’ and u, vanishes on o.

(2) The first inequality is a consequence of (5.10) and the decomposition u! = we + e,

combined with the Poincaré inequality for functions on Q% which vanish on 9Q. The second
inequality similarly follows from (5.10) and the Poincaré-Wirtinger inequality on the domain
Q7. Note that this latter estimate concerns the LZ(€2~) semi-norm, not the L?(2~) norm.

5.4 Uniform regularity estimates for u?

We now proceed to state the uniform regularity estimates for the function u?, which we shall
require for our later analysis. The results needed are stated in the following theorem, whose
proof is postponed to Section 9.

Theorem 5.1 Assume that Q and o are of class C*®, that the source term f belongs to
Fs for some § > 0, and that ¢ € H2(9S). Then the unique solution u® to the problem (4.10)
belongs to H2(2\ o) N H?(0), and the following estimates hold:

[ul| g2 o) < CIf 2y + 1@l a2 00)); (5.11)
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o ([ I ) (2 2
or? llL2(0) or? llL2(o) € or or lL2(o)
< Ol + 16l oy ) (5.12)
2 1
where |ulg2(v) == (3 %‘Z‘B" L2(V)) 2 stands for the H? semi-norm of a function u € H*(V),
BEN2
18]=2

and the constant C' depends only on Q and o (and not on € and a.).

Remark 5.1 (1) The proof of Theorem 5.1 can be iterated, if one assumes higher regularity
of Q, o, f and . More precisely, if Q and o are of class C"™, f € Fs N H™ %(Q) and
@ € H™ 2 (99Q) for some m > 2, then

OxP

L2(0\0) < C([[fllm-2) + HSDHH’”’%(aQ))

for any multi-index (3 of length < m. Note also that these results are local. Thus, even if f
only belongs to Fs for some d > 0, but o is a C"™® curve, then u? is of class C™(V \ o) for any
open set V, such that V' € ws and

P10
H OxP

for any multi-index § of length < m.

peivny < CU Nz + 19145 )

(2) The two estimates (5.11)—(5.12) are of a quite different nature. They are complementary
in the sense that, depending on the behavior of the sequence a., one may prove more precise
than the other. Estimate (5.11) expresses the fact that all the derivatives of u? are uniformly
bounded with respect to € and a., provided that the data of the problem have enough regularity.
On the other hand, the estimate (5.12) is analogous to the preliminary estimates of Lemma 5.1.
It does not carry much information in the low conductivity regime (i.e., a. < &), but it is in
some sense much stronger than (5.11) in the high conductivity regime (i.e., a. > ¢€).

(3) Recall that, due to Lemma 5.1, u%|o+ (and not just its derivatives) also turns out to be
uniformly bounded with respect to ¢ and a.. However, in general, this is not the case of u?|q-,
which is only uniformly bounded up to a constant.

6 Proof of the Asymptotic Exactness of u?

0

<, in other words to show

We are now in position to verify the asymptotic exactness of u
that the gap ||u. — u?|| tends to zero as e tends to zero. The precise estimate we establish is

the following.

Theorem 6.1 Assume that the “center” curve o is of class C*°, and that ¢ € H%(8Q).
Let § > 0 be a fized positive real number, and suppose f € Fs. Let u. € H(Q) (resp. u? € V)
be the unique solution to the minimization problem (4.1) (resp. (4.10)). Then the following
estimates hold, for e > 0 sufficiently small:

e — ulll 2o \am) < CU Nz + 191 4 o))
e — w2l z3-\am) < CU Nz + 19l 3 o))

where the constant C is independent of €, and of a..
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Proof The technique used here is very close to that used in [21] (a main idea of which is
already found in [20]). It relies on two key ingredients:

(i) The uniform energy and regularity estimates for u? and Vu? presented in Subsections
5.3-5.4. Interestingly enough, neither energy nor regularity estimates for the exact solution u.
are required.

(ii) The general argument of Lemma 3.2, which controls the discrepancy between u. and u?
in terms of the discrepancy between the minimum values of the corresponding energies FE. and
ED.

Using the notation of Lemma 3.2, we choose V. = HY(Q), W. =V, and H = Fs (we identify
H' with Fs). The natural mapping P. : V. — H is

ulot\zz in QF \ o,

0 in ws € Fs,
HY(Q) > uw Pu= 1

(N T p— udz in Q \ ;.

197\ @5 Ja-\zz

The operator P. (which, like V. and W,, in this case actually does not depend on &) also
naturally maps W, into H. According to Lemma 3.2 (and Remark 3.3) the following estimates
hold:

Jue — udll 20 \z5)

| Ee (ue) — B2(u)]
SO0 o i ol ) 10+ 19l ) 6
fGT(g,LpGH%(BQ) L2(2) 1 HE(@Q)
f.¢ smooth
[|ue _U’(E)HLS(Q_\w_g)
|Ee (ue) — B2(w)]
= C( Sup — 2)(Hf||L2(Q) el 1 o0 (6.2)
feFs, weH T (99) (HfHLQ(Q) + H‘PHH%@Q))
f.¢ smooth

The idea is then to estimate the discrepancy (E:(u.)— E?(u?)) between the minimum values
of the energies by using particular “test functions” in place of u. (or its gradient), which make
E. (or its dual) mimic the behavior of the functional E? near the limiting curve o. The existence
of such test functions is made possible by the regularity estimates for u? stated in the Subsection
5.3. Subsections 6.1-6.2 below are devoted to establishing the desired control over this energy
discrepancy.

In the following, for the sake of brevity, we denote by C a constant, possibly changing from
one instance to the other, which only depends on 2 and o, but is independent of ¢, a., f and
. We also use the shorthand

O ) = Cllac@y + 19143 o)

6.1 Proof of the upper bound E.(uc.) — E2(u?) < C(f,¢)%e

As a straightforward consequence of the definition (4.1), one has, for any function u € H*(Q),
such that u = ¢ on 99,
Ee(ue) — B2 (u2) < Ee(u) — B2 (ug).
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We proceed to construct a “test function” w, which makes the right-hand side of the above

inequality small. To this end, a natural idea is to exploit the equivalent form (4.4) of the

problem, and use the pair (u?,v? o H-1) as a test function, where u? is the unique solution to

(4.10), and v? is given by (4.13). This is unfortunately not possible, since the pair (u?,v?) does

not belong to the space V_EO. Indeed, it does not satisfy the boundary conditions

(x + en(x)),

v(z +n(x)) =u
{v(x —n(z)) = u(z —en(z)), e
but satisfies instead ( () +(2)
v +n(z)) =ur(x),
{v(m—n(x)) —u (o), Yz € o.

To remedy this, let us define z. € H'(2\ @) as the unique solution to

—Az. =0 in Q\ g,
ze =0 on 0,
ze=ultop, —ul ondw],
ze=ul"opy, —u! on dw.

By construction, the pair (u? + z.,v°) belongs to V9. Let us now work toward estimating the
function z.. As an easy consequence of definitions,

12 |ow. lo 9wy < Ce(llullle2v+y + [[ul — mlle2v-))

< Ce(lulll gragv+y + lud = mll rav—y)-

Here V' is a neighboorhood contained in ws for a fixed § with f € Fs and m = ‘Q—l,‘ fQ_ ul.
According to Theorem 5.1 (and Remark 5.1), it follows that

l|zelow. ler (ow.) < C(f, 0)e.

By a very simple construction, we may extend the trace z.|s.,. to a function Z. defined on the
whole domain Q \ @y with Z. = 0 on 92 and

[ Zeller@vwe) < Cllzellerow.) < C(f: p)e.
A simple calculation gives that

/ V(ze = Z:)Vz. do =0,
DN\we

in other words,

/ |Vz€|2dx:/ VZ.Vz. dz,
Q\we Q\we

and so

HVZEHL,?(Q\W_E) < ||VZ5HL2(Q\W_E) < C”ZE”CI(Q\W_E) < C(f,p)e. (6.3)

Now, using the pair (u? + z.,v0) as a “test function” in (4.4), we calculate

— 1
FO(ul + 2.,00) = 5/ |Vul + Vz.|? da:—/ fl+ z.) dz
Q\wz Q
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Ea, 1+ rdg- 70v0\2 Qe / 1+ erda- 70v0\2
— —_— d — _— <) dz.
+ 2 /wll—i—andg_(fh) a:—|—2€ wi 1+/<;dQ_(8n) .

Here

/ |Vug+Vz€|2dx:/ |Vul|? dz + 2 Vul - Vz. da:—i—/ V2. da
QN\we MNwe QN\we MNwe

< [ VPt
Q\we
where we used (6.3) and the uniform energy estimate of Lemma 5.1. Similarly, one has

| [ 1ae] <tz

because of our assumptions about f, and the estimate (6.3), in combination with the fact that
ze vanishes on 0. Concerning the terms on wy,

Eae 1+ kdg- 0v0\2 Eae oY
_ ) dx < 1 do- -
2 /wll—i—sfidg((‘)r) =7 /wl( e )<aT

N ege /U ((8g§+>2 N (8537)2 * 825 8;;) ds+C(f.9)%,

) dz+ (0%

where the first line is a consequence of the uniform energy estimates of Lemma 5.1, and the sec-
ond line follows by the exact same calculation that we performed in Subsection 4.1.1. Similarly,
we obtain

ac [ 14erdg- (Ove\? as/ 0+ _ 02 2
_< ke L € de < 2= _ d .
2e ~/w1 1+ /ﬁ?dQ— ( on ) z= 4e - (uﬁ Ug ) s+ C(fa 50) €

To conclude, let 7 € H*(£2) denote the function

__{ug—i—zg in 2\ we,
0 -1
vg o H in we.

Combining all these estimates, we finally get

Ee(ue) — Eg(ug) < E.(u) - Eg(ug) = F_EO(U’(E) + stvo) - Eg(ug) <CO(f, @)25-

€

6.2 Proof of the lower bound: E?(u?) — E.(uc) < C(f,¢)?e, and end of proof of
Theorem 6.1
In order to prove the lower bound, we rely on the use of the dual energies associated to E.
and EY. More precisely, based on the equivalent, rescaled form (4.15) of the dual problem to
EE)
B2 (u) — Ee(ue) < E2(ul) — FO(E,m)

for every vector couple (£,7) in the space V0 defined by (4.16), and satisfying —div(¢) = f,
—div(n) = 0. Using the definition of FO and the alternative expression (5.7) for E2(u?), we
may rewrite this as

1 1 1 + ElidQ— g 1 + HdQ—
E'W0) — E <—/ 24 / 24 —/7‘%1
E(uE) E(UE) =79 o= |€| T+ 26@5 o 1+ IﬁJdQ— My dx + 20,6 w1 1+ €/€dQ— 1l &




Uniform Asymptotic Expansion of the Voltage Potential 319
ou? 1

§-n<pds+/ Egods——/ |Vul|? dz
o0 o0 2 Jove
_eae / ((8u2+)2 N 8u2*)2 N oud+ 8u2*) ds
3 or or or ot
Zg / (u® — u0)? ds. (6.4)
In light of the discussions in Subsections 4.1.2 and 5.2, and particularly due to the formulas

(4.21), it is tempting to define a test flux £ € Haiy(Q\ o) by € = Vul, and to define n € Haiy(w1)
in such a way, that for z € o, t € (—1,1),

: W o
8716} (z) + 1+ tln(x) (8871 @)+ 8871 (m))),

and insert (£,n) into (6.4). Using the pointwise expression (5.4) for the boundary conditions
for u?, we are led to

(1ot m))

cae (8u2+ 8u2_>

_ 2 or or
1 1 0?ult  92ul~ cac (0%ult  9%ul~ ac, o 0
- (—t5a€< + )——(—— )+—(u€+—u5 ))
21+tk or? or? 3 or? or? €

Unfortunately, such a choice of “test couple” is not admissible, since it does not belong to the
space @. Nevertheless, it “almost” belongs to this space, and we may use a “small” additive
correction to remedy that situation. We define 2. € H'(Q \ @) as the unique solution (up to
a constant) to the problem

—Az: =0 inQ\ @,
?;; =0 on 0f),
?3‘? =g on dwl,
?3‘? =g, onJdw.

Recall that in the last two boundary conditions, n stands for the normal vector to dwZ>, oriented
in the direction from Q7 to QT. The function g is defined by

o (ot ena)) = F o 4 ) = o+ en(e)
= (1+#( (H% —1)in(z + n(a))
<u«@mm+m» & @) + 6 @) — Eula +en(a))
(1 + k(2 <1+m —1)nn(x+n( ) + &N () — En(x +en(x)), Vrx €o,
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and g- is defined by the similar formula

11__;((;>nn< n(@)) = (o — =n(x))

() (1—5/<; )n"( —n(z))
+ (1= (@) (z — n( ) = & (@) + &, (z) — &u(z — en(z))
(1 —w(z (1_m )Wn(x—n( ) + & () = &n(z —en(z)), Vz € o,

ge (x —en(x)) =

so that the couple (+Vz.,n) belongs to W. The requirement that fa + g ds = fa —g- ds =

0 is guaranteed by the identity (5.5) and the fact that f vanishes in w,, so that fdw % ds=0

as well. Using the uniform regularity estimates of Theorem 5.1 (and Remark 5.1), we obtain
that

”gg:”Cl“(Bw?:) é C(fa @)Ea

and a standard regularity argument (as for the Dirichlet problem in the previous section) now
gives
IVzell L2ver) < CUlgS Nleraauty + 192 leraauz)) < C(f,0)e.

It is now possible to use (£ + Vz.,n) as a test couple in (6.4). Doing so, we obtain first

1 1 1
—/ €+ Ve > de = —/ |Vul|? da + vl - V2. dx—i——/ | V2 |? da
2 Jonaz 2 Jove: o\zE 2 Jovez
1
<5 [ IvaPdcs o (6.5)
2 Joe:
and
ou?
(E+Vzo) npds = pds. (6.6)
o0 1o} on
Besides,
1 1+ ekdo- 1 / 1,
de < (1+C d
2ea, /W1 1+ rdg- nr do < (14 Ce) 2¢ea. 1+ rdg- - €%

=(1+Ce

)251a / /11 U?(m Finl))drds
oo [ (B By,
sareae [ (%) + (%) + (%) () &

where for the last estimate we used the algebraic inequality

1 1 1 1
Va,b € R, Z(a—kb)2 3(@ +b2+ab)—ﬁ(a—b)2gg(a2+b2+ab).

Using the uniform energy estimates of Lemma 5.1, we conclude

1 / 1+ ElidQ— 2
n; da
2ea. J,, 1+ kdo-
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< 555 /U ((8g§—+>2+ (8;%7)2_'_ (8g§—+)(8g§i>) dS+C(f7<P)25- (6.7)

On the other hand,

€ / 1+ rdog-
————n,dz
2a. J,, 1+ cekrdg-

€
1
< (1+Ce¢) 2,

/ (1 + kdg-)n2 dz

// (1 + te(2))*n2 (z + tn(z)) dt ds

82u0+ 00~ cas 10%udt 920~
(1 —t 5 S 2 ey _TE(Xl e T e
+Ce) SGE// = or2 + or2 ) 3 ( or? or2 )
Qe w0
+ -l )) dt ds
e3a. O?ult  9%ul—\2
= (1+Ce) 12 /[,( or? * or? ) ds

+ (14 C¢)

tae / (- %(% - %) + et —u2)) ds

e3a 2,,0+ 2,,0— e3a 2,0+ 2, 0— 2
(1+Ca) /(8u€ +8u6 ) ds+(1+05) /(8% 0% ) ds

12 or? or? 36 or? or?
Eag 82Ug+ 82’&27 0+ 0— Qe 0+ 0—\2
— (]_—I—C&)?/U (W - W)(UE — Ug )d8+ (1+C€)4—€/U(u€ — U, ) ds.

Due to the uniform energy estimates of Theorem 5.1, the first two integrals in the last expression
are easily controlled by C(f,¢)?c?. When it comes to the third integral, one has

cae 0?ult  9%ulmN, 4 0—
T G - ) -t

o[ (5 ) ([ -

< (oo [ o~ ) 0o) (% [t )’

< C(f, )%,

since the integral terms in the product are each bounded by C(f,¢). We thus obtain the
estimate
£ 1 + HdQ— 2 Qe 0 B
_— dr < (1 C e + _ ,,0—\2 d C 2
2 ~/wll+€/£d9—nn z< (1 6)45 U(us ue )" ds +C(f,¢)°e
Qe

<3 [l =R s+ O )% (63

where we again make use of the uniform energy estimate in Lemma 5.1. Application of the
auxiliary estimates (6.5)—(6.8) to (6.4) with the test couple ({ + Vz.,n) finally yields

Eg(ug) — B (us) < O(f, 80)25;

which is the desired lower bound on E.(u.) — E%(u?).
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The End of Proof of Theorem 6.1 By a combination of the upper bound of the previous
subsection and the lower bound of this subsection, we obtain

—C(f,9)% < Ee(ue) — EZ(u2) < C(f,¢)%

or

|Be (ue) = B2 (ud)] < C([IfllL2 () + Il )%e.

Insertion of this estimate into (6.1) and (6.2) respectively finally gives

H? (00)

llue — USHH(W\@) < Cf 2o + H%OHH%(aQ))&

(e — ugHLS(Q*\m) < C(HfHH(Q) + H<PHH%(8Q))5~
This completes the proof of Theorem 6.1.

Remark 6.1 The 0*" order uniform approximation to u. is only unique modulo a function
that is of the order O(e), uniformly in € and a.. As a reflection of this, the energetic expression
E? (of (4.12) is not unique either. A proof very similar to the one presented above (together with
corresponding uniform regularity and energy estimates) would reveal that the unique minimizer
to

EO(v) ::%/Q\UWUR do -+ 5 U((aav_:>2+(a;_7—)2> ds—I—Z—Z/U(UJr—v_)st—/vadx

is also a uniform 0" order approximation of u..

7 Limit Behavior of u?

So far, we have only discussed the approximation of u. in terms of the solution u? to another
simpler minimization problem, which, however, still depends on ¢ and a.. When the behavior
of the sequence a. is known more precisely as € — 0, then explicit, € and a. independent limit
behaviors of u? (and thus of u.) can be derived.

7.1 The general case

Let us assume that both ea. and %= have a limit as € — 0, including possible limits of 0
and oo. Remark that, in the general case, there always exists a subsequence ¢,, — 0, such that
this is achieved. Since ea. < %=, the limiting pair (i% €ae, Ehi% %) has one of the five possible
forms (00, 00), (ag,0), (0,00), (0,bp) and (0,0), where 0 < ap < oo and 0 < by < oo are
arbitrary constants. The following result describes the precise limiting behaviour of u? (and
thus of u.) in each of these five cases.

Proposition 7.1 Let a. be any sequence of positive real numbers, and u € V, be the unique
solution to the minimization problem (4.10). Suppose f € Fs for some § > 0 and ¢ € Hz (09)),
and suppose that both ca. and <= have a limit as € — 0, including possible limits of 0 and oo.
The following five cases describe the associated limiting behaviour of ul.

Case 1 ca. — oo (thus % — o00). The limit of u? is uX € H} (Q) := {u € H'(Q), u =
cst on o}, the unique solution to the minimization problem

min  EY(u), EX(u) ::%/ |Vul? dx—/fudx, (7.1)
Q Q

w€H} _(Q)
u=¢ on 9N
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and there exists a constant C' independent of € and a., such that

C
0
ue = uscllzz < Zom (1 lzz@ 10l 2 o) -

Case 2 ca. — ag for a certain real value 0 < ag < oo (thus e — 00). The limit of ug
is uge € HY( Q) NV, = {u € HY(Q),ul, € H'(0)}, the unique solution to the minimization
problem

1 2
min = EX(u), EX(u):= —/ |Vaul? dz + ao/ (@> ds —/ fudz, (7.2)
u,efl(s,))gg" 0 0 2 o o or o

and there exists a constant C' independent of € and a., such that
0_ o0 gde o
llue — ugellz2() §C<‘ o 1‘4—‘5& ‘ ) ||f||L2(Q)+||SD||H2(8Q))

Case 3 ca. — 0 and % — oo. The limit of u? is ug® € H'(Q), the unique solution to the
minimization problem

1
min  Eg°(u), E§(u):= —/ |Vul? da:—/ fude, (7.3)
LB 2Ja L

and there exists a constant C' independent of € and a., such that
€
42 = e lage) < ©(oae + =) (I lzec@ + 1l o)

Case 4 %= — by for a certain real value 0 < by < 0o (thus ea. — 0). The limil of u? s
ugo € HY(Q\ o), the unique solution to the minimization problem

weHL(Q\0) 2
U= on OO

1
min  E(u), EY(u):= —/Q\ |Vul? dx—l—%o/ (ut —u™)? ds—/ﬂfudx, (7.4)

and there exists a constant C' independent of € and a., such that

0_ b 0_ b Qe ebo
I = ey + [ = gy < © (e | S =1+ T2 = 1)Uz + 1l 3 o)

Case 5 % — 0 (thus ca. — 0). The limit of u? is u) € H*(Q\ 0), a solution to the
minimization problem

1
min  EJ(u), E(u):= —/ |Vul? do —/ fudx. (7.5)
P 2 Jove o

This solution is unique up to an additive constant on Q. There exists a constant C' independent
of € and a., such that

0 0 0 0 Qe
[ue — ugllr2(o+) + llug — wgllL2(0-) < C(we + ?)(HfHH(Q) + ||50||H%(89))-

The proof of this proposition again relies on Lemma 3.2. It is in many ways very similar to
the proof of Theorem 6.1, but simpler, so we only provide a sketch. A complete proof would
notably involve uniform estimates for the limit problems in the spirit of Theorem 5.1. Before
we proceed to the sketch of the proof, some remarks are in order.
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(i) The functional spaces involved in the minimization problems (7.1)—(7.3) feature functions
that belong (at least) to H'(Q2), and thus do not jump across o. As a consequence, the derivation
of uniform energy estimates in the spirit of Lemma 5.1 does not require any assumption about
f other than f € L?(). The natural choice for the space H in the application of Lemma 3.2
is then L?(2), and so we obtain L?({) estimates of the discrepancy between u? and its limits.
The assumption fQ, f = 0 is not necessary in order to establish the results of Proposition 7.1
in Cases 1 through 3.

(ii) In Case 4, the assumption fQ_ f = 0 is not required to ensure that the minimization
problem (7.4) has a unique solution. It is needed in order to ensure that one may obtain energy

estimates for ugo that are uniform with respect to by (see the proof of Lemma 5.1). Lemma 3.2

then provides a uniform estimate for (u? — ugo) on Q% and a uniform estimate for the same

difference on Q~, modulo a constant.

(iii) In Case 5, the assumption fQ, f = 0is required to ensure that the minimization problem
(7.5) has a unique solution, which is defined up to a constant in ~. Note that the convergence
result expressed in this case is independent of this constant.

Proof (1) We use Lemma 3.2 with V. = V,, W, = H! () and H = L*(Q2), and proceed
to estimate the difference |E2(u) — EZ(uZ)|. Since H] () C V,, we have

B (u2) — B (1) < B2 (uX) — BZ (u)
1 9 g Qe
= - o . —.0— od
3, Tl de s s o [ s
1
——/ |Vu§|2da:+/fu£dx
2 Ja 0
=0

To obtain an upper bound for (EX (u) — E2(u?)), we first rewrite EX(u) as

/|Vu°°|2dx—/fu°°dx
ougl 012 ou u
= /. on ds——/|Vu |dx—/‘7[an} ds.

Since uZ amounts to a constant on o, and since [ [ } ds = 0 (which is easily derived from

the fact that 432 is the minimizer to (7.1)) we conclude that

EX(uX) = Quse pds — —/ |Vu|? de.
Now, introducing the dual energy principle for u? established in Subsection 5.2, we obtain
0
) - Bd) < [ Spas—g [ [wuzp- [ conpdstg [ leas
o0 3” Q\o

+%/(w+2+w*2+w+w*)ds+4—€/szs
o € g

for any £ € L*(Q\ 0)? and wr,w™,2 € L?*(0) satisfying the relations (5.6). Insertion of
& =VuZ, z =0, and the two indefinite o integrals

1 out ouX~
+ _ = o) o)
v 5a5(2/ on ds +/ on S)’
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1 u~ ut
— 2 o] d o0 )
v Eae( / on * / on s
in the above relation yields
. 1 uTt 2 L= . \?
) - B < [ ([ T )+ ([ F-as)

([T ) ([ P as)) o

The result follows by using energy estimates for u3>
(2) We rely again on Lemma 3.2 with V. = V,,, W. = HY(Q) NV, and H = L*(Q). As
HY(Q)NV, C V,, we have on one hand,

B2 (u2) — Egy (ugg) < B2 (ugy) — Bgy (ug)

:%/\ [Vure |2dm+5a5/(%)2ds

Q o
__/|Vu x—ao/(agfz)st

<[ i | (35

) ds is bounded by C(||f| r2q) + HSDHH%(BQ))Q’ uniformly with respect

The factor ag [, (

to ag (as follows easﬂy from standard energy estimates for the problem (7.2)).

On the other hand, the dual energy maximization principle for £5°(ug) reads

Puafuz) = mase ([ e-mpas—5 [ 16— = [ uras).

where the maximum is taken over the set of functions ¢ € L?(Q)?, w € L?(o), such that

—div(¢) = f in QT andin Q7, [&]+ 2?)—1: =0 ono. (7.6)

oo

. . . . 2 .
The maximum is uniquely attained at £ = Vug, and w = ag ;”0 . We thus obtain

ou® Iu>®
E° (4> _EO 0 < __/ 2 _ / _ .
a0 (Uag) < (ug) < . 5‘n pds |Vuge|” —ao <8 ) ds aQ§ ne ds
+%/Q\U|£|2dx+—3€/a(w+2+w +w+w’)ds+Z—;/ngds

for any ¢ € L*(Q\ 0)? and w™,w™,z € L*(0) satisfying (5.6). We now insert { = Vuge,
together with

wh — - = 20 Ougr
ca. OT
and z given by
G 8u°o+ o 0?ue _ Ougm o 8%23.
2:” on or > on oT2

The last identity holds true because of (7.6), and it insures that this choice of &, w™, z satisfies
(5.6). As a result

a,uoo 2
oo/, o0\ _ 10/, 0 < +2 Qe 2 o ao
Eg(uge) Ee(ue)fz-:ag/lfw ds+—4€/az ds ao/lf( o ) ds
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]2t f (2 s £ [ (2 B
~ leae - 87’ 0752
These upper and lower bounds for E2(u?) — E°(u3?), in combination with the appropriate a
priori estimate for ug, lead to the desired conclusion.
(3) It is in every aspect simpler to handle than the other cases, and is left to the reader.
(4) Here we take V. = V,,, W. = H}(Q\ ) and

H:{feL2(Q), Q_f:o}.

We obtain an upper bound for (E2(u?) — E{° (X)) by using v = u® as a “test function” in the

minimization of EY:

E2(ud) — Eg° (ug’) < B2 (ug’) — Eg” (ug’)
1 bo 12 cae dule 2 oul~
< Z 0
2/9\0|Vu0| dz+ 2 /U<( or ) +< or ))ds

Qe bo+ bo—\2
+ — ul T — up’ ds

1 b
- 5/9\ |Vule |2 dx—zo/(u8°+—u8°_)2 ds

Qe 9
< O(eae+ | 75 = 1)) (Ul 3 o+ 1712200)

for a constant C', which does not depend on by and ¢, a.. Here we used the fact that

—_

Ya-bP < i@+,

Lo 4o _ 1o o
3(a +b +ab)72(a +b°) 6

[\

and an appropriate a priori estimate for Uo . In order to establish a satisfactory lower bound
on E2(u?) — EL(ub)), we first observe that, as an immediate consequence of the variational

problem satisfied by ugo, one has

dule™t  oubT by

= o E(uS‘)Jr —ul”) ono. (7.7)
Now, using the dual energy maximization principle for E? (see Subsection 5.2), and the fact
that
]‘ 012 b() bo+ bo—\2 bo
3 |Vud|? dz + = 1 (ug™ —ug” ) *ds — [ fug’ do
Q\o o Q
8“80 1 bo |2 bo b b
= ds — = Vul|? de — = ot _ 0 7)2 ds, 7.8
[ Greds—g [ v [l —uptas (78)
we obtain

duly 1 b
Ego(ugo)—Eg(’U,g)S . g;z (IOdS—E/Q\ |Vu80|2 dl‘—zo/ (u80+ ugo ) ds

1
§~n<pds+—/ |§|2dx+%/(w+2+w_2)ds+%/22ds
2 Jore 2 Js 4de J,

o0
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for any ¢ € L2(Q\ 0)? and wT,w™,z € L?(o) satisfying (5.6). Due to (7.7), we may choose
E=Vul, wt =w™ =0and z = Eaﬂ (ubo™ — w07 for insertion into the last line of the previous

inequality. This yields

b
Epl) - B2 < 52 [ 2as =2 [ bt - as
Ebo bo _
S (a—‘S — 1)ZL (u8°+ — u8° )2 ds
€b0 9
<O(T2 = 1) 1el 3 gy + 1 22)

for some constant C' which is independent of by and £, a.. Here we used the same algebraic
inequality as before, and an appropriate a priori estimate for ugo. In summary, we have proved

a Ebo 2
1B2(u?) — B ()] < € (eae +| 50 =1+ |2 = 1)) (Iell 3 oy + Il

and by Lemma 3.2 this yields the desired estimate for ||ul — u} | L2+ + fJud — u° 22
(5) In this last case, we take V. = Vo, We = {v € H'(Q\ 0), [, vdz = 0} (a set over
which the minimization problem (7.5) has a unique solution) and

H:{feL2(Q), f:o}.
O
The proof proceeds along the same lines as in the previous case(s), and is left to the reader.

7.2 A closer look at the case a. = a, independent of ¢

In this section, we make some observations pertaining to the case when the coefficient a. is
independent of £, in other words when

az = a, where a > 0 is a fixed real number.

Following the discussions in Section 6 and Subsection 7.1, two 0*'-order approximations of the
solution u. to (2.2) are available in this case, namely,

ue = ul + O(e), (7.9)
which we shall refer to as the 0'" order uniform expansion of u., and
Ue =u8°+(9(a5+2), (7.10)

which we shall refer to as the 0" order “natural asymptotic” expansion of u.. The latter is just
the one term Taylor expansion of u. with respect to € (at zero). ug® is the unique solution to

—Aug®=f inQ, wug®=¢ ondfd

The particular form of the remainder term in (7.10) follows from (7.9) and Case 3 of Proposition
7.1. We recall that v € V,, is the unique solutions to (4.10) (or (5.4)).
From Proposition 7.1, we know that

€
ug:ugo—i—(?(ae—i— 5),
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and so a Taylor expansion of u? with respect to ¢ also starts with the term ug®. We would like
to understand a little better the answer to the following question “in the process of correcting
ug® to make it into a uniform approximation to u. in terms of the conductivity coefficient a, will
it suffice to add just a finite number of terms in the Taylor series (of u2)?”. For that purpose
we now derive the specific form of the first-order Taylor expansion

ud = ul® + cuy + O, (e?).

To this end, we follow the strategy employed before. As a first step, we define the (e-

0 _
. =

dependent) function uy € V,, by the relation u ug® + €y, and write a minimization problem

satisfied by wy. We then approximate this problem by using heuristic arguments, and define u;
as the solution to this simplified problem. In spite of the heuristic nature of our derivation, it
is possible to prove that w3 = u; + O(g) (we shall, however, omit the proof here).

Step 1 Derivation of a minimization problem for 7. Due to the definition of u?, Ty arises
as the unique minimizer in V, o of the following energy:

THw) = S + cu) — B2(ui))
A simple calculation gives
pa=e(h [ [ () (B 2
+ 4% /U (ut —u™)? ds) + o Vug® - Vu de
o [ 2 (52 0 [
=e(g [, wrane 3 [ () + (5r) + 5 ) o
— a/a 8;:280 (ut +u”) ds) + %/U(qu —u)%ds

oo
_ [ Oug

on

(ut —u7)ds. (7.11)

o

Step 2 Simplification of the minimization problem of J!(u). It seems reasonable to assume

that the minimization process of J!(u) will principally seek to minimize the terms of order 0
as € — 0, that is, the two terms

%/ (ut —u")*ds — %Lz(u"’ —u”)ds.

ag

2 Jdug”
a On
relation, the minimization process should then concentrate on the first order terms

1 ) uyr, .
5(5/9\0|Vu| dx—a/g 502 (u™ +u )ds).

Using the corresponding Euler-Lagrange equations, we are led to a candidate u; € V;, o (for the

The minimum of this last expression is achieved when (ut —u~) =

on 0. Subject to this
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0*h-order approximation to wy), that is characterized as the solution to the following problem:

—Au; =0 in 2\ o,
up =0 on 0f,
2 oo
[u1] = a—agz on o, (7.12)
(2] - 22 s
onl 72 '

It is indeed possible to prove the following proposition.

Proposition 7.2 Let uy € HY(Q\ o) be the unique solution to (7.12). There exists a

constant C', which only depends on 2, o and a, such that
192~ g — ez < O (17 Lz + 16l 15 o)

The proof of this is fairly straightforward, and follows by carefully considering the boundary
value problem satisfied by u? — ug® — euy = (u; —u1). We leave the details to the reader. The
fact that u; degenerates like a and % when a tends to oo and 0, respectively, strongly indicates
that the estimate u? — us® = O(ae + <) is the best possible. Higher order terms in the Taylor
series of u? could be calculated, and they would degenerate too when a tends to oo and 0. This
would strongly indicate that no finite Taylor expansion of u? (at zero) would achieve a uniform
approximation to u? (that is uniform with respect to a).

It is interesting to compare the above calculation of the first two terms in the Taylor Series
of u? to the calculation carried out in [7]. In that paper, the authors considered the Neumann
version of the problem (2.2) in the case that a. = a, and they calculated the first two terms in
the e — 0 asymptotic expansion of the solution to the problem

—div(y:Vue:) =0 in Q,
ou,
" on

(i.e., the case f = 0) which we shall also call u., since the difference in the type of boundary

=1 on 0F),

conditions on 992 and source in € plays no role for the discussion here. ~. is defined by (2.1)
as before. The result in [7] is

us(y) = uP(y) + €ui(y) +oe), Vy € . (7.13)

In this formula, the function uj is defined in terms of the Neumann function N(z,y) of Q, a
polarization tensor M(z), and the harmonic function ug°,

ui(y) = 2/ (a = DYM(z)Vui (z) - Vo N(z,y) ds(z), y¢&o.

The polarization tensor M(z) is for x € o given by M(x) = ((1) 8) in the local basis

(1(z),n(x)), and the Neumann function is the solution to

AgN(z,y) =6y in €,

0 1
8an(x,y) = W on 09,
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where ¢, is the Dirac distribution centered at x = y. Equivalently, due to the jump relations
for single and double layer potentials (see, e.g., [16, Chapter 3]), u; € H'(Q\ o) is the unique
solution (modulo a constant) to the following problem:

—Au; =0 in 2\ o,
% =0 on 0,
n
- 1N\ Ou® (7.14)
[ur] = —2(1 — 5) gg on o,
Juiy D?ue
{%} =-2(a—1) 52 OnC

We immediately notice that the boundary value problems satisfied by w1 and @; imply that
the difference u; —w; is uniformly bounded with respect to a. If the same thing were to happen
for higher terms in the Taylor series, then it would be very consistent with the fact that the
difference u. — u? is uniformly bounded with respect to a. It would also strongly suggest that
no finite Taylor expansion of u. would lead to a uniform approximation (that is uniform in a).

8 Derivation of the 15-Order Approximation of u.

In the previous sections, we have derived a uniform 0*-order approximation (u?,v?) €
Vo x H'(w1) to the couple (uc|o\w:, ue 0 He) € H(Q\ @7) x H'(w1). Properly speaking, we
only proved that u? is a uniform approximation of Ue|o\w: “far away from the curve ¢”, that
is, on subsets of Q of the form Q \ s for some fixed § > 0. However, the proof of this fact
made use of the heuristic approximate guess v? for the potential (u. o H.) inside the rescaled
inhomogeneity.

Relying on the same strategy, we now briefly outline the derivation of a uniform first-order
approximation result for the solution u. to (2.2). We note that the 0'"- and first-order analyses
turn out to share a lot of common features. Thus for the sake of brevity, we shall omit some of
the very tedious calculations related to the latter.

We start from the rescaled form of the problem (4.1) as established in Subsection 4.1.1. The
couple (uc|o\ez, ue © He) is the unique minimizer of the energy

— 1 €. 1+ kdg- /0v\?2
FO S 2 e U (e
€ (u, U) 2 /Q\Ws |VU| de * 2 /w1 1+ €l€dQ— (87’) d

ae 1+ ekdg- 0v\?2 /
de [ 2T ERG0n (GUNT 4, - d
+25 w, 1+ Kdo- (871) . qu “

among the elements of the space

v(x —n(z)) = ulx — en(z))

that additionally satisfies u = ¢ on 0§2. We have seen that a uniform 0*"-order approximation
of this couple (in the sense described above) is (u2,v0) € VO, where V? is defined in (4.6), u?

is defined as the solution to the minimization problem (4.10), and v? is given by (4.13). For

VO = {(u,v), uwe HY(Q\©Z), ve H (wy), Vx € o, v(@ +n(2)) = u(z + en(z)) },

technical convenience, we define the couple (uz,vz) € HY(Q \ wz) x H'(w1) by the identity

(u6|Q\uTE7u6 o HE) = (u(e) + 5(2/5 + u_s)a ’Ug + E(we + v_s))a (81)
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where y. € H'(Q \ @z) denotes the unique solution to the problem

—Ay. =0 in Q\ @;,
Ye =0 on 092,
_ out Lo 0+
e+ en@) = T (@) - 2o + en(@) —ult (@) o
ud~
el — en(@) = =2 (@) - Lo — en(x)) ~ () w €,

and w. € H'(wy) is given by the formula

we (x4 tn(x))
u0+ UO_ u0+ UO_
E(88; (z) + 832 (f”)) + %(83; (z) = 886 (x)), Veeo, Ve (-1,1).  (8.2)

n
We note that (2 4 en(z)) describes dwF as x runs through . Due to the introduction of these
two auxiliary functions y. and we, the “unknown” couple (@, 7:) has no “jump” from dw. to

2

Owt, i.e., (uz,vz) lies in V_EO. Note that, using the uniform regularity estimates of Theorem 5.1
and arguing as we did for the study of the function z. in Subsection 6.1, we may easily prove
that

lvell Lz \@s) + ¥l 2@ \a5) + VYl 2@ < CU1fll2@) + ||80||H%(89))€~ (8.3)

From its definition, (uz,7z) is the unique minimizer of the functional
_ 1 — _
FX(u,v) = =(FO(ul + (ye + u), v + e(ws +v)) = F2(ul + eye, vl + cw.)),
€

among the couples (u,v) € V_EO, such that v = 0 on 9Q. To find a uniform 0*"-order approxi-
mation to (7z,7z), we expand the functional F1(u,v) as follows:

— 1 ga, 14 kdg- 0v\?2 Qe 1+ ekdg- 7 0v\?2

F! =(= 2d —(=—) d — —(=—) d
e (wv) (2 /Q\w_6|Vu| v 2 /w1 1+ ekdg- (87) v 2e /w1 1+ kdg- (871) .
1+ kdg- 8w5@

, L +erdg- 0T OT

+ Ve -Vuda:—i—sag/
ON\we w
%/ 14 erdg- Ow: v

—d Y. Vud
€ Jo, 1+ Kdog- On On x)€+/ﬂ\wavu€ Vude

1+ kdg- 0v? Ov ae 1+ erdgy 000 v
(> - 5 =2 _— — - ne 13 _ d _ d ) '4
e /wl 1+ erdq- O OT . 1+ rdg- On n T /qu x. (8.4)

We observe that the quadratic part of this energy is the same as that of the 0*'-order energy
F_E0 (modulo a factor of ). The linear part has two components, correponding to the first three
linear terms and the last four linear terms of (8.4), respectively. Following this splitting of the

linear part, we decompose (uz,Tz) as

w1

(e, 02) = (W2, U12) + (U e, U2z), (8.5)

where (Uiz,71¢) and (Uze,U2:) € V_E0 are the unique minimizers of the respective energies
F2 (u,v) and F2?(u,v), defined by

1 ca 14+ kdqg- /0w ov\ 2
I _ _/ 2 e / Q e, OV
(u,0) 2 Joner Vul”dz + 2 J,, 1+erdg- ( or * 5‘7’) dz




332 C. Dapogny and M. S. Vogelius

Qe 1+cerdo- /0w, Ov\2
+2_a/wlm(an +%) dz + Q\Evye-Vudx (8.6)
and
1 €a 1+/€dQ— 0v\2
FH? - _/ 2 e/ 14 kdg- (v
(u,v) (2 Q\@lvul dz+ = T3 da (87) dz

. 1 do- 2
2e J,, 1+ rKdg- \On o\wT
/ 1+ kdg- OV Ov Qe 1+ erdg- 02 Ov
+ ea. —_ —dr+ — _— —
w, L+erdg- O OT € 14 kdo- On On

dz —/ fudx. (8.7)
w1 Q
Note that the definition of F! slightly differs from the sum of the quadratic terms and the
first three linear terms of (8.4) by an additive term that only depends on w. (and a factor of
¢), which has no effect on the solution to the corresponding minimization problem.

8.1 0tP-order approximation of the couple (Ui, V1)

To obtain a 0'"-order approximation (u1 ., v1 ) of (U1z,71z), we follow the same strategy
as in Section 4. We use a heuristic argument to build an approximate two-scale minimization
problem

min  FYY (u,v). (8.8)

(u,v)eVO
u=0 on 99

This problem can now (heuristically) be solved for v in terms of u, leading to a minimization
problem featuring only w. This process yields a candidate (uj ¢, v1,) for a uniform 0*h-order
approximation of (u1z,71,z). Then we can rigorously prove a uniform approximation estimate,
using arguments similar to those of Section 6. This estimate would assert that

[tz — urellL2@\ws) + [1e — wiellzio\mp) < CUfllz2@) + ||Sé’||H%(BQ))\/g

with C independent of ¢ and a.. For brevity, we shall not present the proof of this estimate
here, instead we limit ourselves to describing the heuristic derivation of the approximate energy
Fl,l
fil
Arguing as in Section 4, and relying on the estimate (8.3), we approximate the quantity
F2'(u,v) by

1 ca ow v\ 2
Fl,l = _/ 2 £ / 1 B £
ha (7)) 2 Jons [Vul? dz + - 5 (14 rdg )( 5, + _8T> dx

Qe 1 811)5 81} 2
— —_— — ) dz. 8.9
+25/w11—|—/£d9(8n+8n) . (8.9)
The problem (8.8) can now be rewritten as

: 1 2 1
min {E/Q\[,W“' de +G(u) .

uEVy
u=0 on 9Q

where we define

Gl(u):= min {6% / (1+ /@clgr)(aU)6 + av)2dx

veH (wy) 5‘7 87'
v(z+n(z))=ut(z), z€0

v(z—n(z))=u" (z), z€Ec
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Qe 1 ow, Ov\2

+ — 7( +—) da:}. 8.10

2e /wll + kdg- \ On  On ( )

We (heuristically) solve this minimization problem to get an explicit approximate expression

for G1(u) in terms of u. To this end, we notice that Gl (u) features two terms with different
behavior as € — 0. Intuitively, the minimizer v, of this composite energy will to lowest order

be determined by the term fwl I Jmld (88“7’5 + 3—2)2 dz. The corresponding Euler-Lagrange
o

equation asserts that v, must satisfy

1 ov,  Ow.\ Ow B 1
/wl Tt (B * o) g 42 =0 V0 € Hion),

Arguing as in Subsection 4.1.1 (that is, taking w(x + tn(x)) = ¢(x)y(t) with arbitrary ¢ €
C*®(o) and ¢ € C°(—1,1), and using Proposition 2.1), we conclude that the function ¢ —
vy (x +tn(z)) is affine for any fixed = € 0. The boundary conditions of the problem (8.10) now
give

t 1
vu(z + tn(z)) = E[u](a:) + §(u+(a:) +u (z)), Vzeo, te(-1,1).
Inserting this expression into (8.10), and using (8.2) as well as Proposition 2.1, we arrive at the

minimization problem

min  E_ (u), (8.11)
u=0 on 8

where E!(u) := F1!(u,v,) has the following expression:

1 ae ouldt _ ol

0+ 0—
25 LG+ %))+ (50 = %)

= (= ) (g = %)) e

The solution u; ¢ to this minimization problem is our candidate for a uniform approximation

)st
2

to w1 . The function v, . € H l(wl) defined in the rescaled inhomogeneity by
t 1
Ve o, te(=11), vie(z +in(2)) = 5lure(z) + §(u1+,€(w) + uy (7))

is our candidate for an approximation to 77 ¢.

8.2 0*M-order approximation of the couple (uz.,v2,.) and the uniform first order
approximation result
Let us now turn our attention to the uniform approximation of the solution (W3 z,72:) to
the problem
. 1,2
min _ Fo 7 (u,v), (8.12)
(u,v)EVI
u=0 on 8Q
where the energy F2+?(u,v) is given by (8.7). Performing calculations somewhat more com-
plicated than those in the previous section it is possible heuristically to arrive at a candidate
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(u2,6,v2,¢) for a uniform approximation. We shall not present these calculations here, but only
state the result as follows.

The function us . is the solution to the problem

: 2
min - EZ(u), (8.13)
u=0 on 9Q

where the functional E? is given by
1 ca Outy2 Ou=\2  Out ou~
E2(u) = = 2 - —
:(v) 2/Q\a|vu| dz+ 3 /,((87’) +((’97') * or aT)dS
82u0+
4 % -2 e ot
4/( u)ds—i—/aaTQuds
w0

Ug 1 8“8 + _
/ = u ds—l—z/g/@[an}(u —u")ds. (8.14)

The function vy € H'(w) is defined as

voe(z+tn(z)) = ! (ugs(x) +uy () +w2e, Voo, VEe(-1,1), (8.15)

s, ](o) + 5

2

the function we . € H'(w;) being given by

{wgﬁ(a: + tn(z)) = t*a™ (x) + th(x) + c(x), Vte (0,1), €0, Vo € o (8.16)

wa . (z + tn(x)) = t2a” (x) + th(z) + c(z), Vt e (=1,0), x € o,
with

Egc(f) 8;%);(:””1 52t o )@, b@):gﬁf) [%ﬁ(@’
=SB B ) (O

at(z) = —

€ (82u0+ 0%~

4a,

It is then possible to prove that

U2z — uzellL2(\ws) + 12,2 — 2.l 20 \wp) < CUIfllz20) + ||50||H2(89))\/_

with C' independent of € and a.. Combining the decompositions (8.1) and (8.5) with (8.3) and
the above estimates for @y ; —u1 . and Uz ; —us2 ., we would now arrive at the following theorem.

Theorem 8.1 In the situation described in Section 2.1, let 6 > 0 be a fized positive real
number, f € Fs and ¢ € H2(9Q). Let u. € H(Q) be the unique solution of the minimization
problem (4.1), let u2 be the unique solution to (4.10) and uy ., us. be the unique solutions to
(8.11) and (8.13). Then the following estimates hold for e > 0 sufficiently small:

3

) 2
H (99)° 7
3

H2(dQ)) %

lue —ud = e(ure +uze)llzzr\as) < CUfllzz) + lloll
lue = ug = e(ure +uze)llLz-\as) < CUlFllza) + 9l

where the constant C' depends only on Q) and o, and is independent of f, p, € and the sequence

Qe
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Remark 8.1 In view of these results it is interesting to expand a little on the discussion
of Subsection 7.2, concerning the comparison between the uniform asymptotic expansion of u,
(uniform, with respect to the conductivity a.) and the “natural” asymptotic expansion (7.13)
in the particular case, where a. is a fixed real number a > 0 independent of ¢.

For fixed a. = a, arguing as in Subsection 7.2, one may show that the following expansion
holds for the first-order term (1, + ug2 <) of the uniform asymptotic expansion of u. as e — 0:

Ul.e + U2 = Ul + Oa(E)a

where U; € Vo is characterized by the following equations

—AUl =0 in Q\O’,

U =0 on 0,

[Ul] == 88% on o,
8U1 o 82’(1,80

{%} =2 87‘2 on o

Hence, it is verified exactly how the first-order term w7 of the a-dependent “natural” asymptotic
expansion of u. (defined as in (7.14), but with a homogeneous Dirichlet boundary condition
on J92) decomposes as the sum of the first-order term w; of the principal uniform expansion
u? (defined by (7.12)) and of the leading term U; of the first-order term (uj e + us.) in the
uniform expansion of u..

9 Appendix Proof of the Uniform Regularity Estimates for u?

This appendix is devoted to the proof of Theorem 5.1. For the reader’s convenience, let us
first recall a useful characterization of W spaces. Let Q C R? be an open set, and suppose
1 < p < oo; define 1 < p’ < co by the relation % + I% = 1. For any function u € LP(2), any
open subset V' € Q and any vector h € R? with |h| < dist(V,99), we define the difference

quotient Dpu € LP(V') by

u(z + h) — u(zx)
| ’

If Q and V are both convex, then it is fairly simple to prove that

Dpu(x) = Vo e V.

[ DrullLevy < VUl pra)

for any vector h € R? with |h| < dist(V,0€). The related complete characterization of W1?
spaces which we have in mind is the following (see [8, Proposition 9.3]).

Proposition 9.1 Let u € LP(S2). Then the following assertions are equivalent:
(i) u belongs to WP(Q).
(ii) There exists a constant C' > 0, such that

v

JAT
Q €L

(iii) There exists a constant C' > 0, such that for any open subset V & (Q,

dx‘ < Clollper ) for any v € C°(), Vi=1,2.

1ir}rL1 sup || Dpul|pr(vy < C.
—0
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Furthermore, the smallest constant C' satisfying (ii) or (iii) is C' = ||Vul|Lr(q)-
We are now in position to prove the desired result.

Proof of Theorem 5.1 The proof of this result is an adaptation of that of Theorem 9.25
in [8], and relies on the method of translations. First we observe that, by a standard argument
of partition of unity, it is enough to prove that u® belongs to H2(V \ ¢) and that the estimate
(5.11) holds with V' \ o instead of Q \ o, where V is a sufficiently small (convex) neighborhood
in Q of an arbitrary point zy € . Three cases must be distinguished as follows:

(i) xo belongs to 2\ o.

(ii) xo lies on Q.

(iii) zo lies on o.

The uniform estimate (5.12) arises as a consequence of the treatment of Case (iii).

Case (i) Let V and W be open convex subsets of QT (or Q) with Ve W € Q (or Q7).
Let x € C°(Q2\ o) be a smooth cutoff function with

x=1 onV, x=0 onQ\W, 0<x<l1.

Then, for any test function v € H(Q\ o),
/ V(xul) - Vodr = / XVl - Vo dz +/ uVy - Vo da
w w w
= / vl - V(xv) dz — / vVl - Vy do +/ udVy - Vo da
w w w
:/ fxvdx—/ vVug'dex—k/ u’Vy - Vo dz, (9.1)
w w w

where we used the variational formulation (5.1) with a test function whose support is compact
in O\ o. Let us now define w, := xu?. Our goal is to use the method of translations to show
that Vw. belongs to H'(Q\ o). Let h € R? be any vector of sufficiently small length, and let
us insert D_pDpwe € HY(2\ o) as a test function in (9.1). The result is

/ |VDpw,|* dz = Dy (xf)Dnw. dz — / (D_p,Dpw )Vl - Vy da
Q\o Q\o Q\o

+ DypulVx(z + h) - VDpw, dz + / udVDyx - VDpw, dz. (9.2)
Q\o No

Here we use the following formula for the difference quotient of a product:
Dy, (uv)(z) = Dpu(z)v(z + h) + u(z)Dpo(z),

as well as “discrete integration by parts” for the difference quotients (which is nothing but
change of variables in the corresponding integrals). We recall that for h sufficiently small (less
than %dist(VV7 a(\ U))), Djpw, has compact support in some convex W, with W e W e Q*
(or Q7). From (9.2), we now obtain

hr}ILlS})lpHthwEHiz(W) < CHTSSPHDh(Xf)HHfl(W) hr}ILlS})lpHthEHHl(W)

+ C’lir}rll sgp |D_},Dpwe HL?(W) HVUSHLQ(*W)
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+ C (hr}?sgp ||Dhug||L2(W) + ”ugHLz(ﬁ/)) hI}ILlS})lp HVthsHLz(’W)
< Cllull oy + IVl i) imsup |V Dl
+ Cllfllz2(e) hf}?sgp | Dntwe || 1 777y - (9.3)

Using the Poincaré inequality for H 1(%) functions vanishing on W, we have that there exists
a constant C' which only depends on W, such that

||th6||H1(ﬁ/) < CHVDhWEHp(W)'
From (9.3), we conclude that
. 2
hr}{ljgp IV Drwe 7 7y

< O e + 1080 s iy + 1702 i) im sup [V D s . (9.4)

If W € QF, then, due to Lemma 5.1,

142l 2y + IVl 2y < lulizagary + VU2l 2o+

< ClIFlz2@ + 191 14 )

On the other hand, if W is a subset of 2, then we have a priori no bound on |ull £2(-)- To
circumvent this, we note that from the very beginning, we could rewrite the entire argument by
replacing u? in the various integral inequalities by u?—m, where m is an arbitrary constant. This
includes the definition of w., which now becomes w. = x(u—m). We select m = ‘Q—l,‘ Jo- u? dz,

and from the “revised” version of (9.4), we now obtain
i up [V Dyt 257, < Ol 210y + 102 = mlz2a) + [Vallo)

< C(I1fllz2@) + IVU2llr2@-))
S CU ez + 191l 4 o0

owing to the Poincaré-Wirtinger inequality and Lemma 5.1. Whether W is a subset of Q* or
Q~, Proposition 9.1 now allows us to conclude that all the entries of the Hessian matrix V2w,
belong to L?(W), and that the following inequality holds:

6wy < el < CUL Nz + 1903 o)

Case (ii) The proof in this case is similar to that of (i), modulo the usual changes of the
method of translation due to the presence of the boundary (see [8, Theorem 9.25] again). We
omit the details and concentrate instead on those of Case (iii).

Case (iii) Let V € Q be a sufficiently small convex neighborhood of the point o € 0. Let
W be another convex open subset of €2, such that V€ W € Q, and let x € C°(£2) be a smooth
cutoff function, such that

x=1 onV, x=0 onQ\W, 0<x<I1.
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To simplify notations, we assume that o N is flat (the general case being no more difficult, but
more involved as far as notations are concerned). The tangent vector 7 to ¢ is the coordinate
vector ez, and the normal vector n, pointing outward from 7, is e,,. Following the steps of the

0

proof of (i), let w. = x(ug —m) for some constant m to be specified later. A simple calculation

reveals that w, satisfies

2ea. owt ovt  OwZ Ov™ 1 0wr dv—  dwZ dvT
Q\UV“’E'V“dH 3 /( 5o o o tal e ot e 5r)) &
e V(e F
+ 2 25 (w6 w, ) (v v )ds

2ea. [ Ox oudt _oul-
- vd he - Vodz — IX (y+ Ze e
/Q\Ug v x+/9\a ver 3 /U or (v or v or

1 oul~ oult 2ea Ox ovt v~
+ 5 — € € A 0+ _ 0—
(U or v or )) ds + 3 /a or ((u6 ™57 or +(uem —m) or

2
L/ o4 ov~ o— _ou"
+ (W —m) T - m ) ) ds 9:5)
for all v € V, . Here g. = fx — Vul - Vy and h. = (u? — m)Vy.
Let us introduce my = \%\ [ ud" ds and my = |U| [, udt ds, and let w! be defined as

wt = x(u —my), i = O 1 We now use the method of translations to show that the tangential
derivatives 86“;5 and 22 belong to HY(W~) and HY(WT), respectively. To this end, let h =
tT = tey, for t >0 suﬁimently small, and choose v = D_;,Dpw? in W~ and v = 0 in W7, and
then v =01in W~ and v = D_,Dpw! in W as test functions in (9.5). This yields

/_ VDl |? de + 25“6/0«%)2 1 9Dyw* 8th2*)ds

3 or 2 or or
+ e (th2+ - thg*)(—thg*) ds

2e J,
2ca. [ Ox ODpul~ 19Dpudt
— h)Dpw £ — £ d
3 J, 0T By (@ T W) Dyl ( or + 2 0T ) s
2¢a. [ ODpx o (Oud™ 1 oult 2ea, / Ox ODpwd~ 0
- D e 4 d IX (4 )22 (p
3 /U ar e ( or + 2 or ) ot 3 J,or (z+h) or ( hle
1 0+ QECLE 8th 8th€ 0— 1 0+
+ §Dhu6 ) ds + 3 /a o pe ((u6 —mo) + i(u6 - mo)) ds
+ Dyg.Dpw? dx + Dph? - VDyu? da, (9.6)
Q- Q-

where h? = (u? —m)Vyx, and

2¢ea. Dpwlt\2  19Dpwlt 0Dpwl~
/ VDl 2 dz + ca /((8 hW, ) +_8 rws T 0Dpw; )ds
Q+ o

3 or 2 07 or

+ ;—Z (th th )th1+ ds

2ea. [ Ox 1 ODpudt 19Djul~
= — Dywlt - <
3 J,o0r 5y &+ h)Dww ( or 2 O ) ds

2ea. [ ODpx 1y (Oudt 1 oud”
3 /[, 5 Dt (S5 + 575 ) ds
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2ea Ox ODpwlt 1 _
3 [ g Mg (Dt + 5D ) ds
2¢a. [ ODpx ODpwlt 1 o, 1, o
3 /a or oy (" —m)+ 5l — ) ds
+ / Dyg.Dpw? dx + Dyphl - VDyw! da, (9.7)
Q+ Q+

where h! = (u? —m1)Vy. Note that, by performing an integration by parts on the first integral

in the right-hand side of (9.6), we can rewrite

8)( 0— (9Dhu2* 1(9Dhug+
/O'E( + h)Dpwy ( + = )ds

or 2 oOr
9x 0— o— 1 04
==/ W(ﬂ? + h)Dyw, (DhuE + iDhue ) ds
ax 8thg_ o 1 04
- a E(-ﬁ + h)T (DhU,E + §DhU€ ) ds. (98)

A similar identity holds for the first integral in the right-hand side of (9.7). Combining (9.6),
(9.7) and (9.8), we obtain

2ea. / <<8thg* )2 lf)‘thg* 8thg*) ds

/ |V D w?|? dz +
o

3 or 2  oOr or
e B B
+2_5 (th2+—th§ )(—thg ) ds
oud~ oudt
< Ceael Do (|| P [t 1%+ 1% )
< Ceacl| Dyws HLZ() hitle L2(amW)+ hite L2(amW)+ or L2(0)+ or llrL2(0)
8th0* _

+Cea (97'6 ‘m(a)(HDhug HLZ(UQW)""HDhung”ﬁ(amW)

+ [[ud™ = moll 20y + [udt — mol|L2(e))

+ 1Dngell - w1 Dhwl | e w -y + I Dubl| L2 ow ) IV Dpw? || 2w - (9.9)
and

2¢a. / (<8th§+ ) 21 ODpwit ODpwl~ ) s

Dpwl*d
/Q+|V nwe|” dz + 3 or 2  Or or

+ ;l_s (Dpwit — Dpwl ) Dpwl™ ds
6 [ea
oul~ oult
< Ceacl Dyt lz2(o (| D |t 1%+ 1555 )
< Ceac|[Drwe™ llzeo) hile Lz(mW)+ hite Lz(mW)+ or L2(U)+ ot llr2(0)
8th;+ _

+ Oz |75 (D Lz or) + 1 Dw2 | 2ory

+ [l = mall 2oy + ludt —mallp2o))

+ 1 Drgell g qw o) IDhwl || g w+) + [IDRBE| L2 (w ) [V Drws || 2w+ (9.10)

Some of the terms in the right-hand sides of the above inequalities can be estimated further.
Owing to Poincaré’s inequality, there exists a constant C' (which only depends on W and o),
such that for any function u € H*(W \ o) with u = 0 on W,
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Similarly, there exists a constant C' (still depending only on W and o), such that for any
function u € H' (o) with u =0 on W No,

ou
< CH—‘ . 9.12
lullz2wno) < ot llLz(wno) (9-12)
From Proposition 9.1 (and the equivalent for o) we conclude that
lim sup || Dpul| < H@‘ Yu e H (o)
h:wmp RU||L2(enW) = o7l 12(0)’ )
o (9.13)
1i£r;seljp [ Dnullznne) < HVU‘ ey’ Yue H'(Q\ o).
t—0
In particular, we deduce from (9.13) that
) oud*
msup | Drie 2o < [ =],y (0.14)

t—0

Using (9.11), we obtain that there exists a constant C, independent of € and a., such that

IDhwll| ez w -y < ClIV DRl 2 IDrwillzr w+y < CUVDRwill paey- (9:15)

W=y

From the a priori estimates of Lemma 5.1, it also follows that

h}InSUP[|‘DthHH*1(W\a) + IDuh2| 2wy + | Drblll z2ow+)]

W=tey
t—0

< CUIl 4 gy + 111220 (9.16)

From the Poincaré-Wirtinger inequality on o, we have

0—
ou, ‘

= Jul*

oud+
or ‘

0—
||U€ B mOHLz(U) = CH L2(o) a mlHL2(g) = CH L2(a) (9.17)

We now sum (9.9) and (9.10), noticing that (Dpw!lt — Dpwl™) = (Dpwl*t — Dpw?~) on o.
Taking into account (9.14)—(9.17), we arrive at

lim sup {/ |V Djw?|? dx—f—/ |VDpw!|? dx
_ O+

h=tey
t—0
+ 55 [ (Duwlt = Dyl ) Dyt = Dyul™) ds
2e ODL,w% \ 2 oD ,wit\2 1 /,0Dyuw’t 0Dw  ODpwrt ODpwl~
P2 (D) (P (P D0 DD S )
3 Js or or 2 or or or or
. 8th0* 8th1+
< Ceactimen (| =5, + =5 ]...,)
= e Tiffp or L2(0)+ or L2(0)
t—0
oul~ oud+ oL o
X — _
(H ar ‘L2(0)+“ or ‘L2(a)+”ue mollzae) + 2™ — mallzaco)

. 0 1
+ O o + 16113 ) i DIV Dl + IV Dt o) (9.18)

t—0
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Some terms in this last expression still need to be rewritten. We observe that
1
e Ge\ 2 _
(%) s = mol < 0(%2) ¥ = 0 s
< Oz + 191l 43 o) (9.19)

where we used the uniform a priori estimates of Lemma 5.1. This inequality, in combination

with the fact that

Dpw?t — Dpwlt = (mq —mo)Dpx,  Dpwl™ — Dpw?™ = (mo —m1)Dyy,

allows us to rewrite the last integral in the left-hand side of (9.18) as follows:

/ ((8thg* )2 <8th§+)2 N %<8thg+ ODpw?~ N ODpwlt ODpwl~ )) ds

or or or or or or
. 8thg_ 2 ({)th;"— 2 8th;+ 8thg_
_/ (( or ) * ( or ) + or or ) ds
1 dDpx (ODpwd”  9Dpwl*
* 5(m1 = mo) . OT ( or or ) ds.

It follows, using the algebraic identity (5.2) and (9.19), that there exist two positive constants
C1 and Cy, which do not depend on € or a., such that

Eag/ ((8thg’ )2 (8th§+)2 N %(8thg+ ODp w0~ N ODpwlt ODpwl~ )) s

or or or or or or
8th0_ 2 8th1+ 2
> - & — e
_Cleae(‘ or ‘LQ(U) H or ‘L2(0)>
3 1 8thg_ 8th;+
e U 16 ) (22 + |2 o

We now estimate the next to last integral in the left-hand side of (9.18). It may be rewritten

e
2e
Qe _ _ _

= 2—€||th — Dpwl™ HLz(a) + — / (Dpw!t — Dpwl™)(Dpwl™ — Dpuw®™) ds

(th;Jr - th;*)(th;Jr - thg*) ds

with
;; /U (th — th;*)(th;* — thg*) ds‘
= ;—Z|m1 — m0|‘ /U (Dpw!t — Dpwl™)Dpx ds‘
< Ol 2o + ||¢||H2m)>(af) | Dkt = Dyt~ |20,
and so
;Z (th — Dpw! ™) (Dpwtt — Dpwl™) ds > ||D wlt — th;_H%z(a)

—c<|\f|\LzQ>+|\¢|\Hz(dm>( ) IDwul* - Dyl 1o (9.21)
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Turning to the right-hand side of (9.18), we have

1 _
(eae) % (lug™ = moll 2oy + llud™ = mallr2(o))

< Oea)® (udt — mal| (o) + U™ —mol| 12() + [m1 — mol)

. 0+ 0— 5
< 0ar (1% |y + 1% ) 0 s =
< O ez + 19l 13 ey (9:22)

due to (9.19) and the uniform a priori estimates of Lemma 5.1. Here we have also used that
ga. < 2. Combining (9.18), (9.20)-(9.22), and using Lemma 5.1, we finally get

IVDrwl|720-y2 + IVDrw? 1724y

. athlJr 8th0*
h?f,sur) +Ea6( ‘ or ‘ L2(o H or L?(g))
;ea« e
o +2—E||th;+ Dpwl™ I\sz)
< Cllell 3 o) * 1 z2@)- (9.23)

In particular,

thUp(HVDh’w HLz(Q )y + ||VD}LU} ||L2(Q+)) (
als

1l 13 (o) T I llz2@);

from which Proposition 9.1 allows us to conclude that %—“f = a;;g € HY(W™)
HY(WT), with the estimate

<C
H Ox lH'(V\o) H 8x HY (W-) H 8x HY (W) (HSOHH%@Q)+WHL2(Q))’

the constant C' being independent of € and a..

. 0
We have to obtain the corresponding estimate for d{;;j. First

0?u?
H@xay

RN Clel g3 oy + Il

HY(V\o)2
2,0
To get control of %THQ, we go back to the original equation (5.4) satisfied by u?,

82 O 82u0

Oy? 7_f_

in the sense of distributions on V' \ o.

These two observations lead to a uniform H!(V \ o) estimate fo

uniform H2(V \ o) seminorm estimate for u2. From (9.23), it also follows that
‘32 0+‘ angf ‘ 2

€a€< or? llLzonv) H or? Lz(mV)) B

= C(||50||H%(am + 1l z22)?

0+ 0— 2
ou, B ou, ‘
or

L2(onV)

and this completes the proof of Theorem 5.1.
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Remark 9.1 In this proof, we relied in a crucial way on the ordering ea. < “= between the

coefficients appearing in the approximate energy (4.12). We do not know whether the similar

uniform regularity estimate holds in other regimes of coefficients.

Postscript Any opinion, findings, and conclusions or recommendations expressed in this

paper are those of the authors, and do not necessarily reflect the views of the National Science

Foundation.

References

(1]
2]
3]
[4]
[5]

[6]

7]
(8]
[9)

(10]

(11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]

(19]

Acerbi, E. and Buttazzo, G., Reinforcement problems in the calculus of variations, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 4, 1986, 273-284.

Allaire, G., Dapogny, C., Delgado, G. and Michailidis, G., Multi-phase optimization via a level set
method, ESAIM: Control, Optimization and Calculus of Variations, 20(2), 2014, 576-611.

Ammari, H., Beretta, E. and Francini, E., Reconstruction of thin conductivity imperfections, Appl. Anal.,
83, 2004, 63-76.

Ammari, H. and Kang, H., Reconstruction of Small Inhomogeneities from Boundary Measurements,
Lecture Notes in Mathematics, Vol. 1846, Springer-Verlag, New York, 2004.

Attouch, H., Variational Convergence for Functions and Operators, Applicable Mathematics Series, Pit-
man, London, 1984.

Beretta, E. and Francini, E., Asymptotic formulas for perturbations in the electromagnetic fields due to
the presence of thin inhomogeneities, Inverse Problems: Theory and Applications, Contemp. Math., 333,
AMS, Providence, RI, 2003.

Beretta, E., Francini, E. and Vogelius, M., Asymptotic formulas for steady state voltage potentials in the
presence of thin inhomogeneities, A rigorous error analysis, J. Math. Pures Appl., 82, 2003, 1277-1301.

Brezis, H., Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer-Verlag, New
York, 2000.

Buttazzo, G. and Kohn, R. V., Reinforcement by a thin layer with oscillating thickness, Appl. Math.
Optim., 16, 1987, 247-261.

Capdeboscq, Y. and Vogelius, M. S., A general representation formula for boundary voltage perturbations
caused by internal conductivity inhomogeneities of low volume fraction, ESAIM: Math. Mod. Numer.
Anal., 37, 2003, 159-173.

Cedio-Fengya, D. J., Moskow, S. and Vogelius, M. S., Identification of conductivity imperfections of small
diameter by boundary measurements, Continuous dependence and computational reconstruction, Inverse
Problems, 14, 1998, 553-595.

Chavel, I., Riemannian Geometry, A Modern Introduction, 2nd Edition, Cambridge University Press,
Cambridge, 2006.

Delfour, M. C. and Zolesio, J.-P., Shapes and Geometries: Metrics, Analysis, Differential Calculus, and
Optimization, 2nd Edition, STAM, Philadelphia, 2011.

Ekeland, I. and Temam, R., Convex Analysis and Variational Problems, North-Holland, Amsterdam,
1976.

Evans, L. C. and Gariepy, R. F., Measure Theory and Fine Properties of Functions, CRC Press, Florida,
1992.

Folland, G. B., Introduction to Partial Differential Equations, 2nd Edition, Princeton University Press,
Princeton, 1995.

Friedman, A. and Vogelius, M., Determining cracks by boundary measurements, Indiana Univ. Math. J.,
38, 1989, 527-556.

Henrot, A. and Pierre, M., Variation et Optimisation de Formes, une Analyse Géométrique, Springer-
Verlag, New York, 2005.

Kohn, R. V. and Milton, G. W., On bounding the effective conductivity of anisotropic composites,
Homogenization and Effective Moduli of Materials and Media, J. L. Ericksen, D. Kinderlehrer, R. Kohn
and J.-L. Lions (eds.), IMA Volumes in Mathematics and Its Applications, 1, Springer-Verlag, New York,
1986, 97-125.



344

20]

(21]

(22]

C. Dapogny and M. S. Vogelius

Morgenstern, D. and Szabo, 1., Vorlesungen iiber theoretische Mechanik, Die Grundlehren der math-
ematischen Wissenschaften in Einzeldarstellungen, 112, Springer-Verlag, Berlin/Gottingen/Heidelberg,
1961.

Nguyen, H.-M. and Vogelius, M. S., A representation formula for the voltage perturbations caused by
diametrically small conductivity inhomogeneities, Proof of uniform validity, Annales de 'Institut Henri
Poincaré Non Linear Analysis, 26, 2009, 2283-2315.

Perrussel, R. and Poignard, C., Asymptotic expansion of steady-state potential in a high contrast medium
with a thin resistive layer, Appl. Math. Comp., 221, 2013, 48-65.



