Chin. Ann. Math. .
38B(1), 2017, 345-378 Chinese A'_‘nals Of_
DOTI: 10.1007/s11401-016-1073-2 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2017

Flat Solutions of Some Non-Lipschitz Autonomous
Semilinear Equations May be Stable for N > 3 *
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Abstract The authors prove that flat ground state solutions (i.e. minimizing the energy
and with gradient vanishing on the boundary of the domain) of the Dirichlet problem
associated to some semilinear autonomous elliptic equations with a strong absorption term
given by a non-Lipschitz function are unstable for dimensions N = 1,2 and they can be
stable for N > 3 for suitable values of the involved exponents.
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1 Introduction and Main Results

Let N > 1, and let © be a bounded domain in RY whose boundary 952 is a C'-manifold.
We consider the following semi-linear parabolic problem:

v — Av + |v|* "t = Ap[f~tv in (0, 4+00) x €,
PP(o, B, A\, v0) v=0 on (0,+00) x 09, (1.1)
v(0,2) = vo(x) on €.

Here A is a positive parameter and 0 < o < § < 1. Our main goal is to give some stability
criteria on solutions of the associated stationary problem

—Au+ |[ul* Ty = Nul’lu in Q,
SP(a 8, 2) {u—O . . on 0f. (1.2)

Notice that since the diffusion-reaction balance involves the non-linear reaction term

FOLu) = Ml tu — Ju|*tu
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and it is a non-Lipschitz function at zero (since a < 1 and 8 < 1), important peculiar behaviors
of solutions of both problems arise. For instance, that may lead to the violation of the Hopf
maximum principle on the boundary and the existence of compactly supported solutions as well
as the so-called flat solutions (sometimes also called free boundary solutions) which correspond
to weak solutions u such that

% =0 on 99, (1.3)
where v denotes the unit outward normal to 0). Solutions of this kind for stationary equations
with non-Lipschitz nonlinearity have been investigated in a number of papers. The pioneering
paper in which it was proved that the solution gives rise to a free boundary defined as the
boundary of its support was due to Halm Brezis [9] concerning multivalued non-autonomous
semilinear equations. The semilinear case with non-Lipschitz perturbations was considered
later in [4] (see also [6, 11-12]). For the case of semilinear autonomous elliptic equations,
see e.g. [16-17, 25, 27, 29, 42, 4445, 51], to mention only a few. For (1.2), the existence
of radial flat solutions was first proved by Kaper and Kwong [44]. In this paper, applying
shooting methods, they showed that there exists Ry > 0 such that (1.2) considered in the
ball B, = {r € RY : |z| < Ry} = Q has a radial compactly supported positive solution.
Furthermore, by the moving-plane method, it was proved in [45] that any classical solution
u € C?(Q) of (1.2) is necessarily radially symmetric if  is a ball. Observe that from this it
follows that the Dirichlet boundary value problem (1.2) has a compactly supported solution if
BRO c Q.

In this paper, we study the stability of solutions of the stationary problem SP(a, 5, ). We
point out that a direct analysis of the stability of the stationary solutions u~, € [0,400) of the
associated ODE
v+ |v[* "o = Ajp[’~tv in (0, 4+o0),

o(0) = v (1.4)

ODE(avﬂvA/UO) {

shows that the trivial solution u~, = 0 is asymptotically stable, and that the nontrivial station-
1
ary solution u, := A7 -« is unstable (see Figure 1).
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Figure 1 Paths for ODE(%, %, )\,vo)
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Obviously, the same criteria hold for the case of the semilinear problem with Neumann
boundary conditions. Nevertheless, unexpectedly, the situation is not similar for the case of
Dirichlet boundary conditions, and so, as the main result of this paper will show, for dimensions
N > 3, the nontrivial flat solution of SP(«, 8, \) becomes stable in a certain range of the
exponents @ < 3 < 1. To be more precise, our stability study will concern ground states
solutions (also called simply ground state) of SP(«,,\). By it, we mean a nonzero weak
solution uy of SP(«, B, ) which satisfies

Ex(ux) < Ex(wy)

for any nonzero weak solution wy of SP(a, 3,)). Here Ej(u) is the energy functional corre-
sponding to SP(a, 3, A) which is defined on the Sobolev space H}(€2) as follows:

1 1 1
E = 2 - atl qp _/ B+ 4.
\(u) 2/Q|Vu| dz + a+1/ﬂ|u| dz )\ﬂ-f-l Q|u| dz

For simplicity, we shall assume the initial value such that vy € L>(Q), vy > 0. As we shall
show in Section 2, then there exists a weak solution v € C([0,4+00),L2(2)) of PP(a, 3, A, vp)
satisfying AJv[?~1v — [v|*"1v € L>((0, +00) x Q) and

v(t) =T(t)vy + /0 T(t — s)A\v|? 1o — |[v|* tv)ds, (1.5)

with (T'(t))¢>0 the heat semigroup with homogeneous Dirichlet boundary conditions, i.e., T'(t) =
et(=2) Among some additional regularity properties of v, we mention that

v —T(tywy € LP(r, T; W2P(Q) N WLP(Q)) 0 WP (7, T; LP(Q)) (1.6)

for every p € (1,00) and for any 0 < 7 < T (in fact, 7 = 0 if we also assume that vy € W5?(Q)).
In particular, v satisfies the equation PP(«, 8, A, vg) for a.e. t € (0,+00). Moreover, if v(0) €
H}(Q), then for any ¢ > 0,

/0 lve(s)1Z2ds + Ex(v(t)) < Ex(v(0)). (1.7)

We shall show in Section 2 that there is uniqueness of solutions of PP(«, 3, A\, v9) in the
class of solutions v, such that

v(t,x) > C’d(a:)% in Q, fort>0 (1.8)

for some constant C' > 0, where d(x) := dist(z, ) (which we shall also denote simply as
dq). Sufficient conditions implying this non-degeneracy property (1.8) will be given. We also
prove that if A € [0, A1), then the finite extinction time property is satisfied for solutions of
PP(«, 3, A\, v0) (as in the pioneering paper [13] on multivalued semilinear parabolic problems;
see also the survey [22]). Moreover, we shall show in Section 2 that there is a certain resemblance
between the set of solutions of PP(«, 3, A, vg) and the corresponding one of the ODE problem
ODE(a, 3, A\, vg), since

(a) for any A > 0, the trivial solution u = 0 of the stationary problem SP(a, 3, \) is
asymptotically stable in the sense that it attracts solutions of PP(«, 5, \,vg) for small initial
data vg (see Proposition 2.1);
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(b) if v is “large enough” the trajectory of the solution of PP(«, 3, A\, v9) is not non-
uniformly bounded when ¢ /" +o0 (see Proposition 2.4).

Concerning the stationary problem SP(a, 3, \) we recall that if v € H}(Q) N L>®(Q) is a
weak stationary solution of SP(a, 3, \), then, by standard regularity results, v € W2?(Q) for
any p € (1,00) and then u € C*7(Q) for any 7.

In our stability study, we shall use some fibrering techniques. For given u € H}(€2), the
fibrering mappings are defined by ®,(r) = Ex(ru), so that from the variational formulation of
SP(a, 3, \), we know that ®/,(r) = 0, where we use the notation

! (r) = %E)\(ru).

If we also define @/ (r) = g—:QE)\(ru), then, in case 8 < 1, the equation @/ (r) = 0 may have
at most two nonzero roots ryin > 0 and rpax > 0 such that @7 (rpax) > 0, @ (rmin) < 0 and
0 < rmax < Tmin (see Figure 2), whereas, in case § = 1 the equation ®/ (r) = 0 for any A > 0
has precisely one nonzero root mmax > 0 such that ®”(rp.x) < 0. This implies that any weak
solution of SP(«, 3, \) (any critical point of Ey(u)) corresponds to one of the cases rmin = 1
or max = 1. However, it was discovered in [42] (see also [41]) that in case when we study
compactly supported solutions this correspondence essentially depends on the relation between
«, B and N.

1 | 1 L 1 1 1 1

Figure 2 7yin and rpax

In this paper, developing [42], we introduce in the set of relevant exponents € := {(a, ) : 0
< a < f# <1} the following critical exponents curve depending on the dimension N:

C(N) ={(a,p)e&: 21+a)1+8)—N(1—-a)(l-7p)=0}. (1.9)
This curve exists if and only if N > 3 and it separates two sets of exponents in € (see Figure 3)

EN) = {(@.B) € £ 21 +a)(1+5) — N(1-a)(1- ) <0},
EL(N) = {(a, B) € €1 21+ a)(1+B8) - N1 - a)(1 - ) > 0},
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whereas in the cases N = 1,2, one has £ = &,(N).

2(1+ a )(1+ B)-N(1- « )(1- B)=0

a<p
° c©
0.9 )]
BB
(B W)
@
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0.9 1

Figure 3 Sets &(NV) and &,(N) for N = 3,4 and 10

The main property of C(IV) is contained in the following lemma.

Lemma 1.1 Let N > 1 and let Q be a bounded and star-shaped domain in RN whose
boundary O is a C'-manifold.

(1) Assume (o, 8) € C(N). Then any flat ground state solution u of (1.2) satisfies P/ (r)|r=1
=0.

(2) Assume (o,3) € Eu(N). Then any flat ground state solution w of (1.2) satisfies
D" (r)]=1 <O0.

(3) Assume (a, B) € E5(N). Then any ground state solution u of (1.2) satisfies ! (r)|—1 >

The existence of flat (or compactly supported) ground state solutions of (1.2) in the case
8 <1, N> 3and (o, 3) € E(N) was obtained in [42]. Furthermore, the existence of flat
solutions of (1.2) (not necessary ground states) in case N > 1, 0 < a < § < 1 was proved in
(25, 27, 44-45).

As already mentioned, one of the main goals of this paper is to study the Hj-stability
of flat ground state solutions of SP(«, 3, A). We recall that, if v(t;vg) is a weak solution to
PP(a, 3, A\, vp), we shall say that v(t;vg) is Hi-stable if, given any e > 0, there exists § > 0 such
that

[[v(t;v0) — v(t;wo)|l1 < e for any wg such that ||vg — wpl|1 < 6, VYt > 0, (1.10)

where we use the H}(Q)-norm

ol = ([ Vaf ).
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Conversely, we say that a solution v(¢;vg) of PP(a, 3, A, vg) is Hj-unstable if there is € > 0 such
that for any § > 0 and T' > 0, there exists

wo € Us(vg) == {w € HJ () : |Jvo — w1 < 6}
and there exists T' > 0 such that for any ¢t > T,
[[o(t;v0) — v(t;wo)llr > &, (1.11)

where v(t; wp) is any weak solution of PP(«, 3, A\, wp). Furthermore, we will use also the follow-
ing definition: A solution uy of SP(«, 8, \) is said to be linearly unstable stationary solution if
A(—A+ ozui‘*l — /\ﬁuffl) < 0.

In what follows, we will also use the following definition (see [5, 38]): A solution v(t;vg) of
PP(a, 3, A\, vp) is said to be globally H}(2)-unstable, if for any § > 0 there exists

wo € Us(vo) == {w € HYQ) : |Jvo — w1 < d},
such that
[|v(t;v0) — v(t;wo)||]1 — 00 as t — oo. (1.12)

Motivated by the uniqueness results for the PP(«, 5, A\, wp), we shall assume later the fol-
lowing “isolation assumption”:

(U) Given uy non-negative ground state solution of SP(«, 3, A), there exists a “positive-
neighborhood”

Us(uy) :={v e H&(Q)7 v >0 on £, such that |luy —v|]1 < d}

with § > 0 such that SP(«, 3, A) has no other non-negative weak solution in Us(uy) \ wx.
Our first two results concern the existence and (un-)stability of ground states of (1.2). In
case 0 < o < 3 < 1, we have the following theorem.

Theorem 1.1 Let N > 1,0 < a < 3 < 1, Q be a bounded domain in RN, with a smooth
boundary.

(1) There exists \* > 0 such that for all X > X\*, (1.2) has a ground state uy which is
non-negative in  and uy € CH*(Q) N C2(Q) for some k € (0,1).

(2) Assume (U), then the ground state uy is an H}(Q)-stable stationary solution of the
parabolic problem (1.1).

In case B = 1 we have following theorem.

Theorem 1.2 Let N > 1, f=1,0< a <1, Q be a bounded star-shaped domain in RY,
with a smooth boundary.

(1) There exists A* > 0 such that for all A > X*, (1.2) has a ground state uy which is
non-negative in  and u € CH*(Q) NC%(Q) for some k € (0,1).

(2) Assume (U), the ground state uy is a globally H}(Q)-unstable stationary solution of the
parabolic problem (1.1).

Our main result on the H{ (2)-stability and HJ(Q)-unstability of flat ground state solutions
for 0 < a < f < 1is as follows.
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Theorem 1.3 Let N > 1, Q be a bounded domain in RN whose boundary 0 is a C'-
manifold.

(I) Assume N = 1,2. Then for every (a, ) € &€ (i.e., 0 < a < ) any flat ground state
solution uy of (1.2) is a linearized unstable stationary solution of the parabolic problem (1.1).

(IT) Assume (U), N > 3 and (o, 3) € Eu(N). Then any flat ground state solution uy of
(1.2) is a linearized unstable stationary solution of the parabolic problem (1.1).

(IIT) Assume N >3, (o, 8) € Es(N) and Q is a strictly star-shaped domain with respect to
the origin.

(1) There exists \* > 0 such that (1.2) has a flat ground state ux~, where ux«~ > 0 and
ux- € CH(Q) NC%(Q) for some v € (0,1).

(2) If in addition, (U) holds, then the flat ground state solution uy- is an HE(2)-stable
stationary solution of the parabolic problem (1.1).

In the case § = 1 we have following theorem.

Theorem 1.4 Assume N >1,0<a <1, 3=1 and Q be a bounded domain in RN whose
boundary OS2 is a C'-manifold.

(1) There exists \* > 0 such that (1.2) has a ground state ux~ which is a flat solution in Q
where uy« > 0 and uy- € CH*(Q) N C%(Q) for some a € (0,1).

(2) If in addition (U) holds, the flat ground state solution uy- is globally H{(2)-unstable
stationary solution of the parabolic problem (1.1).

The limit case a« = 0 can be also considered. In particular, this shows that the first “com-
pressed mode” function (solution of SP(0, 1, A) (see [46-47])) of great relevance in signal pro-
cessing is globally H}(Q2)-unstable.

2 Parabolic Problem. Existence, Uniqueness and Boundedness on
Non-negative Solutions

Given vy € L*°(Q), vg > 0, we shall say that v € C([0, +00),L%(Q)) is a weak solution of
PP(a, B, \, vp) if v > 0, W® —v® € L=((0,T) x Q) for any T' > 0 and

v(t) =T (t)vy + /0 T(t — s) (WP (s) — v(s))ds. (2.1)

Here (T'(t))¢>0 is the heat semigroup with homogeneous Dirichlet boundary conditions, i.e.,
T(t) = e!(=2), The existence of weak solutions is an easy variation of previous results in the
literature (see, e.g., [3, 14] and the works [19-20] dealing with the more difficult case of singular
equations o € (—1,0)). For the reader convenience, we shall collect here some additional
regularity information on weak solutions of PP(a, 3, A, vp).

Proposition 2.1 For any vg € L*°(Q), vg > 0 there exists a non-negative weak solution
v € C([0,+00),L2(Q)) of PP(a, 3, \,v0). In fact, for every p € [1,00], v € C([0, +00); LP()),
and if p < oo,

v—T(-)vo € LP(1, T; WHP(Q) N WP (Q)) N WEP(, T; LP(2)) (2.2)

for any 0 < 7 < T. In particular, v satisfies the equation PP(a, B, A\, vg) for a.e. t € (0,400).
Moreover, if we also assume that vg € Hy(2), then %E,\(v(-)) € LY(7,T), and function Ex(v(-))
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is absolutely continuous for a.e. t € (1,T) and

%Ek(v(t)) - /Q (WP + v Yoy (£)dz — / o (2.3)

Q
Proof Among many possible methods to prove the existence of weak solutions, we shall
follow here the one based on a fixed point argument as in [32] (see also [31], where the case

B = 0 was considered on a Riemannian manifold). For every h € L°°((0,T) x ), we consider
the problem (Fy)

v —Av+ p|*to=h in (0,4+00) x Q,
(Py) v=0 on (0,400) x 09,
v(0,2) = vo(x) on €,

which we can reformulate in terms of an abstract Cauchy problem on the Hilbert space H =
L2(Q) as

. i_:(t)+Av(t)=h(t), t(0,T), in H,

v(0) = v,
where A = 0y denotes the subdifferential of the convex function

o(v) = % /Q |Vl dz + a;—i—l /Q o]t de, if v € HE(Q) NLetH(Q),
400, otherwise

(see, e.g., [7-8, 21]). As in [31-32], we define the operator 7 : h — g, where g = vy, [~ tvy,
and vy, is the solution of (P). It is easy to see that every fixed point of 7 is a solution of
PP(a, B, A\,vg). Then T satisfies the hypotheses of Kakutani Fixed Point Theorem (see, e.g.,
Vrabie [54]), since if X = L2((0,7),L?*(Q)) then

(i) K = {h € L*(0,T,L>®(Q)) : [[A(t)[lL=() < Co ae. t € (0,T)} is a nonempty, convex
and weakly compact set of X.

(ii) 7 : K + 2% with nonempty, convex and closed values such that 7(g) C K, Vg € K.

(iii) Graph(7) is weakly x weakly sequentially closed.

Consequently, 7 has at least one fixed point in K which is a local (in time) solution of
PP(a, 8, A\,vg). The final key point is to show that there is no blow-up phenomenon. This
holds by the a priori estimate

0 <w(t,x) < z(t,x) for anyt € [0,+00) x Q,

where v(t,x) is any weak solution of PP(«, 5, A\, vp), and z(t,z) is the solution of the corre-
sponding auxiliary problem

ze—Az=Xz% in (0,+00) x Q,
z2=0 on (0, +00) x 09, (2.4)
2(0,2) = vo(x) on .

This implies that there is no finite blow-up (and thus the maximal existence time is Tyax =
+00). In particular, if 8 € (0, 1), we have the estimate

1
[v() Lo (@) < (Hv0||iofzm +(1—B)) 7.
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If 3 = 1, then the function w(t,z) = v(t, z)e~** satisfies

w; — Aw + e 2170 =0 in (0, +00) x Q,
w=0 on (0, +00) x 99, (2.5)
w(0, z) = vo(x) on €,

which is uniformly (pointwise) bounded by the solution of the linear heat equation with the

—LP(Q)xLP(Q
same initial datum. Since the operator A = Jy (xLH@)

is m-accretive in LP(Q) for every
p € [1,00] (see, e.g., the presentation made in [21]), by the regularity results for semilinear
accretive operators we conclude the first part of the additional regularity of the statement
(2.2). Finally, by [8, Theorem 3.6] we know that %gp(vh) € LY(7,T), ¢(vy) is absolutely

continuous and for a.e. ¢ € (7,7T),
9]
G0 = [ )0~ [ (@),
Q Q
Then (2.3) holds by taking h = Av,|?~1vy, (the fixed point of 7).

Corollary 2.1 Assume 3 = 1. Then the weak solution is unique.

Proof Thanks to the change of variable w(t,z) = v(t,z)e >, the problem becomes (2.5)
and the result follows from the semigroup theory since it is well-known that the operator
Aw = —Aw 4 e 1=t y|*~ 1y is a T-accretive operator in LP(Q2) for any p € [1, +00] (see,
e.g., [25, Chapter 4]).

A more delicate question deals with the proof of the uniqueness of weak solutions for 5 €
(0,1). We point out that some previous results in the literature dealing with the case 5 € (0, 1)
(see [14] and its references) are not applicable to our framework due to the presence of the
absorption term |v|*~tv.

We define the following class of functions:

M(v,T) = {v € C([0,T];L*())|, VI’ € (0,T), there exists C(T") > 0, such that

vt € (0,7"), v(t,x) > C(T")d(z)” in Q}, (2.6)
where 6(z) := dist(z, 9Q) (which we shall denote simply as ¢) and
2
Ve (o,l_a}. (2.7)

The following result collects some useful estimates leading to the uniqueness of non-degen-
erate weak solutions.

Theorem 2.1 Let w (resp. v) be a weak subsolution PP(«, 5, \, wy), i.e.,

wy — Aw + [w|*Lw < Mw|? 1w in (0, +00) x Q,

w=20 on (0,400) x 09,
w(0,z) = wo(zx) on )
with w € C([0,T); L3(Q)) NL>=((0,T) x Q) NLE (0,7 : HY(Q)), w € HL (0,7 : H™1(2)) (resp.

similar conditions for v but with the reversed inequalities).
(i) If v e M(v,T) for some v € (O, %], there exists a constant C > 0, such that for any
t€[0,T), we have

() = v(®))+ 2@y < *llwo — vol+ I (- (2.8)
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(ii) If w € M(v,T) for some v € (O, ﬁ}, there exists a constant C' > 0, such that for any
t€[0,T), we have

fw(t) = v(®)]-llz2(0) < ) [wo — vo] - || 22(0)- (2.9)

(iii) Assume wo < vg, and v € M, T) or w € M(v,T). Then, for anyt € [0,T], w(t,-) <
v(t,-) a.e. in Q.

(iv) There is uniqueness of weak solutions in the class M(v,T). Moreover, if v,w € M(v,T)
are weak solutions of PP(«, 8, \,wo) and PP(«, 5, )\, vo), respectively, then there exists a con-
stant C' > 0, such that for any t € [0,T), we have

w(t) = v(t)|lL2@) < e*Hlwo — vollr2(q)- (2.10)

We shall get later some sufficient conditions on the initial datum vy ensuring that there
exists some weak solution of PP(«, 5, A\, vg) belonging to the class M(v,T).

Proof of Theorem 2.1 Multiplying by (w(t) — v(t))+ the difference of the inequalities
satisfied by w and v, we obtain

537 0O —o@Rdo+ [ [Tl = vl Pdo+ [ @) - o) - b do
S ORI O RO

But, since g8 € (0, 1),

wh — P < f_ﬁ(w—v) forany 0 <v<w <M
v

for some M > 0. On the other hand, since v € M(v,T), and a < 3, by applying Young’s
inequality, we get

-1 1 <_°¢
- C(lfﬁ)d(x)l’(lfﬁ) - d(x)Q

P + C.

for any € > 0 and for some C. > 0. Then, from the monotonicity of the function w — w®,
taking M = max(||w||re((0,7)x0)s |V]|Loe((0,1)x2)), We obtain

3 [0 — o0+ [ Vi) — oo
[w(t) —v(®)]3
< Ae/ﬁde+/\Ce/ﬂ[w(t) —o(t)]2 da.

Applying Hardy’s inequality,

52
dx < C/ Vz|2dz
|77 oA

for any z € H@ (), choosing € > 0 sufficiently small and using Gronwall’s inequality, we get
the conclusion (i). The proof of (ii) is similar, but this time we multiply by (v(¢) — w(t))— the
difference of the inequalities satisfied by v and w and use the fact that, since 8 € (0,1),

(W’ — o) [w(t) —v(t)]- < %[w(t} —v(®)])?  forany 0 <v,w < M
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for some M > 0. Again, since v € M(v,T), and a < (3, by applying Young’s inequality, we get

1 €
B-1
WS G Ry ah S e T
for any & > 0 and for some C. > 0 and the proof ends as in the case (i). The proofs of (iii) and

(iv) are easy consequences of (i) and (ii).

Proposition 2.2 Assume
vo(x) > Kod(x)ﬁ for any = € Q, (2.11)

for some constant Ko > 0. Let v be a weak solution of PP(a, 8, X\, vp).

(a) Given T > 0 for any Ko > 0, there is a Ty = To(Kp) € (0,T)] such that v € M(v,Tp)
forv = %

(b) If Ko and X\ are large enough, then v € M(v,T) for v = %, for any T > 0.

Proof By (iii) of the above theorem, it is enough to construct a (local) subsolution sat-
isfying the required boundary behavior. We shall carry out such construction by adapting the
techniques presented in [24] (see also some related local subsolutions in [1, 23, 30]). From
the assumption (2.11) for any xo € 952, there exist € > 0, 6 > 1, Cp > 0 and z; € Q with
Byse(x1) C Q such that

vo(x) > Colz — x0|”, a.e.x € Be(xq). (2.12)

Let us take 1 € Q such that de > |z — o] > (5%1)6, and define

U(r) =

Kie¥ — Ko|lz —aq]¥, if 0 < |z —a1| <e,
Ks(de — |z —x1])Y, if e < |z — 1| < de,

and for z € Bsc(z1), t € (0,71,
V(t,x) = pt)U(x).

We shall show that it is possible to choose all the above constants and function ¢(t), such that V.
is a weak subsolution of PP(a, 3, A, vg) with the desired growth near 0Bgs.(x1) for suitable time
interval [0, To(Kp)) in case (a) or on the whole interval [0, T] in case (b). Since U(z) = n(|x—21])
on Bse(x1), the Laplacian operator can be written as
N -1
An(r) = " (r) + =1/ (+)
with 7 € (0,d0¢). By defining ny(r) = Kye¢” — Kaor” and nz(r) = Ks(de — r)”, we have

), 0<r<e,
n(r) = {Z;Er;, e <r < de.
The list of conditions which we must check to ensure that V (¢, z) is a local-weak-subsolution is
the following:
(1) ¥ € C([0, T L*(Bse(21))) N L®((0,T) x Bse(z1)) N L (0,7 Hy(Bse(x1))), ¥ €
HL.(0,T : H ! (Bse(z1))). This is guaranteed if we take p € H'(0,7) and U € C'(Bse(z1))
(since by construction U = 0 on dBse(x1)). In particular, we must have

(K — Ky)e” = K3(e(d — 1))”, (2.13)
VKot = —vK3(e(6 — 1)) 7L (2.14)
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(2) V(0,2) < vo(x) a.e. on Bse(x1). Thanks to (2.12), since 7;(r) is concave and Cor” is
convex, it is enough to have

©(0)K3(e(d — 1)) < Coe”  on Bse(xy).

(3) V, — AV + V* < AV” (in a weak form) on [0, Ty(Ko)) x Bsc(x1). For > 0, let us
introduce L£(n : u) = —An+ un®. Then, if we write r = es,

L(m) < v(v—1)Kor" 2 + v(N = 1)Kor" 2 + p[K1e” — Kor”]*
= V(v = 1)Kas"" + V(N = 1) Kps"" + (K1 — Kps")*]e
S K46Va,

where
Ky=Ky(p) :=v[(v—1)+ (N — 1)Ks] + pK;. (2.15)

On the other hand,

_ o \v—1
L0m) < —M(v — DEs(e — 1)~ + (N — ks S L ko (s
< vE;(6e — r)m( O LG N Gl S qu—lfl).
r
Now(‘se—;r) < 6 — 1 when € < r < Je, and thus if
va+1
1< 1+ ——- 2.1
<d<1+ N1 (2.16)
so, if we choose K3 as
-1 i
uv T—a
3= Kalu.0) ((z/a—i—l)—(N—l)(cS—l)) ’ (2.17)

we obtain that —Ans + ung < 0.
Moreover,

V, = AV +V* = ¢'n - @(n” + ?n') + .
Then, if we have ¢ € C1(0,T), such that
o'(t) <0, (2.18)
then we have
¢(0) < 1. (2.19)
Given €1 € (0,1), we always can find Ty(e;) < T, such that
e1 <@(t) <1 foranyte|0,TH(e1)]

and hence, if

1
El)l—a’

= ( (2.20)
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we have
AV +V* < (e1)' () (= An(r) + un™) < 0.

This implies that V, — AV + V® < AV (in a weak form) on [0, Ty(£1)) X (Bse(21) \ Be(1)).
The remaining condition is to have the above inequality also on B(x1). This will be an easy
consequence, if we take any subsolution of the associated ODE as function ¢, more precisely,
such that

(maxn)® A

()" < ﬁsﬁ(ﬂﬁ-

¢'(t) +—— ¢ .
min (min 7;

By taking ¢(0) and &; small enough, it is easy to see that it is possible to choose the rest of
constants, such that all the above conditions follow and this ends the proof of case (a). In case
(b) the arguments are very similar, but in this case, it is possible to take as the function ¢(t)
given by

p(t) = (e2 +e7*)

for suitable €2 > 0 and k& > 0 small enough.

Corollary 2.2 Assume vy as in Proposition 2.2 and let v be a weak solution of PP(«, 3, \,
vo), such that the non-degeneracy constant C' in (2.6) is independent of T for any T > 0. Let
u € L>®(Q) be a solution of the stationary problem SP(a, 3,)), such that v(t) — u in L2(2)
a.e. t /' +oo. Then u satisfies the nondeneracy property u(x) > Kd(m)ﬁ for some K > 0.

The stability of the trivial solution u = 0 of SP(«, 5, ) for X small is very well illustrated
by means of the following “extinction in finite time” property of solutions of the associated
parabolic problem PP(«, 8, A, vo) assumed A small enough.

Theorem 2.2 Assume
A €[0,A\). (2.21)

Let vg € L*>°(Q), vg > 0. Assume f =1 or (2.11). Then there exists Ty > 0, such that the
solution v of PP(a, 8, \,vg) satisfies v(t) =0 on Q for any t > Tp.

Proof We shall use an energy method in the spirit of [2] (see also [33]). By multiplying by
v(t) and integrating by parts (as in the proof of uniqueness), we arrive to

1
Ld v(t)Qda:—i—/ |vU(t)|2dx+/v(t)a+1dx=A/v(t)ﬁ“dx.
2dt Jq Q Q Q

Assume now that § = 1. Then, by using the Poincaré inequality

2 2
)q/ﬂv(t) dx§/9|Vv(t)| dz, (2.22)

we get

1d 2 A 2 / a+1
_— - <
5 / v(t)*dx + (1 )\1) / [Vou(t)|*dz + v(t) dz <0
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and the result holds exactly as in [2, Proposition 1.1, Chapter 2]. Indeed, by applying the
Gagliardo-Nirenberg inequality,

[ [var] <l [ 1w [ [ vad]

for any r € [1,400) if N <2 and r € [1, 25] if N > 2 (with 6 =
that the function

2N (r—1)
r4+2N

€ (0, 1))7 we have

d 2
t) = t)“d
)= 5 [ vlerda
satisfies the inequality
y'(t)+Cy“(t) <0

for some C' > 0 and v € (0,1). If 8 € (0,1), then we introduce the change of unknown v = v
getting

0 — AT + poo = M\PoP.

By choosing i such that

<

)

1
B—a
>\1

we can assume without loss of generality that A < min(A1,1). Moreover, since

/\/ v(t)?ldz < )\/ v(t)zda:—i—)\/ v(t)*da,
Q ) Q

we get
1d 2 A 2 a+1
_— - — <
> & v(t)*dx + (1 )\1)/ [Vo(t)|*dx + (1 )\)/ () dx <0,

and the proof ends as in the precedent case.

Remark 2.1 The assumption (2.21) is optimal if 5 = 1. Indeed, by the results of [26], we
know that for any A > A1, there exists a non-negative nontrivial solution u of the associated
stationary problem SP(«, 1, \).

In fact, for any A > 0, the trivial solution u = 0 of the stationary problem SP(«, 3, \) is
asymptotically L>°(§2)-stable in the sense that it attracts solutions of PP(a, 3, A, vg) in L>(Q)
for small initial data vg.

Proposition 2.3 Let vy € L>=(Q), vg > 0. Assume 3 =1 or (2.11). Given X > 0, assume
that

1
[vol[Lee (o) <A77=,
Then v(t) — 0 in L>=(Q) as t — +oc.

Proof Use the solution of the associated ODE (with [|vg]|1, (o) as initial datum) as super-
solution.

Concerning non-uniformly bounded trajectories we have the following proposition.
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Proposition 2.4 Let vy € L*>(Q), vg > 0, such that
0 <ux(z)+eo<wvo(zx) ae e (2.23)

for some €9 > 0 and uy being the solution of the associated stationary problem SP(«, 3, ) such
that

meas{x € Q:ux(x) +e¢ > )\—ﬁ} > 0.

Assume =1 or (2.11). Then |[v(t)||Le ) / +00 ast — +oo.

Proof Since obviously uy is a solution of PP(a, 3, A\, uy), we first get, by Theorem 2.1,
that ux(z) < v(t,z) for any t € [0, +00) and a.e. x € Q. Moreover, uy(z) > A"7% >0 on
a positively measured subset 2y of 2, where we can apply the strong maximum principle to
conclude that uy(z) < v(t,z) for any t € [0,+00) and a.e. x € Q. Since uy € C(2), there
exists 2 € Qy such that

ux(zy) = minuy.
Qx

Taking now U(¢) as the solution of the ODE

U+ U= \U”, in (0, +00),

U(0) = ux(zx) + €o, (2.24)

ODE(a, 8, A\, ur(w2) + €0) {

by the standard comparison principle (noticing that now the involved nonlinearities are Lipschitz
continuous on this set of values), we get that for any ¢ € [0, +00),

Ut) <wo(t,z) ae x€Qy.

Finally, since we know that U(t) / +oo as t — 400, we get the result.

3 Critical Exponents Curve on the Plane («, 3)

In this section, using Pohozaev’s identity (see [49]) and developing the spectral analysis with
respect to the fibering procedure [39], we introduce the critical exponents curve C(N) on the
plane (a, 3) and study its main properties.

From now on, we will use the notations

T(u):/ |Vu|2dx, A(u):/ |U|a+1dx, B(u):/ |U|ﬁ+1dx.
Q Q Q

Then

A(w) = A——B(u). (3.1)

Fa(u) = 3T(u) + —

a—+1

Case 0 < a < 3 < 1 Assume that 0 < o < 8 < 1. Then for any fixed u € H§(Q2) \ {0},
the equation

E\(ru) =0 (3:2)
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may have at most two roots rmax (), Tmin (u) € RT such that rpax(u) < rmin(u). Furthermore,
Tmax (1) < Tmin(u) if and only if

EY (rmax(v) - v)(v,v) <0 and  EY (rmin(v) - v)(v,v) > 0,

and Tmax (V) = Tmin(v) =: r5(v) if and only if EY(rs(v) - v) = 0 (see Figure 2).
In [42], it was introduced the following characteristic (nonlinear fibering eigenvalue):

R0 = cmitan ) (3:3)
where
Xo(u) = g PN (w),
gﬂzﬂ—®0+m(ﬂ+wﬂ—@)f§
0 (1=p)1+a)\ 2(8-a)
and
Au) = AW ii;w — (3.4)

Note that by the Gagliardo-Nirenberg inequality (see [42, Proposition 2]) it follows that 0 <
Ao < +00. In [42], the following proposition was proved.

Proposition 3.1 If A > Ao, then there exists u € H}(Q) \ {0}, such that E}(u) = 0 and
Ey\(u) <0, E{(u) > 0.

We also need the following characteristic value from [42]:

A= inf A , 3.5
= el 1) 35)
where
M) = &PA), (3.6)
where
l—a/1—p3\%=2
a,f
@' =1=5(=a) (3.7)

As before, we have 0 < A; < +o00. Furthermore, 0 < A; < Ay < 400 (see [42, Claim 2]) and
we have the following proposition (see also [42]).

Proposition 3.2 If A > Ay, then there exists u € H{(Q2)\ {0}, such that E} (u) = 0, whereas
if A < Ay, then Ej(u) > 0 for any u € H}(2) \ {0}.

Let u € H}(Q) be a weak solution of (1.2). Standard regularity arguments show that

u € CY7(Q) NC3(Q) for some v € (0,1). Note that by the assumption, dQ is a C'-manifold.
Therefore, Pohozaev’s identity holds (see [43, 49]), namely,

1 Ou |2

2 vds = )
N /o |0 x-vds=0, (3.8)
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where

N -2 1 1 )

P)\(u) = 64—1

Note that if  is a star-shaped (strictly star-shaped) domain with respect to the origin of
RV then z-v >0 (x-v > 0) for all z € 9Q. Thus we have the result as follows.

Proposition 3.3 Assume that Q is a star-shaped domain with respect to the origin of RY,
then Py(u) <0 (P\(u) = 0) for any weak (flat or compactly supported) solution u of (1.2). If,
in addition, Q is strictly star-shaped, then a weak solution u of (1.2) is flat or it has compact
support if and only if P\(u) = 0.

Let us study the critical exponent curve C(N) (see (1.9)) and prove Lemma 1.1. Consider
the system (see [42])

1
B+1

El(u) := T(u) + A(u) — AB(u) = 0,
Py(u) = %T(u) A - A
El(u) :=T(u) + aA(u) — A\BB(u) = 0.

B(u) =0, (3.9)

This system is solvable with respect to the variables T'(u), A(u), B(u), if the corresponding
determinant
(B—a)2(1+a)(1+p8)-N1-—)(1-5))

b= 2N(1+a)(1 + f) (3.10)

iS non-zero.

On the other hand D = 0 if and only if (a, §) € C(N).

Proof of Lemma 1.1 Let Q be a star-shaped domain with respect to the origin of RV,
Then by Proposition 3.3, we have Py(u) = 0 for any flat or compactly supported solution u of
(1.2). Note also that E{(u) = 0. Thus, in case (o, 3) € C(N), i.e., when the determinant of
system (3.9) is equal to zero one has EY(u) = 0 and we get the proof of the statement (1) of
Lemma 1.1. Observe that

2N(1+ o)

(1—a)-2(0+a) - N1 - a)](B(“))
1 1" ’ 2N(1 + « N-2
— E(EA(u) — B\ (u)) — N —2)(1+a) —3N (P)\(u) — WEA(U))'
Thus if (o, 8) € Eu(N) and Py(u) =0, E}(u) = 0, then
EY(u) =-D- 2N(1 + o) Blu) <0,

(I-—a)2(1+a)+ N(1—a)]

and we obtain the proof of the statement (2) of Lemma 1.1.
Under the assumption (3) of Lemma 1.1, for a weak solution u of (1.2), we have Py(u) <0
(see Proposition 3.3) and therefore (3) yields

2N(1+ «)
(1-ao)[-2(1+a) - N(1-a)]

El(u)>-D- B(u) > 0,
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since D > 0 for («, 5) € E5(N). This completes the proof of Lemma 1.1.

Case 3 = 1 Recall some results from [27]. In what follows, (A1, 1) denotes the first
eigenpair of the operator —A in  with zero boundary conditions. Let u € H}(Q). The fibering
mapping in this case is defined by

2 Flta
D, (r) = Ex(ru) = ?H)\(’U,) +

A(u),

14+«
where we denote
Hy(u) :z/ |Vu|* dz — )\/ lu|? dz.
Q Q
Then
! (r) = E\(ru) = rHy(u) + r*A(u)

and the equation ®/,(r) = 0 has a positive solution only, if both terms in @/ (r) have opposite
sign, that is, if and only if Hy(u) < 0. Note that there is u € H{(£2) such that Hy(u) < 0 if and
only if A > A;. It turns out that the only point r(u), where @ () = 0 is given by

o) = (L ))ﬁ. (3.11)

Furthermore, EY (r(u)u)(u,u) < 0 and

E\(r(u)u) = I?ES(EA(TU). (3.12)

Substituting (3.11) into E)(ru), we obtain

Ta(u) = Ex(ra(w)u) = 2((1110;)) ( ;(“() ))L (3.13)
—Hy (u))T==

Consider
EA =min{Jy(u): u € H(l)(Q) \ {0}, Hx(u) < 0}. (3.14)

It follows directly

Proposition 3.4 A point u € H}(Q) is a minimizer of (3.14) if and only if u = r(u)u is a
ground state of (5.1).

Remark 3.1 We point out that in both cases, § < 1 and 3 = 1, the above results can be
extended to the case in which the ground solution of SP(a, 5, ) minimizes the energy on the
closed convex cone

K = {v e Hj(Q),v>0on Q}.

Indeed, we introduce the modified energy functional

B (u) = Bx(u) + /Q j(u)da,
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where

[0 ifuek,
JAW = +00, otherwise.

Notice that j(ru) = j(u) for any r > 0. Obviously, EY (u) = Ex(u) if u € K. Moreover the
additional term arising in the associated Euler-Lagrange equation, given by the subdifferential
of the convex function fQ j(u)dz, vanishes when the ground state solution of SP(a, 3, \) is
non-negative.

4 Existence of Ground State

In this section, we prove the first parts of Theorems 1.1-1.2.

Proof of Theorem 1.1(1) Assume § < 1. In this case, the existence of a ground state of
(1.2) when («, 8) € E,(N) was proved in [42]. The proof for the points («, 5) € £\ E(N) can
be obtained in a similar way. However, for the sake of completeness, we present a summary of
the proof.

Consider the constrained minimization problem of F)(u) on the associated Nehari manifold

{E)\(u) — min,

4.1

We denote by
Ny = {u € H(Q) : Ej(u) = 0}
the admissible set of (4.1), i.e., the corresponding Nehari manifold. Denote also
Ey :=min{Ex(u): u €Ny}

the minimum value in this problem. Note that by Proposition 3.2, Ny # 0 for any A > Aj.
Furthermore, by Sobolev’s inequalities, we have

1 14
Ex(u) > Ll — exfJul}  oc
as |Jul|1 — oo, since 2 > 1+ 3. Thus E\(u) is a coercive functional on H}(2). Using this it is

not hard to prove the following proposition (see also [42, Lemma 9]).

Proposition 4.1 Let («,3) € €. Then for any X > Ay, (4.1) has a minimizer uy €
H{ () \ {0}, i.e., Ex(uy) = Ex and uy € N.
Let A > Ay and uy € H{(Q)\ {0} be a minimizer of (4.1). Then by the Lagrange multipliers

rule, there exist p1, po such that

i DEx(ux) = pa DES (ux)(ua), (4.2)

and |p1| + 2| # 0. Thus, if go = 0, then uy is a weak solution of (1.2).
This condition is satisfied under the assumptions of the following result.

Proposition 4.2 Let (a,3) € £. Then for any X > Ao, (1.2) has a ground state uy which
is non-negative, u € CY(Q) NC%(Q) for some v € (0,1) and EY (ux)(ux,uy) > 0.
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Proof Since 0 < A; < Ay, then by Proposition 4.1, for anyA > Ag, there exists a minimizer
uy € HY(Q) \ {0} of (4.1). Lemma 3.1 implies that there is u € Ny such that Fy(u) < 0, and
therefore E(ux) < Ex(u) < 0. This implies that EY (ux)(ux,ux) > 0. Let us test (4.2) by uy.
Then

p1 B (ux) (un) = pa(EX (ux) (ux, ux) + E5 (un)(ur)).-

Since Ef (uy)(uy) = 0, this yields that us EY(ux) = 0. But EY(ux)(ux,ux) # 0, and therefore
w2 = 0. Thus, by (4.2), we obtain DE)(uy) = 0, i.e., uy is a weak solution of (1.2). Since any
weak solution wy of (1.2) belongs to Ny, (4.1) yields that u, is a ground state. The rest of the
lemma is proved in a standard way.

From this proposition arguing by contradiction, it is not hard to show that there is an
interval (Ag — €, +00) for some € > 0, such that for any A € (Ag — &, +00) the minimizer uy of
(4.1) satisfies EY(ux) > 0. From this, as in the proof of Proposition 4.2, it follows that uy is a
ground state of (1.2) which is non-negative and u € C7(2) N C%(2) for some v € (0,1).

Thus we have a proof that there exists A* € (A, Ag), such that for all A > A* (1.2) has
a ground state uy, which is non-negative in Q, u € C17(Q) N C23() for some v € (0,1) and
EY (ux)(ux,uy) > 0. This completes the proof of the statement (1) of Theorem 1.1.

Proof of Theorem 1.2(1) The existence of a ground state is obtained from the constrained
minimization problem (3.14) and then using Proposition 3.4. The implementation of this proof
was done in [27, Theorem 2.1, p. 6].

5 Existence of Ground State Flat Solutions in Case 3 =1

In this section, we prove the statement (1) in Theorem 1.4. Consider now the following
auxiliary problem on the whole space RY:

{—Au—l—u“:u in RV,

u >0 on RV, (5.1)

Here and subsequently, H'(R") denotes the standard Sobolev space with the norm

llully = (/}RN |u|2da:—|—/]RN |Vu|2da:)5.

Then (5.1) has a variational form with the Euler-Lagrange functional

E@%:hﬂw+ail

5 Au), uwe WHHRY),

where
Hw=/|wﬁm—/hﬁm,mw=/hm“m
RN RN RN
As above, we call a nonzero weak solution uy of (5.1) a ground state of (5.1), if it holds
E(uy) < E(wy)

for any nonzero weak solution wy of (5.1). The fibering map in this case is given as follows:

2

r plte
®,(r) == E(ru) = EH(U) +

A H'(RY), t e RT
TriAW), weH(RY), tERT,
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and for fix u € HY(RY), the equation
® (r) =rH(u) + r*A(u) =0, reRT

has only one root

T(U):( Alw) )ﬁ (5.2)

which exists if and only if H(u) < 0.
As above, substituting this root into E)(ru), we obtain a zero-homogeneous functional

(1-0) AwTs
2(1+a) (—H(u)) =5 (5:3)

J(u) := E(r(u)u) =

and we consider
E® =min{J(u): ueH(RY)\ {0}, H(u) < 0}. (5.4)
As above, it follows directly the proposition below.

Proposition 5.1 We have that u is a minimizer of (5.4) if and only if u = r(u)u is a
ground state of (5.1).

In Appendix below, using (5.4), we prove the following lemma.

Lemma 5.1 Assume 0 < a < 1. Then (5.1) has a classical non-negative solution u €
HY(RN) which is a ground state.

The following result can be found in [51].

Lemma 5.2 Assume 0 < a < 1. Then any classical solution u of (5.1) has a compact
support. Furthermore, if we define

0 :={z e RN :u(z) > 0},

then for every connected component = of ©, we have that
(1) 2 is a ball;
(2) w is radially symmetric with respect to the centre of the ball =.

Lemmas 5.1-5.2 yield the following corollary.

Corollary 5.1 Assume 0 < o < 1. Then there is a radius R* > 0, such that (5.1) has a
ground state u* which is a flat classical radial solution and

supp(u*) = Bp-.

Let us return to (1.2). From Corollary 5.1, we have the following result.

Corollary 5.2 Assume that Br- C Q. Then the ground state uy of (1.2) with A = 1
coincides with the ground state u* of (5.1), that is, ux|ax=1 is a compact support classical radial
solution and

supp(ux)|a=1 = © = Bp-.
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Proof Any function w from H}(€2) can be extended to RY as

{sz in Q,

F=0 inR¥\Q. (5:5)

Then w € HY(RY), and in this sense, we may assume that H}(2) C H(RY). Therefore,
E® < Ey =min{J;(v) : veHY(Q)\ {0}, v>0, Hi(v) < 0}.

Note that u* € K C Hi(Bg-) C H5(Q). This yields E* = E(u*) = E; and we get the proof.

Assume now that € is a star-shaped domain in RY, with respect to some point z € R,
which without loss of generality, we may assume coincides with the origin 0 € RV.

Let uy be a ground state of (1.2). By making a change of variable vy(,)(y) = Ii_ﬁ’u,)\(ﬁy),
y € Q, with k > 0, we get

{ —Avy () = AMK)UxR) — VS 0 Qs

(5.6)
UX(r) = 0 on Q,.i,

where A(k) = Ak?, Q. = {y e RV : y =2 2 € Q}. Since u, is a ground state of (1.2), it
is easy to see that vy(,) is also a ground state of (5.6). Note that if x = \/; then (k) = 1.
On the other hand, if x is sufficiently small then Bgr« C €),. Hence, by Corollary 5.1, there is
a sufficiently large \*, such that for any A > A\* the ground state vy(.) with A(k) = X (k)?,
K= \/; is a flat or compactly supported classical radial solution of (5.6) which coincides with
the ground state u* of (5.1). Thus we complete the proof.

Corollary 5.3 Assume 0 < a < 1. Then there exists \* > 0, such that for any A > \*,
(1.2) has a ground state uy which is a flat classical radial solution. Furthermore, uy+(x) =
ﬁﬁu*(f), where Kk = \/; and u* is a flat classical radial ground state of (5.1).

Note that by [27, Lemma 3.3],

N> = (14 L%) A (9).

N1 —

Furthermore, for any A € (A1(£2), X¢), (1.2) cannot have flat solutions in C*(Q).

6 Lyapunov Stability of Flat Ground States

In this section, first we prove the statement (2) of Theorem 1.1 and then prove Theorem
1.3(111).

To prove the stability, we will use the Lyapunov function method. Let u) be a ground state
of (1.2), such that EY (uy)(ux,uy) > 0. For 6 > 0, denote

Us(uy) := {v € H5(Q) : [Jux —v|| < 6}.

Observe that Ey, EY : Hj(©2) — R are continuous maps. Hence there exists §, > 0, such that
E{(u)(u,u) > 0 for all u € Us(uy) if 0 < 6 < do.

In the next two lemmas, we show that E) is a Lyapunov function in the neighborhood
Ug(U)\) fo<d< (50.
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Lemma 6.1 Assume (U). Let A > X" and uy be a ground state of (1.2), such that EY (uy) >
0. Then for any 6 € (0,0¢), it satisfies

Ex(u) > Ex(uy) = Ex, Vu € Us(uy) \ {ur}. (6.1)

Proof Suppose contrary to our claim that for every § € (0,80) there exists u® € Us(uy) \
{uy}, such that Ey(u®) < Ej(uy). This implies that there exists a sequence u™ € Us, (uy), such
that u" — uy in H}(2) as n — oo and

E,\(u”) SE)\(U,)\), n = 1,2,--- . (62)

Note that by property (U), we may assume that the point u™ for any n = 1,2,---, is not a
ground state of (1.2). Furthermore, rmi,(ux) = 1 since EY(uy) > 0. Thus by (4.1), we have

Ex(rmin(u™)u™) > Ex(uy), n=1,2,---.
Moreover, this and (6.2) yield that
1 < rmax(u”) < rmin(u™). (6.3)

Note that Tmax(+), Tmin () : H§ () — R are continuous maps. Hence

Tmin (") = rmim(ux) =1 asn — oo,
since u™ — wuy in HY(Q) as n — oo. Then by (6.3), we have also

Tmax (") = rmin(ux) =1 asn — oo.
From this and since EY (rmax(u")u™) < 0 and E{ (rmin(u™)u™) > 0, we conclude that

E{(ux) = 0.

But this is impossible by the assumption. This contradiction completes the proof.

Lemma 6.2 Let v(t), t € [0,T) be a weak solution of (1.1). Then

%EA(v(t)) <0 in(0,7). (6.4)

Proof By the additional regularity obtained in Section 2, there exists 2 E\(v(t)) in (0,7
and

%EA(U(t)) = DyEx(v(t))(ve (1) = (=Av(t) = Ajo|* v + [0]* 7 o, 04(t)) = —[lue(t)[[Z2 < 0.

Thus we get the result.
The proof of Theorem 1.1(2) will follow from the following lemma.

Lemma 6.3 Assume (U). Let A > X" and uy be a ground state of (1.2) such that EY(uy) >
0. Then for any given € > 0, there exists § € (0,dp) such that

[lux —v(t;wo)ll1 <& for any wo >0 such that [Juy —wol|[r <, Vt>0. (6.5)
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Proof Without loss of generality, we may assume that ¢ € (0, ). Consider
de == inf{E\(w) : w € HH(Q), [luy — w1 =&} (6.6)

Then d. > Ej. Indeed, assume the opposite, that there is a sequence w™ € K, [juy —w"||; = ¢
and E)(w™) — E. Hence, (w™) is bounded in H}(2), and therefore by the embedding theorem,
there exists a subsequence (again denoted by (w™)), such that w™ — wqy weakly in H}(Q) and
strongly in L,, 1 < p < 2* for some wy € H{(Q). Since ||ul|? is a weakly lower semi-continuous
functional on H} (), one has E\ > Ey (wp) and ||uy —wpll1 < e. By Lemma 6.1, this is possible
only if wy is a ground state of (1.2), i.e., a minimizer of (4.1). But then Ey = E)(wp) implies
that w™ — wy strongly in H}(Q). From here we have € = ||uy — w™||1 — |Jux — wo|1. Thus
wo € Us,(ux) and uy # wo. Since by property (U), uy is the unique non-negative solution of
(1.2) in Us, (uy), we get a contradiction.

Let 0 > 0 be an arbitrary value such that d. — o > E\. Then by continuity of F(w), one
can find ¢ € (0,¢), such that

E\(w) <d.—o, Ywée Us(uy) C Us(uy). (6.7)

We claim that for any wg € Us(uy), the solution v(t,wp) belongs to Us(uy) for all ¢ > 0.
Indeed, suppose the opposite, since v(t,wg) € C((0,T), H}(Q2)), there exists tg > 0 such that
[lux — v(to, wo)|l1 = e. This implies that

ds S E,\(’U(to,wo)).
On the other hand, by Lemma 6.3, we have E)(v(to,wp)) < Ex(wp). Thus by (6.7), one gets
d. < Ex(v(to,wo)) < Ex(wp) < d. — 0.

This contradiction proves the claim.

Proof of Theorem 1.3(IIT) Assume that N > 3, (a,3) € &(INV) and Q is a strictly
star-shaped domain with respect to the origin. By [42, Corollary 15], it follows that there exists
A* > 0 such that (1.2) has a flat ground state uy« which uy« > 0 and uy- € C7(Q) NC3(Q) for
some vy € (0,1). Now applying Theorem 1.1(2), we conclude that uy~ is a stable non-negative
stationary solution of the parabolic problem (1.1).

Remark 6.1 Related linearized stability results were obtained in [5] working in Sobolev
spaces in the framework of degenerate parabolic equations of porous media type.

7 Linearized Unstability
In this section, we prove statements (I)—(II) of Theorem 1.3.

Lemma 7.1 Let uy be a non-negative weak solution of (1.2) such that E"(uy) < 0. Then
uy is unstable stationary solution of (1.1) in the sense that A\j(—A — )\ﬂu§71 +auf™) <0.

Proof Let uy be a non-negative weak solution of SP(«a,3,A). Then the corresponding
linearized problem at u) is

—AY = (ABuR Tt —au§ T Y = in Q, (7.1)
=0 on 0f). :
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Then there is a first eigenvalue py to (7.1) with a positive eigenfunction 7 > 0 such that
Y1 € C3(Q) N CA(Q). The existence of ju; is a particular case of the results in [28], using the
estimates on the boundary behavior of u) obtained in [23-24], namely that

Kd(x)ﬁ <uy(z) < Fd(x)l% for any = € Q (7.2)
for some constants K > K > 0. We shall sketch the argument for the reader’s convenience.
From this estimates, it follows that, roughly speaking, uy(z)*~! “behaves like” d(x)~2 and
ux(z)P~ ! as d(x) =2 with v = 2(%_&5) < 2 from a < 8. Then from the used monotonicity
properties of eigenvalues, it is enough to show that a first eigenvalue of the problem

Aw+ —= in Q
— ——W - ———Ww = in
YT a2 T A T ’ (7.3)
w=20 on 0f)

is well-defined and has the usual properties. This is carried by reducing the problem to an
equivalent “fixed point” argument for an associated (linear) eigenvalue problem. Assume first
that p > 0. Then (7.3) is equivalent to the existence of p such that r(u) = 1, where r(p) is the
first eigenvalue for the associated problem

« G .
d(x)Qw = r(d(x)vw—i—uw) in €,

w =20 on 0f).

—Aw + (7.4)

That (1) > 0 is well-defined follows by showing that (7.4) is equivalently formulated as Tw =
rw with T =io Po F, where F : L?>(Q,d”) — H™1(Q) defined by

A
d(x)”

F(w) = w+ pw,

P:H1(Q) — H{(Q) is the solution operator for the linear problem

d(z)? (7.5)

Az + -2 =h(z) inQ
w=20 on 0f)

for h € H1(Q), and 4 : H{(Q2) — L2(2,d") is the standard embedding. It is possible to prove
that F' and P are continuous, and ¢ is compact by using Hardy’s inequality and the Lax-Milgram
lemma (see [5, 28]). Since T is an irreductible compact linear operator, by applying the weak
maximum principle, it is possible to apply Krein-Rutman’s theorem in the formulation in [18].
We have the variational formulation

/Q(|Vw|2 + d(z)QwQ) dz

n .

weH(©)\{0} w? 2

)\5/ dr + /w dx
o d(x)7 a Q

r(p) =

(7.6)

Hence a positive eigenvalue exists if and only if there is a u > 0 such that r(u) = 1. A
completely analogous argument gives the formulation for p < 0, namely with

2 o 2 2
/Q(|Vw| +d(x)2w + pw )dx

)
Ab’/ﬂ —d(a:)"Y dz

i) WEHéU(ﬂQ)\{O}
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Notice that r(u) (resp. 71 (n)) is decreasing (resp. increasing) in p. Then

2 a2
. /Q(|Vw| +d(a:)2w )dx
M0 =n0)= it
weH} 0
/\ﬁ/
Q

and there exists a positive eigenvalue if r(0) > 1 and a negative one if 7(0) < 1.

?

2
w
OF dx

Coming back to our instability analysis, by Courant minimax principle, we have
—1 —
SOV = (80" = a0 da
_ inf Q
1= m .

bEHH()\{0} / 2 da
Q

Let us put ¥ = uy in the minimizing functional of (7.8). Then we get

2 B—1 _ _ a—1y, 2
[0V = 0o g idde

= <
/ lux|? dz / lux|? dz
Q Q

by the assumption E”(uy) < 0. This yields by the definition (7.8) that A;(—A — )\Bu§71 +
auifl) := 1 < 0. Thus we get unstability.

0,

Proof of Theorem 1.3(I)—(II)

(I) Assume N = 1,2 and (o, 3) € €. Let uy be a free boundary solution of (1.2). Since
€ = &,(N), Lemma 1.1(2) implies that EY(uy) < 0. However, this yields by Lemma 7.1 that
uy is a linearized unstable stationary solution of the parabolic problem (1.1).

(IT) Assume N > 3 and (o, §) € E,(N). Let uy be a free boundary solution of (1.2). Then
by Lemma 1.1(2), we have EY(ux) < 0. This yields as above by Lemma 7.1 that uy is a
linearized unstable stationary solution of the parabolic problem (1.1).

8 Globally Unstable Ground State of (1.1) in Case 3 =1

In this section, we prove Theorem 1.4(2).
Let us introduce the so-called exterior potential well (see [48])

W= {u € H:(Q) : Ex(u) < E\, Ej(u) < 0}. (8.1)
The proof of the theorem will be obtained from the following lemma.
Lemma 8.1 If vg € W, then ||v(t,vo)||L2(q) — o0 as t — 4-o0.

Proof First we show that W is invariant under the flow (1.1). Let v(t,v9) be a weak
solution of (1.1). Then using the additional regularity obtained in Section 2, we have

~

Ex(o(t)) < / JuulBads + Bx(u() < Ea(uo) < By

for all ¢ > 0. Thus v(t) may leave W only if there is a time ¢ty > 0 such that ry(v(tp)) = 1
(since, formally, Ef (v(to)) = 0). But then, by (3.12), we have

Ex(v(to)) = max Ex(ru(to)) > E.
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Thus we get a contradiction and indeed

Ex(v(t,v0)) < Ex, Ej(v(t,v0)) <0, Vt>0 (8.2)
for any vy € W.

Furthermore, we have the following proposition.

Proposition 8.1 Assume v € L°°(0, 400 : H}(Q)). Then there exists co < 0, which does
not depend on t > 0, such that

E\(v(t)) <eco <0 forae. t>0. (8.3)

Proof By regularizing vy, we can assume that Ef (v(t)) is continuous in ¢. Suppose, contrary
to our claim, that there is (¢,,), such that the sequence vy, := v(ty,) (m =1,2,---) satisfies

E\(vm) — 0 as m — oo. (8.4)
Note that by (8.2) we have
Ex(vm) < Ex form=1,2,---. (8.5)

By assumption (v,,) is bounded in H}(Q2). Therefore, we have that there are the following
convergences (up choosing a subsequence):

Um — T asm—oo inLP, 1<p<2¥, (8.6)
Um — T asm — oo weakly in H(Q),

lim E\(vm)=a
m—00

for some v € H}(2) and a € R. Hence by the weakly lower semi-continuity of T'(u) in H}(Q),

we have
E (@) < lim Ex(vm) = a, (8.9)
E\(v) < lim Ej(vn) =0. (8.10)
m—00

Since v € C([0,T] : H}(Q2)), by Proposition 2.1 we have

/0 llve]|22ds + Ex(v(t)) < Ex(v(0)). (8.11)

Hence,
a= lim Ex(vm) < BEx(vo) < Ex
m—00

for any vy € W, and therefore E\(7) < EA. Observe that this implies a contradiction in case
that the equality holds in (8.10). Indeed, if E4(v) = 0, then r(v) = 1, and therefore (3.11) and
(3.13)-(3.14) yield E\(v) > E.

Suppose that Ef (v) < 0. Then there is 7 € (0, 1) such that E{ (r7) = 0. Observe that (8.6)
and (8.8) imply

1
— lim H)(v,) =a-—

lim_ o A®). (8.12)
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and (8.4) implies

lim Hy(vy,) = —A(D). (8.13)

m— 00

From here, we obtain

r? rlta
E)\(Tﬁ) = EH)\(E) -+ 1+0éA(6)

r2 plto
7 _
< 5 Jm () + 972 A@)
. (v )+1(r2—1) lim H) (v )+ﬂA(m
2 mSoo AEm 2 m— o0 AEm 1+«
—am @ - L o nam) + I Aw)
=aqa 1+a v 2T v 1+a v

1 1, plto

— (-1 A(D).

a+{ 7o 3" )+1+oz] (@)

It is easy to see that

{[- 3307 -0+ ]} =0
121?%(1 1+« o\ 1+all 7

Thus we get Ex(17) < a < E. However, this contradicts the definition of Ej, since E\(rv) =0.
This completes the proof of the proposition.

Let us now conclude the proof of the lemma. Suppose, contrary to our claim, that the set
(v(t)), t > 0 is bounded in L?(2). Then this set is also bounded in H}(Q2), since Hy(v(t)) =
T(v(t)) — AG(v(t)) <0 for all ¢ > 0.

Let us consider

y(t) = @)=, t=0,
where v(t) := v(t,v9). Observe that
t
lv(@®)IIZ> = llvollE- + 2/0 (vi(s), v(s)) ds,
and by (1.1),

(ve(s),0(s)) = (Av(s) + Xv(s) — [v(s)|* v (s), v(s)) = —E4(v(s)).

Therefore,
y(t) = JuolZs — 2 / B (u(s))ds (8.14)
0
and
d . ,
o) = i) = 24 (v(1).

Hence, estimate (8.3) of Proposition 8.1 yields ¢(t) > —2¢o > 0 for all ¢ > 0, and therefore
y(t) = ||v(t)||f. — +o0o as t — oo. This completes the proof of Lemma 8.1.
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Conclusion of the proof of Theorem 1.4(2) Let uy be a ground state of (1.1) and give
any 6 > 0. Observe that for any r > 1,

Ey(ruy) < E\, E(ruy) < 0.
Thus ruy € W for any r > 1, and by Lemma 8.1, ||v(¢;vo)|| 2 — +oo with vg = ruy. Therefore,
llux — v(t;vo)|lz — +o00  ast — oo.

On the other hand, evidently |uy — rux||L2 < ¢ for sufficiently small |r —1|. This concludes the
proof of Theorem 1.4.

9 Appendix. Existence of a Ground State Solution of (5.1)

In this section, we prove Lemma 5.1.
Consider

E* = min{J(v) : veHY(Q)\ {0}, H(v) < 0}. (9.1)

Lemma 9.1 There exists a minimizer v of (9.1).

Proof Let (v,,) be a minimizing sequence of (9.1). Since J(u) is a zero-homogeneous
functional, we may assume that ||v.,|[1 =1, m =1,2,--. This implies that

|[H(vp)| < C < oo uniformly onm=1,2,---. (9.2)

Observe that
va||i2(]RN) = / |Up|2dz > ¢ >0 (9.3)

uniformly on m = 1,2,---. Indeed, if we suppose the contrary [ |vm[?dz — 0 as m — oo,
then the assumption [[vy,]1 = 1 (m = 1,2,---) implies that [|Vv,,|>dz — 1, and therefore
H(vy) = [|Von|?dz — [|vm]?dz — 1 as m — oo. But this is impossible, since by the
construction H(v,,) < 0.

Let us show that

A(vy) > ¢o >0 uniformly on m=1,2,---. (9.4)

Assume the opposite, that A(v,,) — 0 as m — oo. Then [ |v,,|?dz — 0 as m — oo, since by
Holder and Sobolev inequalities

atl—k

= N . o* atlon
/ [omPder < ( / o) ™ ( / [oml* dz) T < CoAvn) T umlly T

(a+1)(2*—-2)

where k = —atl But this contradicts (9.3).
Observe that (5.3), (9.2) and (9.4) yield
E>® >0, (9.5)
and we have
0<co < [lvmll{ = A(vm) < C1 < +00 (9.6)

uniformly on m =1,2,---.
We need the following lemma (see [34, Lemma I.1, p. 231]).
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Lemma 9.2 Let 1 < g < 400 with ¢ < 2* if N > 3. Assume that (w,) is bounded in
H(RY) and LY(RY), and

sup / |wp|9dz — 0 as n — oo, for some R > 0.
yERYN Jy+Bpr

Then ||wy|le — 0 for B € (q,2%).
Let R > 0. Observe that

liminf sup / [V |1 T := 6 > 0. (9.7)
y+Br

M—00 yeRN

Indeed, let us assume that

liminf sup / [Up |7z = 0.
y+Br

M= yeRN

Then by Lemma 9.2, we have ||v,,]|p2 — 0 as m — oco. But this contradicts (9.3).
Thus there is a sequence {y,,} C RY such that

0
/ [om | T¥dz > =, m=1,2,---.
Ym+Br 2

Introduce w, := vy (- + Ym ), m = 1,2, -+, Then

o
/ |um|1+ad$ > 57 m=1,2,---, (98)
Br

and {u,,} is a minimizing sequence of (9.1).
Furthermore, by the zero-homogeneity of J(u), now we may normalize the sequence {u,,}
(again denoted by {uy,}), such that

Alum) =1, m=1,2,---. (9.9)

Then (9.6) implies that the renormalized sequence {u,,} will be again bounded in H*(RY).
Thus by Eberlein-Smulian theorem there is a subsequence of {u,,} (again denoting {u,}) and
a limit point @ € H{(Q), such that

Uy — T weakly in H{(Q), as m — oc. (9.10)
Furthermore,
Uy — T ae. on RV asm — oo, (9.11)
and for 2 < ¢ < 2%,
as m — 00, (9.12)

Um — T in L

since by Rellich-Kondrachov theorem, H} (Bg) is compactly embedded in L(Bg) for 2 < ¢ < 2*
and any Bg := {z € RY : |z| < R}, R > 0. Note that (9.8) implies that

7 # 0.

We need the Brezis-Lieb lemma (see [10]).
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Lemma 9.3 Let Q be an open subset of RN and let {w,} C LY(Q), 1 < ¢ < oco. If
(a) {wy} bounded in LI(2),
(b) w, — w a.e. on ),

then

Jim (lwnllfe = llon = wlita) = el

Let us denote wy, := u,;, —u. Then the Brezis-Lieb lemma yields

1=A®@) + lim A(wm). (9.13)
Observe
H(wy,) = H(W) + H(up ) — H (u,) (@). (9.14)
Note that due to the weak convergence (9.10), we have H'(wy,)(@) — 0 as m — oco. Therefore,
H(wy,) < 0 for sufficiently large m, since H(u) < 0 and H (uy,) < 0 for m =1,2,---. On the
other hand,

H(um) = H@) + H(wy,) + H (W) (@),

and therefore

lim H(up,)=H(@) + lim H(wy). (9.15)
Observe that (9.1) implies that for any v € H{(Q) \ {0} such that H(v) < 0, it holds
Av =
(o) < k20 (9.16)
where
(1—a)\ T
ka’<ﬂ1+aﬂ
Hence
oz
—H(u) <k, A(zi) -
E>®
and
_2
(o) < ko 2 (917)

for sufficiently large m. Since A(u,,) = 1, we have

1 ~
lim ky———— = E*.
m—oc " (=H(um))
Hence, we have
ko— = lim (—H(u,,
— = lim (~H(u,)
=—H(u) + lim (—H(wy))
m—0o0
2 2
U o A T+a
< kAT Ly g AT
FEo© m—o0 [e’e}
1
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Note since Hia > 1, we have that f(r) := rrie 4 (1 —7")1%& > 1 for r € [0,1] and that f(r) =1
if and only if r = 0 or r = 1. Thus we have

A(@)=1 or A(u)=0.

Now taking into account that @ # 0, we get that A(w) = 1. Hence by (9.13), we obtain
A(wp,) — 0 as m — oo, and consequently by (9.17), we have (—H(w,,)) — 0 as m — oco. From
here, it is not hard to conclude that u,, — @ strongly in H'(RY), and therefore J(7) = E>.
Thus @ is a minimizer of (9.1).

Proof of Lemma 5.1 By Lemma 9.1, there exists a minimizer @ of (9.1). Since J is an even
functional then [u] is also a minimizer of (9.1). Thus we may assume that @ is non-negative
function. By Proposition 3.4, it follows that v = r(w)u is a weak solution of (5.1) which is
non-negative since 7() > 0. By regularity theory, we derive that u € C2(R").
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