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Abstract The authors prove a quantitative stability result for the Brunn-Minkowski
inequality on sets of equal volume: If [A] = |B| > 0 and |A + B|% =(2+ 6)|A|% for some
small §, then, up to a translation, both A and B are close (in terms of §) to a convex set K.
Although this result was already proved by the authors in a previous paper, the present
paper provides a more elementary proof that the authors believe has its own interest. Also,
the result here provides a stronger estimate for the stability exponent than the previous
result of the authors.
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1 Introduction

The Brunn-Minkowski inequality is a very classical and powerful inequality in convex geom-
etry that has found important applications in analysis, statistics, and information theory. We
refer the reader to [14] for an extended exposition on the Brunn-Minkowski inequality and its
relation to several other famous inequalities (see also [6-7]).

To state the inequality, we first need some basic notation. Given two subset A, B C R",

and ¢ > 0, we define the set sum and scalar multiple by
A+B:={a+b:ac A be B}, cA:={ca:ac A} (1.1)

We shall use |E| to denote the Lebesgue measure of a set E. (If E is not measurable, |E|
denotes the outer Lebesgue measure of E.) The Brunn-Minkowski inequality says that, given

A, B C R™ measurable sets,

|A+ BJ® > |A]" +|B|* (1.2)
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In addition, if |A|,|B]| > 0, then equality holds if and only if there exists a convex set K C R™,
Aa, A >0, and vy, v € R”, such that

ACAIK+vy, BCAgK+uvp, |(/\AIC—|—’UA)\A|=|()\BIC+UB)\B|=O.

In other words, if equality holds in (1.2), then A and B are subsets of full measure in homothetic
convex sets.

Because of the variety of applications of (1.2) as well as the fact the one can characterize
the case of equality, a natural stability question that one would like to address is the following.

Let A, B be two sets for which equality in (1.2) almost holds. Is it true that, up to transla-
tions and dilations, A and B are close to the same convex set?

This question has a long history. First of all, when n = 1 and A = B, inequality (1.2)
reduces to |A + A| > 2|A|. If one approximates sets in R with finite unions of intervals, then
one can translate the problem to Z, and in the discrete setting the question becomes a well
studied problem in additive combinatorics. There are many results on this topic, usually called

Freiman-type theorems. The precise statement in one dimension is the following.

Theorem 1.1 Let A C R be a measurable set, and denote by co(A) its convex hull. Then
|A+ Al = 2|A] = min{| co(A) \ A, A},
or, equivalently, if |A| > 0, then

1 . co(A)\ A
5(A) > 3 mln{%, 1}.

This theorem can be obtained as a corollary of a result of Freiman [12] about the structure
of additive subsets of Z (see [13] or [17, Theorem 5.11] for a statement and a proof). However,
it turns out that to prove Theorem 1.1, one only needs weaker results, and one can find an
elementary self-contained proof of Theorem 1.1 in [8, Section 2].

In the case n = 1 but A # B, the following sharp stability result holds again as a consequence
of classical theorems in additive combinatorics (an elementary proof of this result can be given

using Kemperman’s theorem in [3-4].

Theorem 1.2 Let A,B C R be measurable sets. If |A+ B| < |A| + |B| 4+ 0 for some
0 < min{|A4|,|B|}, then |co(A)\ A] < and |co(B)\ B| <¥é.

Concerning the higher dimensional case, in [1-2], Christ proved a qualitative stability result
for (1.2), giving a positive answer to the stability question raised above. However, his results
do not provide any quantitative control.

On the quantitative side, Diskant [5] and Groemer [15] obtained some stability results for
convex sets in terms of the Hausdorff distance. More recently, in [10-11], the first author
together with Maggi and Pratelli obtained a sharp stability result in terms of the L' distance,
still on convex sets. Since this last result will be used later in our proofs, we state it in detail.
(Here and from now on, EAF denotes the symmetric difference between sets F and F, that is,
EAF =(E\F)U(F\E).)
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Theorem 1.3 Let A, B C R" be convex sets, and define

4.y = g (HACETEL o (YY) [ A 121}

There exists a computable dimensional constant Co(n) such that

o/ (A, B)? } .

"> (|4 R
Co(n) o (4, B

A+ B = +|B

%){H

More recently, in [8, Theorem 1.2 and Remark 3.2], the present authors proved a quantitative
stability result when A = B: Given a measurable set A C R™ with |A4| > 0, set

EM+Aﬂ_yJA+m_

o =" = R4l

1. (1.3)
Then, a power of §(A) dominates the measure of the difference between A and its convex hull
co(A4).

Theorem 1.4 Let A C R"™ be a measurable set of positive measure. There exist computable
dimensional constants 6p,cn, > 0, such that if 6(A) < &, then

oo leolNA
AT Z TR 0 e - P

In addition, there exists a convex set K C R™ such that

|KAA|

S(Aen > ¢,
Al

After that, we investigated the general case A # B. Notice that, after a dilation, one
can always assume |A| = |B| = 1 while replacing the sum A 4+ B by a convex combination
Sy :=tA+ (1 —1t)B. It follows by (1.2) that |S;| =1+ 0 for some 6 > 0. The main theorem in
[9] is a quantitative version of Christ’s result. Since the proof is by induction on the dimension,
it is convenient to allow the measures of |A| and |B| not to be exactly equal, but just close in

terms of . Here is the main result of that paper.

Theorem 1.5 Let n > 2, let A, B C R™ be measurable sets, and define Sy :=tA+ (1 —t)B

for some t € [1,1 —71], 0 < 7 < % There are computable dimensional constants N, and

computable functions M, (7),en(T) > 0, such that if
A =1+ [[B] = 1]+ [|S:] = 1] <6 (1.4)
for some § < e=Mn(7) then there exists a convex set K C R™ such that, up to a translation,
A BCK and |K\Al+|K\B| <7 Vg™,
Ezxplicitly, we may take

log T 8 73

23n+2 n3n
7_3n 9 6” (T) = 23n+1n3n

M, (1) =

3n *

log T
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In particular, the measure of the difference between the sets A and B and their convex hull
is bounded by a power §¢, confirming a conjecture of Christ [1].

The result above provides a general quantitative stability for the Brunn-Minkowski inequal-
ity in arbitrary dimension. However, the exponent degenerates very quickly as the dimension
increases (much faster than in Theorem 1.4), and, in addition, the argument in [9] is very long
and involved. The aim of this paper is to provide a shorter and more elementary proof when
|A| = |B| > 0, that we believe to be of independent interest.

After a dilation, one can assume with no loss of generality that |A| = |B| = 1. In this case,
it follows by (1.2) that |1(A+ B)| =1+ ¢ for some § > 0, and we want to show that a power
of 0 controls the closeness of A and B to the same convex set . Again, as in the previous
theorem, it will be convenient to allow the measures of |A| and |B| not to be exactly equal, but
just close in terms of §.

Here is the main result of this paper.

Theorem 1.6 Let A, B C R"™ be measurable sets, and define their semi-sum S := 3(A+B).

There exist computable dimensional constants d,,,Cp > 0, such that if
IA] = 1|+ 1Bl = 1+ |IS| — 1] < 6 (1.5)
for some § < 6, then there exists a convex set I C R™ such that, up to a translation,
A BCK and |K\A|+]|K\B|<C,6,

where
1 L
26n—53n—1nl(n — 1)! J[oi ¥n=2
k=1

ﬁl = 17 BYL =

and ay, is given by Theorem 1.4. (Recall that |S| is the outer measure of S if S is not measur-
able.)

The proof of this theorem is specific to the case |A| near |B|. It uses a symmetrization
and other techniques introduced by Christ [2-3], Theorems 1.3-1.4, and two propositions of
independent interest, Propositions 2.1-2.2 below. See Section 3 for further discussion of the
strategy of the proof.

2 Notation and Preliminary Results

Let H* denote the k-dimensional Hausdorff measure on R™. Denote by z = (y,t) € R""! xR

a point in R”, and let 7 : R® — R~ ! and 7 : R — R denote the canonical projections, i.e.,
m(y,t) ==y and T(y,t):=t.
Given a compact set £ C R", y € R*~! and A > 0, we use the notation

E,=Ena 'y c{y} xR, E@t)=Enm () cR"!x{t}, (2.1)
EN) i={ye R HYE,) > A} (2.2)
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Following Christ [2], we consider two symmetrizations and combine them. For our purposes (see
the proof of Proposition 2.1), it is convenient to use a definition of Schwarz symmetrization that
is slightly different from the classical one. (In the usual definition of Schwarz symmetrization,
E*(t) = 0 whenever HY1(E(t)) = 0.)

Definition 2.1 Let E C R™ be a compact set. We define the Schwarz symmetrization E*
of E as follows. For eacht € R,

(1) If H¥=Y(E(t)) > 0, then E*(t) is the closed disk centered at 0 € R™™! with the same
measure.

(2) If HEY(E(t)) = 0 but E(t) is non-empty, then E*(t) = {0}.

(3) If E(t) is empty, then E*(t) is empty as well.

We define the Steiner symmetrization E* of E so that for each y € R"™!, the set Ey s
empty if H'(E,) = 0; otherwise it is the closed interval of length H'(E,) centered at 0 € R.
Finally, we define E* := (E*)*.

As for instance in [2, Section 2], both the Schwarz and the Steiner symmetrization preserve
the measure of sets, and the f-symmetrization preserves the measure of the sets £(A\). The

following statement collects all these results.

Lemma 2.1 Let A, B C R"™ be compact sets. Then |A| = |A*| = |A*| = |AY,
|A*+B*|<|A+B|, |A*+B*|<|A+B|, |A'*+B%<|A+B|,
and, for almost every A > 0,
(AN T AN = [AF 7 AT, HTHAR)) = T H AT (Y),

where A(A) :={y e R"" 1 : HY(Ay) > A}, A%(A) == {y e R : HI(AL) > A}

Another important fact is that a bound on the measure of A + B in terms of the measures

of A and B gives bounds relating the sizes of

SI;le(Ay), sngl(By), H'H(n(A)), HTH(m(B)).

We refer to [9, Lemma 3.2] for a proof.

Lemma 2.2 Let A, B C R™ be compact sets such that |A|,|B| > & and |3(A+ B)| < 2.
There exists a dimensional constant M > 1, such that

sup H'(Ay)

y 1

"Hm(4))
sup H'(By) < (M’ . ( ;

V) e © ()

1

(sup ! () (w0 € (7. 20). - (sup ! (8,))H " (w(B) € (5

— M).

M’

Thus, up a measure preserving affine transformation of the form (y,t) — (ry,7'7"t) with

7 >0, all the quantities sup H'(A,), sup H'(By), H" 1 (7 (A)), H" (= (B)) are of order one.
y y
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In particular,
H*(7(A)) + H" (7(B)) +sup H' (A,) +sup H' (B,) < M. (2.3)
Yy Y

In this case, we say that A and B are M -normalized.

The following result of Christ [1, Lemma 4.1] shows that sup H"~*(A(t)) and sup K"~ (B(t))
¢ ¢

are close in terms of §.

Lemma 2.3 Let A, B C R™ be compact sets, define S := 3(A+ B), and assume that (1.5)
holds for some § < % Also, suppose that A and B are M -normalized as defined in Lemma 2.2.

Then, there exists a dimensional constant C' > 0 such that

sup " (A(t) ) )

———— c (1 -C02,14+C92).

S I(B0) e
t

Two other key ingredients in our proof of Theorem 1.6 are the following propositions, whose

proofs are postponed to Section 4.

Proposition 2.1 Let A, B C R" be compact sets, define S := %(A + B), and assume that
1.5) holds for some § < L. Also, suppose that we can find a conver set K C R™ such that
2

ISAK| < C'§°

for some a > 0, where C > 0 is a dimensional constant. Then there exists a dimensional
constant C' > 0 such that
|co(S)\ S| < C'62n.

Proposition 2.2 Let A, B C R™ be compact sets, define S := %(A + B), and assume that
(1.5) holds for some 6 < % Also, suppose that

|co(S)\ S| < Co” (2.4)
for some B> 0, where C > 0 is a dimensional constant. Then, up to a translation,
|AAB| < C'57,
and there exists a convex set K containing both A and B such that
K\ Al + K\ B| < C'6%

for some dimensional constant C" > 0.

3 Proof of Theorem 1.6

As explained in [8], by inner approximation! it suffices to prove the result when A, B are
compact sets. Hence, let A and B be compact, define S := %(A + B), and assume that (1.5)

IThe approximation of A (and analogously for B) is by a sequence of compact sets A C A such that
|Ar] — |A| and | co(Ay)| — |co(A)|. One way to construct such sets is to define Ay := Aj UV}, where A} C A
are compact sets satisfying |A} | — |A], and Vi C Vi1 C A are finite sets satisfying | co(Vi)| — [co(A)].
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holds. We want to prove that there exists a convex set I such that, up to a translation,
A,BCK, |K\A|+|K\B|<C,%.

Moreover, since the statement and the conclusions are invariant under measure preserving affine
transformations, by Lemma 2.2, we can assume that A and B are M-normalized (see (2.3)).

Ultimately, we wish to show that, up to translation, each of A, B, and S is of nearly full
measure in the same convex set. The strategy of the proof is to show first that S is close to a
convex set, and then apply Propositions 2.1-2.2. To obtain the closeness of S to a convex set,
we would like prove that |1(S + S)| is close to |S| and then apply Theorem 1.4. It is simpler,
however, to construct a subset S C S, such that |\ S| is small and | (S + 5)| is close to [S].

To carry out our argument, one important ingredient will be to use the inductive hypothesis
on the level sets A(X) and B(\) defined in (2.2). However, two difficulties arise here: First of
all, to apply the inductive hypothesis, we need to know that H"~!(A(\)) and H"1(B()\)) are
close. In addition, the Brunn-Minkowski inequality does not have a natural proof by induction
unless the measures of all the level sets H"~(A()\)) and H"*(B()\)) are the nearly same (see
(3.11) below). Hence, it is important for us to have a preliminary quantitative estimate on
the difference between H" 1 (A(N)) and H" 1 (B(A)) for most A > 0. For this, we follow an
approach used first in [2] and readapted in [9], in which we begin by showing our theorem in
the special case of symmetrized sets A = A" and B = B (recall Definition 2.1). Thanks to
Lemma 2.1, this will give us the desired closeness between H"~1(A(N)) and H"~*(B(\)) for
most A > 0, which allows us to apply the strategy described above and prove the theorem in
the general case.

Throughout the proof, C' will denote a generic constant depending only on the dimension,

which may change from line to line.
3.1 The case A = A% and B = B
Let A, B C R" be compact sets satisfying A = A", B = B". Since
m(A(t)) C 7(A(0)) = m(A) and w(B(t)) C 7(B(0)) = n(B) are disks centered at the origin,

applying Lemma 2.3, we deduce that

(Sl

H" Y (r(A)An(B)) < Céz. (3.1)

Hence, if we define

T._ Ay + B,y
s= U 5
yen(A)Nm(B)
then S, C S, for all y € R*~1. In addition, using (1.5), (2.3), and (3.1), we have
1+0>15|= H'(S,) dy > / H'(S,) dy > / H'(S,) dy
Rr—1 w(A)Nm(B) w(A)Nm(B)
— 1 1
“Blzy [ e [ B
m(A)N7(B) w(A)Nm(B)
Al+|B 1
> 1AI+1Bl MH" Y r(A)AT(B)) > 1 - Cé2,

- 2
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which implies (since S C S)

1S\ S| < Co3. (3.2)
Furthermore, since each section Sy is an interval centered at 0 € R, for all y/,y"” € n(A) N7 (B)
such that # =1,

= - A/ B/ AH BN A/ BN AN B/
Sy/+Sy”: y—; y—|— y;— Yy _ y—; Y + y;— Y

C Sy + 95, =25,
which gives
— CS. (3.3)

Recalling (1.3), by (3.2)-(3.3), we obtain that §(S) < C§z. Hence, we can apply Theorem 1.4
to S to find a convex set K such that

non

|ISAK| < C6 2.

Hence, by (3.3),

ISAK| < C6"%",

and using Propositions 2.1-2.2, we deduce that, up to a translation, there exists a convex set
K such that AUB C K and

an

|JAAB| < C6%, |K\ Al +|K\B|<Césn. (3.4)

Notice that, because A = A% and B = B!, it is easy to check that the above properties still
hold with K in place of K. Hence, in this case, without loss of generality, one can assume that
K= K"

3.2 The general case

Since, by Theorem 1.2, the result is true when n = 1, we may assume that we already proved
Theorem 1.6 through n — 1, and we want to show its validity for n.

Step 1 There exist a dimensional constant ¢ > 0 and X ~ 6¢ such that we can apply the
inductive hypothesis to A(X) and B()\).

Let A" and B" be as in Definition 2.1 and denote

7%

- (3.5)

Thanks to Lemma 2.1, A* and B? still satisfy (1.5), so we can apply the result proved in Section
3.1 above to get (see (3.4))

/Rn_1 [H'(A}) — HN(BY)|dy < / [H'(ALABE)|dy = |APABY| < C6” (3.6)

Rn—1

and

K> A"UBY, |K\ A+ |K\BY<Con (3.7)
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for some convex set K = K&
In addition, because A and B are M-normalized (see (2.3)), so are A% and B%, and by (3.7)
we deduce that there exists a dimensional constant R,, > 0 such that
(3.8)

K C BR".

Also, by (3.6) and Chebyshev’s inequality, we obtain that, except for a set of measure < C s

2
2

M1 (AG) — MU (B <6

Thus, recalling Lemma 2.1, for almost every A > 0,
=H"Y(B(\—6%)) + Cs%

2
2

H' L AN) = H* L AYN)) < HP Y (BY (A —6%)) + C6

wlo|

Since, by (2.3),
53
d\ = H Y (BN)dX < M§*%,

M _
/0 (B~ B+ 5T = [

by Chebyshev’s inequality, we deduce that
H L (AN) < HHBN) + C85
Exchanging the roles of A and B, we obtain that

for all X outside a set of measure < C¢ T

there exists a set F' C [0, M], such that
HUF) < O, [H"HAN) = HHB(O)| < C8%, VA€ [0,00]\ F. (3.9)
Using the elementary inequality
(“‘2”’)”_1 > % —Cla—b?, Y0<ab<M,
and replacing a and b with a7 and bﬁ7 respectively, we get
(3.10)

1 1
T 4 T n—1 b
L) > 212 Cla—b7E, Vo<ab<M

(= 2

aﬁ—bﬁ|§|a—b

%1) Finally, it is easy to check that

(notice that
AN BN 5. vaso.

Hence, by the Brunn-Minkowski inequality (1.2) applied to A(\) and B(A), using (1.5), (2.3)
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and (3.9)-(3.10), we get

1+5z|5|=/ HH(S(N)) dA

n—1 "ll n—1 ﬁ n—1
fw/o (HP = A 5 H T (BOY) ) d

! / (P (AWN) + H* L (B(V))) X

I V

(3.11)
—c/ IH — HH (BT dA

_ A+ 1B
2 —
>1— Q6D

-4 2(n71)

We also observe that, since K = K% by Lemma 2.1, (3.8), and [2, Lemma 4.3], for almost every
A > 0, we have

[AN T AW = AT\ 7 (A (V)]
<K\ 7 HKW)| + MH AN N)AK(N)) (3.12)
< ON + MH" LAY NAK(N),
and analogously for B. Also, by (3.7),

/M(Hnl(A“(A)AIC(/\)) + H* Y BYA)AKN)) dA < |K\ Af|+ |K \ BY| < C6~.
0

Define

(3.13)

7= min{%,%}, (3.14)

and note that n < Let ¢ € (0,n) to be fixed later. Then by (3.9), (3.11)~(3.13), and by

Chebyshev’s inequality, we can find a level

3IQ

€ [106¢,206¢], (3.15)
such that
[H"H(AR)) = H™H(B(V)| < €87 (3.16)
2" HPTHS(N) < (HPTHAR) T+ KN BO) T £ 0o (37)
A\ T A+ B\ 7 H(BO)| < C(6% +877°). (3.18)

In addition, from the properties H"~1(A(X)) < M for any A > 0 (see (2.3)) fo HPL(A(N)) dX
=]A| >1-6, and s — H" }(A(N)) is a decreasing function, we deduce that
1
oM ~
The same holds for B and S, hence

SH'THAN) < M, YAe(0,(2M)7h).

H*HS(V), H'HAR)), H*HBMY) € [(2M) 7, M]
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provided that ¢ is small enough. Set p := L e[, (2M)%1], and define
HP=H(AN) T M=

A= pA(N), B :=pB), S :=pS(\).
By (3.16)-(3.17), we get
H LAY =1, |[HYB) -1 <08, HHS) <1406,
while, by (1.2),

H 1(A,)n T4 H 1(
2

HOH(S) T > 0y e,

therefore

[H" N A =1+ [H"H(B) =1+ [H*(9) — 1] < Ca" .

Thus, by the inductive hypothesis of Theorem 1.6, up to a translation there exists an (n — 1)-

dimensional convex set ), such that
YOAUB, HHYN\NA)+HH Y\ B) <ot
and defining ) := —l we obtain (recall that 1 < Mw= 1)
Q> AN UBQR), HHQ\AQ)) +HHQ\ BO)) < Co0=9Bn-1, (3.19)

Step 2 We apply Theorem 1.2 to the sets A, and B, for most y € A(X) N B(N).
Define C := A(X\) N B(\) € S(A). By (3.18)~(3.19) and (2.3), we have

[ANTHO) + B\ O < [A\ 7 (AN + [B\ 7~ (B(A)

o[ gy [ )
(A)\(B(N)) (BON\(AR) (3.20)
SO +0") + MR HQ\AN)) + H*H(Q\ B(Y))

< 0(5% 4+ 916 & 5(n—<)6n,—1) < 05%7

provided that we choose

¢ o= 775§—1 (3.21)
(recall that 5,1 < 1). Hence, by (1.5) and (3.20),
L s\ dv < [pe(s) - 500 + 1By
1 [AnT= 1)+ [BNat(0)
=1Snm(0) = 2 (3.22)
<18 — 4] J2r 18] | [A\71(C)] ;L B\ '(C)]

< C5%.
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Write C as C; U Csy, where

no| R

1= {yec;2H1(sy)—H1(Ay)—H1(By)g } Cyi=C\Ci.
By Chebyshev’s inequality and (3.22),
H"1(Co) < C6C, (3.23)

while, recalling (3.15),
_ 66
min{H'(A,), H*(B,)} > X > 105 > 5 Vyeln
Hence, by Theorem 1.2 applied to A,, B, C R for y € C;, we deduce that
H!(co(A,) \ A,) + H!(co(B,) \ B,) < 5°. (3.24)
Let CAl C C; denote the set of y € C; such that
A, + B
1 y Y\ <« §¢
H (Sy\ . ) <6, (3.25)

and notice that, by (3.22) and Chebyshev’s inequality, H"~(C; \ C1) < C8¢. Then choose a
compact set €} C C; such that H"~(Cy \ C}) < 6¢ to obtain

HYL e\ C)) < CO6S. (3.26)

Step 3 We find S C S, so that |S'\ S| and 6(S) are small.
Define the compact set
— A, +B
S = vy "
U L CR
yeCy

Observe, thanks to (3.20), (3.23), (3.26), (2.3) and (1.5),
25> [ M)+ [ 1B
c c

> Al + B = [A\ 7 HC)| = B\ 71 (C)| = MH"H(C\ Cy)
> 2|S| — C6°.

So, since S C 9,
|ISAS| < C6°. (3.27)

Now, we want to estimate the measure of %(E + S). First of all, since

Sy= U Ay + By ;By”7 (3.28)
2y=y'+y"
by (3.25), we get
Hl(( U Ay’;By”)\Ay;By) <5, vyec. (3.29)
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Also, if we define the characteristic functions

1, if (y,\) € A,, N 1, if (y,\) € co(A,),
Xﬁ(}\) — {0 (y, A) Y X?’ () = {O (y,A) (Ay)

otherwise, otherwise,

and analogously for By, by (3.24) we have the following estimate on their convolutions:
A,x B,x B,x Ak
X" * X — X * X |z (m) < X7 —'XifﬂLwR)+'Hny — Xl
= H'(co(Byr) \ Byr) +H' (co(Ay) \ Ayr) (3.30)
<8¢ <36%, Vy,y'ec.
Recalling that 7 : R® — R is the orthogonal projection onto the last component (that is,
T(y,t) = t), we denote by [a,b] the interval T(co(A, ) + co(By)), and notice that, since by

construction

min{H'(A,), H*(B,)} > X > 106, VYyel;

(see (3.15)), this interval has length greater than 205°. Also, it is easy to check that the
function X;‘,’* * Xf,}* is supported on [a, b], has slope equal to 1 (resp. —1) in [a,a + 356¢] (resp.
[b—38%,b]), and it is greater than 36° in [a + 36, b — 36¢]. Hence, since (A,  + B,) contains
the set {X{j/ % Xpn > 0}, by (3.30), we deduce that

T(Ay + Byr) D [a+ 35,6 — 36°], (3.31)
which implies in particular that
H (co(Ay) +co(Byn)) < HY(Ay + Byn) + 65, Yo',y €Cy. (3.32)
Also, by the same argument as in [8, Step 2-al, if we denote by
[y, By] :=T(co(Ay) + co(By)),

using (3.25) and (3.31), we have

y/ + y/l

7(co(Ay ) + co(Byn)) C oy — 168, 8, +165%], V' y" y= 5

e, (3.33)

(Compare with [8, (3.25)].)
We now estimate the size of [1(S +5)] " Observe that, for all y € Cf,

1 LA, +B,)+ L(A,» + B,
{5(54_5)} _ U 2( y y)22( y y))
y
2y:y/+y//’y/’ylleci
= U %(Ay’ + Byr) + %(Ay” + By’))
2

2y=y'+y", v,y €Cy

1 1 1
c 5( U E(Ay’ + By”) + U E(Ay’ + By”))-
2y=y'+y", ¥y €C] 2y=y'+y", v’y €C]
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Hence, by (3.33), we deduce that each of the latter sets is contained inside the convex set
{y} x [oy, — 160%, B, + 166¢], so also their semi-sum is contained in the same set, and using
(3.32) with ¢/ = y"” =y, we get

0 ([F57],) e (2
SH( +B)+226< (3.34)

1(S,) + 228, Vye .

+CO )) + 166

In order to estimate [ (S + ?)}y when y € % \ C1, we argue as follows. By (3.33) and
the fact that H'(co(A,)) and H!'(co(B,)) are universally bounded (see (2.3) and (3.24)), the
following holds: If we denote by ¢ (y) the barycenter of co(4,) (and analogously for B and S),

we have L
Yy +y
2
(notice that co(S,) = co(A,) + co(B,)). Exchanging the role of A and B and adding up the

two inequalities, we deduce that

1A (y) + Ply") —25(y)| < C, Y,y €Cly =

S0 4+ S (") — 25 ()| < C it
lc?(y') +c(y") =27 (y)| < C, Vy,y',y" €Cy= 5

As shown in [8, Step 3], this estimate combined with the fact that C is almost of full measure
inside the convex set ) (see (3.19), (3.23) and (3.26)) proves that, up to an affine transformation

of the form
R*™' xR 3 (y,t) — (Ty,t — Ly) + (yo, to) (3.35)

with 7 : R*™! — R*~!1 L :R* 1 - R, det(T) =1, and (yo,t9) € R", the set S is universally
bounded, say S C Bpg for some dimensional constant R. This implies that [%(? + ?)]y C
(=R, R], so H!([3(5 + 9)],) <2R.

Hence, since 3(C{ + C}) C Q, by (3.34), (3.19) and (3.21),

P (7)) e

S+
' /[%(CHCQ)]\C’ " ([T} y> dy

< 226CH" Q)+ 2RH"H(Q\ C)) < C6°,

that is,
5(5) < Cs°.

Step 4 Conclusion
By the previous step, we have that §(S) < C¢. Hence, applying Theorem 1.4 to S, we find
a convex set K such that

|SAK| < Comens,
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so, by (3.27),
|SAK| < Comens,

Using this estimate together with Propositions 2.1-2.2, we deduce that, up to a translation,

there exists a convex set K convex such that AU B C K and
K\ Al +|K\ B| < 08,
Recalling the definition of ¢ (see (3.5), (3.14), (3.21)), we see that

anl . 1 1] a2
in _mm{n—1’2}3-26n6”‘1'

Since 81 = 1 (by Theorem 1.2), it is easy to check that

Bn =

n

1 2
bn = S Tnitn = 1)1 [[ef, W¥nz2
k=1

concluding the proof.

4 Technical Results

As in the previous section, we use C' to denote a generic constant depending only on the

dimension, which may change from line to line.

4.1 Proof of Proposition 2.1

Assume that
|[SAK| < Co*

for some a € (0, 1]. By John’s lemma (see [16]), after a volume preserving affine transformation,
we can assume that B, C K C By, , with r, = r,(K) > 0 bounded above and below by
positive dimensional constants. Note, however, that with this normalization, we will not be
able to assume that A and B are M-normalized, since we have already chosen a different affine
normalization.

We want to prove that
Sc(14C6%)K. (4.1)

Let Tp € S\ K, and set p := dist(To, K) = |[To —T1| with T; € K. Without loss of generality,
we can assume that T = Te,, for some 7 > 0, Tp = (7 + p)e,, and K C {z, < 7}. We need to
prove that p < Cd3n.

Let us consider the sets A*, B*, S*, K* obtained from A, B, S, K performing a Schwarz

symmetrization around the e,-axis (see Definition 2.1). Set S’ := $(A* + B*). Since
[S*TAK*| < |SAK| < C6°,
and, by (1.5) (notice that S C S* and that |S’| > 1 — Cd by (1.2)),

[ST\S | =157 = || = 18] = 15| < €,
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we get that [S'AK*| < C6. In addition, K* C {z, < 7}, T1 € K* and Ty € S*. Hence,
without loss of generality, we can assume from the beginning that A = A*, B = B*, S =
1(A*+ B*) and K = K*.

For a compact set E C R™, recall the notation E(t) C R"™! x {t} in (2.1), and define
E[s] C R by

Els] := {t : H"H(E(t)) > s}. (4.2)
Since S = £(A + B), we have
A®) ‘; BO) s, vier,
s0, by (1.2), we deduce that
S[s] o A[S];B[S], Vs> 0.
Hence
H(Als]) +H(B[s]) < 2H'(S[s]), Vs >0, (4.3)

and integrating with respect to s, by (1.5), we get
12 218| — 4] - |B] = [ 2HA(SI]) 1 (As]) — 7 (Bls]) s (4.4
0

Recall that K = K*, so that the canonical projection m(K) onto R"~! is a ball. We denote it
Bp := m(K), and note that R < nry,, with r, =, (K) given by John’s lemma at the beginning
of this proof. Then, since |SAK| < C§%, we have

Co = |8\ 7~ (Bw)| = | T (Sl ds,
Hn—l(BR)
so, by (4.3),
AN 7 (Br)| + 1B\ 7 (Br)| = /OO (H'(Als]) + M (Bls])) ds < C6°. (4.5)
H"=1(Br)

Hence, recalling that |A| and |B| are > 1 — §, we deduce that

H"'(Br) 1 H" " (Br) 1
/ HY(Als]) ds > 1. / H(Bls])ds >~
0 2 0 2
and since R is universally bounded (being less than nr,) and both functions
s — H(Als]), s H'(Bls])
are decreasing, there exists a small dimensional constant ¢/ > 0, such that

min{H"(A[s]), H}(B[s])} > ¢/, Vs € (0,c). (4.6)
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Also, by (4.4),

/ " (@HN(Ss]) — H (Als]) — H'(Bls])) ds < 46 (47)
and since |SAK| < C6* and K C {z,, < 7},

C/
| HISIEI (~o0 ) ds <18\ {am < 7} < 5 (4.8)
0
Hence, thanks to (4.6)—(4.8), we use Theorem 1.2 and Chebishev’s inequality to find a value
5€6%,20%], (4.9)

such that

¥ e

H' (co(A[3)) \ A[5]) + H (co(B[3]) \ B[3]) < C3' 2 < 062

(notice that o < 1) and
HI(S[3] \ (o0, 7]) < Co%.

Since 1(A[s] + B[s]) C S[s], this implies

co(A[3]) + co(B]3])

5 C (—o0, 7+ C52].

Hence, after applying opposite translations along the e,-axis to A and B, i.e.,
A— A+Yte,, B~ B-—/Ve,
for some ¢ € R, we can assume that
co(A[5]) C (=00, 74 C3%], co(B[3]) C (—oo, T+ C6%].
Since the sets s — A[s], B[s] are decreasing, we deduce that
co(A[s]),co(Bls]) C (—oo,7 4+ C8%], Vs >3 (4.10)

We now want to bound sup H!(A[s]). (Recall that we cannot assume that A and B are M-
s>0

normalized, since we already made an affine transformation to ensure that B, C K C By, .)
Since A = A*, we have sup H'(A[s]) = sup H'(A,), so, by Lemma 2.2,
s>0

yEeRn—1
1 M H"H(m(A)) 1
W) S @y ) <M )

In addition, since w(A) and 7(B) are (n—1)-dimensional disks centered on the e,-axis, |SAK| <
Cé* and B, C K C B,,,,, we easily deduce that

m(A) + 7(B)

5 = W(S) D B%, (4.12)
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provided that § is small enough. Hence, combining (4.11) and (4.12), we deduce that H" (7 (B))

is bounded from away from zero by a dimensional constant, thus

sung(A[s]) <C. (4.13)

Hence, by (4.5), (4.10), (4.13) and (4.9),

IA\{xnéT}lSIA\W*I(BR)I+|7r*1(BR)ﬂ{T§xn§T+C(5%}I+/ H'(Als]) ds (4.14)
0 .
< C6™ +C6% +C5< 062,

and, analogously,
|B\ {z, <7} <C6%. (4.15)
Now, given r > 0, let us define the sets
Al =An{z, <7-r}, B.:=Bn{z,<7-1r}, S :=8Sn{x,<71-—r1}
By (4.14)—-(4.15), we know that
|[Apl. 1Byl = 1 - Co%,

and it is immediate to check that

Also, since K is a convex set satisfying B, C K C B, , there exists a dimensional constant
¢, > 0 such that
T .
‘Kﬁ {T ~3 <z, < T}‘ > ¢, min{r", 1}.

Hence
1ol 181 = s {7 =2 <wn <7}

é|S|+|SAK|—‘KQ{T_2§%§T}‘

<14 C0* — ¢pmin{r", 1},
and by (1.2) applied to A.. and B}, we get

1

n

A5 + Byl
2

1-C6% —ClAN{r—r<az, <71} < <|8%

<14 Co* — ¢ min{r", 1},

which gives
ClAN{T —r <z, <7} > c,min{r", 1} — C6*2 (4.16)

(and analogously for B).
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Since the point To = (7 4 p)e,, belongs to S = #, there as to be a point T € AU B such

that T - e, > (7 + p). Without loss of generality, assume that T € B. Then, by (4.16) applied

with r = p, we get
T+ AN{r—p<z, <7}
2 Y

Sn{x,>71}>

SO

A —p<z, < no . a
05 > |5 1 {an > ) > AT T ol Zmin{p", 1} - Co%,
which implies p < C§2», proving (4.1).

Hence co(S) C (1 + C63n ) K, from which the result follows immediately.

4.2 Proof of Proposition 2.2
Since
co(A) + co(B)

5 = co(.9),

by (1.2), (2.4)—(1.5), we have
|co(A)|™ + |co(B)| < |co(A) + co(B)|n
= 2[co(S)|" < 2[S|n + C8°
<|A|* + |B|* + C§°
< [co(A)|7 + | co(B)

w4 6P,

from which we deduce that
|co(A) \ A| 4 |co(B) \ B| < C6”. (4.17)

Also, by Theorem 1.3 and the fact that || co(A)| — |co(B)|| < C§7%n (see (4.17)), we obtain

that, up to a translation,
|co(A)Aco(B)| < C(6% + 6%) < C52. (4.18)
This estimate combined with (4.17) implies that
|AAB| < €57
In addition, if we define K := co(A U B), then we will conclude our argument by showing that
K\ Al + K\ B| < Co7%. (4.19)

Indeed, by John’s lemma (see [16]), after a volume preserving affine transformation, we can
assume that B, C co(A) C B,, for some radius r bounded above and below by positive

dimensional constants. By (4.18) and a simple geometric argument, we easily deduce that
co(B) C (1 + C577) co(A).

Thus
co(A) Uco(B) C K C (1+ C677) co(A),
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and (4.19) follows by (4.17)-(4.18).
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