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1 Introduction

This note addresses a question raised to the author by Haim Brezis, in connection with his
solution to a conjecture of Serrin concerning divergence form second order elliptic equations
(see [1] and [2]). If the coefficients of the equations (or systems) are Hélder continuous, then H*
solutions are known to have Holder continuous first derivatives. The question is what minimal
regularity assumption of the coefficients would guarantee C! regularity of all H' solutions. See
[3] for answers to some other related questions of Haim.

1 )

Consider the elliptic system for vector-valued functions u = (u', -, u’),

3a(A?jﬁ(x)aﬁuj) =0 in By, i=1,2,---,N,

where By is the ball in R™ of 4 centered at the origin. The coefficients {A%ﬁ } satisfy, for some

positive constants A and A,

A% (@) <A,z € By, (1.1)
/B AP (2)0an dgrP > A/B [Vnl?, Vne Hy(By,RY) (1.2)
and
1
/ 1 B(r)dr < oo, (1.3)
0
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where

P(r) := sup (][Br(x)|A - A(a;)|2>%. (1.4)

xr€Bs

Main Theorem Suppose that {Afjﬁ} satisfy the above assumptions, and u € H'(By, RY)
is a solution of the elliptic system. Then u is C in Bj.

Remark 1.1 For elliptic equations with coefficients satisfying a-increasing Dini conditions,

a proof of the C! regularity of u can be found (see, e.g., [6, Theorem 5.1] as pointed out in
[1-2]).
Question 1.1 If we replace @ in (1.3) by

@(r) :== sup (][B ( )|A —ZB,,.(I)|2) ’ (1.5)

xr€B3

with ZB,,,(I) = ][ A, does the conclusion of the main theorem still hold?
B, (x)

2 Main Results and Proofs

Let B,(z) C R™ denote the ball of radius  and centered at z. We often write B, for B,.(0),

and rB; for B,.. Consider elliptic systems
0o (A (2)0pu?) = hi + 0pf] in By, i=1,--- N, (2.1)

where «, 0 are summed from 1 to n, while 7, j are summed from 1 to N. The coefficients {A?‘jﬁ 1,
often denoted by A, satisfy, for some positive constants A and A, (1.1)—(1.3), with & given by
(1.4).

Theorem 2.1 For By C R", n > 1, let A, A, \, ¢ be as above, {hz},{ff} € C%(By)
for some a > 0, and let u € H(By,RY), N > 1, be a solution to (2.1). Then u € C*(By).
Moreover, the modulus of continuity of Vu in By can be controlled in terms of ©, n, N, A, A,

a, [|hllca(pyy and [floa(m,)-
Remark 2.1 Assumption (1.3) is weaker than A being Dini-continuous.

Remark 2.2 The conclusion of Theorem 2.1 still holds (the dependence on «, ||h||ce(py)
and [f]ce(p,) is changed accordingly), if {h;} € LP(By) for some p > n, and f satisfies

1 1
) w ) = — 2 2.
/0 r~ (r)dr < co, where 9(r) zs;gB <][B,,(x)|f f(x)] )

Remark 2.3 This note was written in 2008. It was intended to be published after having

an answer to the question raised above.

Theorem 2.1 follows from the following two propositions.
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Proposition 2.1 For By CR", n > 1, let A, \, N be as above, and let A satisfy (1.1)—(1.2),
and

1

<][B,|A_A(O)|2)5 <o), 0<r<l1 (2.2)

for some non-negative function ¢ on (0,1) satisfying, for some p > 1,

max  (s) < up(r), /0 ro(r)dr < co. (2.3)

r/2<s<2r

Assume that h, f € C%(By) for some o > 0, and uw € H' (B4, RY) is a solution to (2.1). Then
there exist a € R and b € R™, such that

][ lu(z) = la+b-z]|lde < ré(r)[[|ull 2(sy) + 1Rllca(ny) + [fleamy], VO<r<1, (24)
B,

where 6(r), depending only on ¢, n,\, A, N, u, o, satisfies 1irr%) o(r) =0.

Proposition 2.2 Let u be a Lebesgue integrable function on By C R™, n > 1, and let 6(r)
be a monotonically increasing positive function defined on (0, 1) satisfying hn%) d(r) = 0. Assume
T—
that for every T € By, there exist a(T) € R, b(T) € R", such that

][ u(@) = [a(@) +b(Z) - (x = T)]|dz < ré(r), VO<r< % (2.5)
B, (@)

Then w, after changing its values on a zero Lebesgue measure set, belongs to Cl(B%), with

u=a and Vu =b. Moreover, for some dimensional constant C,
[Vu(z) — Vu(y)| < C(4]x —y|), Vz,y€ Bi. (2.6)

Similar results hold for Dirichlet problem: Let Q@ C R™ (n > 1) be a domain with smooth
boundary, let A and A be positive constants, and let A satisfy, for N > 1,

A7 (@) <A, zeQ,

/Q AP (@)D D1 > A /Q o2, Ve HA(QRY),

1
/ rila(r)dr < 00,
0

where

E(T) - gsclelg <][B,,.(x)mQ|A - A(x)|2)%.

Consider
3a(A?‘jﬁ($)aﬁuj) =h; + 3,3]%3 inQ, i=1,---,N,
u=g on JS.

Theorem 2.2 (see [4]) Assume the above, and let h, f € C*(Q) and g € CH*(9Q) for
some o > 0. Then an H*(Q,RYN) solution u to the above Dirichlet problem is in C*(Q).
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Our proof of Proposition 2.1, based on the general perturbation in Lemma 3.1 in [5], is

similar to that of Proposition 4.1 in [5].

Proof of Proposition 2.2 For any T € By, we see from (2.5) that as r — 0,
F @ -a@ldo < [ ute) - fa(@) + b(o) (2 - 7)da
B, (%) B,.(%)
+][ [b(Z) - (x —T)|dz — 0.
B,(7)

Thus, by a theorem of Lebesgue, a = w a.e. in B;. We now take u = a, after changing
the values of v on a zero measure set. Let T,7 € B 1 satisfy, for some positive integer k,

2-(k+1) < |7 — 7| < 27%. By (2.5), we have, for some dimensional constant C,

~ [u(®) +b(@) - 7))
\f ) +b(F) - (2~ 7)) — [u@) + () - (&~ )]}

<f @) - (u@ @) - (o - D)o
B, (%)
u(x) — |u(@) + b(y) - (x —7)||dx
+f2km|<>[<m+<w< )
< u(zx) — [u(T) +0(T) - (z —T)]|dz
<y ) = ) ) -]
v f ) - @ + ) (@ - Pl
o—(k—1) ()
< C27%5(27 ") < Oz - glo(4fz - 7).
Switching the roles of T and 7 leads to
[u(@) — [u(®) +b(Z) - (¥ — 2)]| < Cly —Z|6(4y — 7). (2.7)
Thus, by the above two inequalities and the triangle inequality,
b(T) — b(y)| < 2C5(4]F — 7). (2.8)

The conclusion of Proposition 2.2 follows from (2.7)—(2.8).

Proof of Proposition 2.1 For simplicity, we prove it for h = 0,f = 0 (the general
case only requires minor changes). We may assume without loss of generality that (1) <
€0, fo r)dr < ¢ for some small universal constant 60 > (. This can be achieved by working
with u(éox) for some ¢y satistying ¢(dy) < €p and fo Lo(r)dr < €. The smallness of ¢y will
be either obvious or specified in the proof. In the proof, a universal constant means that it
depends only on ¢, n, A\, A, N, . We assume that  is normalized to satisfy ||u||z2(p,) = ¢(471).
We often write 8Q(A%’385uj) as 0(Adu). For k > 0, let

Apyr(z) = A4~ gy A = A(0).
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We will find wy, € H' (5= B1,RY), such that for all k > 0,

I(Adwy) =0 in 7B (2.9)
;) k(n+2) K , Lk
lwillp2 (2 py < €472 0(A77), (Vg (g1 py) < Cp(47), (2.10)
IV will oo,y < C'4Rp(47F), (2.11)
k
(E+1)(n+2)
u— w»‘ < 4R (g D)y, 2.12
H Jz::o ez m) ( ) (2.12)
An easy consequence of (2.10) is

[kl oo (440 3y < C'A™Fp(47H). (2.13)

Here and in the following, C,C" and ¢y denote various universal constants. In particular,
they are independent of k. C' will be chosen first and will be large, then C’ (much larger than

C), and finally €y € (0,1) (much smaller than £).

By Lemma 3.1 in [5], we can find wo € H'(3By,R"), such that
— 3
8(A8w0) =0 in ZBl,
_nt2 —
= w203 1) < O o) < 4304,
So
lwoll 23 m0ys 1900 1o mays 19200 e 3.1y < Cip(1) < Cip(1).

We have verified (2.9)-(2.12) for k = 0. Suppose that (2.9)-(2.12) hold up to k (k > 0). We
will prove them for k£ + 1. Let

Then W satisfies
8(Ak+18W) = 8(gk+1) in Bl.

A simple calculation yields, using (2.3),
[Akt1 = AllL2(s,) = VIBilp(d~*D) < C(n, p)p(4=*+2).

By the induction hypothesis (see (2.10)—(2.12)),

k k 1
|(Vaw; )(4~*+ D) < ¢ Z p(4™) < C(n)C'/ ro(r)dr < C(n)C'ey, € By,
i=0 =0 0

~

M-

[}

k
(V2w (4= V)| <Oy Wp(™), we By,
j= =0
IWL2(m,) < 4~ F o= ®D) < O(u)a= "2 p(4=(+2)),

gkt1llp2(my) < C(n, p)Clegd™ R p(4=(*+2)),
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By Lemma 3.1 in [5], there exists vy1 € H'(3By,RY), such that
5‘(A5"uk+1) =0 in ZBh
and, for some universal constant v > 0,

IW = vks1ll2iyy < CUllgrrillrzcs) + €W llL2s,))
< C(Cleg + )4 k+2 (4= (k+2)) (2.14)

Let

wit1 () = vk+1(4k+1x), T Bj.

€ Jree
A change of variables in (2.14) and in the equation of vi41 yields (2.9) and (2.12) for k+ 1. It
follows from the above that

IV20h i1l Lo 51y + VRl (2 5y) < Cllowstllpagap,) < C4™FF (4~ FHD),

Estimates (2.10) for k£ + 1 follow from the above estimates for viy1. We have, thus, established
(2.9)-(2.12) for all k.

For z € 4~ (1 By using (2.10)-(2.11), (2.13), (2.3) and Taylor expansion,

k o o
> wi@) =Y wi(0) = Y Vu(0) -
3=0 3=0 §=0
o k
< Y (w0 + [V 0)]) + D IV2wjll poe a0 |2
=kt 1 i=0
oo k
<C Y (e )+ e ) +C > Ap(a)zf?
j=k+1 §=0
4k 1
< C4*(k+1)/ r~to(r)dr + C|x|2/ ‘ r2o(r)dr. (2.15)
0 T

It is easy to see that ‘li‘mo || f@ r=2p(r)dr = 0, since (2.3) implies 11%1+ o(r) = 0.
xT|— 2 r—
We then derive from (2.12) and the above, using Holder inequality, that, for some 6(r) = o(1)

(as r — 0), depending only on ¢, n, A\, A, N, u,

/4<k+1>31

k oo
= H ij(x) n Z(wj (0) = Vw,;(0) - x)‘

Jj=0 §=0
4= (D)D) 4= (k1))

u(z) — (iwj(O) + i Vw;(0) - a:) ‘dx
=0 =0

k
+u- Y ww)
L1(4—(+1) By) — L1(4—(k+1) By)
j=

Proposition 2.1 follows from the above with a = > w;(0) and b= ) Vw;(0) - z).
=0 =0
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Proof of Theorem 2.1 Fix a p € C°(B4), p=1on Bs, and let

eto)i=swp (f 1o - (pa)@)P)’

xr€B3

It is easy to see that for some p > 1, ¢ satisfies (2.3). Indeed, since it is easily seen that
o(r) < C((r) +r),

the second inequality follows. For the first inequality, we only need to show that ¢(2r) <

C(n)p(r), since the rest is obvious. For any T, let x1 = T, 22, ,Zm, m = m(n), satisfy
m

By, (z) € U Bz (i), and |z; — 41| < §. Then
i=1

1
2

(f,. o0 —Gaer)

(p4) = (pA)(@)?)

1
2

<cm > {( ][ (p4) = (pA) (@) ) + (pA)(@) — (pA) () |
i=1 By jo(xi)
< Cmp(r) +C(n) Y 1(pA) () = (pA) (i)
Since

[(pA)(z:) — (pA)(Tit1)]

[ en-ea@l- f (A - ()
Byo(wi) By jo(xi)

C'n A — A €Ty A — A Tt
<co(f, 10D -eaE+ f A - (A @)
< O(n)p(r),

we have

1
2

(][B (E)l(PA)—(pA)(f)IQ) < C(n)p(r).

Thus ¢(2r) < C(n)p(r).
For any = € By,

(][ A= A@P)" <), 0<r<t
B.(@) 4

Thus Theorem 2.1 follows from Propositions 2.1-2.2.
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