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1 General Setting and Universality Questions

Nonlinear partial differential equations with Hamiltonian structure appear in models of
wave propagation in physics or geometry. In the 1980s, basic properties of these equations were
established, notably the existence and stability of special solutions called solitons. In the 1990s,
tools from harmonic analysis led to a refined understanding of properties of the corresponding
linear equations and how to extend these properties to nonlinear equations. In particular, the
notion of criticality appeared. There remained the problem of understanding the dynamics
related to nonlinear objects (or special solutions). These questions have attracted considerable
interest in the last fifteen years, and yet we are just beginning to have a rough picture of the
subject. More precisely, the questions are what to expect in this context, what can be proved,
and with which patterns or tools can one approach these problems. In this paper, I will consider
the following equations (see [34] for a more extend review on the subject).

(1) The L? (mass) critical nonlinear Schrédinger (cNLS for short) equation

{i@tu +Au+|u|vu=0, (tz)el0,T)xRY,
U|t=0 = Up.

(1.1)
(2) The L? (mass) critical Korteweg-de Vries (¢cKdV for short) equation

{atu +0,(PPu+u’) =0, (tz)e0,T)xR, 12)

Uj¢=0 = U0O-
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These are special cases of the nonlinear Schréodinger (NLS for short) equation and the
generalized Korteweg-de Vries (gKdV for short) equation with power nonlinearities:

i0u+ Au= [ulP"lu =0, (t,x)€0,T)xRY,
Opu+ 0, (Pu+uP) =0, (t,x)€[0,T) xR,

where the equation with a — sign in front of the nonlinear term is called defocusing and is
expected to have only linear behavior, while the equation with a 4 sign is called focusing and
is expected to have nonlinear behavior (the nonlinear effect balances the linear effect).

1.1 Local Cauchy theory

Given initial data at time ¢ = 0, the general problem is to understand the behavior of the
solution u(t) for ¢ > 0 (and t < 0). First, in the 1980s and 1990s, the existence and uniqueness of
local solutions in time were clarified using Strichartz estimates on the linear equation, and fixed
point arguments to treat the nonlinear term in a perturbative way. Many authors contributed
to these developments; pioneering works are [2, 5-6, 8, 11-13], and many others. For the above
equations, we have the following results.

The mass critical nonlinear Schrédinger (cNLS for short) equation and the mass critical
Korteweg-de Vries (cKdV for short) equation are both locally well-posed (exhibiting existence
and uniqueness of a maximal solution) on [0,7) (similarly on (7,0]) in L? (for uy € L?) and
H! (for ug € H') where H! = {f : f and Vf € L?}. Either T = +oo (and the solution is to
said to be global), or T' < +o00, and then if ug € H', tlirr% |Vu(t)|2 = 400 (the solution is said

to blow up in finite time). Note that the value of T is in fact independent of the space, and
in L? the blow-up criterion is given by a Strichartz norm (see [5, 13]). Moreover, one has the
following conservation laws (mass and energy): For all ¢ € [0,7),

M(u(t)) = / lul?(t, z)dx = M(ug) for up € L?,

1
2+ %

E(u(t)) = %/|Vu|2(t,x)da: - /|u|2+%(t,x)dx — B(uy) forupc H',  (15)
1

Bu(t) = 5 /(&Cu)Q(t,a:)dx - %/uﬁ(t,x)dx — Bluy).

We have, in addition to the standard invariance by translation in space and time of the
equation (with phase and Galilean invariance for the NLS equation), the scaling symmetry of
the solution: If u(t, z) is a solution of ¢cNLS equation, then for A > 0,

ux(t,x) = )\%u()\Qt, Az)
is also a solution, and for solutions of cKdV equation,
ux(t,z) = /\%u()\?’t, Az)
is also a solution. These transformations leave invariant the L? norm of the solution, so that

both problems are called mass critical. In the defocusing case, the — sign in the energy becomes
a + sign and the energy is coercive.
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1.2 The problem of asymptotic behavior

We first have the following classical examples:

(i) Small data result. If the solution is small in the critical space (with a constant depending
on a Strichartz inequality), then the solution is global and scatters (has linear behavior) as time
approaches infinity. Let S(t)vg and S(¢)(vo,v1) be the solutions of the corresponding linear
equations.

There is a § > 0, such that in the case of ¢cNLS and cKdV equations, if |ug|r2 < 0, then the
solution is global and there are v4+ € L? such that

lu(t) — S(t)ve|pz — 0 ast — £oo. (1.6)

(ii) Nonlinear objects such as periodic-in-time or stationary solutions. In the focusing situ-
ation, we have simple nonlinear objects which are stationary solutions up to the invariance of
the equation. More precisely, we have for the cKdV equation a traveling wave solution of the
form u(t,z) = Q(x —t) where @ is the one-dimensional solution in H! of

For the cNLS equation, the periodic solution is of the form u(t,z) = e*!Q(x), where Q is the
ground state solution in H' of

AQ-Q+Q¥Q=0 (1.8)

(see [1]; note that excited states may also be considered).

(iii) The so-called self-similar solution. This is an expected typical example of blow-up
solutions. We consider solutions of the form (up to some time-dependent translation and phase)
for the mass critical KdV and cKdV equations,

1 x
u(t,x) = F )
0= T ((T—t)é)
for the mass critical NLS (the ¢cNLS equation),

1 T
u(t,x) = (T—t)%F<(T—t)%).

From the criticality and the conservation laws, for cNLS, cKdV equations, we will exclude
such self-similar blow-up (in a more general form) for solutions in the critical space. Non-
existence of self-similar blow-up (in critical space) is one of the features of critical equations.
Indeed, one can see that F' satisfies an equation and that the behavior of the solution as the
space variable goes to infinity shows that the solution is not in the critical space. To exclude
self-similar-like behavior is in general a challenge deeply related to the nature of each equation.
It corresponds to replacing an ordinary differential equation analysis by a partial differential
equation analysis.

Other examples of solutions are generally in some respects a combination of the previous

examples. They involve understanding the nature of dispersion at infinity in space and its
coupling with the nonlinear dynamics. In particular, to construct a blow-up solution with
a precise behavior is extremely complicated, even at a formal level, involving interaction of
nonlinear/linear dynamics. Typically, dynamics of the solution is (up to scaling) asymptotic to
a simple nonlinear object as defined before. In the global case, it is an example of asymptotic
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stability. In the blow-up case, we obtain a bubbling solution with a universal profile. In the
examples considered, dynamics near a soliton are quite degenerate (having more degenerate
directions than those given by the symmetries of the equation) and small perturbations in a
regular space can dramatically change the global nonlinear behavior. In particular, behavior of
initial data at infinity (tails) is essential. To get a formal understanding of these dynamics and
to rigorously establish the formal picture was a challenge and required a new set of ideas. In
general, understanding these interactions will lead to a classification of the possible dynamics.
The two main problems of this type that we considered were to understand blow-up behavior
for the mass critical NLS, and to prove blow-up for the the mass critical KdV. These questions
were open for several decades, and their resolution has a number of consequences in different
contexts. Our strategy is to see that in each situation deep knowledge of the dispersion is
related to a monotonicity formula (or sets of monotonicity formulas) which encodes notions of
irreversibility. Note that when we speak about monotonicity formulas in these problems of time
oscillatory integrals, we mean to have a decreasing quantity up to terms of lower order which
are controlled. As we shall see, this monotonicity gives stability properties of the resulting
dynamics.

We will now restrict attention to the physically relevant space dimension associated with
each model. This is dimension one for the mass critical KdV (the ¢cKdV equation), dimension
two for the mass critical NLS (the cNLS equation).

2 The Nonlinear Schrodinger Equation

2.1 History of the problem

We focus in this section on the cNLS equation in the physically relevant dimension N = 2.
We will work in the energy space, assuming that ug € H'. From an obstructive identity related
to a pseudo-conformal invariance, it is known since the 1970s (see [10]) that if

E(up) <0 and wup€ X =H"'N{zuy € L?}, (2.1)

then the solution blows up in finite time (without information on the structure of the blow-up).
)2

In addition, the conformal invariance (if u(¢, ) is a solution then ﬁu(%, ﬁ)el% is a solution)

applied to the explicit solution Q(z)e'* (where @Q is the ground state solution of (1.8)) generates

a blow-up solution:

L o(EVe =10, s~ L
S(t,x)f|t|%Q(|t|)e T with [S]2e = @l VSOl ~ 1

(2.2)

It is realized that this explicit type of blow-up is not generic, whereas the generic (stable)
blow-up scenario is left open for several decades. In the 1980s, a series of formal and numerical
works led to different predictions by Landman, Papanicolaou, Sulem, and Sulem [20] of the so

called “loglog” law (a “loglog” correction of the self-similar rate: |[Vu(t)|p2 ~ ,/%)
governing the stable generic singularity formation and a so called “log” law (a “log” correction

|log(T'—1)| )
Tt

of the self-similar rate: |Vu(t)|2 ~ predicted by another school.

Variational arguments yield that blow-up is related to bubbling (and no blow-up occurs for
|uglr2 < |Q|L2, see [51]). Then in the early 1990s, the following precursor result containing a
rigidity notion for Hamiltonian dynamics was proved.
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Theorem 2.1 (Dynamical Characterization of S in (2.2) and @ in (1.8)) (see [30, 32]) Let
up € H', |ug|p2 = |Q|r2 and u(t,x) be the solution of the cNLS equation with initial data uo,
then either (1) or (2) holds as follows:

(1) u is equal to S or to Q(x)e', up to the symmetries of the equation,

(2) w is global, and scatters as t — +oo if up € 3.

The first step of the proof is to show, using the minimality of the mass, that the solution
is either scattering or nondispersive. Then variational arguments, estimates on tails, and con-
formal invariance lead to the result. Now the solutions S, @ can be seen as the only solutions
which have a nonlinear dynamics at the critical mass level |Q|pz.

The next challenge is then to understand the dynamics in the context of a nonlinear/linear
interaction, and a natural setting for this is small nonlinear data theory: For a small 0 < o <1
and ug € H' with small supercritical mass

QI72 < [uoli2 < Q72 +a™. (2.3)

2.2 Loglog blow-up and classification (the Merle-Raphaél theory)

The starting point of this program is the Martel-Merle theory introducing rigidity notions
for general data and dynamical application of these (see next section). We are now considering
dynamics close to @ up to renormalization. Here the linearized problem around @ is very
degenerate (having a higher degree of degeneracy than invariances of the equation) and the
picture even at the formal level is not given by the linear theory.

The idea is the following: We consider, near ), a family of nonlinear objects related to
self-similar blow-up with a small time-dependent parameter b(t) (on bounded sets, these self-
similar solutions look like @, but have a tail at infinity and thus fail (just barely) to belong
to L?). Next, we consider Qp, a regularization at infinity of this family which is minimal in
some sense. At this point, the idea is to find irreversibility through the time evolution of the
parameter b(t) from a monotonicity formula in b(¢) (recall that this problem originally involves
oscillatory integrals in time).

The algebra related to @ gives a formal proof of the loglog rate (related to cancellations
at any polynomial order in the equation of the parameter b(t)). These notions based on mono-
tonicity formulas do yield a rigorous proof of stable blow-up. The remarkable fact is that this
theory works in H' and leads finally to the following theorem including a classification result.

Theorem 2.2 (L? Critical Blow-Up) (see [7, 35-39, 45]) Let ug € H' with small super-
critical mass (2.3) and u € C([0,T), H') be the corresponding solution to the ¢cNLS equation.
Then:

(i) Sufficient condition for loglog blow-up: If E(ug) < 0, or E(ug) =0 and u # @, then u
blows up in finite time with the loglog speed

log | log(T — )]

Vu(Blo ~ [

ast—T. (2.4)
(ii) Stability of loglog blow-up: The set of H' initial data ug such that u(t) blows up in finite
time with the loglog law (2.4) is open in H'.
(i) Universality of the bubble profile and classification of the blow-up rate: If T < +oo,
then there exist parameters (\(t),z(t),v(t)) and u* € L%, such that

1 J)—J?(t) iy(t * . 2
u(t, ) — WQ(W)G O w* in L% (2.5)
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where Q is defined in (1.8), x(t) — x(T'), and A(t) ~ W when t — T, and the speed of
L

blow-up either satisfies the loglog law (2.4) or is bounded from below by the pseudo-conformal
speed:

V()] > — foT (2.6)

—_— —T. .
u®lez 2 77— s

We remark that self-similar blow-up (|Vu(t)|p2 ~ i L 3 ), and the log correction of the
—t)2

self-similar rate are excluded. In the blow-up situation after renormalization, @) is indeed the
universal object which appears (related to the dynamical characterization of @ in the set of
initial data F(ug) = 0). Moreover the loglog regime exists and is a stable regime in the energy
space. In dimension one, see also [44], in which a special family of solutions with the loglog law
is constructed.

2.3 Threshold solutions

Theorem 2.2 yields the existence of an H'-open set of loglog blow-up solutions. In the
neighborhood of @, there are at least two other regimes: Scattering solutions displaying an
H'-stable dynamics, and the solutions constructed by Bourgain-Wang [3] and Krieger-Schlag
[17] which scatter to S:

u(t,z) — S(t,z) — u* in H' whent — 0 (2.7)

and which saturate the upper bound (2.6): |Vu(t)|p2 ~ \Tl| when ¢ — 0.

Such solutions are constructed by canceling interactions between S(t) and u*, taking u* to
be very flat near the zero. Therefore, instability of such a solution is expected. In [40], adapting
monotonicity properties to a mass constraint, one sees that the solutions (2.7) have an unstable
threshold dynamics.

Theorem 2.3 (Instability of S-Type Solutions (2.7)) (see [40]) The Bourgain-Wang solu-
tions are the threshold dynamics for the cNLS equation and lie on the boundary of both H*-open
sets of solutions which scatter linearly as time goes to infinity, and solutions which blow up in
finite time in the loglog regime.

2.4 Other applications of this approach

There are spectacular applications of this approach to the construction of blow-up solutions
with a given behavior. This point of view involving monotonicity properties in problems of
oscillatory integrals has been successfully used to solve some classical critical problems.

The first step is to perform a formal analysis, where one considers specific localization of
a self-similar profile (or its development with respect to a small parameter) and obtains, by
computing the nonlinear equation of this reduction, a nonlinear finite-dimensional reduction
of the problem. In all cases, we obtain the derivation of a monotonicity formula in a specific
regime which ultimately leads to a rigorous proof of the dynamics. It also shows that the infinite-
dimensional part of the solution is controlled by the finite-dimensional parameters. Here, in
most cases, we use high regularity theory to obtain such monotonicity formulas via specific
properties of the equation considered. A byproduct of the proof is a stability property with
respect to the initial data of the dynamics in this higher regularity space (where one has the
monotonicity formula).

At this level, general classification is still out of reach and is a real challenge in most cases.
Let me cite a few of these problems (see [46] for more details or examples). We have the
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focusing energy critical wave and Schrodinger equations in dimension three (or their geometric
counterparts in the critical dimension two) which can be reduced in the case of symmetry to
the following equation:

(i) The wave maps into the sphere S? (see [18, 47-49])

0?u = Au+ (|Vul? — |0pul?)u  in R?. (2.8)
(ii) The Schrédinger maps into the sphere S? (see [41])

O Au = Au+|Vul*u in R2 (2.9)

3 Generalized Korteweg-de Vries Equation

The cKdV equation admits the same conservation laws and scaling invariance as the ¢cNLS
equation and is mass critical. The problem of blow-up for the cKdV equation was considered as
a classical and natural question, since it has the same features as the mass critical NLS equation
but no conformal invariance (or associated virial identity which leads to a simple obstruction
argument to global existence). For small 0 < o* < 1, we consider data such that

|’LLO|%2 < |Q|%z + . (31)

3.1 Subcritical and critical Martel-Merle theory for the generalized Korteweg-de
Vries equation

This problem was thoroughly studied by Martel and Merle in the early 2000s. Following the
dynamical characterization of S for the mass critical NLS equation, where the nondispersive
character of solutions follows from the mass constraint of the initial data, and the work of
Glangetas, Merle [9], where for general data a minimality of an asymptotic dynamical property
shows the nondispersive character of solutions, the set of results presented in this subsection is
the next major breakthrough in the application of the notion of nondispersive solutions.

The idea is to find a contradiction from energy constraints (E(ug) < 0) and the exact
asymptotic behavior of the solution in the critical situation. For this purpose, a method was in-
troduced to produce irreversibility and rigidity in the problem. This method has as a byproduct
the spectacular application in the subcritical case where solitons are stable (up to symmetry).
Let us start with the simpler configuration.

(i) The subcritical case (1 < p < 5).

In this subsection, we consider (1.4) for 1 < p < 5. Solutions are global in H' and the
solution u(t, x) = Q(x —t) where @ is a solution of (1.8) and is stable up to translation in time.
Note that by scaling, for ¢ > 0,

u(t,z) = Qc(x — ct) (3.2)

is also a solution, where Q.(z) = cFeT Q(c%x). The main question was the asymptotic stability
of the soliton @: For initial data wug initially close to @ in the energy space, does the solution
centered at a suitably chosen z(t) converge to Q. locally in space, as time goes to infinity?
The main approach is to introduce rigidity, breaking the reversibility of the equation. For this
purpose, we consider a new entire solution v(t) with initial data asymptotic to u(t,,z, + -)
locally in space for some x,, where t,, goes to infinity as follows:

u(ty, +t,x, +2) — v(t,z) locally in L% (3.3)
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Then from a family of monotonicity formulas of the mass on half-lines, we are able to break
the reversible character of the solution v(t) and to prove elliptic exponential estimates in z,
uniform in time, on v(t,x + y(t)) for some y(t). Thus v(t) is a nondispersive solution of the
equation and we are able to conclude using dispersive properties that v(t, z) is exactly Q(x —t)
up to symmetry of the equation.

Theorem 3.1 (Asymptotic Stability of Q) (see [22]) Assume 1 <p <5. If jug — Qg1 <
§ < 1, and u(t,x) is the solution of (1.4) with initial data ug, then there exists ¢t close to one,
such that

1
u(t) = Qe+ (- —z(t)) = 0 in Hl(x > 70> as t — +o00,
where Q.+ is defined in (3.2).

(ii) The critical case (p = 5).

The situation in the critical case is much more delicate than in the subcritical case because
of the possible oscillation in time of the scaling of the soliton. Nevertheless, through a use of
irreversibility we are able to prove in the energy space the following.

Theorem 3.2 (L? Critical Blow-Up for the KdV Equation) (see [22, 23-25, 33]) Let
up € H' satisfying (3.1) and u € C([0,T),H') be the corresponding solution of the cKdV
equation. Then:

(i) Negative energy gives blow-up: If the initial data is such that E(ug) < 0, then the solution
blows up with T finite or infinite (|Vu(t)|p2 — 00 ast —T).

(ii) No self-similar blow-up: There are no solutions such that T < oo and

1
|[Vu(t)|pz ~ —— whent — T. (3.4)

(T —t)3

(iii) Universality of the bubble of concentration: There exist (A(t), z(t)) such that, for A > 0,

u(t,r) — ! z—alt) — in L?  for {|lz —z
)= QS5 ) 0 L o {le—a(®] < AND) (3.5)
where A(t) ~ m when t — T.

We remark that blow-up is in fact a consequence of asymptotic stability and energy con-
straints. Let E(ug) < 0. The proof of blow-up goes along the following lines (arguing by
contradiction): If the solution does not blow up, we are able to prove that u(t,) satisfies (3.5)
with a sequence A(t,) > ¢ > 0. Using E(Q.) = 0 and the coercivity of the energy for small
mass, we obtain that the energy computed on this time sequence E(u(t,)) is positive, which
contradicts the conservation of the energy.

3.2 Critical Martel-Merle-Raphaél theory

Another piece of Martel-Merle theory is as follows: Space decay of the initial data with
negative energy leads to blow-up in finite time. Moreover, an estimate on the blow-up rate
was obtained (see [25]). But clearly, compared to the mass critical NLS equation, one piece is
missing in the full description of the blow-up.

Recently, we came back to this problem and achieved a much more ambitious goal: We were
able to completely understand all solutions and their asymptotics for initial data near the ground
state with decay (including blow-up rate/stability /instability /universality questions). This was
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set forth in the series of papers [27-29]. Finally, we end up with a complete nonlinear finite
dimensional description of the dynamical picture (despite the high degeneracy of the equation
near the ground state). This is the only such situation known in the literature. The expectation
is that the picture obtained is canonical and should be extended to different contexts.

More precisely, consider the set of initial data for «g small,

A= {uo =@+ €y with |eg|g1 < ap and / r0eldr < 1}, (3.6)
x>0
and consider the L? neighborhood around the family of solitary waves
To- = {u € H' with inf |u—Qc,(- — 0|2 < a*}. (3.7)
co
roER

One first has the rigidity of the dynamics for data in A.

Theorem 3.3 (Rigidity of the Flow in A (3.6)) (see [27]) Let 0 < ap < o* < 1 and
up € AC T+ Letu € C([0,T), H') be the corresponding solution of the cKdV equation. Then
one of the following three scenarios occurs:

(Blow-up) The solution blows up in finite time T > 0 with the universal regime

u(t) s ~

as t — T with £(ug) > 0. (3.8)

(Soliton) The solution is global (T = 4+00) and converges asymptotically to a solitary wave
QC(UO)'

(Exit) The solution leaves the tube To« (3.7) at some time 0 < t*(ug) < +o00.

Moreover, the scenarios (Blow-up) and (Exit) are stable under small perturbations of the
initial data in A.

This is a complete classification of solutions with data in .4 which remain close in the L?
sense to the manifold of solitary waves. Again, a monotonicity formula (not in the energy space
but in a norm related to A) is a crucial step is this result. As for the ¢NLS equation, we have
the following dynamical characterization of @ (1.8): If E(ug) < 0, ug € A and u # @, then u
blows up in finite time on both sides in time with the blow-up law (3.8).

It remains to understand the long-time dynamics in the (Exit) regime. The first step is the
existence and uniqueness of a minimal blow-up element which is the generalization of the S(t)
dynamics for the cNLS equation. This result is a surprise since it was thought to be specific to
the mass critical NLS equation and linked to the conformal invariance. A key to this existence
result is the above classification result on localized initial data (even if this special solution has
a spatially slow decay at infinity), and for the uniqueness a set of monotonicity properties.

Theorem 3.4 (Existence and Uniqueness of the Minimal Mass Blow-Up Element) (see
[28]) There exists a unique solution (up to symmetries of the equation) S(t) in H* of the cKdV
equation with minimal mass |S(t)| 12 = |Q| 2 which blows up at T = 0.

Moreover, g(t) is globally defined for positive time.

We next prove the relevance of this unstable solution S () and the classification at minimal
mass through a result which links s (t) to a stable scenario (see also special examples of this fact
in [32, 40] for the mass critical NLS equation, and for the critical wave equation in [43], where
they obtained a related classification of the flow near the solitary wave involving a description
of the scattering zone and its boundary through a non-return lemma). The solution S is the
universal attractor of all solutions in the (Exit) regime.
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Proposition 3.1 (Description of the (Exit) Scenario) (see [28]) Let u(t) be a solution in
the (Exit) scenario of Theorem 3.3 and let t* be the corresponding exit time.
(i) Then there exist 7* = 7*(a*) and (\*,x*) such that

|(/\*)%u(t*, Nz +2*) — S(7°,2)| 12 < 6(ag) — 0 as ap — 0.

(ii) Assume that the solution S(t) scatters as t — +oo, then any solution in the (Exit)
scenario is global for positive time and scatters as t — +oc.

Note that it is natural to expect g(t) to scatter as t — +oo from the situation for cNLS
and ecNLW equations (see below) where it is proved.

It is important to notice that the above results rely on the explicit computation on some
parametrization of the solution for initial data in A, and not on algebraic virial type identities.
One may justify the following procedure: Introduce the nonlinear decomposition of the flow

1 x — x(t)

where € is small, and show that to leading order, A(¢) obeys the dynamical system
A (t) =0, A0) =1 (3.9)

The three regimes (Exit), (Blow-up), and (Soliton) now correspond at the formal level
respectively to A¢+(0) > 0, A¢(0) < 0, and A¢(0) = 0. The main and deep part is a monotonicity
formula in the original variable.

We now consider initial data with slowly decaying tails interacting with the solitary wave
which lead to new exotic singular regimes.

Proposition 3.2 (Exotic Blow-up Regimes for the cKdV Equation) (see [29]) There are
solutions w € H' of the cKdV equation, with initial data arbitrarily close in H' to Q,

(i) which blow up at t = 0 with speed |Opu(t)|r2 ~ ¢~ ast — 0T, for v > 1.

(i) which blow up at +oo with |Oyu(t)|p2 ~ t¥ ast — 400, for v > 0.

This shows that universality is lost without decay of the initial data (ug & A). In particular,
the H' Martel-Merle theory is still relevant and optimal for solutions only in the energy space
without strong decay.
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