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Exact Boundary Controllability on a Tree-Like Network
of Nonlinear Planar Timoshenko Beams*

Qilong GU!  Giinter LEUGERING? Tatsien LI®

Abstract This paper concerns a system of equations describing the vibrations of a planar
network of nonlinear Timoshenko beams. The authors derive the equations and appropriate
nodal conditions, determine equilibrium solutions and, using the methods of quasilinear
hyperbolic systems, prove that for tree-like networks the natural initial-boundary value
problem admits semi-global classical solutions in the sense of Li [Li, T. T., Controllability
and Observability for Quasilinear Hyperbolic Systems, AIMS Ser. Appl. Math., vol 3,
American Institute of Mathematical Sciences and Higher Education Press, 2010] existing
in a neighborhood of the equilibrium solution. The authors then prove the local exact
controllability of such networks near such equilibrium configurations in a certain specified
time interval depending on the speed of propagation in the individual beams.

Keywords Nonlinear Timoshenko beams, Tree-like networks, Exact boundary
controllability, Semi-global classical solutions
2000 MR Subject Classification 35170, 93B05, 49J40

1 Introduction

We consider a planar network of initially straight nonlinear Timoshenko beams under control
at some external boundary nodes. The corresponding linear system has been modeled and
analyzed with respect to wellposedness and controllability, observability and stabilizability,
optimal control and domain decomposition methods by Lagenese, Leugering and Schmidt [5—
6] and Lagnese and Leugering [8]. Nonlinear Timoshenko beams in three spatial dimensions
including thermal effects have been introduced by the same authors in [7]. Modeling and well-
posedness for nonlinear Timoshenko beams and in particular for networks of such beams, to the
best knowledge of the authors, have not been studied by many authors. A planar couple-stress
modeling has been recently described by Asghari et al. [1]. Other planar models have been given
by Zhong and Guo [17] and Racke and Riviera [12], the latter with thermal effects but without
longitudinal displacement. We will show below that these models are included in the approach
described in [7]. Global wellposedness for nonlinear Timoshenko beams in a general framework
does not seem to be available within the literature so far. Problems of exact controllability,
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observability and even stabilizability for single nonlinear Timoshenko beams has, to the best
knowledge of the authors, not been considered in the literature, and this is particularly so for
networks of nonlinear Timoshenko beams. This paper provides a first attempt to solve these
problems. We concentrate here our attention to planar networks of such kind. Networks in
three-spatial dimensions are subject to a forthcoming publication.

The plan of the paper is as follows. We first briefly describe the modeling procedure outlined
in [7]. The focus here, however, is on planar, initially straight and isothermal shearable beams.
These assumptions drastically reduce the complexity of the modeling procedure and, therefore,
the description is of independent interest. We then formulate the corresponding initial-boundary
value problem for a single beam under gravity. In the next step, we look for equilibria under
a given set of boundary conditions. In order to discuss well-posedness, we rewrite the system
in quasilinear form followed by a representation as a first order system. We notice that in
doing this, an artificial zero eigenvalue appears related to the shear angle. Then, the first order
format allows the application of the concept of semi-global classical solutions in the sense of Li
Tatsien [13]. Having established semi-global existence for the solution of the problem and the
problem resulting in interchanging the space and time variable a transformation that has to
be verified in due course the exact controllability can be shown as in [13]. The remaining part
of the paper is then devoted to extend the method to networks of such nonlinear Timoshenko
beams. Indeed, as is well-known that this procedure applies to tree-like networks using the
so-called peeling method.

2 Modeling of Nonlinear Beams

Let € be the domain of the undeformed planar beam:
Q= {I‘(.’E) = I'()(xl) + x3es | r3es € A(l‘l), X1 € [O,L]},

where e, €5, e3 constitute an orthonormal basis in R3, L and A(z1) denote the length of the
beam and its cross section at x7, respectively. As we consider a planar and initially straight
reference configuration, eq, e3 describe the plane of deformation, while es, pointing into the
plane, is the axis of rotation. We may, in fact, assume that A(x;) = A is constant along the
beam. It is clear that more general cases can also be dealt with. The reference configuration (2
is subject to deformation, and thus we consider R(z) as the vector pointing into the deformed
configuration. Consequently, V(z) := R(z) —r(x) is the displacement. As in all beam theories,
one finally wants to express everything in terms of variables related to the center line x3 = 0
of the beam. Thus, the displacement of the center line is introduced as W (z1) = V(z1,0),
where we suppress the variable x5, which is zero in the planar case. The tangents are given by
G, =R, = %R and E;(z1) := G;(x1,0), i = 1,3, respectively. We then can write down
the strains

1
€ij = §(Gz . Gj — (Sz]) (21)
and
_ 1
€ij ‘= §(E7' . E]‘ — (51]) (22)

Using standard arguments, see [7, 16], for a shearable beam one can establish the following
representation of the potential energy of the beam under deformation:

L
U=3 /0 (EAE, + GAel; + EIR?)dx, (2.3)
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where R is the curvature due to bending and F, A, I, G are Young’s modulus, the area of cross
section, the inertial moment around the e, axis, and the shear modulus, respectively. In order
to derive the equations governing the motion of the beam, we need to express the strains (2.2)
and the curvature % in terms of primitive variables such as displacements and rotation. We
consider the deformation process as being composed of the mappings, a rotation with the angle
© about the e, axis carrying the orthonormal system ey, es into €1, €3 followed by a deformation
of €, €3 into the non-orthogonal system Eq, Eg, described by the strains €;;. The first smallness
assumption concerns the rotation angle © such that the rotation takes the form

e =e; — Oes, €3 = Oe; + es. (24)
By definition, the curvature is given by

1,1 = —61 -83’1 = —6’1. (2.5)

@)

K:=e;3-
It is obvious from the definition (2.2) that E;, E3 take the form
E, =¢; +¢1e1, Es;=@e;3+ 2ese;. (2.6)
Using (2.4) we find

{El =(1+e1)(e; — Oez) = e + Wy, (2.7)

E3 =e3 + (@ + 2631)61.

(2.7) describes the overall deformation from eq, es into Eq, E3 and the second line suggests the
introduction of a total rotation angle ¥ := © + 2€3;, which accounts for rotation due to both
bending and shear. We are now going to express € in terms of a linear symmetric part and a
nonlinear part based on anti-symmetric quantities. Let

1
€5 = 5(62 . Ej +e;- Ei> — (Sij,

1 (2.8)
wij = i(el . Ej — ej . Ez)
With this notation, we can express €, given by (2.2), as
_ _ 1 e _
€ij = Cijt 3 > (@i + Tpi) (Epj + Ty)- (2.9)

p=1,3

At this point, we introduce the second hypothesis on the smallness, namely, we assume that
the strains €;; are small with respect to the rotations w;;, in other words, we set

€ij =€y + % > (@) @) (2.10)

p=1,3

We have W ;1 -e3 = (E; —e1) - e3 = —© = W3 ; and, therefore,

_ _ 1 _ 1

€11 = W171, €13 = 5(’!9 — @), Wiz = 5(’[9 + @) (211)
With (2.11) we can now express the strains €;; as follows:

1 1
&G =Wii+ g(ﬂ +0)?, &@3= 5(19 —0). (2.12)
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It depends now on how one handles © versus ¢ in connection with W5 ; in order to obtain
different models of Timoshenko beams and Euler-Bernoulli beams. If there is no shear strain,
then upon © =¥ = —W3 ; one obtains

1
€ =Wia+ 5V[/:,il, €3 =0. (2.13)

This leads to a nonlinear Euler-Bernoulli beam as discussed in [7]. If one keeps the shear strain,
one arises at what has come to be known as von Karman relation, namely,

1 1
€ =Wia+ §W32’17 €3 = 5(19 + Wa1). (2.14)

We now express the quantities Wy, W3, 9 by wu,w, —1, respectively, where the minus sign is
introduced only for easier comparison with the traditional notation for linear models. We
introduce then the following potential energy:

L\J\r—'

/L EA —u+ (8‘9 w)2)2+GA(a%w—¢)2+EI(6%¢)2}dx. (2.15)
0

If we consider the deformation of the beam under its own weight, we have to add to the potential
energy the corresponding gravitational effect:

L
= /pAg(e ce1u + e - ezw)dz. (2.16)
0

Obviously, axial forces no longer couple to rotation (shear), and we then derive the following
nonlinear Timoshenko beam model:

Ag—;u = EA;—;U + ETA% (a%sw)2 — pgAe - eq,
= 04w ) g (A () ) ) oo @10
aatw E1882w+GA((%w ~v).

Remark 2.1 Such a system (including higher order terms) has been investigated by Asghari
et al. [1]. If one considers very thin beams, then their model reduces to (2.17). It should also
be mentioned that upon neglecting the longitudinal displacement in (2.17), one derives a model
that can be written in the format of Riviera and Racke [12], where the thermal coupling is also
present. These models are included in the framework of Lagnese, Leugering and Schmidt [7].
While in [12] a wellposedness result is derived for the thermoelastic Timoshenko beam, a global
in time existence and uniqueness result does not seem to be known in the literature as regards
systems (2.17). Finally, if one assumes no shear, i.e., ¢ = %w, then one obtains from the
Hamilton principle, after suitably adjusting the potential and kinetic energies, a nonlinear Euler-
Bernoulli-beam equation coupled to longitudinal motion. If the latter, in turn, is neglected one
arrives at a 1-d version of the von Karman-system. See Langese and Leugering [4] and Horn
and Leugering [3] for stabilizability results for the latter beam equations.

We use the model (2.17) in this article. We have the following boundary conditions.
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(i) Dirichlet conditions at 2 = 0:
u(0,t) = vh(t), w(0,t) =vH(t), ¥(0,t)=v(t), te€][0,T].
(ii) Neumann conditons at z = L:
0 EA( 0

2
JE— — —_— = 1
EAz—u(L,t) + = (5-w(L. t)) o(t), telo,T),

GA(%w(L, t) — (L, t))
+EAK68 w(L,t) + %(%w(L,t))Q)a%w(L,t)}:v?\[(t), te 0,71,

Ela%:z/}(L,t) =v3(t), telo,T).

715

(2.18)

(2.19)

(2.20)

(2.21)

Remark 2.2 It is clear that with homogeneous boundary data, u =w =1 =0, z € [0, L]
is an equilibrium. The determination of all non-zero constant and also nonconstant equilibria
is beyond the scope of the article. This will be considered in a forthcoming publication. Here

we restrict ourselves only with some examples.

We are now in the position to formulate the initial-boundary value problem for a planar

nonlinear Timoshenko beam.

82 H? EA O /0 2
Pt = BAGue 0 + 5o (gre)
0 0
m52<aw—6§82m2w &yqu ;
]_ 2
+0 (B4 (gt 0 + 5 (g00) ) grute0) - eod,

0 0
o1 it t) = BT 0 t>+GA(8 wia,t) = (1)),

(z,1)
U(Oat) - UlD(t)v w(O,t) = U%(t), 7/1(0at) - UBD(t)a te [OaTL
EAa%u(L,t) + %A(%w(L,t))Q — ol (1),

GA(%w(L,t) - zp(L,t))

+(EA((%u(L,t) + %(%w(L,t))Q) a%w(L,t)) = v% (1),

B (1) = (o), te0.T)

u(x, O) = UO(x)a au(xa O) = Ul(x)a

w(zx,0) = wo(x), g w(z,0) = wy(x),
0

7/1(1'70) = 11110(‘%)7 1/’(%0) = Z[}l(x)? UAS [OaL]

ot

(2.23)

(2.24)

Here (2.22), (2.23) and (2.24) represent the state equations, the boundary conditions and the

initial conditions, respectively.



716 Q. L. Gu, G. Leugering and T. T. Li

2.1 Equilibrium solutions

We now consider equilibrium solutions of (2.22). Clearly, for the homogeneous system, the
zero-state is an equilibrium. However, in the context of mechanics, we always have to deal with

gravitational forces.

Example 2.1 The first case concerns a horizontal beam that is clamped at x = 0 and free
at the other end, i.e., e = (1,0)", e3 = (0,1)T = e. Therefore, looking for an equilibrium

solution in the context of gravitation leads to the following ordinary differential system:

02

pgA = GA( () - %wm)

+§; (EA(%u(:c) + %(%w(x))Q) %w(m)),
0= El%zb(x) + GA(%w(:c) (). zefo.rl
u(0) =0, w(0)=0, (0)=0,

EA@(& ())2’

PAgG) + 5 (grum) =0
(aﬁ ) - (L)) + (EA(%U(L) + %((%w(L))z) %w(L)) =0,

0
Bl 4(L) =0.

The solution of (2.25) and (2.26) is given by

(2.25)

(2.26)

(2.27)
(2.28)

(2.29)

() = —1(%)2{ g (L—a) — L) b (L)~ 1) 2
+ 723L3<<L— vy —L‘U—?,}((f— o - 19 (25)
A e = R §

O R R A éL% F(L - -1 20,

By = P2 2 - 1),

Example 2.2 In the case of a hanging beam, where the top end z = 0 is clamped and the
end z = L is free, we have e; = —(0,1)T = —e, e3 = (1,0)T. Thus,

—pgA = EAaaiQU(:E) + ETAE% (a%w(w))z,
0= GA(8822 (z) — % (:r))

5 (B + 5 (g0@) ) g0t

0= Elaa L GA(%w(x) (). =Ll

(2.30)

The boundary conditions are the same as in (2.26). In this case the first equation gives a
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tangential load

pgA(L — z) = EA(aax () + %(a%w(x))z), (2.31)
02 p) ) )
0= GA(a Sw(x) — %w(m)) + pgA ((L - x)%w(m)). (2.32)

Obviously, the unique solution is the one, where w(x) = ¢(z) = 0, Va € [0, L], while

u(e) = £L(L2 - (L— )%,

which clearly shows the stretching due to gravitation.

2.2 Quasilinear form

We proceed to derive the quasilinear form of the system (2.17) or of the initial-boundary
value problem (2.22)—(2.24).

Ag; EAaa—2 + EA%waa;w,
2 2
”A% GA(aa2 %w) (2.33)
+EAaa 3622“+EA(6633 +5 () )3822w pod,
;221/; Bl w+GA(3w zp)

We rewrite (2.33) as a System of second order equations in vectorial form as follows. We
introduce the vectorial state as ® := (u,w,v)" and define

pA 0 0
M= 0 pA4 0|
0 0 pI
13
EA EAa—xw 0
0
) = d 0 370 \2
G<@’8wq)>' Edgzw GAJFEA(ax uts (£“’)> 01 (2.34)
0 0 EI
0
0 0
il = | —GA—1v¢ — pgA
Fle,-e): agl/} pg
GA( 5w —v)
The system (2.33) can be written as
0? 0 0? 0
Mo ® = G( o <I>)8xQ<I>+F<¢- aﬁ)' (2.35)

System (2 35) is a quasﬂlnear system of second order in space and time. Now, given an equi-
librium & : = (u,w 1/)) , we look for states ® = ®+ & for possibly small P. Clearly, we can
reformulate the quasilinear system in terms of the perturbation &. To this end, we define

g(%,%&») _G(<I>+<I> §@+%¢’)

HE 8%;13) =g(%. %‘i)%@w(@ + 3, a%@ %513)

(2.36)
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Because the @ is an equilibrium solution, we have

F(0,0) = 0. (2.37)
The system (2.33) takes now the form
T e-g(2.28) L5 r(5.La) (2.38)
Now,
M7G(® aff» _El s 1 G 0 38:8@‘;“’)8 2 | 2.39
( oz )_Z 8x(0+w) E+%(a+u)z (5@ +w)) (1) (2.39)

is a symmetric matrix. Hyperbolicity is then a matter of showing that the eigenvalues of M ~1G
are uniformly positive in a neighborhood of the equilibrium solution. To this end, we introduce

04~ 0« G 0 370 . 2
1=4q( @, =% i@) 1+ o (@+u)+ 5 <8x( o+w) (2.40)
~ 0~ 0« G 0 1,0 . 2
r= r(cb ®, o — 9, 9 ) E+8—( +u)+§(%(w+w)) : (2.41)
Then the eigenvalues of M ~1G are py; := %, W2, W3 with
02~ 0= _ B
Mz,s(‘l’ P, o —®, 89:@) —7(q:|: q —4r). (2.42)

As the general discussion on the hyperbolicity of the system depending on the magnitudes of
FE and G is a bit involved, for the sake of simplicity, in this article we resort to equilibria such
that the eigenvalues p; are uniformly positive and smooth in a sufficiently small neighborhood
of the equilibrium solution >

For the analysis of (2.35), in partlcular for its controllability, it is important to consider the
invertibility of the matrix G (‘I> <I’) in a neighborhood of ®. Indeed, we formally have

o(% &)
1 L+ (L@rm) + S L)
RE o (@+ D) 1
d(@,%é) oz 0 tw o
0
E 0 7

- (%(wﬂ) + 1(a%(@JrzT))Z + Q)

2 B

where d(<I> <I>) = BA(% + + 57 O (U+u+1 (ax (w+w))2). It is obvious that the matrix
g(@ 'I>) is indeed invertible in a neighborhood of the equilibrium state ® that satisfies
the requlrements above. Under these conditions, one may then multiply the system (2.38) by
G~! and obtain the second order derivative in the spatial variable with the identity matrix as
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coefficient. Then, one may interchange x and ¢. Moreover, in this case, the transformed system
is again a hyperbolic system of second order. Formally, the original system and the one obtained
after interchanging = and ¢ are not of the same type, as first order spatial derivatives in the
coefficients of the x — t version are now time derivatives in the t — x version of the problem. In
order to fully symmetrize the situation, one can use the format discussed by Wang [14].

3 First Order System

In order to analyze the well-posedness of system (2.33), we transform the second order
equations into a quasilinear hyperbolic system of first order. There are a number of equivalent
ways to do that. In order to avoid the “-notation, we write the perturbations without the “-sign.

To this end, we introduce the following variables U = (uq, - -, uz):
I S IR
1._81'7 2-_at7 3._81'7 4_8t7 (31)
U'*QI/J U'*QTZJ ur ==Y .
5'781)’ 6.7875’ 7=
and write (2.17) in the following form:
L
o't T 9z
otz = gt st us) g s,
9=2,
a o v
9 E, __ d G+ E(ur +u + 2(uz +us)?) o G,
s = — — U — — — 3.2
5z 4 p(u3+u3)8xu1+ p 5 L3 p(u5+u5) g, (32)
O us=2u
at° ox
gu —EQU —|—G—A(ﬂ\—|—u — U7 — uy)
ot = agus T s s — 7 —ur),
gu =u
o7 = Ue:
We rewrite (3.2) into matrix format and introduce
0 1 0 0 0 00
E E __
— 0 *(U3+U3) 0 0 0 0
p p
0 0 0 1 0 0 0
_ 3, -
AU)=-| g G+ E((u; +u1+§(u3+U3)2)) . (3.3)
—(uz+u3) 0 0 0 00
p p
0 0 0 0O 0 1 0
0 0 0 0 £ 00
o
0 0 0 0 0 00
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0
0
0
0 —g(ﬂ\+u)—
B(U) = —A(U)5-U + o 5T s T g with B(0) = 0. (3.4)

0

O @+ s — 7 — )

pI U3 +~ U3z — uUr —uy

Ue
With (3.3) and (3.4), system (3.2) can be written in standard form as follows:

) )
U+ A(U)5-

o U = B(U). (3.5)

In order to verify the hyperbolicity of (3.5), we need the eigenvalues and eigenvectors of
A(U). We define

q—2E(u1+u1—|— u3—|—u32—|—( ))
1
r —16E2<u1+u1+ 2(U3—|—U3)2+E>

There are three cases to deal with:
(1) G< E,
(2) G=F,
(3) G> E.

We first consider the case E > G. Then the eigenvalues are given in increasing order by

__|E __ 1 7 o __ 1 s
AL = , A= NG q+VgG —r, A= NG q—Vaq —r,

A =0, (3.6)
A5:71 Va—V¢—r Ae):il Vet Ve —r, M= £
2./p ’ 2./p ’ 0

It is clear that the eigenvalues \;(j = 1,2,3,5,6,7) correspond to &,/11;(i = 1,2, 3) with (2.42)
of the second order system. In order to establish the relation of the nonlinear model under
gravity with linear Timoshenko model without gravity, we set for the moment g = 0, i.e., we
look at the case U = 0. In this case, we have as (u1,us) — (0,0),

—M%,E>Q fM%,E>Q
Ao — )\3 — (37)
—,/g, E < G, —,/E, E <G,
p p
M%7E>G M%,E>Q
)\5 — )\6 — (38)
§7E<Q E,E<G
Vo Voo
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Remark 3.1 It should be noted that for U = U = 0 the eigenvalues \;(i = 1,---,7)
coincide with those of the linear Timoshenko beam system, namely,

E G G E
M1 = —{[ — = M2, M3 = —4{[ —» ,U/4:07 M5 = ) He = — = M7,
p p p p

ordered by magnitude for E > G. Notice that for U =U =0 the eigenvalues =4,/ % have

double multiplicity, while the system is strictly hyperbolic for U # 0 and U such that (uy,us3) #
(%, 0). The zero eigenvalue is an artificial one which can be avoided by directly considering
the original system (2.35) of second order. It is, however, necessary to use the first order format
in order to utilize the concept of semi-global classical solutions in the sense of Li [13].

For the case E > G we find the following right-eigenvectors:

1 T
V1_<0 00 0 —(%)2 1 0>7
(1 1 /[ A2\2 1 Ao\ 2 1 *
w1t n(G) Vain () Vaig 00 0)
aE—FUg 1 {LS—F’LLP, 1 T
- — 100 0
va=(0 0 0 0 0 0 1), (3.9)
W tus 1 ﬂ;+u3i1000T
V5:( oGD2-1 G-l X )
1 A1 T
a! 1 /7 A6\2 1 A6\ 2 1
v6</\6 ! rﬁ((x) ‘1)@+Tu3 ((3) ‘1)ag+u3 00 0)7
1
_ A%
G (oooo(E)10),

while for the case G > E, we have to interchange the role of vy, v3 and vs, vg, according to
the change in the magnitude of G and E. E = G is a degenerate case with the additional
property that now, in the limit, we have three double eigenvalues. Nevertheless, even in this
case the system is strictly hyperbolic in a neighborhood of the origin. We need to evaluate the
left-eigenvectors. These, for the case G < E, are given by

L=(00 0 0 (f)é 10>,

L={X 1 )\2((%)271)@_1“3 ((%)2*1)7@1{% 0 0 0),

13(<(A3)2_1(55+u3) (A;_l(fwug) A3 1 0 0 0>7

L=(0 0 0 0 0 0 1), (3.10)

15 =

( -
é () )t (et v o)
1 0

1 —~
571(U3 +’LL3) )\5 1 0 0 0)7

17

We suppress the analogous cases for G > E and F = G.
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Clearly, for E > G (E < G), the eigenvalues and the eigenvectors are C''-smooth as functions
of uy, u3 in a neighborhood of (u7,u3). However, if we consider the case (u7,u3) = (0,0), the case
without gravity, then we only get directional differentiability along lines ¢(u1, us), u1 # 0, t >0
when ¢t — 0. Clearly, on ¢(u1,0), ¢t > 0 the expressions are not defined. For this reason, that
situation is not considered in this article further. We introduce

v
ri=—— $=1,2.3.

[[vill

We have
li-r,;:éij, I'Z"I‘?:l, Z,]:].,,?

We can also express the boundary conditions at © = 0 and z = L in terms of U. To this end,
we introduce the matrices

0100000
Rp(U):=10 0010 0 0 (3.11)
00 0 0 0 1 0
and
EA
EA o 24 0 0 0 0
A2
EnU)= | Eaus 0 ETU§+GA 0 0 0 -GA (3.12)
0 0 0 0 FEI O 0

With (3.11) and (3.12), we can express nonhomogeneous Dirichlet conditions at z = 0 and
Neumann conditions at x = L as

Rp(U(0,4))U(0,1) = Vb (1),

Ry (U(L)U(L,t) = Vn(t), t€0,T). (3.13)

We are now in the position to formulate the initial-boundary value problem (2.22)-(2.24) as a
first order hyperbolic system of equations in the classical format:

0 0
&U(l',t) + A(U(ﬂf,t))%

Rp(U(0,t))U(0,t) = Vp(t), Rnx(U(L,t))U(L,t) = Vn(t), tel0,T], (3.14)

U(z,t) = B(U(x,t)U(x,t), (x,t) €][0,L] x[0,T],

U(z,0) =Uy(x), =z€]0,L].

In order to apply the theory for semi-global classical solutions of Li [13], we need to express the
boundary conditions in terms of the variables

v =LU)-U, i=1,--,T.

Namely,

(3.15)

x=0: (vs,v6,v7) = Go(t,v1,v2,v3,v4) + Vo(t),
x = L: (v1,v2,v3) = Gr(t,v4,vs5,06,v7) + VL(1),

together with
Go(t,0) = GL(t,0) = 0.
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We analyze the situation for (3.10); hence for G < E, we leave the case to the reader. Here we
obtain

v1 + v7 = 2ug,
A6 1
=20 +2ui((37) 1)
Vo + Ve U + 2Uy /\)\1 s T ws
us + u
U3 + V5 = 2U4 + QUQ%,
S (3.16)
Vr — V1 = 2>\1U5,
A6\ 2 1
— oy = 2) P A((—) —1)A ,
Ve — V2 Guij_ U3 A6 N Tt us
Vs — V3 = 2A51£L2w3u1 + 2)\511,3.
($2)2 -1
This can be written in matrix form as follows:
0 0 1
U1 v7 1 ((&)2,1)/\ 1 0 U2
V2 + Vg =2 g )\1 Uz + us Uy
3 U5 Uzt Uz 1 0 ug
As5)2
(32)? -1
Un
= M(ul, U3) Uy (317)
Ug
and
0 0 A1
V7 V1 A6\ 2 1 Up
ve | — | v2 | =2 Ao /\6(()\71) B )ﬂg+u3 0 ug
Vs VU3 usz + ug Us
A5 3 A5 0
(32)2 -1
U Ui
= diag(/\l,)\ﬁ,)\5)M(u1,U3) us =: Q(U17U3) us |. (318)
us Uus

In order to simplify the notation, we order the system variables in a different way. Namely,

the vector U is now ordered according to UT = (u1,us, us, Ug, Ug, Ug, u7) =: (W1, Wa, W3),
where w1 = (uy,us3,us), Wo = (uz, U, ug), W3 = uy. We also introduce &, = (v7,ve,v5)T and
& = (v1,v2,v3)T. With this notation, we can reformulate (3.17) and (3.18) as follows:
Er +E = M(wy)ws, & — & = Q(wy)wr. (3.19)

The derivative

U1

Dy gy | Qur,uz) | us = Q(0,0)
Us

(u1,u3,u5)=03
is invertible and, therefore, we can apply the implicit function theorem and conclude that there
exists a function © such that

w1 =0 — &)
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Inserting this into the first equation in (3.19), we obtain

Er +E = MO —&-))w

We then define
D(E4,8-,wa) =8+ — M(O(§4 — §-))wa.

Obviously, we have
®(0,0,0) =0, D¢, ®(0,0,0)=1.

Thus, we can apply the implicit function theorem again in order to solve for £;. There exists
a vector function Gp o(,-) such that

er = GD,0(§,7W2), GD’()(07O) =0. (320)

Upon defining Dirichlet controls at z =0 as

w(0,0), 260,0)) " = (hox (1), hos(1), o (1)),

0 P
w2 (0,8) = (uz, us, ug) (0, 1) = (a—u(() 0. 5 -

we rewrite (3.20) with
Gp,o(§-(0,1);t) := Go,p(§-(0,2), ho(t)) = Gp,o(0,ho(t))
and Vp(t) = Gp,o(0,ho(t)) as
§+(0,t) = Gpo(&-:t) + Vp(t), (3.21)
where now Gp o(0;¢) = 0. We go back to the previous notation and conclude
(v7,v6,v5)(0,t) = Gpo((v1,v2,v3,v4)(0,1); ) + Vp(t). (3.22)

This is the format required in (3.15). As for the Neumann boundary conditions (2.19)-
(2.21), we have, after dividing through the constants in each condition and renaming the controls
vy (1=1,2,3)

E 1
us(Lyt) = ur(Lot) + o (un(L,) + Sus(Lit)us(L,t) = v}, (1) (3:23)
us(L,t) = v¥(t), t€][0,T].
Using the first equation of (3.23) in the second condition, we arrive at
1
(L’t) + iug(Lvt) = U}V(t)v
E .24
(1+ 2ok (0)us(L,t) = ur(L, 1) = vh (1), (324

We are going to use (3.17)—(3.18). We notice that vy = u7. According to the second equation
n (3.24), uz(L,t) can be expressed in terms of uz(L,T) and, hence, in terms of vy(L,T). By
the first equation in (3.24), this is true also for uy (L, T). Thus,

us(L,t) = (1 + gv}va)) V(1) + (1 + gv}v(t))ilm
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and
2

wr (L, T) = vl (1) — %((1 + gv}v(t))_lva(t) +(1+ gv}v(t)>_1v4) .

As us(L,T) = ﬁ(w —v1) = v3(t), we can express the third condition in (3.23) as v1(L,t) =
vr(L,t) — 22103 (t). Now, the last two equations of (3.16) contain on their right-hand sides
terms in the variables u1, uz, only. As seen above, these can be expressed in terms of v4. Thus,
vg, Vg can be expressed in terms of v4 and terms involving the controls vi;(¢) (i = 1,2, 3). This
shows that we can express (3.23) in the form

(v1,v2,v3)(L,t) = Gy, ((va, v5,v6,v7) (L, T); ) + V(). (3.25)

Similarly, Dirichlet boundary conditions at z = 0 and Neumann conditions at * = L can be
shown to satisfy

(v1,v2,v3) (L, t) = Gp,1.((va, v5,v6,v7) (L, t); ) + Vp(t), (3.26)
(1)7, Ve, U5)T(O, t) = GN70((’U1, Vg, U3, 1}4)(0, t); t) + VN(t). (327)
Remark 3.2 It should be remarked that the system matrices with UT = (W1, wWa,Ws),

where wy = (u1,us, us), wa = (ug,uq,ug), W3 = uz, have now the following forms:

0 0 0 1 0 00
0 0 0 01 00
0 0 0 0 0 10
E E __
R ; —(uz + u3) 0 0 0 0O
A(w) = - e (3.28)
E, __ G+ E(@ +ui + 3((@5 + ’
= (3 + us) (e + 5 tus)) g g o
p p
E
0 0 ; 0 0 0O
0 0 0 0 0 0O
0
0
0
. U 0 N
B = Aw)—w — G, __ ith B(0) = 0. 3.29
W= AT gy, | B0 (3.29)
O @+ s — (3 )
o uz +uz — (u7 +ury
(u6+u6)
With (3.28) and (3.29), system (3.2) can be written in the following equivalent form:
0 ~ 0 ~
praL + A(w)%w = B(w). (3.30)

The advantage of this form is that it reveals the typical block structure for wave equations.

4 Existence of Solutions

In order to study the well-posedness of (2.22)-(2.24) in the framework of semi-global clas-
sical solutions, we need to assume regular initial and boundary data, as well as compatibility
conditions.



726 Q. L. Gu, G. Leugering and T. T. Li

Definition 4.1 We say that the initial conditions and boundary conditions satisfy C'-
compatibility conditions for the Dirichlet case at © = 0 and for the Neumann case at x = L, if
the following conditions hold:

vp(0) = ug(0), v5(0) =wo(0), vH(0) = tho(0),

(Wh)(0) = w1 (0), (1) =wi(0), (v})(0) =1 (0),
. E8 /0 1,0 2

(vh)"(0) = ;%(%uo +5(5zw0) ) (0),
) G( 92 o

(vH)"(0) = ; @wo - %1/}0)(0)

) 3 ) Lo

(v)"(0) = ¢5(0) —

as well as

0 EA/ 0
EA%UO(L) + 7(

GA( (L) ~ (L))
+(EA(8xu0(L) + %(a%wo(fz)f) ;Uwo(L)) = 42,(0),

0
Elo—1o(L) = v}(0)

and
B ) ,
EA%Ul( )+EA6 (L)%wl(L) = (vn)'(0),
GA(5wi(L) = (D))
1o} 0

+EA(a—u0(L)% (L) +

f(fwo ) (L)) = (3)'(0),
Ef—ﬂm<> (v3)'(0).

We say that the initial and boundary conditions satisfy C2-compatibility conditions if they
satisfy the C''-compatibility conditions and, in addition, the partial differential equations (2.33)
hold at z = 0, L on time ¢t = 0, where the second order in time derivatives are replaced with
the second order in time derivatives of the controls at z = 0 and x = L, respectively.

Remark 4.1 The representation as a first order system, say, in the format described in
Remark 3.2, is useful. In particular, wi, wsy, at ¢t = 0, are related to (the spatial derivatives of)
the initial displacements ug, wg, ¥y and the initial velocities w1, w1, 11, respectively.

Theorem 4.1 Let T > 0 be given. Let the boundary controls Vp = (vi)3_; € C*([0,T])3,
Vy = (vy)2_, € CH[0,T])? and the initial data ®g = (ug,wo,10)* € C3([0,L]), ®; =
(ur,wy, 1) € CY[0,T)) satisfy the C* compatibility conditions of Definition 4.1, such that
(@0, ®1)llc2(0,2))3x 10,2y and |(VD, VN)lle2(o.m3xcr(o.L)ys are sufficiently small.  Then
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there exists a unique semi-global C?-solution ®(x,t) = (u(z,t), w(x,t),vy(z,t)) with small C?-
norm on R(T) defined as

R(T) :={(z,t) |0<z <L, 0<t<T} (4.4)

Proof The proof is similar to the one given in [10] and follows the lines of [13].

5 Exact Controllability

We are now in the position to formulate the problem of local one-sided exact boundary
controllability around an equilibrium solution o= (u, w, 12) We denote the perturbations of E
by ®. Let us recall the eigenvalues p; (i = 1,2,3) given by (2.42). For the sake of brevity, we
write u;(z, ®) (i = 1,2,3) in order to indicate the dependence of p; on the spatial variable and
the perturbation. Thus, u;(z,0) (¢ = 1,2,3) signifies the eigenvalues in (2.42) at the spatial
point x at equilibrium. Both, the systems at equilibrium and at the actual position, define
speeds of propagation. The maximum travel time in the beam can be estimated as follows:

T := max ma 5.1
0 i= 12X3w€0)2]1/lul.]j0 ( )

For a given e-neighborhood B (®) of ®, we can bound the travel time by
T} := max max max (5.2)

[[®|l<ei=1,2,3 z€[0,L] ’/,Uz T, (}

Indeed, by our assumptions, we find such an ¢y > 0 such that T > 27y implies T > 27}.
Thus, we can bound the time that a signal needs to travel from the boundary, where controls
that apply to the clamped origin and back can be estimated by the corresponding time for the
system seen at equilibrium.

Definition 5.1 Let a control time T > 0, initial and final data (Po, P1), (Po, ¥1) where
Py = (UQ,’UJ(),’(/)())T S 02([071/])3, P, = (uhwhwl)T S Cl([O,L])s, U, = (uOT,wg,z/Jg)T S
C3([0,L))3, ¥y := (u],wi, )T € CL([0,L]3) be given. We say that the problem (2.22)-(2.24)
is exactly controllable in time T with one-sdided controls, if there exist boundary controls Vp
with Vi = 0 or Viy with Vp = 0, satifying the compatibility conditions (4.1)-(4.3), such that
the corresponding solution, satisfying the conditions of Theorem 4.1, admits the final values

wz, T) =ug (), w(x,T)=mwq(z), ¥(@T)=1q)

9 9 (5.3)

Sue T =uf (@), gl T) =wl@), 9T =vf@), eIl
Theorem 5.1 Let T be given by T > 2Ty. There exist neighborhoods Uy, Uy of (:I\), 0) such

that for each pair of initial states in Uy and final states in Uy satisfying the reqularity and

compatibility conditions given in Theorem 4.1, there exist C%(0, T;R3)-controls Vp or Vi such

that the solutions of (2.38) satisfy the conditions in Definition 5.1.

Proof The remaining part of the proof consists of applying method described in [13]. For
the sake of brevity, we refer to the proof of Theorem 7.1 (Section 7 below) for n = 1.

Remark 5.1 We remark that we do not consider the exact controllability problem on
the level of the first order system (3.5). Indeed, the exact controllability of the full state via
boundary controls is generally impossible, due to the appearance of the zero eigenvalue. This
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eigenvalue would make it necessary to involve a distributed control (see [13] and a more recent
discussion in Hu [2]). The controllability result is a local one. It can be extended to a local-
global result if one considers two distinct equilibria connected by a path of equilibria (see [10]
for the analogous case in the context of nonlinear strings).

6 Networks of Nonlinear Timoshenko Beams

We now consider networks of planar initially straight nonlinear Timoshenko beams accord-
ing to (2.17). We introduce some notation in order to describe the network. We suppose that
there are n beams indexed by i € Z = {1,---,n}. We let the i-th beam be parametrized
by its rest arc length « with « € [0, L;], L; the length of that beam. The position and s-
hear at time ¢ of the point corresponding to the parameter x will be denoted by the vector
((u,w, )" (x,t))T. The positions and shear at the endpoints, which we refer to as nodes, are
given by functions ((vh,v%,v%)7)T(t) with j € J = {1,--- ,m}. A similar statement holds for
the simple nodes where Neumann conditions are applied, see below. At multiple nodes which
we denote by JM, where several beams meet there is a common location N7. Simple nodes
are those corresponding to the endpoints of only one beam. This set is split into nodes J°7,
where Dirchilet conditions are satisfied, and J°~ where Neumann conditions hold. We let
7/ ={i € Z:NJ is an end point of the i-th beam}, J™ be the subset of J corresponding to
multiple nodes, while 7 contains the indices of simple nodes. We assume that there are simple
nodes so that 7 is not empty. For j € J° we have Z0 = {i;}. For i € T we let z;; = 0 or
245 = L; depending on whether the beam begins or ends at the simple node, respectively. For
purposes of integration by parts we also introduce ¢;; to equal 1 or —1 depending on whether
x;; is equal to L; or 0.

We only consider rigid joints such that the positions and, hence, the displacements as well
as the angles between to adjacent beams before and after deformation coincide. Pinned joints
will be treated elsewhere. The continuity of displacements is expressed as

Wi(zi;) = WH(ay), VikeZ?, jeJM. (6.1)
Reflecting the meaning of W = ue; + wes, we can rewrite (6.1) as
Ul (zi)el +wi(zi;)el = ub(vi)el +wh(z;)ek, VikeI?, je gV,

where we notice that because the undeformed and the deformed configurations r®, R? satisfy
the same conditions, these conditions are also valid for the displacements at the centerline. As
for the total angles ¢, we obtain at a rigid joint

V(i) =¥ (aky), VikeZ’l, je TV (6.2)

We can now derive the following conditions on balance of forces and moment at a multiple
node:

o o ,
Z eij{EiAi(%ul(mij) + %%wl(xijj)Q)ell

i€ZI
o . . _
=+ GiAi (%wl(xz]) — 1/}7'(93”))85} = F‘j7 (63)
o .
Z eij (Ezfz%@/ﬁ(x”)) = Mj. (64)

1€TI
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Remark 6.1 We notice that the conditions (6.3)—(6.4) at multiple node are vectorial con-
ditions coupling longitudinal motion and shearing, while the rotation around es does not couple
to other primitive variables. This is in contrast to scalar beam models which represent out-of-
the-plane dsiplacements, only. The fact that the multiple node conditions are vectorial implies
that the network depends on the angels between the beams, thus, on the topology. In scalar
networks, the angles do not matter.

Let e be the upright unit vector. The full initial-, boundary-, nodal-value network problem
for initially straight planar nonlinear Timoshenko beams reads as follows:

0? 0* EA; 0 (0 2 i
piAia—t;u (z,t) =FE AZ@:/ (z,t) + 5 B2 <%w (x,t)) — piAige - e},
O i o 9
piipmu'(at) = G :(Ww gs,t) —1p (a;)) )
i 1 i 2 i
+%(Eiz4i(%u (x,t) + 5(3?111 (m,t)) )%w (at,t)) (6.5)

—piAie - €,
82 7 82 7 8 7 7
pili (v,t) = Biliz—t'(a,t) + Gid; (%w (z,t) — i(z, t)),
(x,t) €10,L;] x [0,T], €T,
ui(q"iﬂ'?t)) = U%)l(t)a wi(xijjvt) = 1}})2“), wi(xijjvt) = U%)S(t)v
ieT?, je g, tel0,T),

9 EAi 0 2
EiAiafmu (xijj,t)—&- B) (%w (xlj]7t)) _'UNl(t)7

a 7 i
Gidi (5o @i, 1) = ' (@4,0,1))
0 i 1,0 i 2 0 i i

(B (G @ + 5 (50t @) ) 5w @) = ko),
EiIi%¢i(mi_jj7t) =ols(t), i€V, je T, telo,T],
Wi(2ij,t) = WH(ay;,t), Vi keIl je M, tel0,T),
Vi(xig) = VF(exy), VikeT? jegM telo,T),
Z eij{EiAi<%u (i3) + 5 (%w (%y)) )91 67
1€ a .

+Gidi (5w (i) = ' (i) )eb | = By, te[0,T)

o
D e (Ei[i%wz(xij)) =M,;, te][0,T],

(6.6)

i€
u'(z,0) = uf(x), %ui(x,O) =ui(x), =€][0,L],
w'(x,0) = wé(m), awi(x,O) =wi(z), z€[0,L], (6.8)

Y0 = ha). oy (,0) = i), w0l

Here (6.5) includes the equations governing the motion of the beams along the individual edges,
(6.6) describes the boundary conditions at simple Dirichlet- and Neumann-nodes, (6.7) provides
the conditions of continuity and force/moment balance at multiple nodes and (6.8) denotes the
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initial conditions. As for the single element case, we introduce the mass-matrices and stiffness
operators for each individual beam: For each i € Z, we define

M,; = 0 pZAZ 0 5
0 0  pil;
0
( o ) ) NIETE IR
Gi|®;, — ;) :=
AN ’ EiAi—wi GiAi+ EiA( -uwi+ 5 5ow ’
Ox gpvi Gidit Bi(Grui+ 5 (gom) ) 0 (6.9)
0 0 Eil;
0
b 0
X . P, = —GZ'AZ‘f i — Pi Ai
Fi(@;, 833@2) : %w pig
Gz'Az'(%wi - 1/11)
Then each Timoshenko-beam system can be written as
0? 0 82 8

Now, given an equilibrium configuration such that on the edge i we have o, = (w;, w;, 1Zi)T, we
look for states ®; = ®; + P, for possibly small ®;. Notice that we omit the tilde for the per-
turbations right away. We can reformulate the quasilinear system in terms of the perturbation
@ii

0 =~ 0 =~ 0
gi(¢ia%¢’i> = Gi(@i+‘1>i,a*‘f‘i+ a*‘ﬁi), (6.11)
0 0 0? 0 =~ 0
Py, —P,; ) =G P;,, —P; <I> Fi(®, +P, —P, + —D;). 12
‘FZ( (3] am 'L) gl( Z a )a 2 + < K3 + K3} ax K3 + ax 'L) (6 )
Because the </f'i correspond to an equilibrium solution we have
Fi(0,0) = 0. (6.13)
We thus have
02 0 0? 0 ~
My ®; = gi(<1>i,87<1> )a S ®, +}'( &C@i). (6.14)

Under precisely the same conditions as in the single link case, we may invert G;(®;, a%{)i), as
this matrix is uniformly positive definite in a sufficiently small neighborhood of the equilibrium.
This fact will be important for the proof of controllability. In order to proceed with existence in
the sense of [13], we need compatibility conditions both at the simple nodes and at the multiple
nodes. At a simple node j € J°7-¥  there is only one edge incident and the location is denoted
as above by x;;. It is straightforward to reformulate the compatibility conditions (4.1)—(4.3) for
such simple node conditions. We refrain from displaying the corresponding conditions. However,
the new multiple node conditions (6.7) require the following new compatibility conditions:

ud (zij)el + wi(ziy)el = ub(zy;)el + wf(zyj)el, VikeIl, je M, tel0,T),

ul (z5)el + wi(z;)el = ul (zg;)el + wh(zy,)el, Vi,keZl, je JM, tel0,T],
Yo (@ij) = V6 (wes), Vike€Dl, je M, te0,T],
i(zij) =

0
V¥(xk;), VikeIl, jeJgM, tel0,T],

(6.15)
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> Eij{Ez'Az(a%ué(%) + %((%wé(ffijj)f)ei
i€Zd
G owh(e) — o) eb} = F(0), 1€ 0,T)

Y e (Bilig-vibe) = M;0), € [0.7),

€T . 1,8 5 4 (6.16)
> Eij{Ez‘Az‘ (%U’i (i) + 5 (%wé(%m)) %Wi(%j))%
i€Zi

o . , ‘
+Gidi (5-wi(zy) — ¥i(ei) )b | = FH0), te0.T),

S e (Bili g a)) = M)(0), 1< (0,7

1€ZLI

6.1 Equilibrium solutions for the network

We assume from now on that we have an equilibrium solution of the entire tree-like network.

That is a solution (), W' (z), P (z) of the following steady state problem:

; 0% EA; 0 10 | 2
pigAe-e| = EiAiﬁu (z) + 5 %<%w (x)) ,

] ? o
pighie ey = GMi(@wz(x) - %W(x))
+8%: (EZAZ<(%UZ(x) + %(%wZ(x))2) %wz(x)>’ (6.17)

2

0% . o ,
0= EZ-IZ-@W(JC) + GiAi(a—Iw’(:v) - W(x)),

x € [0,L7], iGI,
U (2,) =0, w'(zi;) =0, ¢'(x;;)=0, i€, jeJo,

o EAi 10 2
ElAZ%U (xijj) + 7(—1;10 (:17,].])) = 0,

GiAi(%wi(xijj) - W(xijj)) (6.18)
_ N2 A
+(8EiAi(aaqu(x) n %((,%wz(:r)) )a%w%(z)) —0,
oz
Wi(zi;) = WF(zy,), VikeI’, jegV,
Vi(xiy) = ¥ (ry), VikeT?, je gV,
9 L0, N2
E:za eij{EiAi<a—xu (i) + 5 (%w (l“ijj)> )el (6.19)
+GiAi(a%wi(%) - W(%‘))eé} =0,

1€

Bl —'(z;,;) =0, i€’ jeJom,

Tt is clear that for the local equations (6.17) a similar analysis as for the single-link case (2.25)
can be performed. The full analysis of the equlibirum problem is beyond the scope of this article.
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We provide, however, a simple example that makes the vectorial nodal conditions evident.

Example 6.1 In order to elucidate the network setup, we give an example of a “carpenter
square”. Here, we have a horizontal beam (labelled 1) and a second hanging beam (labelled
2) mounted at the end of the first beam. The constellation of local bases is as follows: e} =

(1,0), e} =(0,1) and e? = (—1,0), €% = (1,0).

0 = E1A1

o2 EiAL 9 /0 4 \?
g @+ Tt (g @)

0? 0
—p1gA; = G1A2<@wl(aj) - %1?1(33715))

+%(E1A1(a%u1(x) n %(%wl(x))Q)%wl(x)), (6.20)

0= Elllaa—z Yz) + G1A; (%wl(gg) _ ¢1(I)>7
z €0, L],
0= GQAQ(ai;w2(x) f (e, t>)
1 (Baa () + 5 (2(@) ) (@), (6.21)

2

0= EQJQ%W(Q:) + GaAs (%wz(x) - ;z;%;)),

T € [0, LQ],

The boundary conditions at the simple nodes are

u'(0) =0, w'(0)=0, '(0)=0,
EQAQ%UQ(LQ) + E22A2 (%wQ(LQ))Z _ 0’
G2A2<a%w2(Lz) - wQ(L2>) (6.22)
+(E A (guz(x) + 3(3w2(L ))Z)QUP(L )) ~0
62 oz 2\ 0z 2 Ox )
Exlr—0?(0) =0,

while the transmission conditions at the multiple node read as follows:

ul(Ly) = w?(0), w'(L1)=—u?(0), ¢'(L1)=¢*(0),

B <Ll>+%§1 0)') = Gate( L0 - v70),
(G0 + 3 (Gu0)) = oun 2om-vu),
Elllai;z/)l(Ll) = Eglg%wQ(O).

The conditions at the multiple node are intuitive, as they clearly show that the longitudinal
displacement of the horizontal beam converts to transversal displacements of the second beam
and vice versa. The analogous observation is evident for the balance of forces. It can be
shown that this system of ordinary differential equations has a unique solution. However,
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Carpenter square under self-weight

~©~FE solution (present theory)
=8 FE solution (linear theory)
—)=FE solution

exact theory)

Figure 1 A carpenter’s square: Current, geometric exact and linear model.
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the analytical solution cannot be provided due to space limitations. See Figure 1, however,

for a numerical comparison between the current beam model, the geometric exact model and

the linear Timoshenko beam model. It is clearly seen that the two nonlinear models are in
good agreement, while the classical linear model deviates significantly. In the linear theory the
downwards movement of the tip of the horizontal beam follows the vertical line, which is clearly

non-intuitive for large displacements.

6.2 Network equations in first order format

By taking (3.2) into a matrix format, we denote the individual matrices for the i-th beam

as follows:

B;i(U") := —A;(U")

oz

Ui+

1 0 0O 0 0 0
0 ?(ué—i-ug) 0 0 0 0
0 0 1 0 00
Git Bi((wi +ui + 50wz +up)?) o o
Pi
0 0 0O 0 1 0
E.
0 0 0 = 0 0
Pi
0 0 0O 0 0 0
0
—ge - €}
0
—g(a—i—ui)— e-el
pi B T TISTG i B;(0) = 0.
0
ool (uf + ug — uy —up)

, (6.24)

(6.25)



734 Q. L. Gu, G. Leugering and T. T. Li

Also for the multiple node, we introduce the representation of the local coordinate systems
in terms of global coordinates in the 1-3-plane as follows: ei = (ei;,el;), e} = (ei;,eks).
Moreover, the continuity conditions have to be differentiated with respect to time, so that
instead of u®, w', ¥, dpu, dyw', O)t, hence, ub, ul, uf are involed. Then

_ 0 €3 0 e 000
C':=10 €35 0 €335 0 0 0 (6.26)
0O 0 0 0 010

and
—et, 0 —eb + — L+ ul)el, 0 0 0 ——e
i 11 Py 31 i 2( 3) 11 i 31
L E; . G; . E; 1 o G; o
FUUY = Zefa 0 —eba+ ——(uh +ubdeia 0 0 0 ——lei, |. 6.27
(") i 13 ; 33 i 2( 3 3)€l3 i 33 ( )
FE;I;
0 0 0 0 0 0
Pi

With this notation, the general network problem can be expressed as follows:

2Ui(g;,t) = B;(U'(x,t))U'(, 1),

9 i) + AU (2, )5

ot
(z,t) € [0, L] x [0,T7, ,

RD(U (24,5, 1)U (2,5, 1) = Vip(t), i€I?, je T, tel0,T],

Ry (Ui (i, ) U (i,5,1) = Vin(t), i€T?, je T, t€[0,T], (6.28)

C'U (zi5,t) = C*U* (xyj,t), Vi, ke T?, jejM t 0,77,

> e FUUNU + U (i, t) =0, ieI™, telo,T],

i€ZI
UZ(I,O) = Uo(ZE), x € [0,L7], iel.

An alternative formulation is as follows: We rewrite the system in terms of w according to
UT =: (w1, ws,ws3), where wy = (uy,us3,us), Wo = (s, U4, ug), W3 = ur has now the following
form:

0 0 0O 1 0 0 O
0 0 0O 0 1 0 O
0 0 0O 0 0 1 0
E; E; )
— —(u§+u§) 0O 0 0 0 O
< i Pi Pi
A(w') = — . (6.29)
Ei . . Gi+Eul+ul+ 3((uh+ui)?
PG 1) (ul ul ((Us “3)) 0 00 0 0
Pi p
0 = 0000
Pi
0 0 0O 0 0 0 O
0
0
0
~ 0 G —ge-e;
Bi(W):: 2(W )%W - _J(ag_’_u%)_ge.ei with B(O) 0, (630)
G;A; —
Ll U» + u
0il; ( 3 ( 7 7)
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%Wi(:ﬂ,t) + ,&-(wi(m,t))%wi(m) = Bi(w'(z, )W (, ),
(z,t) € [0, Li] x [0, T,
wh(zi,j,t) = Vip(t), ie€T’, je g, te[0,T),
EN(Wi(ﬂ%jvt%""é(%ﬂi)) =Vin(t), i€’ jeT, te0,T], (6.31)
Wi(2ij,t) = wh(zyg,t), VikeTZl, je g™, te[0,T], s=2,3,
D e B (wh (i, 1), wh(@i, 1) =0, i€ JM, te(0,T],

i€Zd
w'(z,0) =wo(z), z€][0,L], i €,

where we have used the obvious condensed forms of the operators Ri;, F* with respect to the
partition of variables. We can now apply the same calculus as in the single-link case. This
means that we may introduce, for each individual edge, a system of left and right eigenvalues
of the matrices A;(U*), I (j = 1,---,7), v4 (j = 1,---,7) or A, respectively. This makes it
possible to rewrite the system (6.28) as a first order system in these new variables, analogous
to the single-link case. For more details see [13]. We introduce

Vi = (v}, 0,05)", VD= (v, 05,05)", Vo= vp=us. (6.32)

According to (3.17)—(3.18), we obtain

e 63)

Vi — Vi = Qi (wh)wi.

We consider the case that x;; = 0, the other case is completely analogous. In a tree, and this is
the case we consider, one can always arrange the multiple nodes in such a way that all incident
edges either start at the node, i.e., x;; = 0, Vi € Z7, or end there, ie., z;; = L, Vi € 7.
For this, one has to work with a simple scaling in order to transform the lengths to a uniform
quantity. Now, the second equation in (6.33), after applying the implicit function theorem at
w = 0, provides a function ¢ such that

wi = ¢'(Vi, Vi) (6.34)
We insert this in the first equation of (6.33) and get
VLV = MV Vs
In view of this, we can define the map
® =V - VL - M(¢/(Vi,VL))wh =0

together with
$'(0,0,0) = =M'(¢'(0,0))0 =0, Dy: 2°(0,0,0) = I.

We may, thus, apply the implicit function theorem again and obtain
Vi = Gy(VL,wh), (6.35)
so that at a controlled Dirichlet simple node we obtain

Vi (0,1) = GH(V(0,1), (VD) (1)), (6.36)
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where Vi, (t) := (v} ;,vp 5,vp3)(t) is the vector of Dirichlet controls at # = 0. This is the
format required in [13]. Another way of writing (6.33) is

Vi = Q(MZ( Dws + Q' (wi)w),
‘ - - (6.37)
VL= SO0 (whwh - Q' (wi)wh)

Now, (6.37) defines a map ©"(wfi, w)) := (V, VL), the Jacobian of which is given by

CL(S o)

b ~Qo(wt)  M(wh)

i
Wi

which, in turn, is invertible. Notice that

, A0 0 4
Q=10 X 0 | M.
0 0 Xs

Therefore, we may apply the implicit function theorem once again in order to find mappings
¢, " with
wi = ¢' (Vi VL), (6.38)
wh = (Vi VL) (6.39)

With these expressions the Neumann node conditions at controlled simple nodes can be ex-
pressed in terms of w*(0,t):

Ry (wi(0,1), w5(0,1)) = R(¢(VL(0,1), VL(0,1)), w5(0,1)) = Viy(2). (6.40)
The continuity condition at a multiple node (taken at x = 0 for all incident edges) reads
W£(07t):W%(Oat)v Z:2a , Ty,

where n; = |Z7] is the edge degree of the current multiple node j € JM at 25 = 0. We can
now use (6.38) and the Ist equation to obtain

wi(0,t) = ¢'(V'L(0,8), VL(0,8)) = ¢"(GH(V'L(0,1), w3(0,1)), V' (0,1)). (6.41)

The final point is now to consider the transmission conditions involving the forces and moments.
These conditions can be expressed as follows:

Zew (Wi (0,t), wk(0,t)) = 0, (6.42)

which turns into

Xn:ewFl ' (GH(VE(0,1), wi(0,1)), VI (0,1)), wi(0,t)) = 0. (6.43)

This gives rise to the map

Ho(w3(0, 1), {ws(0, )}y, {VL(0,£)}Ly)
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= > e P (GHVL(0,6), w(0,)), VL (0, 1), w5 (0,)) = 0. (6.44)
i=1
Now, Hy(0,0,0) = 0 and DW%HO(O,O,O) is invertible. This finally shows that w}(0,t) is a
function of {V® (0,¢)}7,{V§(0,4)}7, i.e.,
VE(0,8) = Go({VL(0, )}y, {V5(0,0)}72y) (6.45)
and this is the precisely format required in [13].

Theorem 6.1 Consider a tree-like network of Timosheko beams as described by (6.5)-(6.8).
For each T > 0, there exist constants co and cp such that for initial data ®% = (ul, wl,Vy) €
C3([0,L;))3, ®% = (uf,wi,vl) € CY([0,L;])® and boundary data Vi, = (UE’,UiDQ,’UE?)) S
C2([0,T))3, Vi = (viyq, vhq, vi3) € CH[0.T])? satisfying a uniform smallness condition, i.e.,

max{[|®gl2, [@1 11, [ Vill2, Vi [}iezs jegs < co, (6.46)

and the compatibility conditions (4.1)~(4.3), extended to all simple nodes, and (6.15)-(6.16)
at the multiple nodes. Then, there exists a unique piecewise twice continuously differentiable

solution u',w', " € [ C?([0, L;] x [0,T]) depending continuously on the data:
i=1
(', w', 4) |2 < max{||®|lz, | @111, [VDll2, [ Vivll}iezs jegs < er- (6.47)

7 Exact Controllability on Star-Like Networks and Trees

In this section, we assume that n beams meet at one node, such that for each beam the
junction is at x = 0. Thus, |7M| = |J!| =1 and z;; =0, i € Z'. We define the travel times

L L,
Ty = max —max — 4 max = max max —_— (7.1)
J=1,2,3 2€[0,L] M;(%O) i=2,-+,n j=1,2,3 2€(0, L] /u}(x,O)
L L;
T, = max max ————— 4+ max max max (7.2)

7=1,2,3 2€[0,L1] /M}(m7q~,1) =2, ,n j=1,2,3 z€[0, L] /Mﬁ-(%‘I’i)'

Theorem 7.1 Let {®;};cz be an equilibrium solution of (6.5)~(6.8) and let T > 2Ty. Then
there are neighborhoods Uy and Uy of ({®;}iez,0) such that given initial and final data
{(®0, @)} icz €Uo, {(®)7,®;")}iex €U, (7.3)

?

one can find Dirichlet-controls v; € C?(0,T;R3) such that the corresponding solutions of (6.5)—

(6.8) satisfy
®;(-,T) = %7, %‘E(',T) =@ =1,
Proof We follow the spirit of the proof of Theorem 5.2 in [13]. The principal idea in exact

boundary controllability of 1D-hyperbolic systems is to solve a forward problem with given

n.

initial data, a backward problem with given final data and a corresponding initial-boundary
value problem from “the left or the right”. In particular, for the latter it is convenient to
interchange the spatial and time variables z and ¢, and then solve a mixed Cauchy-problem
from the left or the right, once the corresponding boundary conditions have been reduced
from the initial and final data. We assume equilibria for which G;(0,0) and G; ('I> 'I>i) are

0
v Oz
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positive definite uniformly with respect to (z,t) for a sufficiently small neighborhood of P;.
If one has Cauchy-data (<I>i7 a%q)i) at a boundary point, say x = L; and “boundary data”
®,(z,0), ®;(z,T), x € [0,L;] one can solve the wave-type equation “from = = L; to z = 0.
For this procedure, it is important to understand that the Cauchy data at ¢t = 0 and ¢t = T
can be converted to the proper boundary conditions for the system when the role of x and ¢
is reversed. As the existence and uniqueness results are obtained on the level of first order
equations, one needs to first invert on the second order level and then rewrite the resulting
second order system as a first order system such that the corresponding boundary conditions
are of the standard type. Due to the zero eigenvalue for the first order system, the direct
inversion on the level of the first order system is impossible. We describe the idea of the proof
as follows: There are five steps. Step 1: In the first step we proceed forward from ¢t = 0tot = T7.
We solve the initial-boundary value problem with artificial controls at @ = L;. For each beam
n

i € Z, we define the set R} := {(x,t) € [0, L;] x [0, T3]} and for the network we set R; := |J Rj.
The first beam to be fixed at x = L;. We may, for the sake of convenience, assume tilalt we
impose a homogenous Dirichlet condition there. This specifies the corresponding compatibility
conditions. We impose artificial inhomogeneous Dirichlet conditions at x = L; (i = 2,--- ,n),
ie., ®;(L;,t) = vi(t) (i = 2,---,n), where v¥(-) are small in C?(0,T;;R?). We also have
sufficiently small initial data (®;(z,0), & ®i(z,0)) = (®Y(x), ®}(z)) for all beams. We apply
the existence Theorem 6.1 and obtain a unique solution on R;. We can now take traces of
(®1(L1,t), Z2®1(L1,t)) = (al(t),a?(t)) (here al(t) = 0) at the boundary of the first beam
along {L1} x [0, 7] and of (®;(0,t), Z®;(0,t)) = (bi(t), bi(t)) for all beams at {0} x [0, T3].
It is clear that (b%(¢),b%(t)) satisfy the nodal conditions at the common node. Moreover, all
data is small in the appropriate spaces.

Step 2: We perform the same procedure, but now reversing the time and progressing from
the final time T to T —T;. More precisely, we introduce the individual domains R}, := {(z,t) €

[0,L;] x [T —T1,T]} (i =1, ,n) and the global one R;; = |J R%;. By the same argument,

i=1
a unique semi-global small solution (@f I %@{ 1 ) of the network problem exists, and we can

take traces (®11(Ly,t), Z®11(L1,t)) = (@'(t),a%(t)) at {L1} x [T — T, T for the first beam
(again a'(¢) = 0) and (®!1(0,t), Z&/(0,t)) = () (£), by(t)) at {L;} x [T — Ty, T] for the
beams labelled i = 2,--- , n.

In order to prepare Step 3, we extend the Cauchy-data at {{ L1} x[0, T1]}U{{ L1} x[T-T1,T]}
in the C?-sense to {L;} x [0, T] as (a'(t),a%(t)). After that we can use these Cauchy-data along
{L1} x [0,T] as “initial conditions”.

Step 3: We change the order of z and ¢ as explained in the beginning of the proof. The
Cauchy-data just constructed can be taken as “initial conditions” for the first beam “starting”
at © = L with ‘boundary conditions’ at ¢ = 0 and ¢ = T taken from the original initial and final
data. Applying the semi-global existence Theorem 6.1 to that situation, we can evaluate the
solution (®1(z,t), Z®1(z,t)) at {0} x[0,T]. On theset {(z,t) € [0,L], 0 <t < Tg—i—%}

this solution ®; is identical to ®I. Therefore, at t = 0 we have
0
& (z,0) = (), gi’l(x,O) = ®{(x), x€][0,L ]
At x = 0 we have

2,(0,0) = bl(1), - @(0,1)=bi1), 10T

The analogous uniqueness argument applies for the backward solution of Step 2, such that the



Ezact Boundary Controllability on a Tree-Like Network of Nonlinear Planar Timoshenko Beams 739

final conditions are

O, (z,T) = 0" (2), %cp@,T) =T (2x), ze0,L],

while the evaluation at x = 0 provides the Cauchy-data

@,(0,0) =Bi(1), + ®1(0.0) =b}1), te[T-TT)

Step 4: We now extend the Cauchy-data (bi(t),bi(t)), t € [0,T»] together with (B;(t),
B;(t)), t € [T =Ty, T) to Cauchy-data (b!(t),bi(t)), t € [0, T] such that corresponding solutions
satisfy the nodal conditions.

Step 5: We now have Cauchy-data on {0} x [0, T] such that the nodal conditions are satisfied.
Therefore, we can use these as compatible initial conditions for the beams labelled i = 2,--- ,n
after interchanging x and ¢t. Thus, on the domains Ry, := {(z,t) € [0,L;] x [0,T]} we solve
the initial boundary value problems with Cauchy-data

i 9 L
(ﬁz(ovt) = b1 %@z(oat) = D, te [OaT]
and boundary conditions
®;(2,0) = ®(x), ®;(z,T)=d""(2), xecl0, L

By construction, the solutions are small in the sense described above. A similar uniqueness
argument applies to the region {(z,?) |z € [0,L;], 0 <t <T5(1 — £-)} to the effect that

®,(z,0) = ®)(1), %‘I’i(a:,O) =®!(z), x<€]0,L]

¢

The analogous argument on the “upper” domain leads to

®;(z,T) = V7 (2), %@i(m,T) =@ (), zel0, L

This gives the solution to the problem stated.

Remark 7.1 It is clear that a local-global controllability theorem can be proved, provided
that we have two non-identical equilibrium solutions connected by a path of equilibria. However,
as the analysis of general network equilibria is still open, we refrain from stating the theorem
here. Also, the analogous controllability holds for tree-like networks as usual. This is proved by
the so-called peeling method (see [13]). Moreover, it should be remarked that the observability
does not directly follow as in the linear case (see the corresponding remarks in the monograph of
Li [13]). Also feedback stabilization is an open problem that will be addressed in a forthcoming
publication.
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