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Equations with Vacuum State*
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Abstract This paper deals with the global strong solution to the three-dimensional (3D)
full compressible Navier-Stokes systems with vacuum. The authors provide a sufficient
condition which requires that the Sobolev norm of the temperature and some norm of
the divergence of the velocity are bounded, for the global regularity of strong solution to
the 3D compressible Navier-Stokes equations. This result indicates that the divergence of
velocity fields plays a dominant role in the blowup mechanism for the full compressible
Navier-Stokes equations in three dimensions.
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1 Introduction

The motion of compressible viscous fluid with heat-conduction in R? is governed by the
following full compressible Navier-Stokes equations
pe + div(pu) =0,
(pu)t + div(pu @ u) — pAu — (u+ A\)Vdivu + VP = 0, (1.1)
o [(p)¢ + div(puf)] — KAO + Pdivu = 2u|D (u)]? + A(div u)?

and the initial conditions

(p,u,0)(x,0) = (po, uo,bo)(z), € R3. (1.2)

Here we denote by p, u and € the unknown density, velocity fields, temperature of the fluid,
respectively. P = Rpf (R > 0) is the pressure of the fluid. ®(u) is the deformation tensor,
which is described as 1

D(u) = i(Vu + (Vau)™).

The shear viscosity coefficient p and bulk viscosity coefficient A satisfy the physical restrictions
w>0, 2u+31>0.

The constant ¢, is the heat capacity, £ (> 0) is the heat conductivity.
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The following boundary conditions are considered in this paper, for some constant p > 0,
(p,u,0)(z,t) = (p,0,0) as|z| = oo (1.3)

in weak sense.

In the absence of vacuum, the global existence of classical solutions to the system (1.1)
has been established by Mastumura and Nishida in [21], when the initial data is close to an
non-vacuum equilibrium in some Sobolev spaces H*. Later, in [13], Hoff obtained the global
existence of weak solutions for discontinuous initial data when initial density and temperature
are strictly positive.

In case of that the initial vacuum is allowed, this problem becomes much more complicated to
the system (1.1). Feireisl [10] first proved the global existence of the variational weak solutions to
the full compressible Navier-Stokes equations in dimension N > 2. Especially, Lions [20] proved
the global existence of weak solution to isentropic compressible Navier-Stokes system. However,
the global existence or finite-time blowup of strong solution is still an open problem, and only
local existence results have been obtained for sufficiently regular data with some compatibility
conditions. For details, in [4] Cho and Kim showed the local existence of the strong solution
to 3D compressible Navier-Stokes equations (see also in [11-12, 19-20] for isentropic flows).
Recently, the global existence and uniqueness of classical solutions to the Cauchy problem in
three spatial dimensions with smooth initial data with small energy is obtained by Huang, Li
and Xin [17].

Meanwhile, the regularity and uniqueness of weak solution to 3D compressible Navier-Stokes
equations with large data remains open. In the significant work [27], Xin showed that the clas-
sical solutions will blow up in finite time when initial density has compact support. Therefore,
we would not expect higher regularity of Lions’ weak solutions in general. In additional, in
[28] Xin and Yan showed that any classical solutions of viscous compressible fluids without
heat-conduction will blow up in finite time, as long as the initial data has an isolated mass
group.

Hence, it is natural to study the blowup mechanism and the possible singularity of the
smooth solutions. We would like to mention the two well-known blowup criteria, Beale-Kato-
Majda criterion in [1] for incompressible inviscid flows and Serrin-type in [23] for incompressible
viscous flows. Namely, if T* < oo is the maximal time for the existence of a strong (or classical)
solution, then

TILH%* IVull 10,10y = 00 (Beale-Kato-Majda type)

and

1. s L) — S i t
A lullLs 0,7y = 00 (Serrin type),

where
2 3
-+-<1, 3<r<oo. (1.4)
s 7

A natural problem is that whether the blowup criteria are valid for 3D compressible Navier-
Stokes equations. Firstly, Huang, Li and Xin [16] have shown that maximum norm of the
deformation tensor of velocity gradients controls the possible breakdown of smooth (strong)
solutions to compressible isentropic Navier-Stokes system. We would like to mention the ref-
erences [15-16, 24] and references therein for the blowup criteria to the 3D barotropic viscous
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flows. Moreover, for 3D full Navier-Stokes equations, Fan et al. in [9] established the following

blowup criterion
TE%*(||9||Lw(07T;Lw) + [Vullpr0,1;1)) = o0, (1.5)
with the additional condition (1.6)
T > A (1.6)
and positive initial density. Recently, a BKM criterion
. -1 .
A ([l ™ e 0,7500) + 161l 2= (0,75150)) = 00

was established in [25] for 3D compressible Navier-Stokes equations with heat-conduction with
the stringent condition (1.6).

Furthermore, Huang and Li in [14] removed the condition (1.6) and established the following
blowup criterion

limsup(||9||Lz(0’T;Loo) + ||©<u)||L1(O,T;L°°)) = 0. (17)
T—T*

The motivations in this paper come from the following two facts. The one is that for
compressible viscous flows with heat-conduction in dimension two, a blowup criterion only
involving the divergence of velocity fields has been established by Wang in [26]. In three-
dimension, by the blowup criterion (1.7), we don’t know whether the velocity gradient tensor
plays an essential role in the blowup mechanism. Inspired by the results (see [26]) in two
dimension, we strongly expect to show the diagonal elements of the velocity gradient tensor
plays a leading role in the possible singularity of solution instead of the velocity gradient tensor
itself. The second fact is that for 3D incompressible viscous flows, Cao and Titi in [3] established
the blowup criterion involving one entry of the velocity gradient tensor, which implies that
only one entry of the velocity gradient tensor g% can guarantee the global regularity of 3D
incompressible viscous flows. Hence, the major purpose of this paper is to establish a blowup
criterion for 3D full compressible Navier-Stokes equations (1.1), in terms of the temperature
0 and divu. In additional, this result improved the previous blowup criteria in [9, 14, 25],
substituting Vu (or D (u)) by divu.

Throughout this paper, we adopt the following simplified notation

/fdx:/]RS fdz,

and the simplified ones for standard homogeneous and inhomogeneous Sobolev spaces

L = LTORB)7 Wk,r — Wk’r(]RB), Hk — Wk’Q(RS),
DU={ue L8| |Vullp < 0o}, DM =fue L | |VFullzr < oo},

loc

where 1 < r < oo and k is a positive integer.
Next, we give the definition of strong solutions as follows.
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Definition 1.1 (Strong Solutions) For p > 0, (p,u,0) is called a strong solution to (1.1)
in R3 x (0,T), provided that for some rqo € (3, 6],

p>0, p-pe C([O T);Whre),  p, € C([0,T]; L™),
(u,8) € C([0,T]; D' 1 D22) A L*(0, T; D>™),
(ur,0,) € L*(0,T; DY), (p2us, p26;) € C(0,T; L?),

(p,u,0) satisfies both (1.1) almost everywhere in R® x (0,T) and initial condition (1.2) almost
everywhere in R3.
The main results in this paper are stated as follows.

Theorem 1.1 Suppose that the initial data (po,uo, o) satisfy
po.0o >0, po€ H NWhHe  (ug,0p) € D' ND*?  poby € L' (1.8)
for qo € (3,6] and compatibility conditions

—pAug — (p+ A)Vdivug + RV(pobo) = pd 91, (1.9)
KAOy + 20D (uo)[? + A(divug)® = pg g2 (1.10)

with (g1,92) € L?, and (p,u,0) is the strong solution of the initial boundary value problem
(1.1)~(1.2) together with (1.3). If T* < oo is the maximal time of existence, then

TILH%*(”diVUHL%O,T;LOO) + 10l e o,7;28)) = 00 (1.11)

; 3.2 1,2
with 1 < a <2, 8>4, E""BZQ anda—i-ggl,
We would like to give some comments on our results.

Remark 1.1 Theorem 1.1 shows that divwu plays an important role in the mechanism of
blowup for the 3D compressible viscous flows. If we compare with the 3D incompressible viscous
flows, when the density and the temperature remain constants, the Leray-Hopf weak solution
is the unique strong solution, provided that the pressure possesses some nice regularity (see
[2] for global regularity criterion for the pressure). For the heat-conduct compressible Navier-
Stokes equations, the pressure is determined by the density and temperature. In the proof
of our results, some estimates for the pressure can be obtained, as long as some regularity
assumptions on the divwu and @ are given apriorily. Due to these facts, our results seem to be
natural and reasonable.

Remark 1.2 Recently, Huang et al. in [18] provided a Serrin-type blowup criterion for the
Cauchy problem of system (1.1), roughly speaking, that if 7% < oo is the maximal time for the
existence of a strong solutions, then

Thm (HleU”Ll (0,T;L>) + ||U| Ls OTL7)) = 00, (1].2)

where s and r are also restricted by (1.4). Similarly, the result implies that the divergence of
velocity plays a key role in the blowup mechanism instead of the velocity gradient tensor.
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Remark 1.3 If § = 6y = 0, Theorem 1.1 directly yields the following blowup criterion for
the three-dimensional compressible Navier-Stokes equations, more precisely, if T* < oo is the
maximal time for the existence of a strong solution, then

lim ||di ey =
A {|divullzz0,7;) = o0,

which is consistent with the corresponding result in [5]. Some similar blowup criteria for the
isentropic compressible magnetohydrodynamic flows in two dimensions and liquid-gas two-phase
flow model have been established in the recent papers [6-8].

The remain of this paper is organized as follows. In Section 2, we will recall some elementary
facts and inequalities. The proof of Theorem 1.1 will be given in Section 3.

2 Preliminaries

In this section, we first give some results for the existence of the local strong solution, which
have shown in [4] for the initial-boundary value problem (1.1)—(1.3).

Lemma 2.1 Assume that the initial data (po,uo,6) satisfy (1.8)~(1.10), then there exists
a positive constant Ty and a unique strong solution (p,u,0) to the problem (1.1), (1.2) together
with (1.3) on R3 x (0,Tp).

Next, we recall some important inequalities, which will play an important role in the fol-

lowing arguments (see [10, 22] for the details).

Lemma 2.2 For q € (1,00) and r € (3,00), there exists a positive constant C, such that
for any f € H, g € LYN DY, we have

[fllze < CIV fllL2, (2.1)
lgllze < CllgllLa + C|[Vgl L, (2.2)

where C' depends only on q, .
It thus follows from the momentum equations that we have the following elliptic system
AF =div(pi), pAw = curl(pu), (2.3)
where
F=Qu+Ndivu—P, f=f+u-Vf w=curlu (2.4)

are the effective viscous flux, the material derivative of f, and the vorticity of the velocity fields,
respectively.

It follows from the standard LP-estimate for the elliptic system (2.3) that we have the
following lemmas (see [17] for details).

Lemma 2.3 Let (p,u,0) be a solution of (1.1), then there exists a general positive constant

C' depending only on X and p such that for any p € [2,6],
[Fllze + wllze < C(IVullL2 + [P £2), (2.5)
IVE|e + [IVw|[r < Cllpil|ze, (2.6)

3

&p . 3p—6
IVullze < CIVull 2 (lpillze + [[Pllzs) = (2.7)
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In order to estimate ||Vul/L=, we introduce the following BKM-type inequality, which can
be found in [15].

Lemma 2.4 For q € (3,00), suppose Vu € L? N DY9. There is a constant C' depending on
q, such that

V| e < C(||divu e + ||curlu| =) log(e + | V2ul|Lq) + C(1 + | Vu| z2). (2.8)

3 Proof of the Main Results

In this section, we will show Theorem 1.1 by the contradiction arguments. We assume the
contrary to the results of Theorem 1.1, namely, there exists a bounded positive constant M,
such that

A (ldivullzz,r;n0) + 0] oo, rine)) < M (3.1)

with 1 < a <2, 8>4, %—f—% > 2 and é—l—% < 1. Without loss of generality, we assume p = 0
in the following.

The upper bound estimate of the density p is standard, which comes from the estimate (3.1)
and the continuity equation immediately (see [15-16] for details).

Lemma 3.1 Suppose that

||le UHLl(O,T;L"O) S M, 0 S T < T (32)
Then
sup |lplle= <C, 0<T <T™. (3.3)
te[0,T]

Throughout this paper, C, C; denote some generic constants depending only on M, u, A\, R, K,
cy, T and the initial data.

Next, we will give the energy inequality as follows.

Lemma 3.2 Under the assumption (3.1), it holds that for 0 <T < T*,

T
sup /(p@ + plul?)dz +/ /|Vu|2dxdt <C. (3.4)
0

t€[0,T)

Proof Applying standard maximum principle to the temperature equation in (1.1) together
with 6y > 0 (see [9-10]) yields that

inf  6(z,t) > 0.
R3 x[0,T)

Denote the specific energy as E £ ¢,0 + 3|u|? and it follows from (1.1) that
1
(pE): = A(HG + §,u|u|2) + div (pu - Vu + Audivu — pEu — Pu). (3.5)
Integrating (3.5) over R3 x [0, T yields

d 1
T (cvpé' + §p|u|2)dx =0. (3.6)
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Next, multiplying the momentum equations by u and integrating the resulting equation in
R3, yield that

1d

S | PluPde+ plVuls + G+ Nlldivul < Cldivul - /pﬁd:z:. (3.7)

Moreover, adding (3.6) to (3.7) implies the estimate (3.4) by Gronwall’s inequality and (3.2).
This completes the proof of Lemma 3.2.

The following lemma gives the key estimate of L>°(0,T’; L?)-norm of Vu.

Lemma 3.3 Under the assumption (3.1), the estimate

T
sup /(p92 + |Vul?)da +/ /(p|u\2 +|V0|?)dzdt < C (3.8)
te[0,T) 0

holds for 0 <T < T*.

Proof Multiplying the third equation in (1.1) by 6 and integrating the resulting equation

over R3 give that

CU% pddzx + 26| V0|72 = _2/PediVde+4ﬂ/|©(u)|29dx+2)\/(divu)29dx

< C’||divu||Loo/p92dx+0/|Vu\2€dx. (3.9)

In order to estimate the last term on the right-hand side of (3.9), multiply the momentum
equation by uf and integrate the resulting equation over R? to obtain

,u/ |Vul?0dz < / lpt - uf|dx + ‘ /VP : u@dx‘ + C’/ lu]| Vu||VO|dx
< / |pte - uf|dx + C’/p@Q\divu|dx + C/p9|u||V9\dzz: + C’/ lul|Vu||VO|dx
< 5/p|u|2dw + ¢V + C||divul| - /p02dx + C/pu292dx
+C/|u|2\vu|2dx. (3.10)
Combining (3.9) and (3.10), after choosing ¢ suitably small, yields that

d
Cogy p0*dzx + k|| V0|7 .

§C’HdiquLoo/p92dx—|—C’6/p|d|2dx+0/pu292dx—|—0/|u|2|Vu|2dx. (3.11)

On the other hand, multiplying the second equation in (1.1) by u; and integrating equation
over R3 yield

1d

2 /(mw? (4 V) (divu)?)de + /p|u|2dx

= /pu(u-V)udx—&—/Pdivutdx,
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then it follows from Young’s inequality that

1d
2dt
1 d

< Z/p|u\2dx+C/|u\2\Vu\2dx+a/Pdivudx—/Ptdivudx
1 d

= Z/p|u\2dx+0/|u\2\Vu\2dx+a/Pdivudx

1 d 1
S S - ¥ PF 12
2020 + \) dt/ dz 2,u+>\/ tbdz, (3.12)

where we have used the definition of the effective viscous flux F' in (2.4).
For the last term in (3.12), it follows from the third equation in (1.1) and (2.4) that

)/Pthx‘ R‘/(pH)thx‘

(Il + (1 + A)(divw))de + / plif?dz

= CE /(—cvdiV(pW) + kA0 — Pdivu + 2u|D (u)[? + A(divu)?) Fd
= /(cvpuﬂ — KkV0O) - VF + (—Pdivu + 2u|Dul?

F A(divu)?) (20 + N)divu — P)dx‘.
According to the estimates (2.6), (3.3) and Young’s inequality, we have
’/Pthx‘ < | VI + C||VO|2: + C/p2u292dx
+ c/ \Vu[20dz + C||div u| Lo (||Vu||2L2 + /p92dx).

Choosing ¢ suitably small and together with (2.6) and (3.12) yields that
4
dt

< C’/\u|2|Vu|2da:+C’o(||V9||%z +/|Vu\29dx) +C’/pu202dx

Hou? + P T2 divn)? - Pdiva s L p2 1/ 12
/(2|Vu\ + 5 (div u) Pdlvu+2(2u+)\)P)dx+2 pla|*dz

+ C||div ul| <||Vu||2L2 + /pOde). (3.13)
Taking a constant C; > 0 with
kC1 > Cy+1
and
(1w + N)(divu)? — 2Pdivu + (2C1¢, — 1)ph* > 0, (3.14)

adding (3.11) multiplied by C; to (3.13) and (3.10), after choosing €, § suitably small, one has

d
T <u|Vu|2 + (p + N)(divu)? + 20 ¢, p0% — 2Pdivu +

P2>d
21+ A .

1 )
+ 3 /p|u|2dx +[IV0)2.

<Oy / | Vul2de + C/p|u|292dw + C|div ul| <||Vu||2L2 + /p92dx). (3.15)
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Note that we can choose constant C; sufficiently large such that the inequality (3.14) holds.
In the following, it suffices to estimate the key terms of [ |u|?|Vu|*dz.
In fact, multiplying the momentum equation by 4|u|?u and integrating the resulting equation
over R? lead to

G [ ottt 44 [P Tu + et 0 aiva? + 2009 Pz
= —4(u+)\)/u~V|u|2divudx+4/div(|u|2u)de
< 4(u+)\)/|u\2|Vquivu|dx+4R/(|u|2divu+QU'Vu~u)p9dx
§4(u+)\)/|u\2|Vquivu|dx+C’/\u|2|Vu|p9dx
§77/|u|2|Vu|2dx+C/|u|2(divu)2dx+0/pu202dx,

which implies

S [olultaz =) [1aPIVaPde +4 [ 102]uo+ ieiva)? + 2009 ul P
< C/\u|2(divu)2dx+C/pu292dx. (3.16)

Then choosing the constant 7 suitably small such that 44 — n > 0, and adding (3.16)
multiplied by 7% to (3.15), we have

4p
d C 4
&/ ( 42”'_“17 IV 4 (o )iy ) +2Crcupt?” —2Pdivut )\P2>dx
1
+3 [ plide + VO[3
< c/ lu[2(div u)2da + C/pu202dx+0||divu||pe (Ivuls + /pe)?dx). (3.17)
Next, we estimate the term of [ |u|?(divu)?dz and [ pu6?dz, respectively.
It follows from Hélder inequality and (2.1) that
[ P divapds < o div ol
< O Vul|Folldiv ul|7s
< C|Vull i (Idivalis + |[divuli<). (3.18)

Finally, Holder’s inequality and Young’s inequality yield that

/pu292dx:/p%u29ap%92_adx
1 1 -
< llpTullZa 1011%s o7 01> 350 )
L B—2«
1

1 —
< CloNgs (lpFullzs + 1P 011555 o) ),
L B—2«
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where 1 < a <2, 8 >4, %—&— % > 2 and é + % < 1, which implies that
1
/qu@de < Cllelgs (o ullzs + 1091172 + Iv/P0II72)

SC’||t9|\%ﬁ(1+/pu4dx+/p92dm), (3.19)

due to the interpolation inequality and (3.4).
Especially, when o = 2, we have the following estimate:

[ ot < Clolliotul (3.20)

In summary, we can choose 1 < a <2, 8 >4, %+%22andé+%§l.
Combining (3.17)—(3.20), it follows form Gronwall’s inequality and the estimates (3.1), (3.4)
that

sup /(M\Vu\Z + (4 N)(div u)? 4+ 20 ¢, pb* — 2Pdiv u)dx
te[0,7]

T
+/ /(p|u|2 + |V6|?)dzdt < C. (3.21)
0

Finally, thanks to the condition (3.14), we obtain the estimate (3.4) and complete the proof
of Lemma 3.3.

Lemma 3.4 Suppose that the condition (3.1) holds. We obtain that

T
sup /(p|1l|2 + |VO*)dx +/ /(p92 +|Va|?)dedt < C, 0<T < T*. (3.22)
t€[0,T] 0

Proof Applying the operator 4/ [0; + div (u-)] to the j-th equation of the momentum equa-
tions (j = 1,2,3) and integrating the resulting equations over R?, we obtain after integration
by parts that

1d

BT plurdz = —/uj[ath + div(u0; P)|dx + u/zlj[Aug + div(uAv?)]|dz

=0 + I +1s. (323)

It follows from integration by parts and the continuity equation (1.1) that
I =— / @ [0; Py + div(ud; P)]dx
=R / 0,1 [—div(pu)d + pby]dx + / O 0; Pubdx
= R/@jﬁj(7Vp uf — pdivud + pf — pu - VO)dx + /3k1lj5qukdx
= R/ﬁjﬂj(—pﬁdivu + pf)dz — R/ajuj(ﬂakpuk + pu*0,0)dx
- / P(9yi? 0juF + 0,007 uP)da

=R / 907 (—pfdivu + p)dz + / Pdiv udiv adz — / POyl 9jutda.
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By Young’s inequality, one has
L < %nvuniz +c/p92dx+c/p292\vu|2dm
< P\val2. + ¢ [ pb2dz + C|lp8| % 110]1 2, [ Vul2
< SIValze +C | po7de + Cllpfll L1161 o | Vel 24
< %HWHQLQ + O/péde+C|\wH§4 +C| V|12 + C, (3.24)

where we have used the estimates (2.1), (3.3)—(3.4) and (3.8).
Furthermore, for the second term I, integrating by parts leads to

I, = ,u/aj [Aul + div(uAu?)]dz
= —,u/(aiﬂjaiu{ + Avlu - Vid)da
S / (V2 — 05 u* O di? — O, Dyt Dyd + 905000 uF Dy )
= —,u/(\Vu\2 + 0,07 O divu — ;1 O;uF O’ — Bkajaiukaiuj)dx.
Hence, it follows from Young’s inequality that
I, < —%‘nvan; + OVl (3.25)
Similarly,
Iy < — 2 (u+ N div @l[3: + Cl[Vull4 < CVullds. (3.26)

8

Substituting (3.24)—(3.26) into (3.23), and using the estimate (2.7) with p = 4 and (3.8)
yield that

d . . ,
&/p|u|2dx+u||Vu||%z < C/pazdm+0||w||i4 + V|1 +C

<C [ pfidz+ CUTulzalobill + 161%) + IO +C

< c/pé%lx +Clpballts + CIVOlL. + C. (3.27)

On the other hand, multiplying the third equation in (1.1) by 6 and integrating the resulting
equation over R3 give that

52 Eg 2
cv/,oH dx—|—2dt/\V9| dz

= —K/V& -V(u-VO)dz + 2/1,/ D (u)|?0dz + A/(divu)29dx - R/pﬂédiv udx

=> Ji (3.28)
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For the first term Ji, integrating by parts and applying Young’s inequality, Gagliardo-
Nirenberg inequality and (2.1) give that

01| = m‘/VG-V(u-V@)da:‘
SC’/|Vu|\V0|2dx—|—C/|u||V29HVG|dx
< C|[Vu 2[IVO 2.1IV0] 76 + CI V0] 2|V 0| L3 ||ul| Lo
1 3 3 %
< OVl 2 [VOII7211V0] 76 + CIVZ0] 2 VOl 72 [lull o
< C||Vull 2 VO] 22(1V6]
< e||[V20]3. + C|| V|3 (3.29)

By the standard L2-estimate of the third equation in (1.1) and Hélder inequality, one has
V2613 < CllpdlEs +C [ F6TuPda +C|Vull,

< Cllpbll7= + Cllod) 22101176 1 VullFa + ClVul 14
. 3
< Cllpblz: + ClIVOl| 2.1 VulZa + ClVul s
< C|lp||2: + C|| V0|12 + C||Vullt. + C. (3.30)

In fact, we have used the interpolation equality here.
Then, substituting (3.30) into (3.29) yields that

J1] < ellpbllfe + CIVOze + ClIVulfa + C. (3.31)

For the second term in the right hand side of (3.28), a series of direct computation yields
that

Jo = Zu/|©(u)|29dm
:2u/|©(u)|29tdx+2u/|©(u)|2u-V9dac

= 2u%/|©(u)|20dx—4u/0®(u):@(ut)dz+2y/|©(u)|2u~vedx

2#%/|©(“)|29d53—#/9(3iuj +3jui)(3¢u{ —|—(9jui)dx—|—2,u/|®(u)|2u.vgdx

2p%/|®(u)|29dx—u/9(8iuj—I-ajui)(aﬂlj L0y — Oi(u- V) — 0 (u- Vui))da

+2u/|©(u)|2u-V9dx

= 2u%/|©(u)|29dx—4,u/9©(u) : @(u)dx—ku/H(aiuj + 0ju’) (DuF Oy
+ajukakui)dx+4u/9©(u) : (u-V)C‘D(u)dx+2u/|®(u)|2u-Vde

= 2u%/|©(u)|29dx—4p/0©(u) : D(u)dx—i—u/e((“)iuj + 9ju’) (DyuF Oy

+ 0juF Oput)dr — 2/1/9|33(u)|2div udzx.
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Then, by the elementary inequalities and the interpolation inequality, we have
Jo < 2;% / |©(u)|20dx+0/9|Vu||V11|d:c+C’/9|Vu|3dx

<2y [ @A + Ol os [Vl s (1912 + [Tul)

<2 [ 190)Podo + CI8 2 [Vall |Vl (1912 + |9l

< zu% / [D(w)0dz + 2Vl + O Vul}: + C|VO|[{: +C. (3.32)
Similarly to the arguments to Jo, we obtain that

Js < )\% / divul6ds + 2 Val2: + C|Vully. + CIIVO|L: + C. (3.33)
Finally, it follows from (2.1) and the basic inequalities that

|Js4] = R‘ /p@édivudx‘
< Cllp*llz=10% 0] ]| V| s

1, 1,4 1,3
< Clipz0||r2lp2 0] 12|20l 16| Vul s

< 5/p9'2dx+0\|Vu||j§4 +C|VO|Ls + C. (3.34)

Substituting (3.31)—(3.34) into (3.28), and choosing € suitably small give that for any n € (0, 1],

g E 2 _ 2 . 2 Cl/ ‘o
dt/(2|V9| 0(2p)D(w)]* + A(divw) ))dx_g_ : pb2dx
< || Vil7: + ClIVO||72 + ClIVull 7. + C. (3.35)

On the other hand, it follows from (2.7) that

3

IVul| s < CIVullfa (o2l g2 + 1|0] 26)*
< C|Vulli (o2 al L2 + VO] 12) . (3.36)

Then, substituting (3.36) into (3.35) yields that

g K 2 2 . 2 Cl/ 52
= (2|V6| 0(20|D (u) ]2 + A(div u) ))dx+ 2 [ pidx
<Vl + Cllp2alis + C| Vo). + C. (3.37)

Hence, choosing 7 suitably small and adding (3.27) multiplied by C3 = 21—7 to (3.37), we

obtain that
- (C ||2 E| 0\2—9(2 |D( )|2—|—)\(d'v )2) dz + n|| ||2 —|——cv 6%d
; 3p|ul” + 5 \% v U wvu x4+ ||V 12 1 po-dx

< Cllpzall}s + C| Vo1 + C. (3.38)
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If follows from Gronwall’s inequality and (3.8) that

sup (/03p|u|2 + g\vm? — 020D (u)? + A(divu)z)da:)
t€[0,T]

T T
+n/ /|Vu|2dmdt+ %”/ /p02dxdt <c. (3.39)
0 0

Finally, note that by (2.7) and the elementary inequalities, one has
[ 010 + Adivuy)as < ol Tl

4 2
< CIIVOll 2 Vel a1 9ull .
K 4
EIVBI: + CIVul

IN

IN

K i 1.
§||V9II2L2 + O Vull 22 (lpz el 22 + [16]zs)

IN

K 1.
S IVOIIZ: + Clipzill 2 + C[VO .2

IN

C
1IV0I + ol + C.
4 2
Substituting it into (3.39) yields (3.22) and this completes the proof of Lemma 3.4.

Lemma 3.5 Suppose that the conditions (3.1) holds. We have
. T .
sup /p92dx +/ /\ve|2dxdt <C, 0<T<T (3.40)
t€[0,T) 0

Proof First, it follows from the estimates (2.7), (3.8), (3.22) and (3.30) that we have the
following fact

T
sup (10]1ze + [Vl ze) + / 1202t
0,77 0

te|

T
< S[lépT](CHWIIm + Cllpil =) + C/ (lpbll72 + 1VOII72 + [Vl 7a + 1)dt
tel0, 0

<C. (3.41)

Furthermore, applying the operator d; + div(u-) to the third equation in (1.1) and a series
of direct computations give that

cv(paté + pu - V@) = kA0 + K(AOdivu — 0;(0;u - VO) — du - VI;0)
+ (20D (w)|? + M(divw)?)div u + Populdpu®
— Rpbdivu — Pdivu + 2\ (div e — 8kul8luk)div U
+ (07 + 0jut) (0! + 050" — djuFOu? — OjutOput). (3.42)

Then, multiplying (3.42) by 6, after integration by parts and using (3.8), (3.22) and (3.41)
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yield that

¢y d i~ -
T po<dz + k||VO||7 -

< c/|vu|(\v2e||é\ + |V0||V9|)d:c+C/|Vu|2|é|(|Vu|+0)dx

+C/p|9\2|Vu\dx+C’/p0|9||V12|d:c+C/|Vu||9||vu|dx
< ClIVull s V8N 1 (10 2 + V0] 22) + ClIVullZa 10 2o (I Vel o + (161 )
+ CIIVull s 101l 21011 s + Cllo? Ol 2101261Vl 2110l s + ClIVul | Vit z2 6] o
< SIVOIE: + CIV?6I. + Cllotdl3: + CI Vil + C.
Applying Gronwall’s inequality, (3.22) and (3.41) directly gives (3.40).
Finally, the following lemma gives the higher order estimates of the solutions.
Lemma 3.6 Suppose that the condition (3.1) holds. We have

sEup ](||Vu||H1 + IVO|ler + llpll grawra) <C, 0T < T (3.43)
te[o,T

Proof First, combining the known estimates (3.8), (3.22) and (3.40) and the inequalities
(2.1)—(2.2), we have

sup |[|VO|g: < C (3.44)
t€[0,T)
and
sup ||0]|p~ < C. (3.45)
t€[0,T]

Thus from (2.1)—(2.2), (2.5)—(2.6), we have
divulZee + i < CUIFZ + [1PI7e) + wllFee
< C(IF 122 + IVF(IZe + lwlZz + [VwlZe + [16]17~)
< C||Vaulj3. +C. (3.46)
Next, for 2 < p < qp (3 < go < 6), |Vp[P satisfies
(IVplP)e + div(|Vp[Pu) + (p — 1)|Vp[Pdivu
+p|VplP (V)" Vu(Vp) + pp|VplP >Vp - Vdivu = 0.
Then, we have
d
4 IVeler < CA+[IVull) Vol e + CIVul o
< O+ [IVulle)IVelze + ClI V| g2 + C, (3.47)
where we have used the following facts

IV*ullze < CllptllLe + [V (00)|2r)
< C(llpillLz + llptllLe + 10l VpllLr) + C
<O+ (Ve + ([ VpllLr) (3.48)
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due to (3.22), (3.44)—(3.45) and interpolation inequality.
Thus following from (2.8), (3.8) and (3.48), we have
IVl < C+ C([[divullpe + [lw]|z=) In(e + | VZu a0 )
< C+ C(||divul g + ||w|lLe=)In(e + || Vol Lao)
+ C([[divul[e + [|wl| L) In(e + [V 2). (3.49)

Let p = g, substituting (3.49) into (3.47), and using (3.46), we get

d
aln(eJr IVollLao)
< C(+ ||divullp= + [[eurlul| L + || V|| z2) In(e + ||V 2) In(e + ||Vl Lo )

This together with Gronwall’s inequality and (3.22) gives that

sup ||Vpllreo < C. (3.50)
t€[0,T)

Combining (3.22), (3.46) and (3.49), we have

T
/ [Vu||p~dt < C. (3.51)
0

Then, taking p = 2 in (3.47), we obtain

sup [|[Vpllr2 <C, (3.52)
t€[0,T)

due to (3.22) and (3.51).
Moreover, letting p = 2 in (3.48) and together with (3.45), (3.52) and (3.22) yields

IV2ullz2 < Clllpill = + IVpllLe + V0] 22) < C. (3.53)

Hence, the estimates (3.44), (3.50), (3.52)—(3.53) imply (3.43) and we complete the proof of
Lemma 3.6.

With the aid of the a priori estimates established above, we will complete the proof of
Theorem 1.1.

In fact, the generic constants C' in Lemmas 3.1-3.6 remain uniformly bounded for all 7" < T,
so we can extend the strong solution of (p,u,d) beyond ¢ > T*. Furthermore, the functions
(p,u,0)(z, T*) = lim

t—T*

time ¢ = T*. In additional, we have (pt, pd) € C([0,T]; L?), which implies

(p,u,0)(x,t) satisfy the conditions imposed on the initial data at the

(pti, p)(z, T*) = lim (pu, pb)(z,t) € L2.
t—T*
The compatibility conditions are given as follows:

(—pdu = (i + N)Vdivu + RV (p))|i=r- = p* (x, T*)g1 (x, T*),
(KA + 2D ()2 + Adiv u)?) =+ = p? (2, T")ga(x, T*),
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where )
(CC) 4 p’E(x,T*)(pu)(x,T*), for x € {13 | p(IaT*) > 0}7
g 0, for x € {z | p(x, T*) = 0}
and ) ]
a Jp72(x, T*)[pd + Rpbdivu](x, T*), for =€ {z|p(x,T*) > 0},
92(1") - *\
0, for z € {z|p(x, T*)=0}.

It is clear that g', ¢g? € L? due to the estimates (3.22), (3.40) and (3.43). Thus, (p,u,0)
(z,T*) satisfy compatibility conditions (1.9) and (1.10). Therefore, the local strong solution
beyond T™ can be extended by taking (p,u,0)(z, T*) as the initial data and Lemma 2.1, which
contradicts to the assumption on 7. This completes the proof of Theorem 1.1.
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