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Abstract Let Tσ be the bilinear Fourier multiplier operator with associated multiplier
σ satisfying the Sobolev regularity that sup

κ∈Z
∥σκ∥Ws(R2n) < ∞ for some s ∈ (n, 2n]. In

this paper, it is proved that the commutator generated by Tσ and CMO(Rn) functions is
a compact operator from Lp1(Rn, w1)×Lp2(Rn, w2) to Lp(Rn, νw⃗) for appropriate indices
p1, p2, p ∈ (1,∞) with 1

p
= 1

p1
+ 1

p2
and weights w1, w2 such that w⃗ = (w1, w2) ∈ Ap⃗/t⃗(R

2n).
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1 Introduction

As it is well known, the study of bilinear Fourier multiplier operator was origined by Coifman

and Meyer. Let σ ∈ L∞(R2n). Define the bilinear Fourier multiplier operator Tσ by

Tσ(f1, f2)(x) =

∫
R2n

exp(2πix(ξ1 + ξ2))σ(ξ1, ξ2)Ff1(ξ1)Ff2(ξ2)dξ1dξ2 (1.1)

for f1, f2 ∈ S (Rn), where and in the following, Ff denotes the Fourier transform of f . Coifman

and Meyer [6] proved that if σ ∈ Cs(R2n\{0}) satisfies

|∂α1

ξ1
∂α2

ξ2
σ(ξ1, ξ2)| ≤ Cα1,α2

(|ξ1|+ |ξ2|)−(|α1|+|α2|) (1.2)

for all |α1|+ |α2| ≤ s with s ≥ 4n+ 1, then Tσ is bounded from Lp1(Rn)× Lp2(Rn) to Lp(Rn)

for all 1 < p1, p2, p < ∞ with 1
p = 1

p1
+ 1

p2
. For the case of s ≥ 2n + 1, Kenig-Stein [18] and

Grafakos-Torres [12] improved Coifman and Meyer’s multiplier theorem to the indices 1
2 ≤ p ≤ 1

by the multilinear Calderón-Zygmund operator theory. In the last several years, considerable

attention has been paid to the behavior on function spaces for Tσ when the multiplier satisfies

certain Sobolev regularity condition. A significant progress in this area was obtained by Tomita.

Let Φ ∈ S (R2n) satisfy
suppΦ ⊂

{
(ξ1, ξ2) :

1

2
≤ |ξ1|+ |ξ2| ≤ 2

}
;∑

κ∈Z
Φ(2−κξ1, 2

−κξ2) = 1 for all (ξ1, ξ2) ∈ R2n\{0}.
(1.3)
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For κ ∈ Z, set

σκ(ξ1, ξ2) = Φ(ξ1, ξ2)σ(2
κξ1, 2

κξ2) (1.4)

and

∥σκ∥W s(R2n) =
(∫

R2n

(1 + |ξ1|2 + |ξ2|2)s|Fσκ(ξ1, ξ2)|2 dξ1dξ2
) 1

2

.

Tomita [21] proved that if σ satisfies the Sobolev regularity that

sup
κ∈Z

∥σκ∥W s(R2n) <∞ (1.5)

for some s ∈ (n, 2n], then Tσ is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) provided that

p1, p2 ∈ (1,∞) and 1
p = 1

p1
+ 1

p2
. Grafakos and Si [11] considered the mapping properties

from Lp1(Rn)× Lp2(Rn) to Lp(Rn) for Tσ when σ satisfies (1.5) and p1, p2 ∈
(
2n
s ,∞

)
, then T

is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) with 1
p = 1

p1
+ 1

p2
. Miyachi and Tomita [20]

considered the problem to find minimal smoothness condition for bilinear Fourier multiplier.

Let

∥σκ∥W s1,s2 (R2n) =
(∫

R2n

⟨ξ1⟩2s1⟨ξ2⟩2s2 |Fσκ(ξ1, ξ2)|2dξ1dξ2
) 1

2

,

where ⟨ξk⟩ := (1 + |ξk|2)
1
2 . Miyachi and Tomita [20] proved that if

sup
κ∈Z

∥σκ∥W s1,s2 (R2n) <∞ (1.6)

for some s1, s2 ∈
(
n
2 , n

]
, then Tσ is bounded from Lp1(Rn) × Lp2(Rn) to Lp(Rn) for any

p1, p2 ∈ (1,∞) and p ≥ 2
3 with 1

p = 1
p1

+ 1
p2
. Moreover, they also gave minimal smoothness

condition for which Tσ is bounded from Hp1(Rn)×Hp2(Rn) to Lp(Rn).

The weighted estimates for the operator Tσ are also of great interest. As it is well known,

when σ satisfies (1.2) for some s ≥ 2n + 1, then Tσ is a standard bilinear Calderón-Zygmund

operator, and then by the weighted estimates with multiple weights for bilinear Calderón-

Zygmund operators, which was established by Lerner et al. [19], we know that for any p1, p2 ∈
[1,∞) and p ∈ (0,∞) with 1

p = 1
p1

+ 1
p2
, and weights w1, w2 such that w⃗ = (w1, w2) ∈ Ap⃗(R2n)

(for the definition of Ap⃗(R2n), see Definition 1.1 below),

∥Tσ(f1, f2)∥Lp,∞(Rn,νw⃗) .
2∏

k=1

∥fk∥Lpk (Rn,wk),

where and in the following, for indices p1, p2, we set p⃗ = (p1, p2) and p ∈ (0,∞) such that
1
p = 1

p1
+ 1

p2
. By developing the ideas used in [19], Bui and Duong [4] established the weighted

estimates with multiple weights for Tσ when σ satisfies (1.2) for some s ∈ (n, 2n]. To consider

the weighted estimates for Tσ when σ satisfies (1.5), Jiao [17] introduced the following class of

multiple weights.

Definition 1.1 Let m ≥ 1 be an integer, w1, · · · , wm be weights, p1, · · · , pm, p ∈ (0,∞)

with 1
p =

m∑
k=1

1
pk
, rk ∈ (0, pk] (1 ≤ k ≤ m) and r⃗ = (r1, · · · , rm). Set w⃗ = (w1, · · · , wm),
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p⃗ = (p1, · · · , pm) and νw⃗ =
m∏

k=1

w
p
pk

k . We say that w⃗ ∈ Ap⃗/r⃗(Rmn) if

sup
B⊂Rn

( 1

|B|

∫
B

νw⃗(x) dx
) 1

p
m∏

k=1

( 1

|B|

∫
B

w
− 1

pk
rk

−1

k (x) dx
) 1

rk
− 1

pk <∞,

where and in the following, when pk = rk,
(

1
|B|

∫
B
w

− 1
pk
rk

−1

k (x) dx
) 1

rk
− 1

pk is understood as(
inf
x∈B

wk

)− 1
pk .

When r1 = · · · = rm = 1, Ap⃗/r⃗(Rmn) is just the weight class AP⃗ (R
mn) introduced by Lerner

et al. [19]. By some kernel estimates of the operator Tσ, Jiao proved that for t1, t2 ∈ [1, 2)

such that 1
t1

+ 1
t2

= s
n , pk ∈ (tk,∞) with k = 1, 2, and w1, w2 such that w⃗ ∈ Ap⃗/t⃗(R2n),

then Tσ is bounded from Lp1(Rn, w1)×Lp2(Rn, w2) to L
p(Rn, νw⃗). For the weighted estimates

with Ap weights when σ satisfies the regularity (1.6) (see [8, 15]), here and in the following, for

p ∈ [1,∞), Ap(Rn) denotes the weight function class Muckenhoupt, and A∞(Rn) =
∪
p≥1

Ap(Rn).

The commutator of the multiplier operator Tσ has been considered by many authors. Let

Tσ be the multiplier operator defined by (1.1), b1, b2 ∈ BMO(Rn) and b⃗ = (b1, b2). Define the

commutator of b⃗ and Tσ by

Tσ,⃗b(f1, f2)(x) =
2∑

k=1

[bk, Tσ]k(f1, f2)(x) (1.7)

with

[b1, Tσ]1(f1, f2)(x) = b1(x)Tσ(f1, f2)(x)− Tσ(b1f1, f2)(x) (1.8)

and

[b2, Tσ]2(f1, f2)(x) = b2(x)Tσ(f1, f2)(x)− Tσ(f1, b2f2)(x). (1.9)

Bui and Duong [4] established the weighted estimates with multiple weights for Tσ,⃗b when σ

satisfies (1.2) for s ∈ (n, 2n]. Hu and Yi [16] considered the behavior on Lp1(Rn)×Lp2(Rn) for

Tσ,⃗b when σ satisfies (1.6) for s1, s2 ∈
(
n
2 , n

]
, and showed that Tσ,⃗b enjoys the same Lp1(Rn)×

Lp2(Rn) → Lp(Rn) mapping properties as that of the operator Tσ. Fairly recently, Hu [14]

considered the compactness of Tσ,⃗b, and proved that if b1, b2 ∈ CMO(Rn), σ satisfies (1.6) for

some s1, s2 ∈
(
n
2 , n

]
, then for pk ∈ (n/sk,∞) (k = 1, 2) and p ∈ [1,∞) with 1

p = 1
p1

+ 1
p2
, Tσ,⃗b is

a compact operator from Lp1(Rn)×Lp2(Rn) to Lp(Rn), where and in the following, CMO(Rn)

denotes the closure of C∞
0 (Rn) in the BMO(Rn) topology, which coincide with the space of

functions of vanishing mean oscillation (see [3, 7] for details). Zhou and Li [22] considered the

weighted compactness with Ap weights for Tσ,⃗b. By combining the ideas used in [2, 14], Zhou

and Li showed that if b1, b2 ∈ CMO(Rn) and σ satisfies (1.6) for some s1, s2 ∈
(
n
2 , n

]
, then

for pk ∈ (n/sk,∞) (k = 1, 2), p ∈ [1,∞) with 1
p = 1

p1
+ 1

p2
, and wk ∈ Apksk/n(Rn), Tσ,⃗b is a

compact operator from Lp1(Rn, w1)× Lp2(Rn, w2) to L
p(Rn, νw⃗).

The main purpose of this paper is to consider the weighted compactness of Tσ,⃗b with multiple

weights. We will show that if σ satisfies (1.5) and b1, b2 ∈ CMO(Rn), then for appropriate
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indices p1, p2, p ∈ (1,∞) with 1
p = 1

p1
+ 1

p2
, and weights w1, w2 such that w⃗ = (w1, w2) ∈

Ap⃗/t⃗(R2n), Tσ,⃗b is compact from Lp1(Rn, w1)× Lp2(Rn, w2) to L
p(Rn, νw⃗). Our main result in

this paper can be stated as follows.

Theorem 1.1 Let σ be a multiplier satisfying (1.5) for some s ∈ (n, 2n] and Tσ be the

operator defined by (1.1). Let t1, t2 ∈ [1, 2) such that 1
t1

+ 1
t2

= s
n , b1, b2 ∈ CMO(Rn). Then

for pk ∈ (tk,∞) with k = 1, 2, p ∈ (1,∞) with 1
p = 1

p1
+ 1

p2
, and weights w1, w2 such that

w⃗ = (w1, w2) ∈ Ap⃗/t⃗(R2n) and νw⃗ ∈ Ap(Rn), the commutator Tσ,⃗b is a compact operators from

Lp1(Rn, w1)× Lp2(Rn, w2) to L
p(Rn, νw⃗).

Remark 1.1 It is well known that, the class AP⃗ (R
2n) with P⃗ = (p1, p2) is really large than

the weight class
2∏

k=1

Apk
(Rn), and the weighted estimates with multiple weights AP⃗ (R

2n) are

more interesting and more refined than the weighted estimates with Ap1(Rn) × Ap2(Rn) for

the bilinear Calderón-Zygmund operators (see [19]). To prove Theorem 1.1, we will employ the

idea used in [2, 14]. However, the idea that controlling Tσ,⃗b(f1, f2) by
2∏

k=1

Mn/skf which was

used in [14, 22] (even if the function Mr⃗(f1, f2) with r⃗ =
(

n
s1
, n
s2

)
introduced by [17]) does not

work. To overcome this difficulty, we establish some new estimates for the kernel of Tσ, and

introduce a new subtle bi(sub)linear maximal operator to control Tσ,⃗b.

Throughout the article, C always denotes a positive constant that may vary from line to

line but remains independent of the main variables. We use the symbol A . B to denote

that there exists a positive constant C such that A ≤ CB. For any set E ⊂ Rn, χE denotes

its characteristic function. We use B(x,R) to denote a ball centered at x with radius R and

C(x,R) = B(x,R)\B
(
x, R2

)
. For a ball B ⊂ Rn and λ > 0, we use λB to denote the ball

concentric with B whose radius is λ times of B’s. For any γ ∈ [1,∞], we use γ′ to denote the

dual exponent of γ, namely, 1
γ + 1

γ′ = 1. For a locally integrable function f , Mf denotes the

Hardy-Littlewood maximal function of f , and for τ ∈ (0,∞),

Mτf(x) = (M(|f |τ )(x)) 1
τ .

Let M ♯ be the Fefferman-Stein sharp maximal operator. For ϵ > 0, M ♯
ϵ denotes the operator

defined by

M ♯
ϵ f(x) = (M ♯(|f |ϵ)(x)) 1

ϵ .

2 A New Maximal Operator

To control the multilinear Calderón-Zygmund operators via the Fefferman-Stein sharp max-

imal operator, Lerner et al. [19] introduced the bi(sub)linear maximal operator M by

M(f1, f2)(x) = sup
B∋x

2∏
k=1

1

|B|

∫
B

|fk(yk)|dyk.
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For r1, r2 ∈ (0,∞), Jiao [17] generalized the operator M, defined the maximal operator Mr⃗ by

Mr⃗(f1, f2)(x) = sup
B∋x

2∏
k=1

( 1

|B|

∫
B

|fk(yk)|rkdyk
) 1

rk ,

and established the weighted norm inequalities with multiple weights Ap⃗/r⃗(R2n) for Mr⃗. Let

δ ∈ R and r1, r2 ∈ [1,∞). Define the bi(sub)linear maximal operators M(1)
r⃗,δ and M(2)

r⃗,δ by

M(1)
r⃗,δ(f1, f2)(x) = sup

B∋x

∞∑
j=1

2jδ2−
jn
r1

( 1

|B|

∫
B

|f1(y)|r1dy
) 1

r1

×
( 1

|2jB|

∫
2jB

|f2(z)|r2dz
) 1

r2

and

M(2)
r⃗,δ(f1, f2)(x) = sup

B∋x

∞∑
j=1

2jδ2−
jn
r2

( 1

|B|

∫
B

|f2(z)|r2dz
) 1

r2

×
( 1

|2jB|

∫
2jB

|f1(y)|r1dy
) 1

r1
,

respectively. It is obvious that for any δ < 0, x ∈ Rn and k = 1, 2,

M(k)
r⃗,δ (f1, f2)(x) . Mr⃗(f1, f2)(x).

For the case of δ = 0 and r1 = r2 = 1, these operators were introduced by Grafakos et al. in

[9]. Although we do not know if the operator Mr⃗ can be applied to prove Theorem 1.1, as

the operator M do in the proof of the weighted compactness of the commutator of multilinear

Calderón-Zygmund operators (see [2]), we will see that the operator M(k)
r⃗,δ (k = 1, 2) are suitable

replacement of Mr⃗ in our argument.

As it is well known, for a weight w ∈ A∞(Rn), there exists a positive constant θ, such that

for any ball B ⊂ Rn and any measurable set E ⊂ B,

w(E)

w(B)
.

( |E|
|B|

)θ

. (2.1)

For a fixed θ ∈ (0, 1), set

Rθ = {w ∈ A∞(Rn) : w satisfies (2.1)}.

Our result concerning the operators M(k)
r⃗,δ can be stated as follows.

Theorem 2.1 Let r1, r2 ∈ (0,∞) and δ ∈ R, p1 ∈ [r1,∞) and p2 ∈ [r2,∞), 1
p = 1

p1
+ 1

p2
.

Let w1, w2 be weights such that w⃗ ∈ Ap⃗/r⃗(R2n) and νw⃗ ∈ Rθ for some θ such that δ <

nθmin
{

1
p1
, 1
p2

}
. Then both of the operators M(1)

r⃗,δ, M(2)
r⃗,δ are bounded from Lp1(Rn, w1) ×

Lp2(Rn, w2) to Lp,∞(Rn, νw⃗). Moreover, if pk ∈ (rk,∞) with k = 1, 2, then these operators

are bounded from Lp1(Rn, w1)× Lp2(Rn, w2) to L
p(Rn, νw⃗).

To prove Theorem 2.1, we need the following characterization of Ap⃗/r⃗(R2n), which was

proved in [17].
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Lemma 2.1 Let w1, w2 be weights, p1, p2, p ∈ (0,∞) with 1
p = 1

p1
+ 1

p2
, rk ∈ (0, pk] (k =

1, 2). Then the following conditions are equivalent:

(i) w⃗ ∈ Ap⃗/r⃗(R2n);

(ii) νw⃗ ∈ Ap/r(Rn), and for k = 1, 2, w
− 1

pk
rk

−1

k ∈ Apkrk/r(pk−rk)(Rn) if rk ̸= pk or w
r
pk

k ∈
A1(Rn) if rk = pk, here

1
r = 1

r1
+ 1

r2
.

Proof of Theorem 2.1 We first consider the case of pk ∈ (rk,∞) with k = 1, 2. Since the

argument for M(1)
r⃗,δ and M(2)

r⃗,δ are very similar, we only consider the operator M(1)
r⃗,δ. We will

employ the ideas used in [9]. Let M c
νw⃗

be the centered maximal operator defined by

M c
νw⃗
f(x) = sup

B:ball centered at x

1

νw⃗(B)

∫
B

|f(y)|νw⃗(y) dy.

As it was pointed out in [9], it suffices to prove that for some q1, q2 ∈ (0, 1),

M(1)
r⃗,δ(f1, f2)(x) .

2∏
k=1

{
M c

νw⃗

(( |fk|pkwk

νw⃗

)qk)
(x)

} 1
qkpk . (2.2)

For each fixed k, we know by Lemma 2.1 that w
− 1

pk
rk

−1

k ∈ Apkrk/r(pk−rk)(Rn), and so there

exists a positive constant σk > 1 such that for any ball B,

( 1

|B|

∫
B

w
− σk

pk
rk

−1

k (y) dy
) 1

σk . 1

|B|

∫
B

w
− 1

pk
rk

−1

k (y) dy. (2.3)

For k = 1, 2, let

qk =
prk

prk + r(pk − rk)
(
1− 1

σk

) , γk =
r(pkqk − rk)

rk(p− r)(1− qk)
.

It is obvious that pkqk
rk

> 1, γk > 1, and

qkγ
′
k

pkqk − rk
=

qkr

r(pkqk − rk)− rk(p− r)(1− qk)
, (2.4)

qk(pk − rk)

(pkqk − rk)− rk

(
p
r − 1

)
(1− qk)

= σk. (2.5)

An application of the Hölder inequality gives that(∫
B

|f1(y)|r1dy
) 1

r1 .
(∫

B

|f1(y)|q1p1wq1
1 (y)ν1−q1

w⃗ (y)dy
) 1

q1p1

×
(∫

B

(
wq1

1 (y)ν1−q1
w⃗ (y)

)− 1
p1q1
r1

−1
dy

) 1
r1

− 1
q1p1

(2.6)

and ∫
B

(
wq1

1 (y)ν1−q1
w⃗ (y)

)− 1
p1q1
r1

−1
dy ≤

(∫
B

w
− q1γ′

1
p1q1
r1

−1

1 (y)dy
) 1

γ′
1

(∫
B

ν
− 1

p
r
−1

w⃗ (y) dy
) 1

γ1
. (2.7)
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On the other hand, we have by the inequalities (2.3)–(2.5) that

∫
B

w
− q1γ′

1
p1q1
r1

−1

1 (y)dy =

∫
B

w
− 1

p1
r1

−1

q1(p1−r1)

(p1q1−r1)−r1(
p
r
−1)(1−q1)

1 (y)dy

. |B|1−
q1γ′

1(p1−r1)

p1q1−r1

(∫
B

w
− 1

p1
r1

−1

1 (y) dy
) q1γ′

1(p1−r1)

p1q1−r1
. (2.8)

Note that

1

γ1

( 1

r1
− 1

q1p1

)
+
(
1− q1γ

′
1(p1 − r1)

p1q1 − r1

) 1

γ′1

( 1

r1
− 1

p1q1

)
=

1

p1
− 1

p1q1
.

Combining the inequalities (2.6)–(2.8) then yields(∫
B

|f1(y)|r1dy
) 1

r1 .
(∫

B

|f1(y)|p1q1wq1
1 (y)ν1−q1

w⃗ (y)dy
) 1

p1q1

×
( 1

|B|

∫
B

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1

× |B|
1
r1

− 1
p1q1

( 1

|B|

∫
B

ν
− 1

p
r
−1

w⃗ (y)dy
) 1

γ1
( 1
r1

− 1
q1p1

)

.

Recall that νw⃗ ∈ Ap/r(Rn). Thus for each ball B,(∫
B

|f1(y)|r1dy
) 1

r1 .
( 1

νw⃗(B)

∫
B

|f1(y)|p1q1wq1
1 (y)ν1−q1

w⃗ (y)dy
) 1

p1q1

×
(νw⃗(B)

|B|

) 1
p1 |B|

1
r1

( 1

|B|

∫
B

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
.

Similarly, we have that(∫
2jB

|f2(y)|r2dy
) 1

r2 .
( 1

νw⃗(2jB)

∫
2jB

|f2(z)|p2q2wq2
2 (z)ν1−q2

w⃗ (z)dz
) 1

p2q2

× (νw⃗(2
jB))

1
p2

(∫
2jB

w
− 1

p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
.

Therefore, for each fixed x ∈ Rn and ball B containing x,

∞∑
j=1

2δj2−
jn
r1

( 1

|B|

∫
B

|f1(y)|r1dy
) 1

r1
( 1

|2jB|

∫
2jB

|f2(z)|r2dz
) 1

r2

.
2∏

k=1

{
M c

νw⃗

(( |fk|pkwk

νw⃗

)qk)
(x)

} 1
qkpk

(νw⃗(B)

|B|

) 1
p1

×
∞∑
j=1

2δj2−
jn
p1

(νw⃗(2jB)

|2jB|

) 1
p2

2∏
k=1

( 1

|2jB|

∫
2jB

w
− 1

pk
rk

−1

k (yk)dyk

) 1
rk

− 1
pk .
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This, along with the fact that w⃗ ∈ Ap⃗/r⃗(R2n) and the fact that νw⃗(B)
νw⃗(2jB) . 2−jnθ, leads to that

∞∑
j=1

2δj2−
jn
r1

( 1

|B|

∫
B

|f1(y)|r1dy
) 1

r1
( 1

|2jB|

∫
2jB

|f2(z)|r2dz
) 1

r2

.
2∏

k=1

{
M c

νw⃗

(( |fk|pkwk

νw⃗

)qk)
(x)

} 1
qkpk

(νw⃗(B)

|B|

) 1
p1 ×

∞∑
j=1

2δj2−
jn
p1

(νw⃗(2jB)

|2jB|

)− 1
p1

.
2∏

k=1

{
M c

νw⃗

(( |fk|pkwk

νw⃗

)qk)
(x)

} 1
qkpk ,

since δ < nθ
p1
. This establishes (2.2).

For the case of pk = rk with k = 1, 2, the proof is similar to the case of pk ∈ (rk,∞) and is

more simple. In fact, for each x ∈ Rn and ball B ⊂ Rn containing x, as in the proof of (2.2),

we can verify that for k = 1, 2,(∫
B

|fk(y)|rkdy
) 1

rk .
(νw⃗(B)

|B|

) 1
pk |B|

1
rk

{
M c

νw⃗

(( |fk|pkwk

νw⃗

))
(x)

} 1
pk

×
( 1

|B|

∫
B

w
− 1

pk
rk

−1

k (yk)dyk

) 1
rk

− 1
pk ,

which implies that

M(1)
r⃗,δ(f1, f2)(x) .

2∏
k=1

{
M c

νw⃗

(( |fk|pkwk

νw⃗

))
(x)

} 1
pk .

and then shows that M(1)
r⃗,δ(f1, f2) is bounded from Lp1(Rn, w1)×Lp2(Rn, w2) to L

p,∞(Rn, νw⃗).

3 Proof of Theorem 1.1

Let σ ∈ L∞(R2n) and Φ ∈ S (R2n) satisfy (1.3). For κ ∈ Z, define

σ̃κ(ξ1, ξ2) = Φ(2−κξ1, 2
−κξ2)σ(ξ1, ξ2).

Then σ̃κ(ξ1, ξ2) = σκ(2
−κξ1, 2

−κξ2) and

F−1σ̃κ(ξ1, ξ2) = 22κnF−1σκ(2
κξ1, 2

κξ2),

where F−1f denotes the inverse Fourier transform of f . For a positive integer N , let

σN (ξ1, ξ2) =
∑

|κ|≤N

σ̃κ(ξ1, ξ2), KN (x; y1, y2) = F−1σN (x− y1, x− y2).

For an integer k with 1 ≤ k ≤ m and x, y1, y2, x
′ ∈ Rn, let

WN (x, x′; y1, y2) = KN (x; y1, y2)−KN (x′; y1, y2).

Lemma 3.1 Let q1, q2 ∈ [2,∞), and s1, s2 ≥ 0. Then(∫
Rn

(∫
Rn

|F−1σκ(ξ1, ξ2)|q1⟨ξ1⟩s1dξ1
) q2

q1 ⟨ξ2⟩s2dξ2
) 1

q2 . ∥σκ∥
W

s1
q1

,
s2
q2 (R2n)

.
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For the proof of Lemma 3.1, see Appendix A in [8].

Lemma 3.2 Let σ be a bilinear multiplier satisfying (1.5) for some s ∈ [0,∞), r1, r2 ∈ (1, 2]

and γ ∈ (0, s]. Then for every x ∈ Rn and R > 0,∫
Rn

∫
R≤|x−y1|<2R

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κR)−γ+ n
r1

+ n
r2 (M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x)) (3.1)

and ∫
|x−y2|≥R

∫
|x−y1|<R

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κR)−γ+ n
r1

+ n
r2 M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x). (3.2)

Furthermore, if γ ∈ (0, s] and −γ + n
r1

+ n
r2

+ 1 > 0, then∫
Rn

∫
|x−y1|<R

|x− y1||F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κR)−γ+ n
r1

+ n
r2R(M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x)). (3.3)

Proof By the Hölder inequality and Lemma 3.1, we have that for each l ∈ Z,∫
|x−y2|<2l−1R

∫
C(x,2lR)

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κ2lR)−γ
(∫

|x−y2|<2l−1R

(∫
C(x,2lR)

|F−1σ̃κ(x− y1, x− y2)|r
′
1

× ⟨2κ(x− y1)⟩γr
′
1dy1

) r′2
r′1 dy2

) 1
r′2

2∏
k=1

(∫
B(x,2lR)

|fk(yk)|rkdyk
) 1

rk

. 2κ(−γ+ n
r1

+ n
r2

)(2lR)−γ
2∏

k=1

(∫
B(x,2lR)

|fk(yk)|rkdyk
) 1

rk (3.4)

and ∫
C(x,2j2l−1R)

∫
B(x,2lR)

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2j2κ2lR)−γ
(∫

C(x,2j2l−1R)

(∫
B(x,2lR)

|F−1σ̃κ(x− y, x− z)|r
′
1dy

) r′2
r′1

× ⟨2κ(x− z)⟩γr
′
2dz

) 1
r′2
(∫

B(x,2lR)

|f1(y)|r1dy
) 1

r1
(∫

B(x,2l2jR)

|f2(z)|r2dz
) 1

r2

. (2j+κ+lR)−γ2κ(
n
r1

+ n
r2

)
(∫

B(x,2lR)

|f1(y)|r1dy
) 1

r1

×
(∫

B(x,2l2jR)

|f2(w)|r2dw
) 1

r2
. (3.5)



804 G. E. Hu

Therefore, ∫
Rn

∫
C(x,2lR)

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κ2lR)−γ+ n
r1

+ n
r2 (M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x)), (3.6)

which gives (3.1) directly. We can also obtain from (3.5) (with l = 0) that∫
|x−y2|≥R

∫
|x−y1|<R

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. 2κ(−γ+ n
r1

+ n
r2

)R−γ
∞∑
j=0

2−jγ
(∫

B(x,R)

|f1(z)|r1dz
) 1

r1 ×
(∫

B(x,2jR)

|f2(w)|r2dw
) 1

r2

. (2κR)−γ+ n
r1

+ n
r2 M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x).

Finally, (3.6) implies that∫
Rn

∫
|x−y1|<R

|x− y1||F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

≤
−1∑

l=−∞

2lR

∫
Rn

∫
C(x,2lR)

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. (2κR)−γ+ n
r1

+ n
r2R(M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x)),

since −γ + n
r1

+ n
r2

+ 1 > 0. This completes the proof of Lemma 3.2.

Remark 3.1 Let σ be a bilinear multiplier satisfying (1.5) for some s ∈ [0,∞), r1, r2 ∈ (1, 2]

and γ ∈ (0, s]. As in the proof of (3.2), we can verify that, for each R > 0 and x, y ∈ R with

|x− y| < R, ∫
|y−y2|≥R

∫
|y−y1|<R

|F−1σ̃κ(y − y1, y − y2)||f1(y1)f2(y2)|dy1dy2

. (2κR)−γ+ n
r1

+ n
r2 M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x). (3.7)

Lemma 3.3 Let σ be a bilinear multiplier satisfying (1.5) for some s ∈ [0,∞), r1, r2 ∈ (1, 2]

and γ ∈ (0, s]. For R > 0 and x ∈ Rn with |x| > 4R, set

V R
κ,0(x) =

∫
|y2|≤|x|

∫
|y1|≤R

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

and

V R
κ,l(x) =

∫
2l−1|x|<|y2|≤2l|x|

∫
|y1|≤R

|F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

for positive integer l. Then for any weights w1, w2 and pk ∈ (rk,∞) with k = 1, 2,

V R
κ,0(x) . |x|−γ2κ(−γ+ n

r1
+ n

r2
)

2∏
k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,|x|)
w

− 1
p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
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and

V R
κ,l(x) . (2l|x|)−γ2κ(−γ+ n

r1
+ n

r2
)

2∏
k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l|x|)
w

− 1
p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
.

Proof Note that when |y1| ≤ R and |x| > 2R, |x − y1| ≥ |x|
2 . As in the proof of Lemma

3.2, we obtain by Lemma 3.1 and the Hölder inequality,

V R
κ,0(x) .

(∫
|y2|≤|x|

(∫
|x−y1|≥ |x|

2

|F−1σ̃κ(x− y1, x− y2)|r
′
1dy1

) r′2
r′1 dy2

) 1
r′2

×
(∫

B(0,R)

|f1(y)|r1dy
) 1

r1
(∫

B(0,|x|)
|f2(z)|r2dz

) 1
r2

. (2κ|x|)−γ2κ(
n
r1

+ n
r2

)
(∫

B(0,R)

|f1(y1)|r1dy
) 1

r1 ×
(∫

B(0,|x|)
|f2(z)|r2dz

) 1
r2

. |x|−γ2κ(−γ+ n
r1

+ n
r2

)
2∏

k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,|x|)
w

− 1
p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
.

Similarly, for l ≥ 1, we have that

V R
κ,l(x) .

(∫
C(0,2l|x|)

(∫
|y1|≤R

|F−1σ̃κ(x− y1, x− y2)|r
′
1dy1

) r′2
r′1 dy2

) 1
r′2

×
(∫

B(0,R)

|f1(y)|r1dy
) 1

r1
(∫

B(0,|x|)
|f2(z)|r2dz

) 1
r2

. |2lx|−γ2κ(−γ+ n
r1

+ n
r2

)
2∏

k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,|2lx|)
w

− 1
p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
.

This completes the proof of Lemma 3.3.

Lemma 3.4 Let σ be a multiplier which satisfies (1.5), r1, r2 ∈ (1, 2] such that s ∈
(

n
r1

+
n
r2
, n
r1

+ n
r2

+1
)
. Then for each R > 0, x, x′ ∈ Rn with |x− x′| < R

4 , nonnegative integers j1, j2

with j∗ = max{j1, j2} ≥ 2,

(∫
Sj2 (B(x,R))

(∫
Sj1 (B(x,R))

|WN (x, x′; y1, y2)|r
′
1dy1

) r′2
r′1 dy2

) 1
r′2 . |x− x′|s−

n
r1

− n
r2

|2j∗B| s
n

.

Proof We employ some estimates in [17]. Without loss of generality, we may assume that

j∗ = j1. For l ∈ Z, set

Wl(x, x
′; y1, y2) = F−1σ̃l(x− y1, x− y2)−F−1σ̃l(x

′ − y1, x
′ − y2)
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and

Jl;j1 j2 =
(∫

Sj2 (B(x,R))

(∫
Sj1 (B(x,R))

|Wl(x, x
′; y1, y2)|r

′
1dy1

) r′2
r′1 dy2

) 1
r′2 .

It was pointed out in [17] that

Jl; j1,j2 . (2j1R)−s2−l(s− n
r1

− n
r2

).

On the other hand, by the proof of the inequality (3.6) in [17], we know that

Jl;j1,j2 . 2l|x− x′|(2j1R)−s2−l(s− n
r1

− n
r2

).

Therefore,

(∫
Sj2 (B(x,R))

(∫
Sj1 (B(x,R))

|WN (x, x′; y1, y2)|r
′
1dy1

) r′2
r′1 dy2

) 1
r′2

.
∑

l: 2l|x−x′|<1

Jl; j1,j2 +
∑

l: 2l|x−x′|≥1

Jl; j1,j2 . |x− x′|s−
n
r1

− n
r2

|2j∗B| s
n

.

This completes the proof of Lemma 3.4.

Lemma 3.5 Let σ be a multiplier which satisfies (1.5) for some s ∈ (n, 2n], t1, t2 ∈ [1, 2)

such that 1
t1

+ 1
t2

= s
n . Let pk ∈ (tk,∞) for k = 1, 2 and w1, w2 be weights such that w⃗ ∈

Ap⃗/t⃗(R2n). Then for b1, b2 ∈ BMO(Rn),

∥Tσ,⃗b(f1, f2)∥Lp(Rn,νw⃗) .
2∑

j=1

∥bj∥BMO(Rn)

2∏
k=1

∥fk∥Lpk (Rn,wk).

Proof The proof here is fairly standard (see [4, 17]). For each fixed positive integer N , let

Tσ,N be the bilinear operator with kernel KN in the sense that

Tσ,N (f1, f2)(x) =

∫
R2n

KN (x; y1, y2)f1(y1)f2(y2)dy1dy2. (3.8)

Let b1, b2 ∈ BMO(Rn), [b1, Tσ,N ]1 and [b2, Tσ,N ]2 be the commutator of Tσ,N as in (1.8) and

(1.9) respectively. As in the proof of Theorem 3.1 in [17], we can prove that if r1, r2 ∈ (1, 2]

such that s
n >

1
r1

+ 1
r2
, then for ϵ ∈ (0, t) with 1

t = 1
t1

+ 1
t2
,

M ♯
ϵ ([bk, Tσ,N ]k(f1, f2))(x) . ∥bk∥BMO(Rn)(Mr⃗(f1, f2)(x) +Mt(Tσ,N (f1, f2))(x)).

Now let pk ∈ (tk,∞), w1, w2 be weights such that w⃗ ∈ Ap⃗/t⃗(R2n). We can choose δ ∈ (0, 1)

which is close to 1, such that w⃗ ∈ Aδp⃗/t⃗(R2n) and rk = tk
δ < pk for k = 1, 2. Recall that by

Lemma 2.2, w⃗ ∈ Ap⃗/t⃗(R2n) implies that νw⃗ ∈ Ap/t(Rn). It then follows that for k = 1, 2,

∥[bk, Tσ,N ]k(f1, f2)∥Lp(Rn,νw⃗) . ∥bk∥BMO(Rn)(∥Mt(Tσ,N (f1, f2))∥Lp(Rn,νw⃗)

+ ∥Mr⃗(f1, f2)∥Lp(Rn,νw⃗))

. ∥bk∥BMO(Rn)

2∏
k=1

∥fk∥Lpk (Rn,wk),
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if b1, b2 ∈ L∞(Rn). Note that for b1, b2 ∈ L∞(Rn) and f1, f2 ∈ S (Rn),

lim
N→∞

[bk, Tσ,N ]k(f1, f2)(x) = [bk, Tσ]k(f1, f2)(x)

holds for almost everywhere x ∈ Rn. Thus, by the Fatou lemma, for k = 1, 2, b1, b2 ∈ L∞(Rn)

and f1, f2 ∈ S (Rn),

∥[bk, Tσ]k(f1, f2)∥Lp(Rn,νw⃗) . ∥bk∥BMO(Rn)

2∏
k=1

∥fk∥Lpk (Rn,wk).

This, via a standard argument leads to our desired conclusion.

For a positive integer N , let Tσ,N be the operator defined by

Tσ,N (f1, f2)(x) = sup
ϵ>0

∣∣∣ ∫
max

1≤k≤2
|x−yk|>ϵ

KN (x; y1, y2)f1(y1)f2(y2)dy1dy2

∣∣∣.
Lemma 3.6 Let σ be a multiplier which satisfies (1.5) for some s ∈ (n, 2n], r1, r2 ∈ (1, 2]

such that s ∈
(

n
r1

+ n
r2
, n
r1

+ n
r2

+ 1
)
. Then for any γ < n

r1
+ n

r2
, τ ∈ (0,min{1, r}) with

1
r = 1

r1
+ 1

r2
, and x ∈ Rn,

Tσ,N (f1, f2)(x) .Mτ (Tσ,N (f1, f2))(x) +
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x).

Proof We employ the ideas used in [9, 13]. For each fixed ϵ > 0, let

Tσ,N ; ϵ(f1, f2)(x) =

∫
max

1≤k≤2
|x−yk|>ϵ

KN (x; y1, y2)f1(y1)f2(y2)dy1dy2

and

T̃σ,N ; ϵ(f1, f2)(y, x) =

∫
min

1≤k≤2
|x−yk|>ϵ

KN (y; y1, y2)f1(y1)f2(y2)dy1dy2.

For functions f1 and f2, let

f1k (yk) = fk(yk)χB(x,ϵ)(yk), f2k (yk) = fk(yk)χRn\B(x,ϵ)(yk), k = 1, 2.

A trivial computation shows that for y ∈ B
(
x, ϵ2

)
,

|T̃σ,N ;ϵ(f1, f2)(x, x)| ≤
∣∣T̃σ,N ;ϵ(f1, f2)(x, x)− T̃σ,N ;ϵ(f1, f2)(y, x)

∣∣
+ |T̃σ,N ; ϵ(f1, f2)(y, x)|

.
∫

min
1≤k≤2

|x−yk|>ϵ

∣∣WN (x, y; y1, y2)f1(y1)f2(y2)|dy1dy2

+
∣∣Tσ,N (f1, f2)(y)− Tσ,N (f11 , f

1
2 )(y)

∣∣
+
∣∣Tσ,N (f11 , f

2
2 )(y)

∣∣+ ∣∣Tσ,N (f21 , f
1
2 )(y)

∣∣. (3.9)



808 G. E. Hu

We obtain from Lemma 3.5 that∫
min

1≤k≤2
|x−yk|>ϵ

|WN (x, y; y1, y2)||f1(y1)f2(y2)|dy1dy2

.
∞∑

j1=1

∞∑
j2=1

(∫
Sj2 (B(x,ϵ))

(∫
Sj1 (B(x,ϵ))

|WN (x, y; y1, y2)|r
′
1dy1

) r′2
r′1 dy2

) 1
r′2

×
2∏

k=1

(∫
Sjk

(B(x,ϵ))

|fk(yk)|rkdyk
) 1

rk

. Mr⃗(f1, f2)(x). (3.10)

On the other hand, it follows from (3.7) that for y ∈ B
(
x, ϵ2

)
,

|Tσ,N (f11 , f
2
2 )(y)|+ |Tσ,N (f21 , f

1
2 )(y)|

.
∑

|κ|≤N : 2κϵ>1

(2κϵ)−s+ n
r1

+ n
r2

2∑
k=1

M(k)
r⃗,−s+ n

r1
+ n

r2

(f1, f2)(x)

+
∑

|κ|≤N : 2κϵ≤1

(2κϵ)−γ+ n
r1

+ n
r2

2∑
k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x)

.
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x), (3.11)

where in the last inequality, we have invoked the estimate

M(k)
r⃗,−s+ n

r1
+ n

r2

(f1, f2)(x) . M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x),

since −s+ n
r1

+ n
r2
< −γ + n

r1
+ n

r2
. Similarly, we have that

|Tσ,N ; ϵ(f1, f2)(x)− T̃σ,N ;ϵ(f1, f2)(x, x)|

.
∫

max
1≤k≤2

|x−yk|>ϵ

min
1≤k≤2

|x−yk|<ϵ

|KN (x; y1, y2)||f1(y1)f2(y2)|dy1dy2

.
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x). (3.12)

Combining the estimates (3.9)–(3.12) then leads to that for y ∈ B
(
x, ϵ2

)
,

|Tσ,N ;ϵ(f1, f2)(x)| . |T̃σ,N ; ϵ(f1, f2)(x, x)|+
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x)

. |Tσ,N (f1, f2)(y)|+ |Tσ,N (f11 , f
1
2 )(y)|+

2∑
k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x).

Recall that Tσ,N is bounded from Lr1(Rn) × Lr2(Rn) to Lr,∞(Rn) (see [8, 17]). Applying

the argument in the proof of the Kolmogorov inequality (see also [9, 13]), tells us that for
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τ ∈ (0,min{1, r}), ( 1

|B(x, ϵ2 )|

∫
B(x, ϵ2 )

|Tσ,N (f11 , f
1
2 )(y)|τdy

) 1
τ

.
2∏

k=1

( 1

|B(x, ϵ)|

∫
B(x,ϵ)

|fk(yk)|rkdyk
) 1

rk .

Therefore, for each x ∈ Rn and ϵ > 0,

|Tσ,N ; ϵ(f1, f2)(x)| .
( 1

|B(x, ϵ2 )|

∫
B(x, ϵ2 )

|Tσ,N (f1, f2)(y)|τdy
) 1

τ

+
( 1

|B(x, ϵ2 )|

∫
B(x, ϵ2 )

|Tσ,N (f11 , f
1
2 )(y)|τdy

) 1
τ

+
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x)

.Mτ (Tσ,N (f1, f2))(x) +
2∑

k=1

M(k)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x),

which gives us the desired conclusion.

Let φ be a non-negative function in C∞
0 (R3n), which satisfies that suppφ ⊂ {(x, y1, y2) :

max{|x|, |y1|, |y2|} < 1},
∫
R3n φ(u)du = 1. For β > 0, let χβ = χβ(x, y1, y2) be the characteristic

function of the set
{
(x, y1, y2) : max

k=1,2
|x− yk| ≥ 3β

2

}
, and let

ψβ(x; y1, y2) = φβ ∗ χβ(x; y2, y2),

where φβ(x, y1, y2) =
(
β
4

)−3n
φ
(
4x
β ,

4y1

β , 4y2

β

)
. As it was pointed out in [2], ψβ ∈ C∞(R3n),

∥ψβ∥L∞ ≤ 1, suppψβ ⊂ {(x; y1, y2) : max
k=1,2

|x−yk| ≥ β}, and ψβ(x, y1, y2) = 1 if max
k=1,2

|x−yk| ≥

2β. For a fixed N ∈ N, let T β
σ,N be the bilinear operator defined by

T β
σ,N (f1, f2)(x) =

∫
R2n

ψβ(x; y, z)KN (x; y, z)f1(y)f2(z)dydz. (3.13)

As usual, for b1, b2 ∈ BMO(Rn), let [b1, T
β
σ,N ]1, [b2, T

β
σ,N ]2 be the commutators of T β

σ,N as in

(1.8)–(1.9).

Lemma 3.7 Let σ be a multiplier satisfying (1.5) for some s ∈ (n, 2n], Tσ,N and T β
σ,N

be the operators defined by (3.8) and (3.13) respectively. Let r1, r2 ∈ (1, 2] such that s ∈(
n
r1

+ n
r2
, n
r1

+ n
r2

+ 1
)
. Then for any γ < n

r1
+ n

r2
,

|[bj , Tσ,N ]j(f1, f2)(x)− [bj , T
β
σ,N ]j(f1, f2)(x)| . βM(j)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x). (3.14)

Proof Without loss of generality, we assume that ∥∇bj∥L∞(Rn) = 1. We deduce from
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Lemma 3.2 that

|[bj , Tσ,N ]j(f1, f2)(x)− [bj , T
β
σ,N ]j(f1, f2)(x)|

.
∑
κ∈Z

∫
max
k=1,2

|x−yk|≤2β

|x− yj ||F−1σ̃κ(x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

. β
∑

κ∈Z:2κβ>1

(2κβ)−s+ n
r1

+ n
r2 (M(j)

r⃗,−s+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x))

+ β
∑

κ∈Z:2κβ≤1

(2κβ)−γ+ n
r1

+ n
r2

(
M(j)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x) +Mr⃗(f1, f2)(x)
)

. βM(j)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x).

This completes the proof of Lemma 3.7.

Lemma 3.8 Let r ∈ (1,∞), w ∈ Ar(Rn), K ⊂ Lr(Rn, w). Suppose that

(i) K is bounded in Lr(Rn, w);

(ii) lim
A→∞

∫
|x|>A

|f(x)|rw(x) dx = 0, uniformly for f ∈ K;

(iii) ∥f(·)− f(·+ t)∥Lp(Rn,w) → 0 uniformly for f ∈ K as |t| → 0.

Then K is precompact in Lr(Rn, w).

This lemma was given in [5].

Proof of Theorem 1.1 We will employ some ideas from [2]. By Lemma 3.5, it suffices

to prove that when b1, b2 ∈ C∞
0 (Rn), the conclusion in Theorem 1.1 is true for Tσ,⃗b. We

only consider [b1, Tσ]1 for simplicity. Without loss of generality, we assume that ∥b1∥L∞(Rn) +

∥∇b1∥L∞(Rn) = 1.

Let t1, t2 ∈ (1, 2] such that s
n = 1

t1
+ 1

t2
, pk ∈ (tk,∞) with k = 1, 2, w1, w2 be weights

such that w⃗ ∈ Ap⃗/t⃗(R2n). Recalling that νw⃗ ∈ A∞(Rn), we know that νw⃗ ∈ Rθ for some

θ ∈ (0, 1). Also, by Corollary 2.1 in [17], we can choose δ ∈ (0, 1) which is close to 1, such that

w⃗ ∈ Aδp⃗/t⃗(R2n) and

s

n
<

δ

t1
+
δ

t2
+ 1, pk >

tk
δ

(k = 1, 2).

Let 1
t = 1

t1
+ 1

t2
and rk = tk

δ with k = 1, 2. We claim that for each β ∈ (0, 1) and ϵ > 0,

(a) there exists a constant A = A(ϵ) which is independent of N , f1 and f2, such that

(∫
|x|>A

|[b1, T β
σ,N ]1(f1, f2)(x)|pνw⃗(x)dx

) 1
p . ϵ

2∏
k=1

∥fk∥Lpk (Rn,wk); (3.15)

(b) there exists a constant ρ = ρϵ which is independent of N , f1 and f2, such that for all

u ∈ Rn with 0 < |u| < ρ,

∥[b1, T β
σ,N ]1(f1, f2)(·+ u)− [b1, T

β
σ,N ]1(f1, f2)(·)∥Lp(Rn,νw⃗)

. ϵ
2∏

k=1

∥fk∥Lpk (Rn,wk). (3.16)
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If we can prove this, it then follows from the Fatou lemma that both (3.15) and (3.16) are

true with f1, f2 ∈ S (Rn) and T β
σ,N is replaced by T β

σ , here T
β
σ is defined by

T β
σ (f1, f2)(x) =

∑
κ∈Z

∫
Rn

ψβ(x; y, z)F−1σ̃κ(x; y, z)f1(y)f2(z)dydz.

Since S (Rn) is dense in Lpk(Rn, wk), we then know that (3.15) and (3.16) are true when T β
σ,N

is replaced by T β
σ . This, via Lemma 3.8, tells us that [b1, T

β
σ ]1 is compact from Lp1(Rn, w1)×

Lp2(Rn, w2) to Lp(Rn, νw⃗). On the other hand, (3.14) together with the Fatou lemma and a

familiar density argument, leads to that

∥[b1, Tσ]1(f1, f2)− [b1, T
β
σ ]1(f1, f2)∥Lp(Rn,νw⃗) . β

2∏
k=1

∥f∥Lpk (Rn,wk).

Therefore, [b1, Tσ]1 is compact from Lp1(Rn, w1)× Lp2(Rn, w2) to L
p(Rn, νw⃗).

We first prove the conclusion (a). Let R > 0 be large enough such that supp b1 ⊂ B(0, R).

For every fixed x ∈ Rn with |x| > 2R, set

UR
N,0(x) =

∫
|y2|≤|x|

∫
|y1|≤R

|KN (x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2

and

UR
N,l(x) =

∫
2l−1|x|<|y2|≤2l|x|

∫
|y1|≤R

|KN (x− y1, x− y2)||f1(y1)f2(y2)|dy1dy2.

We deduce from Lemma 3.3 that for integers N > 0 and l ≥ 0,

UR
N,l(x) .

∑
κ:2κR≥1

V R
κ,l(x) +

∑
κ:2κR≤1

V R
κ,l(x)

. ((2l|x|)−sRs− n
r1

− n
r2 + (2l|x|)−γRγ− n

r1
− n

r2 )

2∏
k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l|x|)
w

− 1
p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
,

if we choose γ < n
r1

+ n
r2
. Let A > 4R. Recall that p > 1. It then follows directly that(∫

2j−1A<|x|≤2jA

∣∣∣[b1, T β
σ,N ]1(f1, f2)(x)

∣∣∣pνw⃗(x)dx) 1
p

.
∞∑
l=0

(∫
2j−1A<|x|≤2jA

|UR
N,l(x)|pνw⃗(x)dx

) 1
p

.
∞∑
l=0

(∫
B(0,2jA)

νw⃗(y)dy
) 1

p

(2j+lA)−sRs− n
r1

− n
r2

2∏
k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l+jA)

w
− 1

p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2

+

∞∑
l=0

(∫
B(0,2jA)

νw⃗(y)dy
) 1

p

(2j+lA)−γRγ− n
r1

− n
r2

2∏
k=1

∥fk∥Lpk (Rn,wk)

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l+jA)

w
− 1

p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2
.
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It is easy to verify that

∞∑
l=0

(∫
B(0,2jA)

νw⃗(y)dy
) 1

p

(2j+lA)−sRs− n
r1

− n
r2

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l+jA)

w
− 1

p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2

. Rs− n
r1

− n
r2

∞∑
l=0

(2l+jA)−s+ n
r1

+ n
r2

.
(R
A

)s− n
r1

− n
r2
2j(−s+ n

r1
+ n

r2
).

On the other hand, noting that w
− 1

p1
r1

−1

1 ∈ A∞(Rn), there exists a constant ζ ∈
(
0, 1

r1
+ 1

r2

)
such that ∫

B(0,R)

w
− 1

p1
r1

−1

1 (y1)dy1 . (2−(j+l)RA−1)nζ
∫
B(0,2j+lA)

w
− 1

p1
r1

−1

1 (y1)dy1,

which, in turn, implies that

∞∑
l=0

(∫
B(0,2jA)

νw⃗(y)dy
) 1

p

(2j+lA)−γRγ− n
r1

− n
r2

×
(∫

B(0,R)

w
− 1

p1
r1

−1

1 (y)dy
) 1

r1
− 1

p1
(∫

B(0,2l+jA)

w
− 1

p2
r2

−1

2 (z)dz
) 1

r2
− 1

p2

.
(R
A

)γ+nζ− n
r1

− n
r2
2j(−γ−nζ+ n

r1
+ n

r2
),

if we choose

γ ∈
(
− nζ +

n

r1
+
n

r2
,
n

r1
+
n

r2

)
.

Thus, for b1 ∈ C∞
0 (Rn), we have that for some constant η > 0,

(∫
|x|>A

∣∣∣[b1, T β
σ,N ]1(f1, f2)(x)

∣∣∣pνw⃗(x)dx) 1
p .

(R
A

)η 2∏
k=1

∥fk∥Lpk (Rn,wk).

This leads to the conclusion (a).

We turn our attention to conclusion (b). Let

γ ∈
(
0,
n

r1
+
n

r2

)
.

Set

WN,β(x+ u, x; y1, y2) = KN,β(x+ u; y1, y2)−KN,β(x; y1, y2),

and set

Jβ1 (f1, f2)(x) = (b1(x)− b1(x+ u))

∫
R2n

KN,β(x; y, z)f1(y)f2(z)dydz,

Jβ2 (f1, f2)(x) =

∫
R2n

WN,β(x+ u, x; y, z)(b1(y)− b1(x+ u))f1(y)f2(z)dydz.
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As in the proof of Lemma 3.7, we obtain by Lemma 3.2 that∣∣∣ ∫
R2n

KN,β(x; y1, y2)f1(y1)f2(y2)dy1dy2

−
∫

max
k=1,2

|x−yk|≥2β

KN (x; y1, y2)f1(y1)f2(y2)dy1dy2

∣∣∣
.

∫
β≤max

k=1,2
|x−yk|≤2β

|KN (x; y1, y2)||f1(y1)f2(y2)|dy1dy2

. M(1)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x).

Thus,

|Jβ1 (f1, f2)(x)| . |u|
(
Tσ,N (f1, f2)(x) +M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x)
)
. (3.17)

Note that |ψβ(x+ u; y1; y2)− ψβ(x; y1, y2)| . |u|
β , and

|WN,β(x+ u, x; y1, y2)| ≤ |WN (x+ u, x; y1, y2)|ψβ(x+ u; y1; y2)|

+ |KN (x; y1, y2)||ψβ(x+ u; y1; y2)− ψβ(x; y1, y2)|.

Let |u| ≤ β
2 . By Lemma 3.2 and Lemma 3.4 and the argument used in the proof of Lemma 3.7,

we deduce that

|Jβ2 (f1, f2)(x)| .
∫

max
k=1,2

|x−yk|> β
2

|WN (x+ u, x; y1, y2)f1(y1)f2(y2)|dy1dy2

+
|u|
β

∫
max
k=1,2

|x−yk|≤3β

max
k=1,2

|x−yk|≥ β
2

|KN (x; y1, y2)f1(y2)f2(y2)|dy1dy2

.
∑

j1,j2≥0
max{j1,j2}≥1

(∫
Sj2 (B(x, β4 ))

(∫
Sj1 (B(x, β4 ))

|WN (x, x+ u; y, z)|r
′
1dy

) r′2
r′1 dz

) 1
r′2

×
(∫

Sj1 (B(x, β4 ))

|f1(y)|r1dy
) 1

r1
(∫

Sj2 (B(x, β4 ))

|f2(z)|r2dz
) 1

r2

+
|u|
β
M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x)

.
∑

max{j1,j2}≥1

|u|s−
n
r1

− n
r2

|2j∗B(x, β4 )|
s
n

2∏
k=1

(∫
Sjk

(B(x, β4 ))

|fk(yk)|rkdyk
) 1

rk

+
|u|
β
M(1)

r⃗,−γ+ n
r1

+ n
r2

(f1, f2)(x)

.
( |u|
β

)ϱ

M(1)
r⃗,−γ+ n

r1
+ n

r2

(f1, f2)(x) (3.18)

with ϱ = min
{
1, s− n

r1
− n

r2

}
. Note that

|[b1, T β
σ,N ]1(f1, f2)(x+ u)− [b1, T

β
σ,N ]1(f1, f2)(x)| .

2∑
k=1

Jβk(f1, f2)(x).
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The conclusion (b) now follows from (3.17)–(3.18), Lemma 3.6 and Theorem 2.1, if we choose

γ such that 0 < −γ + n
r1

+ n
r2
< nθmin

{
1
p1
, 1
p2

}
.

References
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