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Singularity of the Extremal Solution for Supercritical
Biharmonic Equations with Power-Type Nonlinearity*

Baishun LAI' Zhengxiang YAN? Yinghui ZHANG?

Abstract Let B C R™ be the unit ball centered at the origin. The authors consider the
following biharmonic equation:

*@:O on 0B,

{A2u =X14u)? inB,
Y=o

where p > Zti and v is the outward unit normal vector. It is well-known that there exists

a A* > 0 such that the biharmonic equation has a solution for A € (0, A*) and has a unique
weak solution u* with parameter A = \*, called the extremal solution. It is proved that u*

is singular when n > 13 for p large enough and satisfies u* < 7"71’4?1 — 1 on the unit ball,
which actually solve a part of the open problem left in [Davila, J., Flores, 1., Guerra, L.,
Multiplicity of solutions for a fourth order equation with power-type nonlinearity, Math.
Ann., 348(1), 2009, 143-193] .

Keywords Minimal solutions, Regularity, Stability, Fourth order
2000 MR Subject Classification 35B45, 35J40

1 Introduction

In the previous two decades, positive solutions to the second order semilinear elliptic problem

—Au=MAg(u) in Q,
{u =0 on €} (1.1)

have attracted a lot of interest (see [1-5] and references therein). Here, we only mention the
work by Joseph and Lundgren [2]. In their well known work, Joseph and Lundgren gave a
complete characterization of all positive solutions of (1.1) in the case g(u) = e* or g(u) =
(I1+au)?, ap >0, A > 0 and Q being a unit ball in R”. In particular, they found a remarkable
phenomenon for g(u) = e* and n > 2: Either (1.1) has at most one solution for each A or there
is a value of A for which infinitely many solutions exist. In the case of a power nonlinearity the
same alternative is valid if n > 3 and p > :‘L—fg As a subsequent step, Lions (see [3, Section 4.2

Manuscript received September 24, 2014. Revised October 23, 2015.

Mnstitute of Contemporary Mathematics, Henan University, Kaifeng 475004, Henan, China.

E-mail: laibaishun@henu.edu.cn

2Xinyang Vocational and Technical College, Xinyang 464000, Henan, China.

E-mail: zhxyangl0@gmail.com

3Department of Mathematics, Hunan Institute of Science and Technology, Yueyang 414006, Hunan,
China. E-mail: zhangyinghui0910@126.com

*This work was supported by the National Natural Science Foundation of China (Nos.11201119,
11471099), the International Cultivation of Henan Advanced Talents and the Research Foundation
of Henan University (No. yqpy20140043).



816 B. S. Lai, Z. X. Yan and Y. H. Zhang

(c)]) suggested to study positive solutions to systems of semilinear elliptic equations. So it is
an important task to gain a deeper understanding for related higher order problems.
In this paper, we study a semilinear equation involving the bilaplacian operator and a power

type nonlinearity
A%y = A1+ u)? in B,
B (1.2)
u=2%—y on OB,
ov
where B C R" is the unit ball, A > 0 is an eigenvalue parameter, n > 5 and p > Z—fj. The
subcritical case p < ”—*j is by now folklore, where existence and multiplicity results are easily

n—
n+4
n—4

established by means of variational methods. For the critical case p = (under Navier

boundary conditions), we refer to [6]. Recently, a lot of research on supercritical case, i.e.,
p > Z—fj, has been done and many beautiful important results have been proved. In what
follows, we will summarize some of the results obtained by [7-8]. For convenience, we introduce

the following notions.

Definition 1.1 We say that u € LP(B) is a solution of (1.2) if u > 0 and if for all o € C*(B)
with ¢|0B = |Vy||0B = 0, one has

/uA2<pdx = /\/(1 + u)Pede.
B B

We call u singular if u ¢ L*°(B), and regular if u € L>°(B). A radial singular solution u = u(r)
of (1.2) is called weakly singular if lilrr(lJ r%u(r) € (0,00] exists.
r—

Note that by standard regularity theory for the biharmonic operator, any regular solution u
of (1.2) satisfies u € C°°(B). Note also that by the positivity preserving property of A2 in the
ball (see [10]) any solution of (1.2) is positive, see also [11] for a generalized statement. This
property is known to fail in general domains. For this reason, we restrict ourselves to the ball.
Hence, the sub- and super-solution method applies as well as monotone iterative procedures.

Definition 1.2 We call a solution u of (1.2) minimal if u < v a.e.in B for any other
solution v of (1.2).

We also denote by A; > 0 the first eigenvalue for the biharmonic operator with Dirichlet
boundary conditions
A’p; =M1 in B,
1 v

It is known from the positivity preserving property and Jentzsch’s (or Krein-Rutman’s) theorem

=0 on JB.

that A; is isolated and simple and the corresponding eigenfunction ¢; does not change sign.

Definition 1.3 We say a weak solution of (1.2) is stable (resp. semi-stable) if
pa() =inf { [ (ApPde = ph [ (14w e € CR), ol =1
B B

is positive (resp. non-negative).
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To illuminate the motivations, we need the following notations which will be used throughout
the paper. Set

K0:i<i+2)(N—2—i)(N—4—i)
p—1\p—1 p—1

and

_n—|—2—\/4+n2—4\/n2+Hn
‘ n—6-—+4+n2—4vn2 + H,

with HW(W)2 and the number p. such that when p = p,

)G+ (n-2- ) (- ) =

Now we summarize some of the well-known results as follows.

for n > 3,

Theorem 1.1 (see [7-8]) There exists \* € [Kj, %) such that the following terms hold:

(i) For A € (0,A*), (1.2) admits a minimal stable regular solution, denoted by wy. This
solution is radially symmetric and strictly decreasing in r = |x|.

(ii) For A = X*, (1.2) admits at least one not necessarily bounded solution, which is called
extremal solution u*.

(iii) For A > X*, (1.2) admits no (not even singular) solutions.

Theorem 1.2 (see [9]) Assume that

4 4
YL e ifn>13 Pt e pcso if5<n<I2
n—4 n—4

Then u* is regular.

From Theorem 1.2, we know that the extremal solution of (1.2) is regular for a certain range
of p and n. At the same time, they left an open problem: If

n>13 and p > p.,

is u* singular?

In this paper, by constructing a semi-stable singular H3(B)-weak sub-solution of (1.2), we
prove that, if p is large enough, the extremal solution is singular for dimensions n > 13 and
complete part of the above open problem. Our result is stated as follows.

Theorem 1.3 There exists po(n) > 1 large enough such that for p > po(n), the unique
extremal solution of (1.2) is singular for dimensions n > 13, in which case u* < |x|_ﬁ —1on
the unit ball B.

From the technical point of view, one of the obstacle is the well-known difficulty of extracting
energy estimates for solutions of fourth order problems from their stability properties. Besides,
for the corresponding second order problem (1.1), the starting point was an explicit singular
solution for a suitable eigenvalue parameter \ which turned out to play a fundamental role for
the shape of the corresponding bifurcation diagram (see [12]). When turning to the biharmonic

problem (1.2) the second boundary condition % = 0 prevents to find an explicit singular
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solution. This means that the method used to analyze the regularity of the extremal solution
for second order problem could not carry to the corresponding problem for (1.2). In this paper,
in order to overcome the second obstacle, we use improved and non-standard Hardy-Rellich
inequalities recently established by Ghoussoub-Moradifam in [13] to construct a semi-stable
singular HZ(B)-weak sub-solution of (1.2).

This paper is organized as follows. In the next section, some preliminaries are reviewed.
In Section 3, we will show that the extremal solution v* in dimensions n > 13 is singular by
constructing a semi-stable singular HZ(B)-weak sub-solution of (1.2).

2 Preliminaries

First we give some comparison principles which will be used throughout this paper.

Lemma 2.1 (see [10]) If u € C*(Bgr) satisfies

A%y >0 in Bg,
0

u = au_ 0 on JBg,
ov

then u > 0 in Br. Here and in what follows, By is denoted by the ball of radius R centered at
0.

Lemma 2.2 Let u € L'(Bg) and suppose that
/ UAQQDdLB >0
Br

or all p € C*Br) such that 0 > 0 in Br, olop, = 22|, = 0. Then u >0 in Br. Moreover
f © @ , ¢loBr = By |oBr )
u=0oru>0 a.e inBg.

For a proof, see Lemma 17 in [11].
Lemma 2.3 If u € H*(Bg) is radial, A?u > 0 in Br in the weak sense, that is
AulApdr >0, VYoe Ci°(Br), ¢>0
Br
and u|ap, > 0, g—ﬂaBR <0, then u >0 in Bg.

Proof For the sake of completeness, we include a brief proof here. We only deal with the
case R = 1 for simplicity. Solve

A?u; =A%y in B,

0
= % =0 onJdB
in the sense uy € H§(B) and [; AusApdz = [; AulApdz for all € C°(B). Then ug > 0in B
by Lemma 2.2.

Let us = v — u; so that A?us = 0 in B. Define f = Auy. Then Af = 0 in B and since
f is radial, we find that f is a constant. It follows that us = ar? + b. Using the boundary

Ui

conditions, we deduce a + b > 0 and a < 0, which imply us > 0.
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Now we give a notion of HZ(B)-weak solutions, which is an intermediate class between
classical and weak solutions.

Definition 2.1 We say that u is an HZ(B)-weak solution of (1.2) if (1 +u)? € L*(B) and
if
/ AuA¢dr = )\/ (1 +u)Pdz, Vo € C*(B)N HE(B).
B B

We say that u is an HE(B)-weak super-solution (resp. HE(B)-weak sub-solution) of (1.2) if for
¢ > 0 the equality is replaced with > (resp. <) and u > 0 (resp. <), % <0 (resp. >) on IB.

We also need the following comparison principle.

Lemma 2.4 Let uj,us € H2(Bg) with (1 + uy)P, (1 +u)? € LY(Br). Assume that uy is
stable and
AQ’U,l < )\(1 + ul)p m Br

in the H?(BR)-weak sense, i.e.,
/ Aur Agda < )\/ (1+w)Pedz, Yo e CP(Bg), ¢>0 (2.1)
Br Br

and Auy > N1+ ug)? in By in the similar weak sense. Suppose also

8u1

8UQ
U1|6IBR = UQ‘Q]BRa W = Qa_

‘GBR_ Ov loBg'

Then
U1 S U m BR.

Proof Define w := u; —uz. Then by the Moreau decomposition (see [14]) for the biharmonic
operator, there exist wy,ws € HZ(Br), with w = wy +ws, wy > 0 a.e., A%wy < 0 in the H3(Bg)-
weak sense and

Awi Awsdz = 0.
Br

By Lemma 2.3, we have that ws < 0 a.e. in Bg.
Given now 0 < ¢ € C§°(Br), we have that

/B Awhpdz < [ (f(ur) - f(uz))pda,

Br

where f(u) = (1 + w)P. Since u; is semi-stable and by density, one has

A f(w)wide < )\/ (Awi)?dz =\ | AwAwidr < )\/ (f(u1) — f(ug))widx.
Br Br

Br Br

Since w1 > w, one also has

F(un)wndz < / (Flur) — F(un))wrda

Br Br

which once re-arrange gives

fwldx >0,
Br
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where f = flur) — f(uz) — f'(u1)(ur — uz). The strict convexity of f gives f<0and f<O
whenever u; # us. Since wy > 0 a.e. in By, one sees that w < 0 a.e. in Bg. The inequality
u1 < ug a.e. in Bg is then established.

The following variant of Lemma 2.4 also holds.

Lemma 2.5 Let uj,uz € H*(Bg) be radial with (1 + u1)?, (1 + ug)? € L'(Br). Assume
A%up < M1 +up)? in Bg in the sense of (2.1) and A%us > A1+ us)? in By in the same weak
sense. Suppose u1|op, < Uz2|om, and L | 0B > %L’%R and suppose also that uy is semi-stable.
Then u1 < ug in Bg.

Proof We solve for 4 € HZ(B) such that

/ AuAgdz :/ Auy —ug)A¢dz, Vo € C5°(BR).
Br

Br

By Lemma 2.3 it follows that @ > u; —us. Next we apply the Moreau decomposition to u, that
is 4 = w+ v with w,v € H3(Bg), w > 0, A%y < 0 in Bg and fIBR AwAvdx = 0. Then the
argument follows that of Lemma 2.4.

Lemma 2.6 Let u be a semi-stable HZ (B)-weak solution of (1.2) and U be an HE(B)-super-
solution of (1.2). Then if u is a classical solution and py(u) =0, we have u =U.

Proof Since u is a classical solution, it is easy to see that the infimum in u; (u) is attained
at some . The function ¢ is then the first eigenfunction of A% — \f’(u) in H3(B), where
fw) = (1 4+ u)P. Now we show that ¢ is of fixed sign. Using the Moreau decomposition, one
has

¢ = ¢1+ P2,
where ¢; € HZ(B) for i = 1,2, and

120, [ Andndr =0, A%, <0
B
in the HZ(B)-weak sense. If ¢ changes sign, then ¢; # 0 and ¢ < 0 in B. We can write now
/{ (61— 92))> = Af'(u)(¢1 — p2)?}dz
0= ,u1
/(¢1 ¢2)*da
/{ (80)? — A/ ()¢}
= pu1(u)
/ H*dx

in view of ¢p1¢2 < —@1¢2 in a set of positive measure, leading to a contradiction.

So we can assume ¢ > 0, and by the Boggio’s principle, we have ¢ > 0in B. For 0 <¢ <1,
define

:/A(tU+(1—t)u)A¢da:—/\/f(tU+(1—t)u)¢da:,
B B

where ¢ is the above first eigenfunction. Since f is convex, one sees that

>)\/tf F (L= 0)f(u) = (U + (1 = u)]édz > 0
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for every t > 0. Since g(0) = 0 and

¢(0) = / AU — WA — A (u)(U — u)lédz = 0,

we get that
g"(0) = —/\/ () (U —u)?pdz > 0.
B
Since f”(u)¢ > 0 in B, we finally get that U = u a.e. in B.
From this lemma, we immediately obtain the following corollary.

Corollary 2.1 (i) When u* is a classical solution, then pi(u*) = 0 and u* is the unique
HZ(B)-weak solution of (1.2);
(i) If v is a singular semi-stable HZ(B)-weak solution of (1.2), then v =u* and A\ = \*.

Proof (i) Since the function u* is a classical solution, and by the implicit function theorem,
we have that p;(u*) = 0 to prevent the continuation of the minimal branch beyond A*. By
Lemma 2.4, u* is then the unique HZ(B)-weak solution of (1.2).

(i) Assume now that v is a singular semi-stable H3(B)-weak solution of (1.2). If A < \*,
then by the uniqueness of the semi-stable solution, we have v = uy. So v is not singular and a
contradiction arises. By Theorem A(iii) we have that A = A*. Since v is a semi-stable HZ(B)-
weak solution of (1.2) and u* is an HZ(B)-weak super-solution of (1.2), we can apply Lemma
2.4 to get v < u* a.e. in B. Since u* is also a semi-stable solution, we can reverse the roles of
v and u* in Lemma 2.4 to see that v > u* a.e. in B. So equality v = u* holds and the proof is
complete.

3 Proof of Theorem 1.3

Inspired by the work of [16], we will first show the following upper bound on u*.

Lemma 3.1 Ifn > 13 and p > p., then u* < |x|7ﬁ —1 for x € B.

Proof Recall from Theorem 1.1 that Ky < A*. We now claim that uy < @ := |x|7ﬁ -1
for all A € (Ko, A\*). Indeed, fix such a A and assume by contradiction that

Ry :=inf{fO<R<1:uy>7u in the interval (R,1)} > 0.
From the boundary conditions, one has
un(r)y <a(r) asr—17.
Hence,
0< Ry <1, UA(Rl) = ﬁ(Rl), ui\(R1) < ﬂ’(Rl)
Now consider the following problem:

A%y = Ko(1+u)? in Bg,,
u=ux(Ry) on 0Bg,,
ou

5 :ui\(Rﬁ on 8]BR1.
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Then wu, is a super-solution to above problem while u is a sub-solution to the same problem.
Moreover for n > 13, we have

n%(n —4)2
< = 7
pKo < H, T
and
¢? 1
/)(A¢f¢n2Eh 4dx>pr/)(1+ )P~ .
Br, Br, |z Br,

So wu is semi-stable and we deduce that uy > u by Lemma 2.4, and a contradiction arises in
view of the fact

|U)\|LOO(BR1) < 00, W|L°°(BRI) = Q.
The proof is done.

In order to prove Theorem 1.3, we need a suitable Hardy-Rellich type inequality which was
established by Ghoussoub-Moradifam in [13]. It is stated as follows.

Lemma 3.2 Let n > 5 and B be the unit ball in R™. Then there exists C' > 0, such that
the following improved Hardy-Rellich inequality holds for all p € HZ(B):

2(n — 4)2 o2
9 >n(n / /2
/B(Ago) dx_iw B—|x|4dx+0 ]Bgo dz

Lemma 3.3 Letn > 5 and B be the unit ball in R™. Then the following improved Hardy-
Rellich inequality holds for all ¢ € HZ(B):

2y o (M= 2P(n—4)° prdz
/B(Ago) dx > 16 /$|2 09|x| ) (|z|? — || ?)

+(n—1 /
m2m2|wﬂ

As a consequence, the following improvement of the classical Hardy-Rellich inequality holds:

n?(n — 4)? p2dx
Ay 2dz > / —
@ 6 Jo [2lP (P — 2%

We now give the following lemma which is crucial for the proof of the Theorem 1.3.

(3.1)

Lemma 3.4 Suppose there exist N > 0 and a radial function u € H*(B) N Wfifo (B\ {0})
such that u & L*°(B) and

APu < N(1+u)P foro<r<l1, u(l)=u(1)=0
and
pﬁ/ ©*(1 +u)P tdx < /(Ago)gdx for all p € HZ(B)
B B
for either B> X or =N = HT Then u* is singular and

A< N (3.2)
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Proof First, we prove A* < )X. Noting that the stability inequality (set ¢ = u) and
u € LS (B\ {0}) yield (1+u)? € L'(B), we easily see that u is a weak sub-solution of (1.2). If
now X < A\*, by Lemma 2.5, u would necessarily be below the minimal solution wy,, which is a
contraction since u is singular while uy. is regular.

Suppose first that 8 = X = % and that n > 13. From the above we have \* < %. We
get from Lemma 3.1 and the improved Hardy-Rellich inequality that there exists C' > 0 so that

for all ¢ € H3(B),

_ @2
Ad)2dz — p\* 2 “)P=lq A¢)?dz — H, | —d 2dz.
J@orar—pn [#arwrties [@opar-n, [ Lrarzc [ fa

It follows that pg(u*) > 0 and u* must therefore be singular since otherwise, one could use the
implicit function theorem to continue the minimal branch beyond \*.

_1
Suppose now that 5 > \. Let 2—; <v<land a:= (”K\,*)pﬂ, Define @ := a1 (1 4+ u) — 1.
We claim that

*

u

IN

u in B. (3.3)
To prove this, we shall show that for every A < A*,
uy <u inB. (3.4)

Indeed, we have
AT = aA?u < aX (1 +u)? = PN (1 +7)P.

Now by the choice of a, we have a?*1)\ < X\*. To prove (3.4), it suffices to prove it for
aPtLN < X < A*. Fix such A and assume that (3.4) is not true. Then

A={0<R<1|ux(R)>u(R)}
is non-empty. Since (1) = a~! —1 > 0= uy(1), we have
0< R <1, U)\(Rl) :ﬂ(R1>,

and u) (Ry) <@ (Ry). Now consider the following problem:

A%u=\1+u)? in Bg,,
u=u)(Ry) on OBg,,

ou

E» = u\(Ry) on OBg,.

Then uy is a solution to above problem while % is a sub-solution to the same problem. Moreover,
w is stable since A < A* and

PAA+)P 7 <pAa” P14 w)P Tt = pNy T (1w < pBi(1+w)P

we deduce u < uy in Bp,, which is impossible, since @ is singular while uy is smooth. This
establishes (3.3). From (3.3) and the above inequalities, we have

pA (L +u")P~H <pXNy ML+ w)P Tt < phi(1 )P
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Thus
{(Ap)? — pA** (1 +u*)P ' }da
inf B
PECE (B) / Pz
B

This is not possible if u* is a smooth function by the implicit function theorem.

> 0.

Proof Theorem 1.3 Uniqueness and the upper bound estimate of the extremal solution
u* have been proven by Corollary 2.1 and Lemma 3.1. Now we only prove that v* is a singular
solution of (1.1) for n > 13. In order to achieve this, we shall find a singular H-weak sub-solution
of (1.1), denoted by w, (r), which is stable, according to the Lemma 3.4.

Choosing

W = alr_ffj +asr™ —1, Ky=
since wy, (1) = w!, (1) = 0, we have
a; =

For any m fixed, when p — 400, we have

4

a=1- m—&—o(p_l), ag=1-—ay = m—l—o(p_l)
and
P T B
p
Note that
NEKo(1 4w ()P — A2wp (1) = N Ko(1 + wp (1))P — alKor_% — asKrm4

= )\'Ko(alr_ﬁ + agr™)P — alKO'r_% —agKrm?

= Kor_%[)\'(al + agrm+ﬁ)p —ay — agKlKglr%J“m_‘l]

= Kor_;fpl[X(al + agrm+ﬁ)p —ay — agKlKale_ﬁ]

= Kor~ 771 (ag + apr™ 51PN — H(r™51)] (3.5)
with

H(z) = (a1 + agx)Play + ax K1 Ky 'x], Ki=m(m—2)(m+n—2)(m-+n—4). (3.6)
(1) Let m = 2 and n > 32, then we can prove that

sup H(z) = H(0) = a; » — €%, as p — 4o0.
[0,1]

So (3.5) > 0 is valid as long as
N =e?
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At the same time, we have (since a; + agrm'*'p‘Lfl <a;+az<1lin|0,1])

2 —4 2 1
n (7116 ) — — pBar4(a +a2T2+ﬁ)p71 > 7,74[
r

n%(n —4)?
16
Let = (XN + ¢) Ky, where ¢ is arbitrary sufficienty small. We need finally here

- 8. (3.7)

n%(n —4)32 n?(n — 4)2 ,
_ = 7 _ K .
G [, % p(N +e)Ky >0
For that, it is sufficient to have for p — 400,
2(n — 4)? 1
% —8(e® +e)(n—2)(n—4)+ 0(5) > 0.

So (3.7) > 0 holds only for n > 32 when p — +00. Moreover, for p large enough

8e?(n — 2)(n — 4)/

(1 +wo)Plda < Hn/ S0—2d9[: < / |Ap|?da.
B B |7]* B
Thus it follows from Lemma 3.4 that u* is singular with X' = e?Ky, 8 = (e?K( + ¢(n,p)) and
2 < e?K.

(2) Assume 13 < n < 31. We shall show that u = ws 5 satisfies the assumptions of Lemma
3.4 for each dimension 13 < n < 31. Using Maple, for each dimension 13 < n < 31, one can
verify that inequality (3.5) > 0 holds for X" given by Table 1. Then, by using Maple again, we

show that there exists 8 > )\ such that
(n—2)%(n —4)2 1 n (n—1)(n —4)? 1
16 (lz> = 0.9]z[z 1) (|2]? — |2|%) 4 ||2(|2|? — =] %)
> pB(1+ ws.5)P "

The above inequality and the improved Hardy-Rellich inequality (3.1) guarantee that the sta-
bility condition holds for 8 > X. Hence by Lemma 3.4 the extremal solution is singular for
13 < n < 31, where the value of A’ and 8 are shown in Table 1.

Table 1
n N B8
31 3.06K, | 4.05K,
30-19 | 4.6K, 10K,
18 3.5Ky | 3.78Kj
17 3.26 K, | 3.60K,
16 3.13Ky | 3.78 Ky
15 276Ky | 3.12K,
14 234K, | 2.96K,
13 2.03Ky | 2.15K,

Remark 3.1 The improved Hardy-Rellich inequality (3.1) is crucial to prove that u* is
singular in dimensions n > 13. Indeed by the classical Hardy-Rellich inequality and u := ws,
Lemma 3.4 only implies that u* is singular n dimensions (n > 32).

Acknowledgement The first author would like to thank his advisor Prof. Yi Li for his
constant support and encouragement.
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