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Blow up for Initial-Boundary Value Problem of Wave
Equation with a Nonlinear Memory in 1-D*

Ning-An LAI' Jianli LIU? Jinglei ZHAO3

Abstract The present paper is devoted to studying the initial-boundary value problem
of a 1-D wave equation with a nonlinear memory:

1 ' - Pds
m/{) (t—s) "u(s)|Pds.

The blow up result will be established when p > 1 and 0 < v < 1, no matter how small
the initial data are, by introducing two test functions and a new functional.

Ut — Ugx =
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1 Introduction

In this paper we consider the initial-boundary value problem of a wave equation with a

nonlinear memory as following;:

1 ¢
—Ugx = 77 ﬁ_ 7 pd7 t 0) 07 b
U — U 11(17%/0( $) Y |u(s)|Pds >0, z € (0,00)
u(0,2) = eup(x), u(0,2) = ews(x), @ € (0,00), (L)
u‘m:():()a

where 0 <7 <1, p >1, I" denotes the Euler gamma function and ¢ is a positive small parameter.

We assume that the data are compact supported and satisfy

ug € C?(0,00), u; € C(0,00), 12)
1.
supp u; C {z |0 <z <R}, i=0,1,

where R > 0 is a constant. We also assume that the initial data (ug,u;) and the Dirichlet

boundary condition satisfy the following compatibility condition at the origin:

up(0) = ug(0) = u1(0) = 0. (1.3)
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Noting that the limit

: 1 - —
%l_)n’ll ms_,’_ —(5(8)

holds in the distribution sense. The first equation of system (1.1) can be considered as the

approximation of the classical one-dimensional semilinear wave equation
Ut — Uy = |ulP. (1.4)

It is well known that the above equation in higher dimensions is connected with the Strauss’

conjecture, which is a Cauchy problem with small data of the following:

n
U — AU = Uy — Z“mml =ulf, t>0, z€R",
i=1 (1.5)

u(0,z) =ef(x), u(0,z) =eg(x), =eR™

The first work for system (1.5) is due to John [9], in which he considered the case n = 3 and
regular data with compact support and obtained two main results: (I) When 1 < p < 14+/2 and
the data (f, g) are nonnegative, the solution blows up in a finite time; (II) when p > 1+ V2, the
solution exists globally in time if the data are small enough. After that, Strauss [18] conjectured
that for each n > 2, there exists a critical power p.(n), which is the positive root of the quadratic

equation
(n—=1)p* = (n+1)p—-2=0,

such that this critical power divides (1, 00) into two subintervals. If p € (1, p.(n)], then solutions
with nonnegative data blow up in a finite time. When p € (p.(n), 00), solutions with small initial
data will exist globally in time. Since then, this problem has become the focus of interest of
many authors and was finally well solved recently. Glassey [4-5] showed the blow up result
for 1 < p < p.(2) and global existence for p > 1 + p.(2). Sideris [16] established the blow
up result for 1 < p < p.(n) and n > 4, the proof of which was quite sophisticated and was
simplified by Rammaha [14] and Jiao and Zhou [8]. Schaeffer [15] showed the blow up results
for a critical exponent p = p.(n) and n = 2,3. The global existence for p > p.(4) was proved
by Zhou [22]. Lindblad and Sogge [13] established the global existence for all dimensions under
the assumption of radial symmetry and for n < 8 without the radial symmetric assumption.
Not much later, the case of Z—fi’ > p > pe(n) and n > 4 was solved by Georgiev, Lindblad
and Sogge [3]. Tataru [19] also gave a simple proof for the latter case. The remaining part
of Strauss’ conjecture is the blow up for p = p.(n) and n > 4, which was solved by Yordanov
and Zhang [21] and Zhou [23] independently. Recently, the first author and Zhou [10] gave an
elementary proof of Strauss’ conjecture and obtained furthermore the sharp lifespan estimate
from below for the case 1 < p < p.(n) and n > 4.

For the Strauss’ conjecture of the initial-boundary value problem in an exterior domain,

Zhou and Han [24] established the blow up result for 1 < p < p.(n) and n > 3. Li and Wang
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[12] showed the non-global existence for 1 < p < p.(2). The first author and Zhou [11] obtained
the blow up result and the upper bound of the lifespan estimate for p = p.(3). In the case of
p > pe(n), it is known that the solutions exist globally in time from the works of Du et al [1]
for n = 4, Hidano et al [7] for n = 3,4 and Smith, Sogge and Wang [17] for n = 2. Recently,
Han [6] studied the initial-boundary value problem of (1.4) in 1-D and obtained the blow up
result for p > 1.

For the Cauchy problem of a wave equation with a nonlinear memory, Fino, Kirane and
Georgiev [2] introduced the left-handed and right-handed Riemann-Liouville fractional deriva-
tives and showed the blow up result in a finite time when the exponents v and p satisfy some
conditions. In this paper, we will study the initial-boundary value problem (1.1) with small
initial data satisfying (1.2). We expect that the problem admits a similar result as that of the
classical semilinear wave equation for p > 1 and 0 < v < 1. For this purpose, we will use the
test function method, which was originally due to the work of Yordanov and Zhang [20-21].

Set

po(r) = =,
o(t,z) =e g1 (x) =e (" —e™),

while the weighted average functional

Folt) = /0 " ult,2)do(a)d,

where u solves the problem (1.1). The necessity for introducing the two test functions lies in that
¢o(z) satisfies the null Dirichlet boundary condition at = 0, which is helpful when applying
integration by parts, and ¢(t, ) is used to improve the lower bound of Fy(t). Comparing with
the initial-boundary value problem of semilinear wave equations studied in [6], we can not
use the classical Kato-type lemma (see Lemma 4.1) directly because of the nonlinear memory
term. However, following the idea in [2], we employ an iteration method to prove the auxiliary

functional
t
1) = / (t — 5)° Fy(s)ds
b

with some constant o > 0 satisfying the conditions of the Kato-type lemma and then we obtain
the desired blow up result.

We can get the local existence of the initial-boundary value problem (1.1) as following.

Theorem 1.1 Assuming that the data (ug,u1) satisfy (1.2) and the compatibility condition
(1.3). Then there exists T > 0 and a unique solution which solves problem (1.1) and belongs to

C2([0,7] x (0, 50)). (L6)
Proof The first step to prove the local existence theorem is to extend ug and u; as odd
functions on —o0 < = < oo:
B uop(x), x>0, B ui(x), x>0,
uo(z) =

u(r) = 1.7
—ug(x), x<0, (@) —ui(x), x<0. (1)
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Using the boundary condition, we can get that the solution of problem (1.1) can be obtained

by restricting the solution of the following Cauchy problem:

1 ' - P

B m/o (t—s) " "u(s)|Pds, t>0, z>0, s

= X t B p .
_m/o (t —s) u(s)[Pds, t>0, x<0.

Utt — Ugy

The local existence of solutions to the Cauchy problem (1.8) with initial data (1.7) and 1 <
p < oo has been established in [2] by the contraction mapping method and we omit the details
here. Then, we can get the conclusion of Theorem 1.1.

Furthermore, we can also consider the blow up result of the initial-boundary value problem
of system (1.1) under the positive assumptions on the initial data. We can get the following

main result.

Theorem 1.2 Let 0 <y <1 and 1 < p < oco. Under the assumptions that the initial data
(ug,uy) satisfy (1.2)~(1.3), we further assume

wi(x) >0, wui(x)#0, i=0,1. (1.9)
Then the solution to the initial-boundary value problem of system (1.1) in the space (1.6) must
blow up in a finite time.

This paper is organized as follows: In Section 2 we will introduce two test functions and
give some estimates about them. In Section 3, an iteration argument for Fy(¢) is shown. The

blow up for the function I(t) is given in Section 4.

2 Preliminaries

In this section we will introduce two test functions and give some basic estimates which play

an important role in the proof of our main result. Denote the following functions:

Then, we have

d2
jiigx)zoa QZ'ZO,

¢O(m)|w:0 =0

(2.1)

and

2
T _ (@), w20

¢1(2)]|z=0 = 0.

(2.2)
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Set
o(t,x) = e 'p1(x),
then it holds that

ot ) = —o(t,x), du(t,x) =od(t,x), Guu(t,x) = &(t, ). (2.3)

Lemma 2.1 Let ¢(t, ) be as above. Then, for any p > 1 and t > 0, we have

t+R »
/ 6(t, 7)1 dx < C. (2.4)
0

Here and in the following, C' denotes a positive constant which may change from line to line
and R is as in (1.2).

Proof It can be done by a direct computation:

t+R ] e p
/ |¢(t’x>|ﬁd$:€_ﬁ/ (e® —e %) i1dx
0 0

t+R
_ _pt pT
<e -1 er-1dx
0

IN

C.

Lemma 2.2 Let ¢(t,x) be as above. Then for p > 1, we have
t+R 1 P
/ 2Pt )T ds < C) (2.5)
0

Proof We divide the left-hand side of the above integral into two parts
t+R 1 p
| e et
0
R 1 P t+R 1 P
:/ x_ﬁ|¢(t,w)|r’jdx+/ x” 1 |o(t,x)|P-Tde
0 R
£1 + L. (2.6)
Firstly, we will estimate the term 1. For x € [0, R], it is easy to get
¢1(z) = ¢1(z) — $1(0) < Ie%n}(z] ¢y (z)|z — 0] < Ca. (2.7)
Then
R 1 p
L= [Pl a) s
0
R
pt 1 P
=e » 1 / x” 1y (z)r1de
0

R
_ _pt_ __1_  _p_
< (Ce P*l/ - r1igr-1idx
0
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<C.

For the term Io, using (2.4) in Lemma 2.1, we have

t+R 1 P
12:/ 1 |o(t, x)|PTda

R

» t+R »
<R 7T / o(t,z)7 T dx
R

t+R »
SC/ ot z)r1dx
0
<C.

3 Iteration Argument for Fy(t)

For proving our main result, in this section we will give the
Fo(t) = / u(t, x)xde,
0
Fi) = [ uta)o(t.a)da,
0

where u is the local solution of problem (1.1). It is easy to see

N. A. Lai, J. L. Liu and J. L. Zhao

(2.8)

following two functionals:

that Fy(t) and Fi(t) are twice

continuously differentiable with respect to ¢t. First we claim that

Fit)y>C, t>0 (3.1)
for some positive constant C.
In the following, we will give the proof of (3.1). From (2.3), it is easy to get
oo oo
Fi(t) = / uppdx +/ upydx
0 0
= / ugpdx — / updx (3.2)
0 0
and
Fl//(t) = / Utt¢d$ + 2/ utqﬁtdx +/ U¢ttd$
= / U pdx — 2/ ugpdx +/ ugdz. (3.3)
0 0 0
Then

F/'(t) + 2F)(t) :/0 uttqbdx—/o updz

_ / updda — / weada
0 0

:/ utt(bdm_/ ’U,wngdl'
0 0
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— [ (= we)oda
0
1 [e'] t
= t—s) u(s,z)|Ppdsdx
e A RO LTCR]
>0. (3.4)
Integrating (3.4) over [0,t], we can get
Fi(t) +2F(t) > F{(0) + 2F1(0)

= e/ooo(uo + up )1 (x)d. (3.5)

Multiplying both sides of (3.5) with e?’ and integrating it over [0,t], we have

Fy(t) > ee™? /000 uo ()1 (x)da + %(1 —e %) /OOC(UO + up)¢1 (x)dx

> C. (3.6)

Then, we finish the proof of the estimate (3.1).

From the equation of system (1.1), we have
F(t) = / uggrdz
0

:/0 (Um + ﬁ/{) (t — s)_’y\u(s,xﬂpds)xdx

1

F(1_7)/0 (t—s)fv/o x|u(s,x)|Pdzds, (3.7)

where we use the boundary condition. By Holder inequality and the finite speed of the propa-

gation property, we can get
& p
‘ / u(t,x)qﬁ(t,x)dx’
0
t+R L »
= ‘/ u(t,x)x5x75¢(t,x)dm‘
0
o t+R 1 P p—1
< / |u(t,x)|pxdx(/ x_ﬁgbﬁ(t,x)dao
0 0
< C/ |u(t, z)[Prde, (3.8)
0
where we use the estimate (2.5) in Lemma 2.2. This in turn implies
oo
/ (s, z)[Pzdz > C|Fy(s) > C. (3.9)
0

Plugging (3.9) into (3.7), one gets

t
F(t) > C/ (t—s)Yds = Ct' ™. (3.10)
0
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Integrating (3.10) over [0, ¢] twice, we obtain
Fo(t) > Fy(0) + Fj(0)t + Ct377, (3.11)
which means
Fo(t) > Ct377, (3.12)

due to the fact that Fy(0) >0, Fj(0) >0and 0 <y < 1.
On the other hand, by Holder inequality, we have

’ p

|[Fo(s)|P = ‘/000 u(s, z)xdx

[e%) s+R p—1
< / |u(s)|pxdx</ xda:)
0 0

< C(s+ R)*P~1 /000 |u(s)[Pzdz, (3.13)
which yields
/000 lu(s)|Pzdz > C(s 4+ R) 2P~ | Fy(s)[P. (3.14)
By combining (3.7), (3.12) and (3.14), one gets
Fl(t)>C /0 t(t —5) V(s + R) 2P DB
e / (s + RS
3

> C(t+ R)>TP P77, (3.15)

Integrating it over [0,¢] twice, we conclude that for ¢ large enough (¢ > a; > 0),

Fo(t) )5+p—m—'y

> v

C(
C

t+R
(t+R

)P (3.16)

Lastly, using the iteration argument, we will prove the desired estimate. From (3.7) and
(3.14), it follows that

t
) >C / (t = $) (s + R)>~2|Fy(s)|Pds. (3.17)
0
Then plugging (3.16) into (3.17) yields that for ¢ large enough (a1 < %),
t
B2 C [ (=97 (s + R s
ai

t
>C / (t — )77 (s + R)?> 2P0 s
%
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> C(t + R)PPr—213=7 (3.18)
which in turn gives that for ¢ large enough (¢t > as),

Fy(t) > C(t + R)>TPrr—2p=7
£ O(t+ R)P2. (3.19)

If we do the same iteration k times, we then get that for ¢ large enough
Fyo(t) > C(t + R)Pr+ (3.20)
with
Pk41 =PPk +2—2p+1—v+2
=ppr+5—2p—1. (3.21)
Hence by the knowledge of geometric series, we have

PA=7)+2p , 5-2p—~

= 3.22
Pk+1 p— 1 p— 1 ) ( )
which implies that due to the fact p > 1 and 0 < v < 1,
lim pgiq = 0. (3.23)
k—o0
In conclusion, for any n > 0, if ¢ is large enough (¢ > b > 0), then we have
Fy(t) > Cr(t+ R)" (3.24)
and
t
FY(t) > C/ (t—s)77 (s + R)> | Fy(s)|Pds
0
t
= C/ (t— )7/ (s + R)> | Fy(s)[Pds
b
t
> C/ (t —s)" 7| Fo(s)|?ds, (3.25)
b

where C),, > 0 is a constant depending on n and 1 < ¢ < p.

4 Proof of Theorem 1.2

In this section, using the above estimates obtained in Section 3, we will give the proof of
Theorem 1.2. Set

1) = /b (t — 5)° Fo(s)ds
with

1—7
>—T1_1>0. 4.1
> = (4.1)
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By Holder inequality and the condition (4.1), we have

1

1(g—1) 1—~ t
<0+ BT ([ R )as)
b

Q=

which yields
t
/ (t — )17 Fy(s)|%ds > O(t + R)' (et bla=D(p)a,
b

We compute I’(t) and use the integration by parts

:/b %(t— s)“Fo(s)ds

:-/b (fs(t—s) Fo(s)ds

= Fy(b)(t — b)® +/b (t — s)*F)(s)ds.

In the same way, we have

I"(t) = aFp(b)(t — b)) + Fj(b)(t — 5)™ + /b (t — s)*FY(s)ds

Z/b (t — s)*Fy (s)ds,

where the fact Fy(t) > 0 and F{(t) > 0 has been used.
Combining (3.25) and (4.5), we can get

t s
It) > C’/ (t— s)o‘/ (s — 1) | Fo(r)|%drds
b b
t t
:c/ |F0(T)|q/ (t— $)°(s — 1) dsdr.
b T
Since (s —7)"7 > (t — 1)~ 7 for 0 < v < 1, it holds that
t
I"(t) > C/ |Fo(m)]9(t —7)~ / (t — s)*dsdr

>C/ |Fo(T)|9(t — T)1 T dr
>C(t+ R~ (e+1)(g— 1)]( t)4,

where we use the inequality (4.3).

On the other hand, for any n > 0, we have, for large t (£ > b),

1) = /b'(t — 5)2Fy(s)ds

(4.5)

(4.7)
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> C, /t(t —8)*(t+ R)"ds
b

t
> cn/ (t— $)°(t + R)"ds

> Cu(t+ R)™ (4.8)

By Lemma 4.1 stated below, we conclude that I(t) will blow up in a finite time and hence we
finish the proof of Theorem 1.2.

Lemma 4.1 (see [16, Lemma 4]) Suppose that F(t) € C?[a,b) and for a <t <,

F(t) > Co(k +1),
F'"(t) > Cy(k +t)"9F(t)P,

where Co,C1,k>0. Ifp>1,i>1 and (p — 1)i > g — 2, then b must be finite.
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