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On Hopf Galois Extension of Separable Algebras*
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Abstract In this paper, the classical Galois theory to the H*-Galois case is developed. Let
H be a semisimple and cosemisimple Hopf algebra over a field k, A a left H-module algebra,
and A/A™ a right H*-Galois extension. The authors prove that, if A™ is a separable k-
algebra, then for any right coideal subalgebra B of H, the B-invariants A® = {a € A |
b-a = e(b)a, Vb € B} is a separable k-algebra. They also establish a Galois connection
between right coideal subalgebras of H and separable subalgebras of A containing A™ as
in the classical case. The results are applied to the case H = (kG)™* for a finite group G to
get a Galois 1-1 correspondence.
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1 Introduction

The theory of classical Galois field extension, which establishes a 1-1 correspondence between
intermediate fields and subgroups of the Galois group, is one of the most important results in
algebraic theory. From the classical Galois field extension theory, we know that a classical
Galois field extension must be all the time a separable field extension. A separable k-algebra,
which is an associated k-algebra over the base field k, may be seen as a natural generalization
for the notion of separable field extension.

Let B C A be commutative rings, G a finite group satisfying B = AY. The theory of Galois
extension for commutative rings was first introduced by Auslander and Goldman [1] in 1960,
then it was generalized to the noncommutative case by Tekuo Kanzaki [11] in 1965. In 1969,
Chase and Sweedler [3] presented a generalization of the fundamental theorem of Galois theory
for commutative rings to the case of cocommutative Hopf Galois extension. Then in 1980,
Kreimer and Takeuchi [10] gave a generalized definition for Hopf Galois extension. In 2010,
Wang and Zhu [18] defined the notion N = {h € H | > h() - A® hz) = A ® h} to construct a
right coideal subalgebra of H, where k) is a 1-dimensional ideal of an H-module algebra A.

Let H be a semisimple and cosemisimple Hopf algebra over a field k, A a left H-module
algebra. Assume that A/AH is H*-Galois, Cohen and Fishman proved in [5, Theorem 1.19]
that for any Hopf subalgebra H' ¢ H, AH'JAH is a separable extension. In particular, A/AH
is a separable extension. Let H = kG and A/AH be a G-Galois field extension. Then the
results imply that a classical Galois field extension must be all the time a separable field
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extension. Notice that in classical G-Galois field extension, there is a 1-1 correspondence
between intermediate fields and subgroups of the Galois group G.

Now for the H*-Galois case, it is natural to ask whether the B-invariants A® = {a € A |
ba = e(b)a, Vb € B} is separable over A”  for any right coideal subalgebra B of H, and
especially, when A is a field, whether there exists a 1-1 correspondence between intermediate
fields and right coideal subalgebras of H. The above two problems have a positive answer in
the case of H = kG, where G is a finite group (see [11]). But this situation is very special.

In this paper, we prove that, for any right coideal subalgebra B of H, AP is a separable
k-algebra, and thus AP is separable over A”. Then we establish a Galois connection between
right coideal subalgebras of H and separable subalgebras of A containing A” as in the classical
sense. Moreover, we difine the Galois connection maps ¢ and ¢ defined by ¥(2) = {h €
H|Yh1 wQho =w®h, Ywe Q} and ¢(B) = AP ={a € A|b-a=c¢e(b)a, Vb e B}
respectively, and prove that o¢(B) = B for any right coideal subalgebra B of H. In particular,
if H = (kG)* and C(A) is an integral domain, we prove that the Galois connection is just a 1-1
correspondence.

We arrange this paper as follows. In Section 2, we recall the concepts related to Hopf-
Galois extension and separable algebras. In Section 3, we first discuss the separability of AP
for an arbitrary right coideal subalgebra B of H. Then we calculate the commutor ring of
C(A) in A#H, which will be frequently used in the following calculating of commutor rings.
Next, we establish the Galois connection between the coideal subalgebras of H and intermediate
separable algebras between A and A¥ | and prove the Galois connection theorem (i.e., Theorem
3.2). Finally, the particular case of H = (kG)* is considered, and we prove that the Galois
connection we establish in Theorem 3.2 is just a 1-1 correspondence in this case.

Throughout this paper, k will be a field; all algebras and Hopf algebras are over k, unless
otherwise specified; H is a Hopf algebra with multiplication p, unit u, comultiplication A,
counit ¢, and antipode S.

2 Preliminaries

In this section, we recall definitions of Hopf Galois extension, separable algebras and Galois
connection. Let H be a Hopf algebra over k. A left H-module algebra A is an associated
algebra with a left H-action, that is,

h-la=c(h)la and h-(ab) = (hq)-a)(he) -b)

for any h € H and a,b € A.
Dually, a right H-comodule algebra A is an associated algebra with a right H-coaction, that
is,
p(la)=14® 1y and p(adb) = ZCL(O)Z)(()) ® a<1>b<1>
for any a,b € A, where p(a) = > aq) ® any € A® H is the comodule structure map.
Moreover, we get the H-invariants A7 = {a € A | h-a = e(h)a, Vh € H} for a left H-

module algebra A. Similarly, we get the H-coinvariants A°H = {a € A | p(a) =a® 1y} for a
right H-comodule algebra A.
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A subalgebra B of H is called a right coideal subalgebra, if B is also a right coideal of H,
i.e., A(B) C B® H. Similarly, a subalgebra B of H is called a left coideal subalgebra, if B is
also a left coideal of H, i.e., A(B) C H® B.

Assume that H is a finite-dimensional Hopf algebra. By [14] we know that the antipode of
H is of finite order. Hence HP (or H°P) is a Hopf algebra with antipode S~!, and H* is a
Hopf algebra with antipode S*. Furthermore, we have yM = M where y M denotes the
category of left H-module, and M denotes the category of right H*-comodule.

Now, we recall the definition of Hopf Galois extension in terms of coaction.

Definition 2.1 (see [13, 8.1.1]) Let H be a Hopf algebra, and A a right H-comodule algebra
with structure map p : A A® H. Then the extension A" C A is right H-Galois if the Galois
map

5:A®ACOH A_>A®kH,
a®br— Zab<0> (24 b<1>
1s bijective.
Let R be a commutative ring. We recall the definitions of separable R-algebra and central

separable R-algebra.

Definition 2.2 (see [7]) Let A be an algebra over R. A is called a separable R-algebra, if
it satisfies any of the following equivalent conditions:

(1) A is a projective left A° = A Q@p A°P-module.

(2) There exists an element e = Y e @ e € A®p A, such that

26(1)6(2) =14 and ae=ea (2.1)

for any a € A. Such e is called a separable idempotent.
In particular, if R =k is a field, we have another equivalent definition:
(3) For any field extension k C L, A®y, L is a semisimple algebra.

Definition 2.3 (see [7]) Let A be a separable algebra over a commutative ring R. A is said
to be a central separable R-algebra, if R is the center of A, i.e., R={a € A|ab=ba, Vb € A}.

Next, we recall the definition of separable extension.

Definition 2.4 (see [8, Definition 2]) Let A be an R-algebra, B C A a subring. A is
said to be a separable extension over B, if there exists a separable idempotent element e =

Ee(l) ®e? e A®p A, such that
Ze(l)e@) =14 and ae=ea (2.2)

for any a € A.

Remark 2.1 From Definitions 2.2 and 2.4, we see that the two notions “A is a separable
R-algebra” and “A is a separable extension over R” have the same meaning.

Now, we recall an important property of separable extension, which will be used in Section
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Lemma 2.1 (see [8, Proposition 2.5]) Let A be a ring. B and C are subrings of A such
that B D C. If A is a separable extension of C, then A is a separable extension of B.

Finally, we recall the definition of Galois connection.

Definition 2.5 (see [6]) Let (P, =) and (Q, =) be two partially ordered sets. Then a pair
of antitone morphisms of posets, ¢ : P — @Q and ¢ : Q — P, is said to establish a Galois
connection if

p3tod(p), VpeP and q=¢o(q), Yqe Q.

3 Main Results

Let H be a semisimple and cosemisimple Hopf algebra, A a left H-module algebra. Assume
that A/A is a right H*-Galois extension, and A’ is a separable algebra over k. We prove in
Theorem 3.1: For any right coideal subalgebra B C H, the B-invariants A® = {a € A|b-a =
g(b)a, Vb € B} is a separable algebra over k.

Then under the same conditions, we establish a Galois connection between right coideal
subalgebras of H and separable subalgebras of A containing A as in the classical case (see
Theorem 3.2). Moreover, given the Galois connection maps 1 and ¢ defined by ¥(92) = {h €
H|Y>hq w®ho =w®h, Vwe Q} and ¢(B) = AP ={a € A|b-a = e(b)a, Vb € B}
respectively, we prove that ¢ o ¢(B) = B for a right coideal subalgebra B of H. In particular,
if H = (kG)* and C(A) is an integral domain, we prove that the Galois connection is just a 1-1
correspondence.

We recall several lemmas below, which will be needed in the proof of our main results.

Lemma 3.1 (see [10, Theorem 1)) Let R be a commutative ring, M a faithful A-module,
and set B = Enda(M). If A is a separable R-algebra and M is a finitely generated projective
A-module, then we have that B is also a separable R-algebra, M is a finitely generated projective
B-module and Endg(M) = A. If A is central over R, then B is also central over R.

Lemma 3.2 (see [10, Theorem 2]) Let R be a commutative ring, A a central separable R-
algebra. If B is an arbitrary separable R-subalgebra of A, then Ca(B) is a separable k-algebra
and we have C4(Cx(B)) = B.

Lemma 3.3 (see [9, Theorem 1.7]) Let H be a finite-dimensional Hopf algebra over a field
k and A a left H-module algebra. If AJA™ is a right H*-Galois extension, then

(1) the map m: A#H — End(Asx), given by w(a#h)(b) = a(h - b), is an algebra isomor-
phism, and

(2) A is a finitely-generated projective right A¥ -module.

We give some propositions below, which play an important role in the proof of our main
results.

Proposition 3.1 Let H be a finite-dimensional Hopf algebra over a field k, A a left H-
module algebra. If AJA™ is a right H*-Galois extension, then for an arbitrary left coideal
subalgebra B C H, the map 7 : A#B — End(A4r), given by w(a#b)(c) = a(b-c), is an algebra
isomorphism.
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Proof First, we verify that 7 is well-defined. For any a,c € A, d € AP and b € B, notice
that A(b) = > ba) ® by C H® B. Then we have
m(a#b)(cd) = a(b- (cd)) = Za(bm - 0)(bez) - d)
= Z ) - ¢)(e(bz))d) = a(b-c)d
:7dw#®()~
Next we construct the inverse map for 7. Notice that
B A@an A— ARy HY,
TRy Zx(o)y ® (1)

is also a bijective map as the Galois map 3. This is because we have 8/ = ¢ o 3, where
¢ € Endg(A @y H*), given by ¢(a ®@ h*) = > a() ® agyS*h*, is an isomorphism. Then since
B C H is a left coideal subalgebra, we have that B* is a left H*-module quotient coalgebra of
H*, i.e., B* = H*/I for some left ideal coideal I C H*. Notice that A is a right H*-comodule
algebra, therefore it induces a natural right B*-comodule structure on A via (id ® p) o p, where
p: H* — B* is the natural projection. Now we define

,86:A®ABA—>A®kB*
x@yHZx ®ac<1 .

It is straightforward to verify that §j is well-defined. This is because, for any z,y € A and
z € AP = A©B" we have > z0) ® Z(1y = 2 ® 1. Then noticing that B* is a left H*-module
quotient coalgebra, we get

Bo(zz @y) = Zw Y20 Y @ T(1yZ(1y ZHC(o 0y ® T(1)Z(1)
=Z$<o>zy®m<1>1zzx<o>zy®m
= Bo(z ® 2y).

B; is clearly a surjection as ' and id ® p are surjective. Noticing that B®°P C HP is a
right coideal subalgebra, we have that (B*)°P = (B®P)* is a right (H*)°P(= (H°P)*)-module
quotient coalgebra of (H*)°P. Now consider the map

Bo : AP @ yopmeor AP — AP @ (B*)°P,
y®xl—>2yox ® Ty 1>—Zx VY @ Ty,

which identifies with 8. Hence fy is also a surjection as S, then by [15, Corollary 3.3], we
have that 5y is a bijection. It follows that 3] is a bijection.
Now we denote

Biaeb)=> et e A, A
Then we define
9:EmﬂAAB)—>A#B

s ZZw (b7 M hbr P,
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where n = dimB, {b;}}'_; is a basis of B, and {b}}I"; is the dual basis for {b;}! ; in B*. Notice
that 1 is a right AP-module map. Then it is 0bV1ous to see that 6 is well-defined. Now we

verify that 6 is just the inverse map for .
(1) We verify that 6 o m = idaxp. Noticing that 5’ o B’fl =idaepB~, we have

1La@b* = (8 0B ") (1a®b%)

(S )

=Y M) P e (6711 (3.1)
for any b* € B*. So we get
(0 o m)(a#b) = O(m(a#b))

= ZZ (a#tb) (b; Mo; Pl th,;
- ZZ (b - by,
_ ZZ b*[l] [ ])(0>b:[2]#bi

3

forany a € A, b€ B.
(2) We verify that mo 6§ = idgnd(a ). Notice that

(Zzb*[l] b*[Q] b; - :L‘) ZZ b*[l] b*[Q] b; - :L‘) (b:[l])u)

EUS b 2) @ b
=1

n

=33 w0 © (bi,za))b
=1

= Z$<O> Rz

=f'(zr®1a)

for any z € A. Noticing that 8’ is a bijective map, we have

SN o en P x) =2z @14, (3.2)

i=1
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So we get
(w0 0)(¥)(x) = m(0(s))(x)
_ (ZZ¢ (b; o P ) ()
= i2¢ b, - )
R IEO
= ¢(x)
for any = € A.

It is straightforward to verify that 7 is an algebra map, so we have the conclusion.

Remark 3.1 Let B = H. Through Proposition 3.1, we give a new proof for the first
conclusion of Lemma 3.3.

Proposition 3.2 Let H be a semisimple and cosemisimple Hopf algebra over a field k, B a
left coideal subalgebra of H. Then H has a decomposition: H = B ® C' in category pMpup-~.
In particular, B is a direct summand of H both as B-B bimodule and right B-left H relative
Hopf module.

Proof First, notice that a semisimple Hopf algebra (with 1-dimensional integral) is actually
a finite-dimensional algebra by Sweedler [17, Corollary 2.7]: If a Hopf algebra contains a non-
zero finite-dimensional right ideal, then the Hopf algebra is finite-dimensional. Hence by [16,
Theorem 6.1], any left coideal subalgebra B C H must be a Frobenius algebra. Then due to [12,
Theorem 2.1], we get that B is a separable k-algebra. Since H is a finite-dimensional semisimple
and cosemisimple Hopf algebra, we get that H* is also a semisimple and cosemisimple Hopf
algebra. Now we can prove that B#H™* is a separable k-algebra.

For a field extension k C L, we set H' = H @ L, B' = B® k, and H'* = Homy (H', L).
Then B’ is still a left coideal subalgebra of H’. Noticing

H" = Homp(H ® L, L) = Homy,(H,Homp, (L, L)) = Homy,(H,L) = H* @, L,
we have that
B#H* ®p L= B®yk#H" Q) L = B/#H'*

is a semisimple algebra over L by [2, Theorem 4]. It follows that B#H* is a separable k-algebra.

Moreover, B ®j (B#H*)°P is a separable k-algebra, as B and (B#H*)°P are separa-
ble k-algebras. To show this, we denote the separable idempotent elements in B ®; B and
(B#H*)? @y, (B#H*)°P by e = Y. e @ e? and ¢ = Ze’(l) ® '@ respectively. Then we
have that

=3 (eWe M@ (e® ©e'®) € (B oy (B#H*)P) @y, (B @y (B#H*)P)

is a separable idempotent element for B ®j (B#H™*)°P over k.
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It follows that B @ (B#H*)°P is a semisimple algebra over k, therefore B is a direct
summand of H as left B ® (B#H*)°"-module, as all modules in ggpxp+)orM =Zp Mpyp-
are projective. Notice that for a finite-dimensional Hopf algebra H, we have Mpypy-=" Mp.
Consequently, we get that B is a direct summand of H as both B-B bimodule and right B-left
H relative Hopf module.

Now, we get to prove our first theorem. From this theorem, we have that A#H is a
separable k-algebra, and AP is a separable k-algebra for any coideal subalgebra B of H. These
two conclusions will be frequently used in our following propositions and theorems.

Theorem 3.1 Let k be a field, H a semisimple and cosemisimple Hopf algebra over k, A
a left H-module algebra, and AJA" a right H*-Galois extension. If A® is a separable algebra
over k, then for an arbitrary right coideal subalgebra B C H, the B-invariants AP = {a € A |
ba = e(b)a, Vb € B} is also a separable algebra over k. In particular, A = AR s o separable

k-algebra.

Proof First step, we prove that A#H is a separable k-algebra. Noticing that A/A is a
right H*-Galois extension, from Lemma 3.3, we have that A#H =~ End(A =) and A is a finitely-
generated projective right A”-module. Then using Lemma 3.1, we get that A#H = End(An)
is a separable k-algebra.

Second step, we prove that A#B is a separable k-subalgebra of A#H for B C H a left
coideal subalgebra. Notice that the dimension of a semisimple Hopf algebra is actually finite.
Then by [16, Theorem 6.1], we have that B is a Frobenius coideal subalgebra of H, and hence

H is free over B by [12, Theorem 2.1]. Therefore we have H = @ Br; and H = @ r}B, where
, N

i=1 i=
{ri}i_; and {r;};_; are left and right B-module basis for H respectively.

On one hand, we have

S

A#H = P(A#B)ri; (3.3)
i=1
on the other hand, consider
p:A® H— A#H,
a@h s ha=> hq)-a#he),

which is a left H-module isomorphism, and its inverse is

o ' A#H - A® H,
a#th = Y (ST ) - a @ ha).

It is straightforward to verify that p(A ® B) = A#B, as for a € A, b € B, we have A(b) =
Zb(l) X b(g) € H ® B, and then

pla®@b) = buy-a#be € H- A#B C A#B,
e M a#h) =D (S7'b)) a®be) CH-A® BC A® B,
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So we get that

A#H = p(ARH)

S

)

i=1

= @ rip(A®B)

i=1

= ri(A#B). (3.4)
i=1

From (3.3)—(3.4), it follows that
(A#H)® = A#H @i (A#H)"

[ZQ?(A#B rl] R, [Qj A#B) o7

P [(A#B) @k (A#B)*](r; @ 1)

ij=1

= @ (A#B)S(r; @ 17%). (3.5)

ij=1

Through the first step, we prove that A#H is a separable k-algebra, so A#H is a projective
(A#H)%-module. Then by (3.5), (A#H)® is free over (A#B)¢, so we get that A#H is a
projective (A#B)¢-module.

Now using Proposition 3.2, we get that H = B & C as both B-B bimodule and right B-left
H relative Hopf module, that is, BCB C C, A(C) ¢ H® C and A(B) C H ® B. Hence for
any a,a’ € A, b€ B and ¢ € C, we have

(a#tb)(a'#c) =Y a(b) - a)#bayc € A(H - A)#BC C A#C,
(a'#c)(a#th) =Y d(cqr) - a)#e)b € A(H - A)#CB C A#C.

It follows that (A#B)(A#C)(A#B) C A#C. Therefore we get that

A#H = (A#B)EP ,, (A#C)ays

A#B

as A# B-A+#B bimodule.

In other words, A#B is a direct summand of A#H as (A#B)®-module. Notice that A#H is
a projective (A#B)c-module as proved above, therefore A# B is a projective (A#B)¢-module.
Consequently, A# B is a separable k-algebra by Definition 2.2.

Third step, we prove that A® = Endayp(A)°P is a separable k-algebra for B C H a left
coideal subalgebra. First, we establish the isomorphism between A® and Endayp(A). Define

0 : AB — EndA#B(A),

a > ap,
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where a, is right multiplication by a € AP. Clearly 6 is injective. Now given any 1 €
Endaxp(A) and a € A, 1(a) = ap(1), and so ¢ = ¥(1),. Moreover 9(1) € AB, since that if
b € B, we have b- (1) = ¢(b-1) = g(b)y(1), and so ¥(1) € AB. Thus ¢ is surjective. It is
clearly an anti-morphism.

Notice that A is a finitely generated projective right A”-module. Then by Lemma 3.1,
A is a finitely generated projective left A#H (= End(Ax))-module. Since A#H is a free
left A#B-module by (3.3), therefore A is a finitely generated projective left A# B-module.
Again using Lemma 3.1, we get that Enda4p(A) is a separable algebra, and consequently
AB =~ Endsxp(A)°P is a separable k-algebra.

Finally, for B C H a right coideal subalgebra, we observe that B°P C HP is a left coideal
subalgebra, and A°P is an H°°P-module algebra. Hence AZ = A°PB g g separable k-algebra.

Next, we present a very important proposition, which will be frequently used in the following
propositions. In this proposition, we calculate the commutor ring of C(A) in A#H.

Proposition 3.3 Let k be a field, H a finite-dimensional Hopf algebra over k, and A a
left H-module algebra. Let C'(A) denote the center of A. Assume that A is a central separable
C(A)-algebra, HC(A) C C(A), and C(A) is an H*-Galois extension of C(A)*. Then we have

Capn(C(A) ={w e A#H |wec = cw, Yec e C(A)} = A,

where we identify a € A with a#ly € A#H.

Proof It is obvious to see that Caxng(C(A)) D A, so we only need to prove Caxn(C(A)) C
A. Choose an element > a;#h;€Caxn(C(A)). Then for any x € C(A), we have

=1

x(Zaz#hl) = (Zaz#hz)x
i=1 i=1
= ZZai(hi(n - x)#hi2)
i=1
= > ailhiqy - @) #(hi2y, By

ij=1
n

= ai((hy = hi) - x)#hy, (3.6)

4,j=1

where n = dimH, {h;}?, and {h;}?_, are dual bases for H and H* respectively. In particular,
we can choose the basis {h;}?_; for H such that hy = 1p, and ¢(h;) =0, V2 <i < n.
Now we claim that h] = e. Since H = kly @ Kere, notice that for any h € H, we have

h = Zh*( Yh; = hi(h)1ly + Zh*( Yhi and h = e(h)lyg + (h — e(h)lg). Hence we get
hi (h)lH =¢e(h)ly, Yh € H, and consequently hi = €. Then through (3.6), we have

> ai((hy = hi)-x) =a;z, V1< j<n, VoeC(A).
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In particular, when j = 1, noticing h} = ¢, we have
Zai(hi cx) = Zai((s —h;)-z) =a1x, Vre C(A). (3.7)
i=1 =1

Notice that h; -z € C(A), V1 <i < n. Then for any f € Homg(a)(A,C(A)), applying f to
both sides of (3.7), we get

n

> fai)(hi-x) = fla)z, Yz e C(A). (3.8)

i=1
Since C(A)/C(A)H is a right H*-Galois extension, by Lemma 3.3, we have that
VI C(A)#H — EHCI(C’(AA)C(A)H)7
c#h = w(c#h) ‘ae(h-a)

is an algebra isomorphism. Thus from (3.8), we get
(3 Sa#hi = f@) ) (@) =0, ¥ € Home(a)(4,C(A), Vo € C(A).  (39)
i=1

Therefore we have

n

W(Z flai)#h; — f(a1)) =0, VYfeHomea(4,C(A)),

i=1

and then

n

> flai)#hi = f(a1), Vf € Homea)(A4,C(A)).

i=1

It follows that
fla;) =0, Vf € Homg)(A,C(A)), V2<i<n. (3.10)

Since A is separable over its center C'(A), through [1, Theorem 2.1], we get that A is
finitely generated projective over C'(A). Let {v,}i2; and {v;}72; be dual C'(A)-bases for A and
Home(4)(A,C(A)). Then we have

a= vav;(a), Va € A. (3.11)
p=1

Using (3.10)—(3.11), we get

m

m
a; = vav;(ai) = ZUPO =0, V2<i<n.
p=1 p=1
Thus we have
Zai#hi =a; € A.
i=1

It follows that C'sxm(C(A)) C A, and consequently Cuxpm(C(A)) = A.
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Proposition 3.4 With conditions as in Proposition 3.3, we have
C(A#H) = C(AT) = c(A)H.
Proof By [13, Lemma 8.3.2], we have that

0 : AH — EndA#H(A)Op,
a — a, (right multiplication by a € A7)

is an algebra isomorphism. Thus we have
0(C(A™)) = C(Endagn(A)). (3.12)
On the other hand, using Lemma 3.3, we have that

m: A#H — End(Ayn),
a#h = w(a#h) ‘aa(h-d)

is an algebra isomorphim. Thus we have
m(C(A#H)) = C(End(A4n)). (3.13)
From Proposition 3.3, we have C(A#H) C Caxu(C(A)) = A. Now we get to prove
C(A#H) = C(A") = Cc(A)f. (3.14)
For any a € C(A™), we have §(a) = a, € C(Endagu(A)) by (3.12). Notice that
ar(bc) = bea = bac = a,(b)e, Vbe A, Vee A
Hence we have a, € End(A4n). Now we claim that
ar € C(End(Ayn)).
This is because, for any ¢ € End(A ), noticing a € C(AH) ¢ A", we have
(a0 9)(6) = a, (9 (b)) = p(b)a = w(ba) = pla,(b) = (poar)(b), Vbe A
It follows that
arop=ypoa, Yo&End(Ayn).

Therefore a, € C(End(Ayu)) = n(C(A#H)). Since w(m(a,))(1a) = ar(14) = a, so we have
a=m"1(a,) € C(A#H). This means

C(A") c C(A#H). (3.15)

On the other hand, since C(A#H) C Caxu(C(A)) = A, we may choose a € C(A#H).
Then we have

a#th = a(14th) = (1#h)a =Y h) - afthe), Vhe H.
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Applying id ® € to both sides, one gets
h-a=¢e(h)a, Vhe H.

Therefore we have a € A”. Then since a € C(A#H), for any x € A" C A, we have az = za.
It follows that a € C(A*), and consequently

C(A#H) c C(A™). (3.16)
From (3.15)—(3.16), we have
C(A#H) = C(A™T).

Next, we get to prove the last equality of (3.14). It is straightforward to verify that C(A)" c
C(A#H). For any c € C(A)H = AH N C(A), a € A and h € H, we have

(a#h)c = Z a(hqy - c)#hg) = Z a(e(hqy)c)#he) = ac#h = ca#th = c(a#h).

On the other hand, for any a € C(A#H) = C(A") c A” we have ab = ba, Vb € A. Therefore
a € C(A), and then a € C(A) N A" = C(A)H, ie., C(A#H) = C(A") c C(A)H. Hence we
have

C(A)H c C(A#H) = C(AT) c c(A)H,
which forces
C(A#H) = C(AT) = Cc(A)H.
Using Propositions 3.3-3.4, we can calculate the commutor rings for some subrings of A#H.

Proposition 3.5 Let k be a field, H a semisimple and cosemisimple Hopf algebra over k,
and A a finite-dimensional left H-module algebra. Suppose that the following two conditions
are satisfied:

(1) AH s a separable k-algebra,

(2) HC(A) C C(A), and C(A) is a right H*-Galois extension of C(A)™.

Then we have that AJAY is a right H*-Galois extension, therefore A#H is a central separable
C(A)H -algebra, and

Cazn(A) = C(A), (3.17)
Cagn(C(A)#H) = A", (3.18)
Cagn(A™) = C(A)#H. (3.19)

Furthermore, C(A)#H is also a central separable C(A)H -algebra, and
Con(C(A)) = C(A). (3.20)

Proof First step, we prove that A/Af is a right H*-Galois extension. Since C(A) is an
H*-Galois extension of C(A)H, by [13, Theorem 8.3.3], we have that

¢:C(A) ®cayn C(A) — C(A)#H,
c®d— ctd
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is surjective, where 0 # t € fIl{
So C(A)#H = C(A)tC(A), and we get that

A#H = A(C(A)#H) = AC(ANC(A) C AtA C A#H,

which forces A#H = AtA. Again using [13, Theorem 8.3.3], we have that A/AH is a right
H*-Galois extension.

Second step, we prove that A#H is a central separable C(A)H-algebra. As proved in the
first step of Theorem 3.1, we know that A#H = End(A4x) is a separable k-algebra by Lemma
3.1. Notice that A = A7 is a separable k-algebra as proved in Theorem 3.1. Then using
Lemma 2.1, we have that A is a central separable C'(A)-algebra, therefore Proposition 3.4
holds. Consequently, from Proposition 3.4, we have that C(A#H) = C(A)", and A#H is a
central separable C(A)H-algebra.

Finally, we get to calculate the commutor rings. Through [1, Theorem 2.3], we know that:
AH ig separable over k, if and only if, A is separable over its center C(Af) and C(AH)
is separable over k. Since A is a separable k-algebra, therefore C'(A) is a separable k-
algebra. By Proposition 3.4, we have that C(A)¥ = C(Af) is a separable k-algebra. Then
noticing that C(A4)/C(A)H is a right H*-Galois extension, through Theorem 3.1, we have that
C(A) = C(A)* is a separable k-algebra, and therefore a separable C(A)-algebra by Lemma
2.1. Noticing that A#H is a central separable C(A)#-algebra, and Cayun(C(A)) = A by
Proposition 3.3, now using Lemma 3.2, we get

Capn(A) = Cagn(Capn(C(A))) = C(A).
Next, we prove
CA#H(O(A)#H) = AH and CA#H(AH) = C(A)#H

Notice that Cagu(C(A)#H) C Capn(C(A)) = A. We may choose a € Capn(C(A)#H),
then we have

a#th = a(14th) = (1#h)a =Y (b - a)f#the), Vhe H.
Applying id ® € to the both sides, we have
h-a=¢e(h)a, VYhe H.

So we get a € A" ie., Capn(C(A)#H) C AL, On the other hand, for any a € A c € C(A)
and h € H, we have

(c#h)a =" c((hq) - a)#he) =D clelh))a)#the) = catth = a(c#h).
It follows that a € C(A)#H, i.e., A C C(A)#H. Thus we get
Capr(C(A)#H) = AT

Replacing A by C(A), in the same way, we get that C(A)#H = End(C(A)cayn) is a
separable k-algebra, and so a separable R-algebra by Lemma 2.1. Then by Lemma 3.2, we have

Capn(A") = Capn(Capn(C(A)#H)) = C(A)#H.
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Moreover, since C(C(A)#H) = C(C(A))H = C(A)H, we have that C(A)#H is a central
separable C(A)-algebra. Similarly, we have

Coay#u(C(A)) = C(A).

Now, we get to prove the Galois connection theorem.

Theorem 3.2 Let k be a field, H a semisimple and cosemisimple Hopf algebra over k, and
A a finite-dimensional left H-module algebra. If A7 is a separable k-algebra, and A/A™ is a
right H*-Galois extension, then there exists a Galois connection

Subgep(A/AH)

P
?subcoi(H),

where the left hand side is the lattice of all separable subalgebras of A containing A™, the right
hand side denotes the lattice of all the right coideal subalgebras of H, and i and ¢ are defined

as follows:
Y(Q) = {hEH‘ Zhu) “WRhp)y=w®h, Vweﬂ},
$(B) = AP = {a € A| ba = (b)a, Vb € B}

for any intermediate separable k-algebra 2 between A and A™, and for any right coideal subal-
gebra B C H. Moreover, we have

Yo¢(B) =B, VB C H a right coideal subalgebra.

Proof First step, we prove that

Y
Subsep (A/A )& Subeoi (H)

is a Galois connection.

First, we verify that ¥ and ¢ are both well-defined. Let €2 be an intermediate separable
k-algebra between A and A7, and set B=4¢(Q) = {h € H| Y ha) w®hp) =w®h, Yw € Q}.
For any b € B, we have

Zb(l)-w®b(2):w®b, Yw € Q.
Applying id ® A to both sides:
Zbu) ‘Wb ®bi) = Zw ®ba) @by, Ywe Q.

This means A(B) C B® H. It is straightforward to verify that B is a subalgebra of H, as for
b,c € B and w € (1, we have

D (be)y - w @ (be)zy = Y by(eq) ) @ bzyee) = Dby w @ baye =w @ be.

Thus B C H is a right coideal subalgebra. On the other hand, let B C H be a right coideal
subalgebra, from Theorem 3.1, we have that ¢(B) = AP is an intermediate separable k-algebra
between A and A¥. Hence v and ¢ are both well-defined.
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Then, we verify that 1) and ¢ are antimonotonic morphisms. Let 2, C 9 be intermediate
separable k-algebras between A and Af. By the definition of ¢, for any b € 1(Qz), we have

Zb(l)ﬂ?@b(g):x@b, VJJEQQ.
Noticing that 1 C 5, we get
Zb(1)'W®b(2)=w®b, Yw € O C Q.

Again, by the definition of ¥, we have b € ¥(Qy), i.e., ¥(Q2) C ¥(21). On the other hand,
letting B; C By be right coideal subalgebras of H, we have ¢(B;) = AP+ 5 AP2 = ¢(Bs). This
is because, for any a € AP2, we have ba = £(b)a, Vb € By C B, therefore a € AP, Hence v
and ¢ are both antimonotonic morphisms.

Next, we verify that Q C ¢ o () and B C 9 o ¢(B). For any b € (), we have

Zb(l)-w®b(2)=w®b, Yw € Q.
Applying id ® € to both sides, we get
b-w=c¢e(bw, YweN.

By the arbitrariness of b, we have w € A¥() ie., Q C A = $o0)(Q). On the other hand,
for any x € ¢(B) = AP and b € B, we have A(b) = > by @ bay C B® H, and then

Z b(1) ‘T ® b(g) = 5(b(1))x & b(g) =x®b.
By the arbitrariness of x, we get b € ¥(¢(B)), i.e., B C ¢¥(é(B)).
As proved above, by Definition 2.5, we have that

P
Subgep (A/AH )?Subcoi(H)

is a Galois connection between right coideal subalgebras of H and separable subalgebras of A
containing A,
Second step, we prove that B = ¥ (¢(B)) for B C H a right coideal subalgebra. Set

B =v(0(B)) = p(a%) = {he H | Y ha)-w@ho) =wah, wwe AP}
Then for any b € B, we have
Zb(l) ‘Wb = 25(5(1))60 Rbo =web, Ywe AP

It follows that b € B’, i.e., B C B’. Hence we have A 5 AB" as proved in the first step. On
the other hand, notice that for any intermediate separable algebra £ between A and AY, we
have © C (¢ 0)(€2) as proved in the first step. Therefore we have

AP AP = ¢(B) C (0 v)($(B)) = ¢(1(AP)) = (B') = A¥,
which forces

AB — AB'
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Notice that A°P is a left H°P-module algebra, and B“P C HP is a left coideal subalgebra,
and notice AP = AB = AB" = 4B Then using Proposition 3.1, we have

A°P#BP = 17 H(End(A% goppeor)) = 7 H(End(A% yoppreor ) = AP#B/P.
It follows that B°P = B'°°’ and consequently we get

B= B = B"" = B' = 4(9(B)).

In particular, if H = (kG)*, we have the following 1-1 correspondence theorem.

Theorem 3.3 Let k be a field, G a finite group, and A a finite-dimensional G-graded
algebra. The characteristic of k does not divide the order of G. Suppose that the following
conditions are satisfied:

(1) Ay is a separable k-algebra,

(2) C(A) is a strongly G-graded algebra,

(3) C(A) is an integral domain.

Then A is a strongly G-graded algebra, and there is a 1-1 correspondence between subgroups of
G and k-separable subalgebras of A containing A .

Proof Set H = (kG)*. Notice that the characteristic of k¥ does not divide the order of G,
therefore H = (kG)* is a semisimple and cosemisimple Hopf algebra. Then by [13, Theorem
8.17], we know that: C(A); C C(A) is kG-Galois, if and only if, C(A) is strongly G-graded.
Thus C(A) is a right kG-Galois extension of C'(A); = C(A)". By Proposition 3.5, A is a right
kG-Galois extension of A7 = A;, therefore A is a strongly G-graded algebra by [13, Theorem
8.17].

Notice that there is a 1-1 correspondence between subgroups of G and right coideal subal-
gebras of (kG)* by [12]. So we only need to prove the 1-1 correspondence between right coideal
subalgebras of (kG)* and k-separable subalgebras of A containing A;. Notice that by Theorem
3.2, there is a Galois connection between right coideal subalgebras of (kG)* and k-separable
subalgebras of A containing Aj;.

Now recall the definition we gave in Theorem 3.2:

w(Q):{heH‘ Zh(l)-w®h(2)=w®h, VwGQ}7
p(B) = AP ={a € A|ba=¢c(b)a, Vb < B}.

Again as a conclusion of Theorem 3.2, we have 1) o ¢(B) = B for any right coideal subalgebra
B C H. To verify the 1-1 correspondence relation between right coideals of (kG)* and k-
separable subalgebras of A containing A;, we only need to prove

do(Q) =0 (3.21)

for any intermediate separable k-algebra © between A and A,
Since A is a separable k-algebra by Theorem 3.1, we have that

Af cQc A
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is a chain of separable k-algebras. It follows that
CA#H(AH) D) CA#H(Q) D) CA#H(A).

Notice that in Proposition 3.5, through (3.17) and (3.19), we have Caxn(4) = C(A) and
CA#H(AH) = C(A)#H. Then set

T =Capu(2).
We have
C(A)#H D> T D C(A). (3.22)

Since (2 is a separable k-algebra, it is also a separable C(A)*-algebra by Lemma 2.1. Then
noticing that A#H is a central separable C'(A)f-algebra by Proposition 3.5, using Lemma 3.2,
we have that

Cagn(T) = Cagn(Cagu () = Q, (3.23)

and T is a separable R-algebra.

First, we claim that G must be an abelian group.

Notice that C(A) is a strongly G-graded commutative algebra. Then for any g,h € G, we
have C'(A)gn, = C(A)yC(A)r, = C(A)pC(A)y = C(A)ng. It follows that gh = hyg, VYg,h € G.
Therefore G is an abelian group.

Now by [13, Theorem 2.3.1], there exists a group @ and a separable extension field F of k
such that EG = kG @y F = (EQ)*. Therefore H = (kG)* = kQ is a group algebra.

Set B = (Q) = {h € H‘ Shy w®he) =w®h, Yw € Q}. We proved in Theorem
3.2 that B is a right coideal subalgebra of H. Since H = k(@) is a group algebra, we have that
B = kW for some subgroup W C Q.

Next, we claim that

T = C(A)#B, (3.24)

where T' = Caxp(Q) as defined above. On one hand, it is obvious to see C(A)#B C T, as for
any ¢ € C(A), b € B, we have

(c#b)w = by - w)#be) = cw#td = w(c#b), Yw € Q.

On the other hand, by (3.22), we have C(A)#H D T D C(A). Then notice that H = kQ is

a group algebra, so we can choose an element Y c,#¢ € T, where ¢, € C(A), Vg € Q. Since
9€Q
T = Capn (), we have

w(Z cq#q) = (Zcq#q>w = Zcq(q cw)#q, Yw e .

qeQ q€Q q€Q

It follows that

cg-w—w)=0, VYgeQ, Vwe.
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If ¢ € B, by the definition of B, we have ¢ - w # w for some w € Q. Then noticing that C(A)

is an integral domain, we have ¢, = 0. Therefore ) c,#q € C(A)#B, that is, T C C(A)#B.
q€Q

Thus (3.24) holds.
Finally, we claim that

Q=A" (3.25)

By (3.23)-(3.24), Q = Capn(T) = Capn(C(A)#B). On one hand, it is obvious to see A C
as for any a € AP, c € C(A), b € B we have

(c#b)a =" c(ba) - a)#be) = ca#tb = a(c#b).

On the other hand, for any w € Q, > c,#w € C(A)#B, we have
weWw

w( Z cw#w) = ( Z cw#w)w = Z Cw (W - w)#Hw.

weW weWw weWw

It follows that
cww-w—w)=0, YweW

Consequently, by the arbitrariness of ¢,,, we may assume that c,, # 0, Yw € W. Noticing that
C(A) is an integral domain, therefore we have

w-w=w, YweW

Thus (3.25) follows. Then noticing 1(¢(B)) = B by Theorem 3.2, we have that ¢(¢(Q2)) =
d(Y(AB)) = ¢(v(p(B))) = ¢(B) = AB = Q, thus (3.21) holds. Consequently, the Galois con-
nection between right coideal subalgebras of (kG)* and k-separable subalgebras of A containing
Aj is just a 1-1 correspondence.

Let A = C(A) be a field. Then we have the following corollary.

Corollary 3.1 Let E C F be fields, G a finite group, and the characteristic of E does not
divide the order of G. Suppose that F is strongly G-graded, and Fy = E. Then there is a 1-1
correspondence between right coideal subalgebras of (EG)* and separable subfield extensions of
F over E in the usual sense of Galois theory.

At the end of this paper, we present a conjecture: Let H be a semisimple and cosemisimple
Hopf algebra over a field k, and let A be a left H-module algebra. Suppose that A is a field,
and A/AM is a right H*-Galois extension. Then there is a 1-1 correspondence between right
coideal subalgebras of H and separable subfield extensions of A over A in the usual sense of
Galois theory.
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