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1 Introduction

The local Langlands conjecture for GSp,(k) was proved by Gan and Takeda in [6] for a
non-Archimedean local field &k of characteristic zero. As a definition of the local factors, Gan
and Takeda use the one defined by Shahidi in [11] for generic representations and they extend
this definition to all nongeneric nonsupercuspidal representations by Langlands classification
and multiplicativity. Therefore, the definition of these local factors are not valid for nongeneric
supercuspidal representations. There is an alternative construction of local factors given by
Piatetski-Shapiro [7] by using Bessel models. Bessel models are defined for all representations
except one dimensional ones whereas Whittaker models are defined only for generic representa-
tions. Therefore the definition of local factors in the construction of Piatetski-Shapiro is valid
for all infinite dimensional irreducible representations. Completing local factor part of the local
Langlands conjecture by Bessel model, improves the version of Gan and Takeda [6] as equality
of the local factors in both sides as in the conjecture for GL(n). Hence, the parametrization
of the conjecture will be formulized in terms of the local factors of Galois and representation
theoric sides.

There are two types of Bessel model called split and non-split defined in Section 2. As
given in the table of Theorem 6.2.2 of [10], an infinite dimensional irreducible representation
of GSp, (k) might have both kinds of Bessel models or only just one of them. Since there are
representations which have only split or non-split Bessel model, local factors in these two cases
should be computed. For the representations which have both kinds of Bessel models one needs
to show that the local factors obtained in these two cases agree with each other.

In [5] we computed the local factors provided by Piatetski-Shapiro of the nongeneric su-
percuspidal representations of GSp,(k). By using the same construction in [3] and [4] we also
computed the regular poles of the L-factors of the spinor (degree 4) L-functions for the repre-
sentations which have Jacquet module length three or less. As a consequence, by [7, Theorem
4.3], we also obtained the L-factors of the generic ones. Therefore by [9, Table A.3] only the
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computation of regular poles of irreducible x; X x2 % ¢, which has a Jacquet module length
four, is remained. Since this representation is generic, computing regular poles is equivalent to
finding the L-factor. In this paper, we compute the L-factor of irreducible y; X x2 X ¢ by using
the construction of Piatetski-Shapiro. We show that, our results agree with the results of [6],
[12] and the local Langlands conjecture.

Let us briefly explain the construction of Piatetski-Shapiro. Let S be the unipotent radical
of the Siegel parabolic subgroup of GSp,(k) and ¥ be any nondegenerate character of S. Let
M = {(4 %) € GSpy(k)} and T be the connected component of Stabystp. Then T consists
of the units of a quadratic extension of k or k @ k. Since R = T'S is a subgroup of GSp,(k),
for any character A of T, a character a4 of R can be defined as ap (r) := A(t)y(s), where
r=standreR, s€S,teT.

Let (II, Vi1) be an infinite dimensional, irreducible, and admissible representation of GSp, (k).

Sp4(k)a,\,w, then its image is unique (see [7]) and called

If II is isomorphic to a subspace of Indg
Bessel model.

Piatetski-Shapiro defined the L-factors by using the local integrals:

L(siWay @) = | Walg)®[(0, 1)glu(det g)|det gl dg,
NG
where ® € C2°(K?) and K is either a quadratic extension of k or direct sum of two copies of
k, u is a character of k*, u € Vi1, W, is an element of the Bessel model and N,G are some
subgroups of GSp, (k) defined in the next section.

The integral family {L(s;W,,®,u) : u € Vi, ® € C°(K?)} admits a greatest common
denominator for all its elements. Hence there exists a function L(s,II, ) called L-factor such
that L(s; Wy, ®,u)/L(s, 11, 1) is entire for all u € Viy and ® € C°(K?). The poles of the
L-factor, coming from an integral with a Schwartz function vanishing at zero, are called regular
poles.

Let @, (x) = W, (II"’ I ) By [3, Proposition 2.5], the regular poles of the L-factors are the
poles of the meromorphic continuation of the integrals

/ pu()u(e)|zl*~ e,
kx

Hence, the regular poles depend only on the asymptotic behavior of ¢, (z). Determining asymp-
totic behavior of ¢, (x) is the main subject of this paper and this is done in Theorem 4.1.

In this paper, we follow the similar steps of [3] and [4] but by extending their results about
action of k* and asymptotic behavior of Bessel model. This paper is organized as follows. In
Section 2, we give the basics regarding subgroups of GSp,(k), Bessel model, local L-factors,
and regular poles. In Section 3, we obtain the Jacquet module structure of x; X x2 x 0. In
Section 4, we determine the representations of £* involved in some exact sequences. In Section
5, we obtain the asymptotic behavior of ¢, and possible regular poles. In Section 6, we show
that existence of homomorphisms from the constituents of the Jacquet module to the character
A of T affects the asymptotic behavior of ¢,,.

Throughout this paper, k always denotes a non-Archimedean local field of odd characteristic,
vk its valuation, v the absolute value, O its ring of integers, P the unique maximal prime ideal
of O, w a fixed generator of P and ¢ is the cardinality of the residue field. Let ¢ be a nontrivial
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additive character of k with conductor O and let dz = dyx be the self-dual Haar measure on
k. TFor a representation &, let Vg, { and we denote its space, contragradient and the central
character, respectively. Also 1 denotes the trivial representation of k*.

1.1 GSp,(k) and its subgroups
In this section we provide the definitions of GSp,(k) and its important subgroups. Let
w=(;1),J=(_y")and X’ = w(X")w for X € GLy(k). Then we define
GSpy (k) = {g € GL4(k) : g"Jg = A(g)J for some \(g) € k*},

P= {gGGSp4(k:):g: (A g), A,B,D€M2(k’)}7

a = (A A(A’)l) LA € GLa(k), Ak},

S—{(12 E):Y—Y’}.

All characters of S are in the form of
I, Y
v (1) = vl

for some 8 = 4’. 93 is called nondegenerate if 3 € GLq(k).

Let 13 be a nondegenerate character of S and let 7" be the connected component of Stabs1)3.
Then T = K* where K = k(,/p) for some p ¢ (k*)? and T is called non-split or K = k & k and
T is called split.

Since Theorem 4.9 of [3] is proved only for non-split case, in this paper we only consider the
non-split case and let K = k(,/p). The group

G={geGLy(K):detg e k*}
can be realized in GSp,(k) by the embedding

a bl c d
(a—l—b\/ﬁ c—l—al\/ﬁ)(_> bp al|dp c
e+ fy/p m+nyp e f|lm n
fp elnp m

The group

N:{(l ?):neK}

is a subgroup of G and can be realized as a subgroup of S.
In the non-split case,

T:{(CH_b\/p a_bﬁ) Latbype K7,

which is a subgroup of G and can be realized as a subgroup of M. The center of GSp, (k) is

_ _ a12 . «
7 = {a14 — ( ag((ah),)l) cack }
and define the group

H={ (mlz 12> = <x12 x((xlg)')_1> r ek
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1.2 Bessel model, L-factor and regular poles

Let A be a character of T' and ¢ be a nondegenerate character of S. ap () := A(t)(s)
is a character of R for r = ¢ts € R. By [7, Theorem 3.1] and the following remarks, if II is
an infinite dimensional, smooth, admissible, and preunitary representation of GSp,(k), then
dim[Hompg(IT, ap )] = 1 for some choice of A, ¢, and R (or equivalently K).

A linear functional ! : Vi1 — C such that [(II(r)u) = aa,4(r)l(u) is called Bessel functional.
For u € Vi1 define W, on GSp,(k) by W, (g) := [(II(g)u). The space Wh¥ := {W, : u € Vi}
is called the Bessel model of II.

A representation of GSp, (k) can be defined on W™ by right translation and IT = W%,
For h, := (3”12 12) € H define o, (z) := Wy (hy).

From the third section of [7], for s € C, ® € C2°(K?) and u € Vi1 the integral

L(s; W, ®, 1) = . W.,(9)®[(0, 1)g]u(det g)|det g|; 2 dg
N

converges absolutely for Re(s) large enough and has a meromorphic continuation to the whole
plane. The set {L(s;W,,®,u) : ® € C*(K?), u € Vi1} forms a fractional ideal of the ring
Clg®, ¢~ %] of the form L(s;IL, 1)C[q®,¢~°]. The factor L(s;IL, u) is of the form P(q=%)~1, where
P(X) e C[X], P(0) =1 and is called the L-factor of II twisted by u.

A pole of L(s;II,u) is called a regular pole if it is a pole of some L(s;W,,®,u) with
®(0,0) = 0. Any other pole is called an exceptional pole. Regular poles will be expressed as
poles of the Tate L-functions

L(s,) 1, if x is ramified,
S’ = . . .
X (1—x(w)g5)7 1, if v is unramified,

where x is a character of k*.
By [3, Proposition 2.5], regular poles of L(s;II, i) are the poles of the integrals

/(pu(x)u(x)\ﬂs*%d*z, v e V.
k*

Therefore, the regular poles depend only on the asymptotic behavior of ¢, (). Also since
X1 X X2 X 0 is generic, by [7, Theorem 4.3] there is no exceptional pole. Therefore regular poles
determine the L-factor.

1.3 Parabolic induction and the Jacquet module

Let (7,V;) be a representation of M and let §p be the modular character of P. If p =
(A /\(Af)_l) € P for A € GLa(k), then 6p(p) = |det(A)3A~3|. The space of functions f :
GSp, (k) — V. which satisfy

f(msg) = 6p(m)%7'(m)f(g) forme M, s € S and g € GSp,(k)

is called normalized parabolic induction from P to GSp,(k) and denoted by inngmT. An
action of GSp,(k) on ind?Sp“T can be defined by right translation.

For Vg(II) := span{v —I(s)v : s € S,v € Vi} the space (ILg, Vir/Vs(II)) is called the
Jacquet module and Rg(II) = IIg ® 5;% is the normalized Jacquet module.
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Now we will define parabolic induction similarly for GLa(k). Let B denotes the Borel
subgroup of GLy(k). The modular character of B is 65((*})) = |%|. Let x1 and x2 be
characters of k*. The space of functions f : GLa(k) — C denoted by indgLQ(k) (x1,x2) and

which satisty 1
(" 5)a)=sa( (" ) s

is called the normalized induction from B to GLa(k).
The Jacquet module with respect to Ngr, k) = {(* §)} of a representation 7 of GLa(k) is
defined as
J(r) =V /{r(n)u —u:n € Ngr,m), v € V7 }.

It is a representation of the diagonal subgroup of GLo(k). indgLZ(k)(V%,V*%) has two con-
stituents by [1, Theorem 4.5.1]. Its infinite dimensional subrepresentation is denoted by Stqr, (&)
and its one dimensional quotient is denoted by 1gr,(x)- By [1, Theorem 4.5.4]

a

a
J(Star, (k) ( d> = ’E” J(laL,m) = 1.
Let o be a character of k*. indng(k)(Xl, X2) ® o is a representation of GLa(k) x GL; (k) =
M. This representation can be extended trivially on S and becomes a representation of P.
. 1GLa(k) .
X1 X X2 X0 =0 =indg (x1,x2) % o denotes the representation

inngp“(k)indgLZ(’C) (x1,Xx2) ® 0.
This representation is irreducible if and only if x; # v T, x2 # vT! and x; # vTxT" (see [9]).
Throughout this paper, II denotes the representation x; X x2 X o.

By [8, Proposition 2.3], for the existence of the Bessel model for the representation y X y2 X o,
x+ should be satisfied and therefore y1x20? = Alp-.

the relation wy, xy,xoe = A

2 The Jacquet Module Structure

In this section we give the Jacquet module structures of IT = indgLZ(k) (x1,X2) % o due to
6.3 of [2]. For a representation 6 of M define

II, = {f € ind%0 : supp(f) € G, = U PwP}
dim(P/PwP)>n

as in [4].

Proposition 2.1 For Il we have

0 II 1T’
C (I3)s C (I13) s

. GLo (k — — . GLo (k —
ind§5"2™ (7 xg Hexixeo ind5 2™ (xo X7 @x10

11 11
C (I2)s C s,

. GLo (k — . GLo(k
ind 20 (1 xg Hoxeo indg 2 (31 x2)®0

where 11} is a subrepresentation of 1.
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Proof First constituent By [4, Proposition 3.4(i)], the first constituent is

. 1GLy(k . GLa(k), -1  —
indg 2 )(X17X2) ®wind§L2(’“’(xl,X2)U:mdB 2 )(X1 L x2 ') ® xixz0.

Second constituent By [4, Proposition 3.4(ii)], we need to consider

J(ndS® (3, x2)) ( A) lad|* ® (A A},
d
Since
5 . JGL(2) 3
0= 03(x2, x1) = J(ind5z " (x1,x2)) = 03(x1,x2) = 0
and

1 a _ 1
6;;<><2,><1>( ) 4 @ o (N2
d

3 A _1 1
xa(@pa (5)ladl =2 © o)A

a
|3
d
= (x2, X1 ) ® x10,

indgL"’(k) (x2, Xfl) ® x10 is the subrepresentation of the second constituent. Since

Shoae) (¢ 5 )ladt @ oA
d
a3 A 1 1
= 5| at@xe(5)lad~F © o)
d

= (X17X51) ® X20,

indng(k) (X1,X5 ") ® x20 is the quotient of the second constituent.

Y. Danisman

Third constituent By [4, Proposition 3.4(iii)], IIs/(Il3)s is indgLZ(k)(Xl,Xg) ® o.

3 Representations of k*

In this section, we determine the splittings of some exact sequences of representations of k*

that we will need in the following section.

Proposition 3.1 Let x1, x2 and x3 be characters of k*, (p,U) and (p,Uy) be representations

of k* such that
0—->U; —>U—dxs—0
and
0—=&x1 = Ui = dx2 — 0,

where @x; 18 a vector space on which k* acts as x; fori=1,2.

(i) If x1 = x2 and x1 # x3 then U = Uy @ ®x3. Hence for all u € U there exist uy € Uj

and uz € Px3 such that u = u; + uz and for some v} € ®&x1 we have

plz)u = x1(x)ur + x1(z)ve(x)uy + xs(x)us.
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(ii) If x2 = x3 and x1 # X2 then U = U] @ ®x1 where 0 — dx2 — U] — ®x2 — 0. Hence
for all w € U there exist u; € ®x1 and ug € U] such that u = uy + ug and for some u) € Bx2

we have
p(@)u = x1()ur + x2(x)ug + xo () vy (2)us.

(iii) If x1 = x2 = x3 = x and u € U then for some wy € Uy and we € &) we have

pl)u = x(@)u + x(@)vp(2)wn + x(@)od(@)ws.

Proof Since the proofs are similar, we give only the proof of the last one which is also the

most complicated one. For u € U there is a w(z) € U; such that
p(w)u = x(@)u + w(z).
By [3, Lemma 5.10(ii)], there exists t(x) € ®x such that
py)w(z) = x(y)w(@) + x(y)v(y)t(x).
From (3.1),

plzy)u = x(zy)u + w(zy).

Hence by (3.3)-(3.4) we have

w(zy) = x(@)w(y) + x(W)w(x) + x(y)vr(y)t(@).
By symmetry we also have

w(zy) = x(y)w(z) + x(@)w(y) + x(x)vr(x)t(y)-

By (3.5)—(3.6) we have
x(@)v(2)t(y) = x(y)ok(y)t(2).

Hence for y = w we have

;‘(w))x(x)vk(x) ~ t(x)
and by (3.5),
wzy) = x(@)w(y) + x()w(e) + ff(z’)x(y) e (@) ()
So we have

(3.1)
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If we restrict % to O* we get a homomorphism from O* to U;. Since %

is a locally constant
function the image of compact subgroup O* is a finite subgroup of U;. The only finite subgroup

of Uy is {0}. Hence the restriction of I to O* is zero. Hence for ' € O* we have

w) _wlw) o 1)
x(@)  x(w) x(@) z::
Hence
wa) _w(@) @) (o) = Doele)
@) @ w2
B NI B TR 1) B
= 3o~ n@ @+ gt
Hence by (3.1) we have
_ w(@)  Hw) H(w)
ployu=x()u+ [575 — 5 TS @) + 5 Zsekx)

Proposition 3.2 Let x1,x2,Xx3 and x4 be characters of k*, and let (p,U), (p,U1) and
(p,Uz) be representations of k* such that

0—->U; —->U— dxq —0,
0—=U;— U — &x3 —0, (3.8)
0— ®dx1 — Uz — dx2 — 0.

(1) If x1, X2, X3 and x4 are all different then U = @®x1 @ Dx2 P ®x3 P ®xa. Hence for all
u € U there exist u; € ®x; fori=1,2,3,4 such that u = uy + us + us + ug and

p()u = x1(x)ur + xa(®)uz + x3()us + xa(r)ug

(ii) If x1 = X2, X3 = x4 and x1 # X3 then U = Uy @ U4 where 0 — @y3 — Uj — dx3 — 0.
Hence for all u € U there exist u; € Uy and uy € Uj such that w = uy + uy and for some
u) € ®x1 and uh € dxs we have

p(x)u = x1(x)ur + xa(z)v(@)ui + x3(2)ua + x3(x)vk ()us.

(iil) If x1 = X3, X2 = X4 and x1 # x2 then U = U, ® UL where 0 — ®x1 — U — &x1 — 0
and 0 = ®x2 — UY — @®x2 — 0. Hence for all u € U there exist u; € U} and uy € UL such
that uw = uy 4+ uz and for some uy € ®x1 and uhy € Dx2 we have

p(z)u = x1(x)ur + x1(z)vr(@)u) + xa(T)ug + X2 (x)vk (2)us.
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(iv) If x1 = X4, X2 = X3 and x1 # X2 then U = U5 ® U} where 0 — @®x1 — Uj — ®&x1 — 0
and 0 = ®x2 = UY — ®x2 — 0. Hence for allu € U theTe exist uy € Ul and ug € UY such
that uw = uy 4+ us and for some u} € ®x1 and uhy € Gy2 we have

p(@)u = x1(x)ur + xa ()v(@)uy + X2 (2)uz + X2 (2)vk (@)

(v) If x1 = x2 = X3 = xa = x and u € U then for some uy € Uy, us € Uy and uz € &y we
have
p(x)u = x(x)u + x(x)vp(x)ur + x(@)vg(@)uz + x(2)v}(z)us.

(vi) If x1 = xa and x1, X2, x3 are different then U = U, @ ®x2 @ x5 where 0 — dx1 —
U) — @x1 — 0. Hence for all uw € U there exist uy € U}, uy € @x2 and uz € @ys such that
u=uj + us + ug and for some u} € &y we have

pla)u = x1(r)ur + xa ()ve(@)uy + x2(2)uz + x3(2)us

(vii) If x2 = x3 and X1, X2, xa are different then U = U, @ ®x1 & x4 where 0 — Hx2 —
U} — @&x2 — 0. Hence for all uw € U there exist uy € U}, ug € &x1 and ug € Hxq such that
u = uy + us + uz and for some u} € ®xo we have

p(x)u = x2(x)u1 + xa(2)vk()u) + x1(x)ug + xa(T)us

Proof Since the proofs are similar we give only the proof of the fifth one which is also the
most complicated one. For u € U there is a w(z) € Uy such that

p)u = x(@)u+ w(z). (3.9)

By Proposition 3.1(iii) there exist t(z) € Uy and h(x) € @x such that

p(y)w(z) = x@)w(z) + x(y)ve(W)t() + x(Y)v7 (y)h(z). (3.10)
From (3.9),
plzy)u = x(zy)u + w(zy). (3.11)
v (3.9)-(3.10),
plzy)u = p(y)[p(z)u]

= p(y)[x(2)u + w(z)]
= x(@)p(y)u + p(y)w(z)
= x(@)[x(W)u + w(y)] + x@)w(z) + x(@)ve(W)t(x) + x(y)vi (y)h(z)]
= x(zy)u + x(@)w(y) + x(W)w(z) + x(v)vrW)t(z) + x(y)vi (y)h(z). (3.12)

Hence by (3.11)—(3.12) we have

w(zy) = x(@)w(y) + x@)w(z) + x@veW)H@) + x(@)vi(Y)h(@). (3.13)

By symmetry we also have

w(zy) = x(W)w(@) + x(@)w(y) + x(@)ve(@)t(y) + x(2)vi(@)h(y).
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Hence
X@)ve(W)t(@) + x(W)vi()h(z) = x(@)oe(2)t(y) + x(@)vi(x)h(y).
If y = w then

X(@)t(z) + x(@)h(z) = x(2)vk(2)t(@) + x(2)v; (2)h(w), (3.14)
and if y = @? then
2x(w)*t(z) + dx(w)*h(z) = x(2)vk(2)t(@?) + x(2)v; (2)h(w?). (3.15)

By (3.14)—(3.15) we have

h(z) = Ay x(z)op(z) + Aox(z)vR (),
t(x) = Bix(x)vk(z) + Bax(x)vi(2),

where
@)tw) — t?)  ,  2(w@)h(w) — h(@?)
BT T T e
and
(@) + (@) (@) — dx(@)h(@)
S — e S
By (3.13),

w(zy) = x(@)w(y) + x@)w(@) + x(@y)vr(@) v} (y) A1 + x(2y)vi () vi (y) A2
+ x(zy)or () vk (y) Br + X (2y)v3 (x) vk (y) Ba. (3.16)

If we restrict % to O* we get a homomorphism from O* to U;. Since % is a locally constant

function the image of compact subgroup O* is a finite subgroup of U;. The only finite subgroup
of Uy is {0}. Hence the restriction of ¥ to O* is zero. Hence for ' € O* we have

w(w'a') _ w(z')  w(w?) _ w(w?)
x(@'a’)  x(@)  x(@)  x(@)
By (3.16) and induction, we get

w(z) w(w) G L 2
— = ve(z) + (A1 + By) I+ (A2 + Bs) l-.
@)~ x(@) " e Z} 2+ ) 53

Hence

( ) + (Al + Bl)(vk(w) — ].)’Uk(l')

x(z) X(w) 5
'H@+Bﬂ 1(2) = Do) ) =
wl A1+Bl As + By
+ [A1 —;—31 B AQ;Bz}vz(f)—i— [A2§B2}vi(m)’

Hence by (3.9) we have
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4 Asymptotic Behavior of ¢,

In this section, we determine the asymptotic behavior of ¢, (z) for small enough |z| and
compute the possible poles of the L-factor.

Proposition 4.1 Let u,wy,w},wy € Viy. If

(A )u — x(@)u — x(z)ve(z)wr — x(@)v(z)ws € Vs(II),
(hy)wr — x(2)wr — x(x)vy(x)w] € Vs(IT),

I(hg)wy — x(z)wy € Vs(II),

(hy)ws — x(z)ws € Vs(I1),

then for sufficiently small |x| and constants Cy,Cs,C5 we have
pu(r) = Cix(2) + Cox(x)vr(@) + Csx(2)vi (2).
Proof It is an easier version of Proposition 4.3.

Proposition 4.2 Let 0 - U; - U — &1 - 0,0 - &1 - U; - @1 — 0, U be a
subrepresentation of Rg(Il) as an H module for an appropriate choice of x1,x2 and o and
u € Vi such that the image of u in Rg(Il) is w and w € U. Then for small enough |x| and
constants C1,Cy and C3, we have

pu(z) = Cila]? + Colz|2vk(z) + Cslz| v} (x).

Proof By Proposition 3.1(iii), we have

6p 2 g (hy )@ = U + v (2)W1 + vji(x)We
for some wy,we € Vi7 such that w; € Uy, we € ©1. Note that dp(h,) = |z|>. Hence
g (he)u — |z]2u — |2|2vp(2)wy — |2|2 03 (2)wsy € Ve(II).
Now use Proposition 4.1 for which parts related to w; and ws follows from Propositions 3.2
and 3.5 of [3].

Lemma 4.1 If o, (z) = Clz|3x(z) for some character x of k* and |x| < q~%, then the
pole of [,. (@) p(z)|z]*~2 d*z is the pole of CL(s, ux).

Proof Similar to the proof of [3, Lemma 3.4].

Lemma 4.2 If ¢ (z) = Cy|z|2x(z) + Colz|2 x(z)vk(x) for some character x of k* and
|z| < ¢ 770, then the poles of |,. oo (@) () |z]*~2d*z are the poles of the least common multiple
of C1L(s, wx) and CoL(s, ux)?.

Proof Similar to the proof of [3, Lemma 3.7].

Lemma 4.3 If o, (z) = C1|z|2 x(z) + Calz|? x(z)vr(x) + Cs|z|2 x(x)v2(z) for some char-
acter x of k* and |x| < ¢q7°, then the poles of [,. (@) p(z)|z]|5~2d*z are the poles of the least
common multiple of CyL(s, px), CoL(s, ux)? and C3L(s, px)3.

Proof It is an easier version of Lemma 4.5.
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Proposition 4.3 Let u, wy, w}, wiy, wy, wa, w3 € V. If

(he)u = x(@)u — x(@)vg (@)wr — x ()0} (2)ws — x(@)vi(x)ws € Vs(ID),
(he)ur — x(x)wr = x(x)v(@)wy — x(@)vj(x)w] € Vs(ID),

(s )wy — x(z)w) — x(z)vk(z)w); € Vs(ID),

I(he )wi; — x(2)wy; € Vs(ID),

(s )wi — x(z)w] € Vs(II)

II(hy )wz — x(z)wz — x(z)v(z)wh € Vs(II)

II(he )Jwy — x(x)wh € Vs(IT),

II(hy)ws — x(x)ws € Ve (II),

then for sufficiently small |z| and constants D1, Dy, D3, Dy, we have
¢u(z) = D1x(2) + Dox(z)vk(x) + D3x(x)vi(z) + Dax(2)vi(z).

Proof By [3, Proposition 3.2], ¢, () = Bx(x), by [3, Proposition 3.5], ¢, () = A1x(x)+
Asvi(z)x(z) and by Proposition 4.1, ¢y, (z) = Ci1x(x) + Covg(x)x(x) + C5v%(x)x(z) for small
enough |z|. Let g € wO*. Then we have

(g )u — x(wo)u — X (20)ve(wo)wr — x(20)vi (w0)wa — X(20)v} (w0)ws € Vs(IL).
By [3, Proposition 3.1],

PII(hag)u—x(zo)u—x(xo) vk (zo) w1 —x(0)v2 (zo) w2 — x(20) v} (x0)ws

vanishes near zero. So there exists a constant e(xq) such that for x = ¢ and |¢| < €(xg) such
that

0= PI(ha)u—x(z)u—x(z)vi (T )w17x(z)vz(m)wgfx(z)v2(x)w3(t)

)
= pu(at) = x(@)u(t) = x(@)vk (@) Puy (1) = X ()07 () Pus, (1)
X ()03 (2) Py (1)
= pu(at) = x(@)pu(t) — x(@)ve(@)[Crx(t) + Cax(H)vk(t) + Cax () vy (t)]
X (@)v()[Arx(t) + Agvg ()X (8)] — x(x)vi (x) Bx(¢)
= pu(at) — x(x)pu(t) — Crx(@t)vr(z) — Cox(at)vr(@)vi(t)
— Cax(xtyor(2)vi () — Arx(at)vi (z) — Azx(wt)vi ()vr(t)
— Bx(at)vi ().
Hence
pu(at)
= x(2)pu(t) + Crx(zt)v(z) + Cox(zt)vp(x)vk(t) + Cox(zt)v(x)vi(t)
+ Aix(at)vi (z) + Azx(wt)oi (z)or(t) + Bx(at)v} (2). (4.1)

Since IT and y are smooth this is also valid when z is near x¢ and |t| < e(xg), so by compactness
of wO*, this is also true for z € wO* and |t| < e = ¢~7° for some constant jo.
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Lemma 4.4

pu(@'z) = x(w'2) [X(W‘jO)wu(wj°) + (i — jo)(C1 + Ay + B)

i—1 i—1
+(02+A2)Zl+032l2}

l=jo I=jo
fori>jo+1 and z € O*.
Proof Proof is by induction. The base case follows from (4.1). Now assume that the result
holds for some ¢ > jg 4+ 1 and prove it for i + 1:
pu(@'2)

= pu(wzw?)

= x(@2)pu(@") + x (@ T'2)[C1 + Coi + C3i® + A1 + Asi + B]

= X(@H12) [X(@ ) (@) + (i = jo)(Cr + Ay + B)

1—1 i—1
+(02+A2)Zz+cgzz2]

l=jo l=jo

+ x (@' 2)[C) + Coi + C3i* + Ay + Agi + B
= X(@12) @) pu(@) + (i 4+ 1= jo)(C1 + A1+ B)

+(C’2+A2)il+03il2]

1=jo l=jo

Let D; = X(w—jo)(pu(wjo) — jo(CyL + AL + B) — (02+A2)2(jo—1)jo — (jo—l)j(é@jo—l)’ Dy =

(Cr+ Ay +B)— G2z 4 &s py= Gfde Gs D)= S and |z| < ¢7%. Then z = @'z for

some i > jo + 1 and z € O*, so the proposition follows from the previous lemma.

Proposition 4.4 Let0 - U; - U - &1 - 0,0 > Uy - U; - @®1 - 0,0 —- &1 —
Us — @1 — 0, U be a subrepresentation of Rg(Il) as an H module and u € Vi1 such that the
image of u in Rg(Il) is @ and w € U. Then for small enough |z| and constants D1, Dy, D3 and
D4 we have

¢u(r) = Di|z|* + Dala|>vi() + Dslz|* v} (z) + Dalz|? v} ().
Proof By Proposition 3.2(iii), we have
6;%Hs(h$)ﬂ =T + g (2)W; + vi(x)Wy + v} (x)W3
for some wq,wq, w3 € Vi1 and wy € Uy, wsy € Uy, w3 € ®1. Hence
g (hy)u — |z|2u — |z|2 ok (x)wy — |2|20} (z)ws € Vg (IT).

Now use Proposition 4.3. Parts related to wi, ws, ws follows from Proposition 4.2 and Propo-
sitions 3.2 and 3.5 of [3].

Lemma 4.5 If

¢u(x) = x(2)[D1 2] + Da|z|2 vk () + Ds|z|203(2) + Dalz|*v}(x)]
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for some character x of k* and |x| < ¢~7°, then the poles of [,. gou(x),u(x)|x|s_%d*x are the
poles of the least common multiple of D1L(s, wx), DaL(s, ux)?, D3L(s,ux)® and DyL(s, pux)*.

Proof

3 s—3 1%
/  Dalef u(@)x (@)l (@)lel
|z|<qg—Jo

=D [ @@l s
x| <g 7o

—0i> [ @i ds

i=jo ¥ lxl=a7"
= D03 P (@ (=) [ e

i=jo )

0, wx: ramified,
- D4a]o[j87(3j8731‘3733‘0712(36(%?;1376j8+4)a27<j071)3a°"](1_%)7 otherwise,

where a = ¢~ *p(w)x(w). Now the result follows from Lemmas 3.4 and 3.7 of [3] and Lemma
4.3.

Theorem 4.1 Let u € Vi1 and |z| small enough. Then the asymptotic behavior of Bessel
model of 11 is

(i) if x1 =1, x2 # 1, then
pu(@) = |22 [D10(x) + Dax20(x) + Dyvg(w)o () + Davi(@)xa0(x)),
(i) if xa = 1, x1 # 1, then
pu(@) = [2]2[D10 () + Davy(w)o(x) + Dsxa0(x) + Dyvi()x10(x)),
(i) if x1 =x2 =X, x> =1, x #1, then
pu(@) = [2]2 D10 () + Daxo(x) + Dav(w)xo(x) + Davg(x)o ()],
(iv) f x1 =x2 =X, X* # L, then
pu(®) = [2]3 D10 () + Daxo(x) + Davi(w)xo(z) + Dax’o(x)],
(V) fx1=xz' =x, x> # L, then
pu(@) = |22 [Dio(x) + Dax~'o(2) + Dsxo(w) + Davk()o ()],
(vi) if x1 = x2 = 1, then
¢u(®) = [2]2[D10(x) + Davg(w)o(x) + Dgvp(x)o(x) + Davi(x)o(2)],
(vii) otherwise,

ou(x) = |x|%[D1cr(:c) + Doxao(x) + Dsxio(x) + Daxixz0(2)].
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Proof By Proposition 2.1, the constituents of the Jacquet module of II are

LZ(k)( 1—

. GLs(k — — . G
ind3=" (L xg ) ® xixeo, indj X1 x2) ® xao,

indELQ(k) (X1, X5 ) ® Xa0, indng(k)(xl, X2) ® 0.

As a representation of H, the constituents are o, ®x20, Px10, PX1X20-

(i) If x1 = 1, x2 # 1, then the constituents are @o, Dx20, Do, Dx20 and we are in the case
of Proposition 3.2(iii). Hence the result follows from [3, Proposition 3.5].

(ii) If xo = 1, x1 # 1, then the constituents are ®o, Do, P10, Bx10 and we are in the case
of Proposition 3.2(ii). Hence the result follows from [3, Proposition 3.5].

(iii) If x1 = x2 = X, X2 = 1, x # 1, then the constituents are ®o, o, Do, Do and we are
in the case of Proposition 3.2(iv). Hence the result follows from [3, Proposition 3.5].

(iv) If x1 = x2 = X, X* # 1, then the constituents are ®o, Do, ®xo, Dx?0. So we are in
the case of Proposition 3.2(vii). Hence the result follows from [3, Propositions 3.2 and 3.5].

lg,®xo, @o. So we are in

(v) If x1 = Xgl =¥, x2 # 1, then the constituents are ®o, Dy~
the case of Propositions 3.2(vi). Hence the result follows from [3, Proposition 3.2 and 3.5].

(vi) If x1 = x2 = 1 then the constituents are four o. So we are in the case of Proposition
3.2(v). Hence the result follows from Proposition 4.4.

(vii) Otherwise the constituents Go, Bx20, Bx10, Dx1X20 are all different. So we are in the

case of Proposition 3.2(i). Hence the result follows from [3, Proposition 3.2].

5 Computation of L-factor

In this section we determine whether constants D; for ¢ = 1,2,3,4 in Theorem 4.1 are
nonzero or not.

Let

V(AT :={1(t)v — A(t)v: © € Vi /Vs(1D) }.
The representation II = x; X x2 % ¢ has Jacquet module length 4. By Proposition 2.1 as a
representation of H we have
0 II I/ II IIg.
C (M3)s c (ly)s C (H2)s C Mg
Go Dx20 Sxi10 Bxi1x20

Case 1 If xy; = 1, x2 # 1, then by Theorem 4.1(i) for every u € Vi1 we have
pu(@) = [2]*[D10(x) + Daxa (7)o () + Dsvi(x)o(x) + Davk(2)x2 ()0 ().

Proposition 5.1 For some choice of u, the constants D3 and D4 are nonzero.

Proof By Proposition 3.2(iii) IIs = Uj ® Uy where U} is an extension of two @®o and UY
is an extension of two @yz20. Also (Ilz)s = U5 @ ©xz20. If D3 = 0, then for every u € Uj, there
exists a u; € ®o such that @ —u; € Vp(A,II). Hence

N1 N2
- =Y ais(t)a — At)uy] + > b[Is(t;)ub — A(t;)ad],
i=1 =1
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where a;,b; € k, t;,t; € T and u} € Ué,ﬂg € UJ. Note that
N1

Zai[ﬂs(ti)ﬂi — A(t;)ut) € Us,

i=1

N2 . i

> (s (ty)a — A(ty)u] € Uy
j=1

Since we have a direct sum u — u; — Y a;[Ilg(t;)u} — A(t;)ut] = 0. Hence
i=1

U =1 + Z a;[[Ls(t;)u) — A(t;)us]

and

0 = Homp [UQ/ @ Dx20/ Do @ Dx20, A}
= Homrp([(I12)s/(I13) s, A]
= Homy[Hom[ind "™ (x1, x5 1) ® x20, A]

which is a contradiction by [13, Proposition 1.6].
If Dy = 0, then for all @ € IIg there exists uy € (Ily)g such that @ — Wy € Vo (A, II). Hence

0 = Homr[[Is/(Il3) g, A]
= HOmT [ll’ldgLQ(k) (Xla X2) ® o, A]
= Homp [UindgL2(k) (X1, x2), Al

which is a contradiction by [13, Proposition 1.6].
Case 2 If x; # 1, x2 = 1, then by Theorem 4.1(ii) for every u € Vi1 we have
pu(@) = [2]*[D1o(x) + Davg(w)o(x) + Dsxa(x)o(x) + Davk(@)x1 ()0 ()],
Proposition 5.2 For some choice of u, the constants Dy and D4 are nonzero.

Proof It is similar to the proof of Proposition 5.1.

Case 3 If y1 = x2a =X, x> =1, x # 1, then by Theorem 4.1(iii) for every u € Vi1 we have
pu() = |2|* [D1o(2) + Dax(x)o(x) + Dsvk(2)x(x)0(z) + Davi(x)o(@)].
Proposition 5.3 For some choice of u, the constants D3 and D4 are nonzero.

Proof It is similar to the proof of Proposition 5.1.

Case 4 If y; = x2 = X, x? # 1, then by Theorem 4.1(iv) for every u € Vi1 we have
pu(®) = [2]%[D10(2) + Daxo(2) + Dyvi(2)x(2)o (@) + Dax*(@)o(@))-

Proposition 5.4 For some choice of u, the constants Dy, D3 and Dy are nonzero.
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Proof It is similar to the proof of Proposition 5.1.

Case 5 If x; = Xz_l =, X2 # 1, then by Theorem 4.1(v) for every u € Vi1 we have
pu(@) = |a]? [D10(2) + Dax ' (x)o(x) + Dsx(x)o(x) + Davi(z)o(x)].
Proposition 5.5 For some choice of u, the constants Do, D3 and Dy are nonzero.

Proof It is similar to the proof of Proposition 5.1.

Case 6 If xy1 = x2, then by Theorem 4.1(vi) for every u € Vi1 we have
ou(z) = |a:|% [Dy0(x) + Dovg(x)o(z) + Davg(x)?0(x) + Dyvg(z)?o(z))].
Proposition 5.6 For some choice of u, D4 is nonzero.

Proof The proof is similar to the proof of Proposition 5.1.

Case 7 If 0, x10, x20 and x1x20 are all different, then by Theorem 4.1(vii) for every u € Vi
we have

u(@) = |23 [Dix1x20(2) + Dao () + Dyx10(z) + Daxao(x)].
Proposition 5.7 For some choice of u, the constants D;’s fori = 1,2,3,4 are all nonzero.
Proof The proof is similar to the proof of Proposition 6.5 of [4].

Theorem 5.1 L-factor of 11 is

(i) if x2 = 1 and x2 # 1, then L(s, uo)*L(s, ux20)?,

(ii) if x1 # 1 and x2 = 1, then L(s, uo)?L(s, ux10)?,

(iii) if x1 =x2 =X, x> =1 and x # 1, then L(s, uo)?L(s, uxo)?,
(iv) if x1 = x2 = x, X* # 1, then L(s, uo) L(s, pxo)*L(s, ux’o),
(V) if x1 = xa ' = x, X* # 1, then L(s, po)?L(s, ux o) L(s, pxo),
(vi) if x1 = X2, then L(s, uo)*,
(vii) if o, x10, x20 and x1x=20 are all different, then

L(s, po ) L(s, ppx20) L(s, px10) L(s, px1X20).

Proof The result follows respectively from
i) Proposition 5.1, Lemma 4.2,

ii) Proposition 5.2, Lemma 4.2,

iii) Proposition 5.3, Lemma 4.2,

v) Proposition 5.5, Lemma 4.1, Lemma 4.2,

(
(
(
(iv) Proposition 5.4, Lemma 4.1, Lemma 4.2,
(
(vi) Proposition 5.6, Lemma 4.5,

(

vii) Proposition 5.7, Lemma 4.1.

Theorem 5.2 L-factor of Il = x1 X x2 X 0 is

L(s, po ) L(s, px20) L(s, ux10) L(s, rx1x20).
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Proof This is the restatement of the previous theorem.
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