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Mathematical Justification of an Obstacle
Problem in the Case of a Plate*
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Abstract In this paper the modeling of a thin plate in unilateral contact with a rigid plane
is properly justified. Starting from the three-dimensional nonlinear Signorini problem, by
an asymptotic approach the convergence of the displacement field as the thickness of the
plate goes to zero is studied. It is shown that the transverse mechanical displacement field
decouples from the in-plane components and solves an obstacle problem.
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1 Introduction

In this paper, we consider the so-called Signorini problem, also called unilateral contact
problem, of an elastic body in contact with a rigid support. One of the major interests of this
modeling is to keep the full elastic tensor, namely, there is no assumption on the elastic isotropy
(see [1-2]).

Bilateral models for plates and shells were studied by formal asymptotic methods or by
variational analysis (see [3—4] and the references therein). The contact problem can be stated
as the minimization of some energy functional under an inequality constraint. The modelling
of unilateral contact problems of elastic bodies was established by Signorini in 1933. The
first mathematical properties of the solution to such a problem can be found in [5-6]. Later
Paumier gave, by an asymptotic approach, the model of an elastic Kirchhoff-Love plate in
unilateral contact (see [7]). Léger and Miara generalized Paumier’s work to elastic shallow shell.
They obtained the limit model written in terms of a variational inequality in the framework of
Cartesian (see [1]) and curvilinear coordinates (see [2]), respectively.

In this paper we properly justify the modeling of a thin plate in unilateral contact with a
rigid plane. By an asymptotic approach, we study the convergence of the displacement field as
the thickness of the plate goes to zero. We establish that the transverse mechanical displacement
field decouples from the in-plane components and solves an obstacle problem. In Section 2, we

study a Signorini problem arising in the case of three-dimensional plate. In Section 3, by using
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appropriate scalings, we give the new scaled variational inequality problem. In Section 4, we
prove the convergence of the solution when the thickness of the plate tends to zero and establish

the limit problem of a elastic plate in unilateral contact.

2 Thin Plate

In this paper, Latin indices take their values in the set {1,2,3}, Greek indices take their
values in the set {1,2}; and the Einstein summation convention is used. Bold letters are used
for vectors or vector spaces. We denote by a-b the vector product between two vectors a and b.
|lo.2, || [|1. stand for the classical norms in L2?(£2), H*(Q) , respectively, for both scalar-valued
and vector-valued functions. Moreover, for simplicity let ¢ denote different positive constants.

In order to establish properly the bi-dimensional model of a thin plate in contact with a
rigid plane, we take the reference configuration to be a cylinder with middle surface w and
thickness 2. More precisely, let € > 0 be a small parameter and w be an open bounded and
connected subset of R? with Lipschitz-continuous boundary +. Then the reference configuration
of the plate under consideration is denoted by Q°, where Q° = w x (—¢,¢). We define a new
partition of the boundary 0Q° = I'Y. UT'® UT'§ with the upper and lower faces I', = w x {e},
I'® = w x {—¢} and the lateral boundary I'§ = v x [—¢,€].

2.1 Three dimensional problem

We consider a family of plates with reference configuration 7, made of elastic material with
elastic characteristic tensors C = (Cijkl). There exists a positive number ¢ such that, for every

second order 3 x 3 symmetric tensor M = (M;;) we have

3
Cijki = Cijik = Criij, CijmuMuMi; > ¢ Z M7, (2.1)
ij=1
We denote, respectively, o° and e the stress and strain tensors, u® the mechanical displacement

field. The constitutive equation posed in €2¢ is given by
o (u®) = Ce® (u’). (2.2)

— 0

Let 2 = («5) be a generic point on Q° with x5, € w and 2§ € (—¢,¢), and let 9F = ek Then
€Ty

the linear strain tensor e(u) is defined by e®(u®) = 1(Vu® + (V°u®)”) or component-wisely

1
ej;(u®) = 5(81-%; + 05 u3).

For a plate subjected by applied body forces with density f°, the equilibrium problem posed
in Q° reads
Divio®(uf) = —f°. (2.3)

We consider the situation that the body is clamped on the whole lateral surface I'g, and is
subjected to applied surface forces with density g on the upper surface and is in mechanical

contact with the lower face I'® .
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2.2 The boundary conditions for a body in contact with a plane

We focus now on the unilateral contact with a horizontal plane set at level —e. Let 2° =
(27,25, —¢) be a point on the lower face I'®.. The unilateral contact conditions first mean that
the displacement on I'® must satisfy a nonpenetrability condition (2 + u®(2€)) - e3 > —¢, in

other words,
Vot e, —e+4u5(at) > —e = ui(z%) >0, (2.4)

where e; = (0,0, 1).
The so-called Signorini conditions which give the full description of the unilaterality are
classically obtained by adding the following constraints to the nonpenetrability condition:
(1) No tensile forces but only compressive forces are exerted on the boundary by the obstacle;
(2) all points in contact are on I'®. so that conditions (2.4) is an equality.

These constraints read

o5(2%) = —(o(2%)v) - e3 >0, Va® eI, (2.5)
o5(x2)us(z2) =0, Vot e I'C | (2.6)
where v is the unit normal vector to 9€2, so the contact condition reads

ug(z2) >0, o5(22) >0, o5(x2)u5(z=)=0 on I'<, (2.7)

and o§(22) is the Kuhn and Tucker multiplier associated to the contact condition. Eventually

we gather all the conditions and get

u® =0 on I'g,
of(uf)v = g° on I'Y, (2.8)
us >0, 05 >0, o5ug =0 onI'®.

The equilibrium problem which we are dealing with is finally written as

dive® = —f° in Q°,
u® =0 on I'G,
€(0)E € e (29)
ocf(uflv =g on I'%,
ug >0, 05>0, o5u5 =0 on ['®.

2.3 The variational inequality in Q¢

The natural functional framework for (2.9) is the vector space K¢(2¢), where

K#(Q°) = {v° ¢ H'(Q°), v* =0 on T, v5>0 on I} (2.10)
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is a convex set. Hence the weak solution u® to (2.9) is given by the following variational

inequality

Find u® € K¢(Q¢), such that

[ Comeiatwres, (o7 - u)aa® 2.11)
QE

> ff(v® —uf)da® +/ g°(v® —uf)da®, Vv° € K*(Q°),
Q= re
where da® is the area element of the boundary 9.

Based on classical arguments, (2.9) and (2.11) are equivalent. Moreover, (2.11) has a unique
solution for any fixed £ > 0, and the weak solution associated to (2.9) is given by this unique
solution (for proof, see [8]).

Let us now introduce the scaling procedure in order to establish the convergence theorem

as ¢ — 0.

3 Scaling and Equilibrium Equation on the Fixed Domain 2

3.1 Scalings of the unknowns and test functions

We now change the domain 2¢ having the middle surface w and the thickness 2¢ into a
fixed domain €2 with the same middle surface and the thickness 2 independent of £ by means
of the simple geometrical transformation defined as follows: Let 2° = (z%) be a generic point
on €. The corresponding point x = (zk) on Q with 25, =z, € w and 2§ = ez3 € (—¢,¢). This
induces 0, = % = % and 05 = agg = %8%3 By analogy, the boundary of the domain §2 is

divided into three parts: 90 =T_UT UTy, ' =wx{-1}, Ty =wx {1}, Tg =y x[-1,1].

We give the scaled displacement u(e) and the scaled test functions v defined on Q as

{ug = c2uq(e), u§ = eus(e),

, (3.1)

£ __ E
VS, = €%q, V5 = €V3.

Along with the scaling procedure, we set e = (e;;) to denote the scaled linearized strain

tensor, the components of which are

egﬁ (,va) = 526&,@ (’U),
54(v) = eeas(v), (32)

€53(v°) = es3(v),
where e;(v) = $(9;vi + 9;v;).
3.2 Assumptions on the data

In order to obtain a nontrivial limit problem by asymptotic analysis, it is essential to scale

the data in accordance with the scalings of the unknowns. More precisely, we assume that there
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exist functions f € L?(Q) and g € L*(T';) independent of £, such that

fo=efa, f5=¢613 VreQ,
{gé =&%0a, g5=c"g3, Voel,. 33
3.3 Contact condition on the fixed domain
After the scaling process, the non-penetrability condition holds now on I'_ and reads
v3(x1,22,—1) >0, V(x1,22) € w, (3.4)

and the corresponding functional space is
K(Q) = {v € H' (), v=00n Ty, vs(x1,29,—1)>0o0n I'_}.

3.4 Equilibrium problem on the fixed domain 2 = w X (—1,1)

Replacing u® and v® by their scaled values u(e) and v given by (3.1) in the problem (2.11),

respectively, we get the following problem posed over the fixed domain 2

Find u(e) € K(1), such that
[ Cosortr(ule))ens(o — u(e)ds
2261 [ Capos(eon(0(6))es(v ~ 0(6)) + canlue))enalv — u(e))da
e /Q Cososeos(u(e))eas(v — u(e))dz
+e° /Q Capss(ess(u(e))eap(v — u(e)) + eap(u(e))ess(v — u(e)))dx
+2¢” /Q Casss(ess(u(e))eas(v — u(e)) + eas(u(e))ess(v — u(e)))dz

+€/ Csaszess(u(e))ess(v — u(e))dr

> &b /fv— ))da + &° /mg('v—u(a))da, Yo € K(Q),

where da is the area element of the boundary 9.
Classical arguments (see [8]) can be applied to prove the existence and uniqueness of the

weak solution to the variational inequality problem (3.5). We have the following theorem.

Theorem 3.1 For any fized € > 0, the problem (3.5) has a unique weak solution.

4 Convergence

The aim of this section is to show that when e tends to zero, the sequence {u(e)} converges
to a limit w which solves a two-dimensional obstacle problem. An important preliminary point

here is the following lemma, which is a version of Korn’s inequality.
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1
Lemma 4.1 For all v € H'(Q), the mapping v — {3 |ei;(v)[2 o}? is a norm over the
ij i
set K(2), which is equivalent to the norm induced by || - ||1.0

Proof The proof follows from the fact that the set K(Q) is a closed subset of the vector
space {v € H(Q), v=0 on I'p}.

Theorem 4.1 Assume that f € L?(Q) and g € L*>(T'y). Then

(i) As e tends to 0, the family {u(e)} converges strongly in the set K(Q2) to a limit u.

(ii) The limit w is a Kirchhoff-Love displacement field, namely, there exists ¢ = ((y,(3) €
Vi (w) x K3(w), such that

Uq = Ga — ¥30a(3, Uz = (3,
where the bi-dimensional functional spaces Vg (w) and Ks(w) are

V(W) ={nyg = (na) e H'(w), ny =0 on 7},
Ki(w)={n3 € H*(w), n3=0,m3 =0 on v, 13 >0 in w}.

(iii) The function ¢ = (g, C3) solves the following problem: Find ({,(3) € Vi (w) x K3(w),
such that

2
g/ Oaﬂo“rao"rCBaaﬂ(?B - CB)dw

> / (p3(773 —(3) = 8a0a(n3 — CS))dwv Vs € Ks(w), (4.1)

2/ 6aBGTeUT(CH)eaﬁ(77H)dW = /panadw, Vg € Vi (w),

where the mechanical forces are given by

1 1
pi(x1,x2) 1= / fidxes + gi,  Sa(x1,22) 1= / 23 fadxs + ga, (4.2)
-1

—1

and the new bi-dimensional elastic tensor C = (éa,@gT) is given by

~ 1
Oaﬂo‘r = LaBor — ZOQBkBA];Ta (43)

where
A = €pgrC13p30C2343C3313,

1 _
ACU = qurCBanC23q3033r37

(4.4)
A, = €parCi3p3CsqcnCaara,
A, = €pgrCi3p3Ca3gaCarcn,
in which €51, denote the Levi-Civitta symbol
1, (i,4,k) is even permutation of (1,2,3),
k= {—1, (i,7,k) is odd permutation of (1,2,3). (4:5)
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Proof The proof is divided into four steps. In the first step, we introduce a new scaled

strain tensor R(g). By means of some boundness results we get that the sequence {u(e)}

converges weakly to a limit w which is a Kirchhoff-Love field. The second step deals with

certain technical results about the components of this strain tensor. In the third step we show

that the convergence of the family {u(¢)} towards the Kirchhoff-Love field w is actually strong.

The fourth step completes the proof by deducing the variational problem.
Step 1. Let us introduce the following symmetric tensor R(e) = (R;;(g)) € L*(Q) by

Rop (5) (v) = €ap (v),

1

Ras(e)(v) = —eas(v),

Rus (=) (v) = 8_12833(1;).

By introducing R(¢)(u(¢)) in the variational inequality (3.5), we get
/Q Cofior Ror (£)(u(e))eas (v — u(e))de

+2 /Q Cousors R (£)(w(E))eas (v — u(e))da
+/QCQ533R33(&:)(u(a))ea5(v —u(e))dx
42 [ Gt Ror (w0 o0 u(e))io
+2 [ Gt (£) (e) s (0 = u(e))da
+§/{lCagggRgg(E)(u(s))eag(v —u(e))dx
o /Q Citar Rar () (ule) Jeas (v — u(e))da
+§2/QngggRgg(s)(u(a))egg(v —u(e))dx
+61—2/{nggggRgg(s)(u(s))egg(v —u(e))dx

> [ e [ 9o ule)e

By introducing the new tensors R(e)(v — u(e)) into the inequality (4.6), we obtain

/Q Cisn Ria(£)(w(e)) R () (v — u(e))da > / Fo(o—u()de + / g0 ule))

Taking v = 0 in (4.7), we get
- /Q oy R (&) (w(e)) Ruy (&) (u(e) ) > — /Q Fou(e)ds — /F gule,
which yields
/Q oot R (2) (w()) Riy () (w(e) )z < / Fu(e)ds + / g- u(e)da.

(4.6)
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Using the coerciveness properties of tensors C, it follows from this inequality that
IR(e)(u(e))f.n < clule)lon < cllue)|1o.
Recalling Korn’s inequality: there exists ¢ > 0 such that
[u(e)li o < cle(u(e)]f

we get that for 0 < ¢ < 1, there exist ¢ > 0 such that

lu(@)F o < cle(w(@))f o < dR(E)(u(e)f o < clule)e. (4.8)

These inequalities imply that the norms ||u(e)||1,0 and |R(e)(u(e))|o,o are uniformly bounded
with respect to €. Then there exists a subsequence, still denoted by w(e), and functions u €
H!(Q) and R € L?(Q) such that as ¢ — 0, we have

{u(a) —u in H'(Q),
R(e)(u(e)) — R(u) in L2(Q).
Moreover, from the definition of R(g), we have

leas(u(e))log <ce,  ess(u(e))lon < ce®.
Hence e;3(u(e)) — 0 in L?(Q) as € — 0, thus

|ei3(u)|079 S lim inf |6i3(u(6))|0’g =0.
e—0

Since e;3(u) = 0, we deduce that there exists a bi-dimensional field ¢ = (¢;) such that (, €
H'(w) and (3 € H?(w), and w is a Kirchhoff-Love displacement field

Ugq = Co — ¥300(3, U3 = (3.
The following lemma will be frequently used in the next step.

Lemma 4.2 Let the operator A(e) : u(e) — HY(Q) which satisfies the weak convergence
Ale)(ule)) — A(u) € L*(Q) ase— 0.
If u(e) € K(Q) solves the variational inequality
/QA(E)(u(E)) - 03(v —u(e))dz > E/Q f-(v—u(e))dz, YveK(Q), (4.9)
then A(u) = 0.

Proof First taking v = 0 and then v = 2u(e) in (4.9), we get

/ A (u(e)) - Fyu(e)dz = e / F - u(e)dz.
Q Q
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Moreover, (4.9) now reads
/ A(e)(u(e)) - d3vdx > 5/ f-vde, Vv eK(Q),
Q Q

which implies
/ A(u) - 9svdx > 0, Yo € K(Q).
Q

We consider the following 2 cases for the in-plane components and the vertical component of
the displacement fields, respectively.

(1) Since v, belongs to a vector space, the previous inequality becomes an equality
/ An(u) B3vedz =0, Yo, € HY(Q),
Q

then, following [1] we get A, (u) = 0.
(2) For the transverse component we consider z,t € D(§2), z > 0 and choose vz > 0 under
the form

z3

v3(x) = z(x1,m2) + max |t(x1,x2, )| +/ t(z1, T2, s)ds.
—1<s<1 1

By a direct computation we can show that fQ As(u) O3vzde = fQ As(u) t(z1, z2,x3)de = 0 for
all ¢ € D(€2) implies Az(u) = 0.
Step II. Before establishing the strong convergence, we compute R;3(u).

The weak convergence established in the Step I implies
Rop(e)(u(e)) = Rap(u) = eqp(u) in L*() as e — 0.
Taking v3 = us(e) and multiplying by € in (4.6), we get
/Q(2CaggTRUT(E) (u(e)) + 4Cq303Ros(e)(u(e)) + 2Cq333 R3s(e) (u(€)))03(ve — ua(e))da

- /Q Coasor Ror () (w(e) s (v — u(e))dz — 26 /Q Cousors R (£)(w(E))eas (v — u(e))da

e /Q s R (2) (w(2) )eas (v — u(e))dz + ¢ /Q Falva — ta(e))de

—|—6/ Ja(Va — U (€))da, Yo, € HY(Q), vy =0 on Ty,
ry
then, we obtain

2Ca3a3Ra3(u) + CazzsRaz(u) = —Cazapeas(u).

Finally, taking v, = us(e) and multiplying by €2 in (4.6), we obtain
/Q(ngmRm(E)(u(f)) + 203303 R03(e)(u(e)) + Cs333 R33(e) (u(e)))d5(vs — us(e))da
- / Cosor Bor (w(€))(€)0a (v — us(e))dz — 2 / s Rors () (w(2)) B (03 — 13(2))der
Q Q

. /Q Coss Ria(€) (w(e))0a (v5 — us(e))da + €2 /Q Fi(vs — us(e))da

+E2/ g3(v3 —us(e))da, Vuvz € H'(Q), v3=0o0nTy, v3>0onT_
ry
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and
203303 Ra3(u) + Cs333 R33(u) = —Cszapeas(u).
Thus, R;3(u) satisfies the following linear system
2C;3a3Ra3(u) + CizzzsR33(u) = —Cizageas(u). (4.10)

To show that this system has a unique solution, first by the symmetry and positivity of tensor

C in (2.1), for every second order 3 x 3 symmetric tensor A = (A4;;), we have
CijriAriAij > cApAgj.

Next we note that the system (4.10) can be written as 2Ci3a3%a + Cissszs = fi, and the

determinant of this linear system is

2C1313 2C1323 Class Ci313 Cizas Cizss
209313 2Ca303 Chszz | =4| Coziz Cozoz  Chsss
203313 2C3323 Class C3313 Cs323 (3333

With Agq = 0 we get CijniArAi; = CizjsAizsAjs > 0, therefore the system (4.10) has a unique
solution

1 (0%
Raa(w) = =58 ey (),
(4.11)

1
R3s (u) - ZAgneCﬁ(u)v

where A, A2, (o =1,2) and A}, are given by (4.4).
Step ITI. The whole family {u(e)} converges strongly.
Introduce the notation [, CA : Adz = [, Cijr1ArAide for all second order symmetric

tensor A. We have

c[R(e)(u(e)) — R(u)[f o
< /QC(R(e)(U(e)) —R(u)) : (R(e)(u(e)) — R(u))dz

< / CR(w) : (R(w) — 2R(e) (u(e)))dz + / CR(c R(e)(u(e))dz.
Q
Since we have already established the weak convergence R(e) — R in L2() as ¢ — 0,
lim ¢|R(e)(u(e)) — R(u)f§ o < / CR(u w)dz + lim | CR(e)(u(e)) : R(e)(u(e))dx.
e—0 e=0 /o

Taking v = wu, and passing to the limit as ¢ — 0 in (4.7), we get

/Q CR(u) : R(u)dz — lim | CR(e)(u(e)) : R(e)(u(e))dz > 0,

e—=0 Jo
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so we have lirr(l) IR(e)(u(e)) — R(u)[3 o <0, {R(e)(u(e))} converges strongly to R(w) in L2(9).
e— ’
By the definition of R(e), we have

le(u(e)) — e(u)[5.o < D |Rap(e)(u(e)) = Rap(w)lga + 25 Y [Ras(e)(ule)) — Ras(u)lg o
o, «

+e*|Ras(e) (u(e)) — Ras(w)lf o

which implies that the sequence {e(u(g))} converges strongly to e(w) in L?(Q2). Then by Korn’s
inequality the sequence u(e) converges strongly to u in H'(€2).
Step IV. For any Kirchhoff-Love vector field v = ({,(3) € Vg (w) x K3(w), we have

eaﬂ(”) = eaﬂ("?H) — 23040573, eiz(v) = 0.

Passing to the limit as e — 0 in (4.7), for all vector field v = ({y,(3) € Vy(w) x K3(w) we get

the following variational inequality:
/Qcaﬂor(em(CH) — 2305-G3)(€ap(My — Cpr) — $33a5(773 —(3))dx
42 [ Coson| = g 05 (e0r (€)= 2305760 sy = o) =200 = o))
+/ Capss [ - %(Agr(ear (Cu) — x360T<3))} (eap(npy — Cr)— 230053 — (3))dz
Q

> /Q [fa(na —Ca — $36a(773 - 43)) + f3(773 — C3)}dx

+/F [Qa(na - Ca - 9C3aa(773 - CB)) + 93(773 - C3)} da.
n
Then we get
- 2 [ -
2/ Oaf’O'TeUT (CH)eaﬂ(nH - CH)dw =+ g / CaﬁoraoTCSaaﬁ (773 - CS)dUJ

> /pH~(77H—CH)dw+/ps(ﬁs-(g)dw—/Saaa(ns—és)dw-

This inequality can be decoupled as

2

g / 60450‘7'80'T<38a5 (773 - CB)dw

> /ps(Tls — (3)dw — / 8a0a(n3 — (3)dw, Vi3 € K3(w), (4.12)

2 [ Cuorcor(Cuteantnulde = [ by mydo. ny € Vi)

where the mechanical forces and electric charges are given by

1 1
Di = / fidzz +gi,  Sa = / 23 fadzs + ga,
—1 1

respectively, and the new characteristic tensor C= (5agm) of the elastic plate is given by

~ 1
CozBo"r = UaBor — ZCQBICBA];T' (413)
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Remark 4.1 Tt is interesting that (4.1) consists of an equality in a vector space for the ¢,
components, namely, for the membrane part of the solution, and an inequality in a cone for the
(3 component, namely, for the bending part of the solution. Thus, the obstacle condition deals

only with the bending part.
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