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Abstract This paper deals with two topics mentioned in the title. First, it is proved
that function f in Lp(∂Da) can be decomposed into a sum g + h, where Da is an an-
gular domain in the complex plane, g and h are the non-tangential limits of functions
in Hp(Da) and Hp(D

c

a) in the sense of Lp(Da), respectively. Second, the sufficient and
necessary conditions between boundary values of holomorphic functions and distributions
in n-dimensional complex space are obtained.
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1 Introduction

Concerning the decomposition, we have known that the decomposition of Lp(R) into the

sum of H+(R) and H−(R) is obtained (see [8, 11, 13]), at least for range 1 < p < ∞. That is,

for any function f(x) ∈ Lp(R), 1 < p < ∞, f(x) can be written as the sum of two functions

f+ and f−, where f+ and f− are the boundary values of a function in the Hardy spaces for the

upper-half space and lower-half space, respectively. For the difficult case of 0 < p < 1, Qian and

Deng [5] have obtained the analogous result. Naturally, a question will be asked: Whether the

decomposition theorem of Lp(R) can be extended to spaces Lp(Da)? We will show the positive

answer in Section 2.

Theory of boundary value problems for analytic functions (see [3, 10]) is one of the most

important branches of complex analysis (see [4, 9]). It has wide applications because many

practical problems in mechanics, physics and engineering may be transformed to such problems

or singular integral equations which are closely related to the boundary problems. In the third

section, we will discuss the relationship between boundary values of holomorphic functions and

distributions (see [1]) in n-dimensional complex space. The same conclusions were established

when n = 1 in [2]. First we introduce some notations before we state our main results.
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A measurable function f is said to belong to Lp(∂Da), 0 < p <∞, if

‖f‖p
Lp(∂Da)

=

∫

∂Da

|f(z)|p|dz| =

∫ ∞

0

|f(reia)|pdr +

∫ ∞

0

|f(re−ia)|pdr <∞,

where 0 < a < π, Da = {z = reiθ ∈ C : −a < θ < a, 0 < r < ∞} is an angular domain in the

complex plane.

The Hardy space Hp(Da) (0 < p <∞) is defined to consist of of these functions f holomor-

phic in the angular domain Da with the property that

‖f‖Hp(Da) = sup
−a<θ<a

∫ ∞

0

|f(reiθ)|pdr <∞,

that is

Hp(Da) = {f : f is holomorphic in Da, ‖f‖Hp(Da) <∞}.

The Hardy space Hp(D
c

a) is defined in the same way as Hp(Da), that is

Hp(D
c

a) = {f : f is holomorphic in D
c

a, ‖f‖Hp(D
c

a)
<∞},

where D
c

a is the complement of Da and

‖f‖Hp(D
c

a)
= sup

a<θ<2π−a

∫ ∞

0

|f(reiθ)|pdr <∞.

We denote Lp
Da

and Lp

D
c

a

as the non-tangential boundary limits of Hardy space Hp(Da) and

Hp(D
c

a), respectively, and those are

L
p
Da

= {f : f is the non-tangential boundary limit of a function in Hp(Da)}

and

L
p

D
c

a

= {f : f is the non-tangential boundary limit of a function in Hp(D
c

a)}.

We fix A and B as open connected subsets of Rn. AB is defined as

AB
.
= {x+ iy : x = (x1, x2, · · · , xn) ∈ A, y = (y1, y2, · · · , yn) ∈ B},

which is a subset of

Cn = {z = (z1, z2, · · · , zn) : zj = xj + iyj , j = 1, 2, · · · , n}.

If A = Rn, we define the Hardy space on tube AB based on B as

Hp(TB)
.
= {f ∈ H(TB) : ‖f‖Hp <∞},

where TB = AB, ‖f‖Hp = sup
y∈B

(
∫
Rn |f(x + iy)|pdx)

1
p (see [7, 13–14]) and H(TB) consists of all

the holomorphic functions on TB. The definition above is analogy to the definition in [4, 13–14].
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Definition 1.1 Let Sn = {σk : {1, 2, · · · , n} → {+1,−1}}, σk = {σk(1), σk(2), · · · , σk(n)},

σk(j) = ±1, 1 ≤ k ≤ 2n. We define

Ωσk
= {y = (y1, y2, · · · , yn) ∈ Rn : yjσk(j) > 0, j = 1, 2, · · · , n}.

We say that a function f , which is holomorphic in TΩσk
, admits a boundary value in the sense

of distributions if the limit

lim
y∈Ωσk

yjσk(j)→0+
j=1,2,··· ,n

∫

Rn

f(x+ iy)ϕ(x)dx

exists for every ϕ ∈ D(Rn).

For example, when n = 2, the four quadrants of R2 are denoted by Ωσ1 , Ωσ2 , Ωσ3 and Ωσ4 ,

where

Ωσ1 = {y = (y1, y2) ∈ R2 : y1 > 0, y2 > 0, σ1(1) = +1, σ1(2) = +1},

Ωσ2 = {y = (y1, y2) ∈ R2 : y1 > 0, y2 < 0, σ1(1) = +1, σ1(2) = −1},

Ωσ3 = {y = (y1, y2) ∈ R2 : y1 < 0, y2 > 0, σ1(1) = −1, σ1(2) = +1},

Ωσ4 = {y = (y1, y2) ∈ R2 : y1 < 0, y2 < 0, σ1(1) = −1, σ1(2) = −1}.

Correspondingly, Cn can be also decomposed into 2n tubes denoted by TΩσk
, k = 1, 2, · · · , 2n,

which with the octants of Rn as bases, that is

TΩσk
= {z = x+ iy ∈ Cn : x ∈ Rn, y ∈ Ωσk

}.

If f is holomorphic in TΩ = T 2n⋃

k=1

Ωσk

, we write it as (fσ1 , fσ2 , · · · , fσ2n ), where fσk
= f

∣∣
Ωσk

.

We say that f admits a boundary value in the sense of distributions if all fσk
admit boundary

value in the sense of distributions.

It follows from ([12], Theorem XIII, p. 74) that the mapping which to each ϕ ∈ D(Rn)

(which consists of infinite differentiable functions with compact support) assigns lim
y∈Ωσk

yjσk(j)→0+∫
Rn f(x + iy)ϕ(x)dx is a distribution which we denote bσk

(fσk
). If f = (fσ1 , fσ2 , · · · , fσ2n

)

admits boundary value, we denote the distribution

b(f) =

2n∑

k=1

(−1)mkbσk
(fσk

),

wheremk is the number of −1 in σk. The distributions b(f), bσk
(fσk

) are called the distributional

boundary values of f and fσk
, respectively.

Definition 1.2 A function f holomorphic in TΩσk
is said to be slow growth if, for every

compact subset K of Rn, there exist an integer k and two positive constants ǫ and C such that

|f(z)| ≤
C

n∏
j=1

|Im zj|k
, Im z ∈ K, 0 < |Im zj | ≤ ǫ.
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Definition 1.3 Let X ⊆ Cn be an open set. A linear form µ on the vector space C∞(X)

is called to be continuous if there is a compact set K ⊆ X, a constant c ≥ 0 and a nonnegative

integer N such that, for all φ ∈ C∞(X),

|
〈
µ, φ

〉
| ≤ c

∑

|α|≤N

sup{|Dαφ| : x ∈ K}.

The vector space of continuous linear forms on C∞(X) is called E ′(X).

Remark 1.1 If µ ∈ E ′(X), then µ is a distribution of finite order.

Definition 1.4 For a distribution T ∈ E ′(Rn), its Cauchy transform C(T ) is the distribu-

tion in Cn given by

C(T ) =
〈
T (ξ)⊗ δ0(η),

1

πn

n∏

j=1

1

zj − ζj

〉
.

Note that these distributions are holomorphic in (Cn − suppT ). Moreover, since 1
πzj

is a

fundamental solution for ∂
∂zj

, and T ⊗ δ0(y) has compact support, the following holds

∂n

∂z1 · · · ∂zn
C(T ) = T (x)⊗ δ0(y).

2 Decomposition of Lp(∂Da) Space

As previously mentioned in introduction, we have known that the functions of Lp(R) for all

0 < p < ∞, p 6= 1, can be decomposed into a sum of two functions which are the boundary

values of the functions in the Hardy spaces for the upper-half and lower-half planes respectively.

That is, for a function f(x) ∈ Lp(R), there exist two functions f+ and f−, such that

f = f+ + f−,

where f+ and f− are the boundary values of the functions in the Hardy spaces for the upper-half

and lower-half planes, respectively.

In this section, we generalize the above type decomposition theorem of Lp(R) to the spaces

Lp(∂Da). We obtain the following main theorem.

Theorem 2.1 Suppose that 1 ≤ p < ∞ and f ∈ Lp(∂Da). Then there exists a positive

constant Ap and two sequences of rational functions {Pk(z)} and {Qk(z)}, such that

Pk ∈ Hp(Da), Qk ∈ Hp(D
c

a).

Meanwhile

∞∑

k=1

(‖Pk‖Lp

Da
+ ‖Qk‖Lp

Dc
a

) ≤ Ap‖f‖Lp(∂Da), (2.1)

lim
n→∞

‖f −

n∑

k=1

(Pk +Qk)‖Lp(∂Da) = 0. (2.2)
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Therefore,

g(z) =
∞∑

k=1

Pk(z) ∈ Hp(Da), h(z) =
∞∑

k=1

Qk(z) ∈ Hp(D
c

a). (2.3)

Moreover, g+, g− and h+, h− are the non-tangential boundary limits of functions for g ∈ Hp(Da)

and h ∈ Hp(D
c

a), respectively, f+ = g+ + h+, f− = g− + h− almost everywhere, and

‖f+‖Lp(∂Da) ≤ ‖g+‖Lp

Da
+ ‖h+‖Lp

Dc
a

≤ Ap‖f+‖Lp(∂Da), (2.4)

‖f−‖Lp(∂Da) ≤ ‖g−‖Lp
Da

+ ‖h−‖Lp

Dc
a

≤ Ap‖f−‖Lp(∂Da). (2.5)

That is, in the sense of Lp(∂Da),

Lp(∂Da) = L
p
Da

+ L
p

D
c

a

.

In order to prove the main results above we need the following lemmas.

Lemma 2.1 (see [15]) Let 0 < p < ∞. D = {z = reiθ : 0 < r < ∞, θ1 < θ < θ2} is

an angular domain in the complex plane. If f ∈ Lp(∂D) and f is holomorphic in D, then

f(z) ∈ Hp(D).

Lemma 2.2 (see [15]) Let 0 < p <∞ and f ∈ Hp(Da), then

‖f‖Hp(Da) = max{‖f∗
a‖Lp(0,∞), ‖f

∗
−a‖Lp(0,∞)},

where f∗
a and f∗

−a are the non-tangential limit of f on La = {z = reia : 0 < r < ∞} and

L−a = {z = re−ia : 0 < r <∞}, respectively.

Lemma 2.3 Let 0 < a < π, 0 < p < ∞. If f ∈ Lp(∂Da), for any ǫ > 0, then there

exist rational functions {Rk(z)}, the poles of Rk(z) contained in {1,−1}, such that for the case

0 < p ≤ 1,

∞∑

k=1

‖Rk(z)‖
p

Lp(∂Da)
≤ (1 + ǫ)‖f‖p

Lp(∂Da)
,

lim
n→∞

‖f −

n∑

k=1

Rk(z)‖
p

Lp(∂Da)
= 0.

Meanwhile, for p > 1 there hold

∞∑

k=1

‖Rk(z)‖Lp(∂Da) ≤ (1 + ǫ)‖f‖Lp(∂Da),

lim
n→∞

‖f −
n∑

k=1

Rk(z)‖Lp(∂Da) = 0.

Proof We define function fN (z) on ∂Da as

fN(z) =




f(z),

1

N
≤ |f(z)| ≤ N,

0, eleswhere,
(2.6)
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then for almost everywhere z ∈ ∂Da, we have

lim
N→∞

fN (z) = f(z), |fN |p ≤ |f |p.

As for the case 0 < p ≤ 1, for any ǫ0 > 0, there exists a positive integer N1 such that when

N2 > N1, it holds

‖fN2 − f‖p
Lp(∂Da)

<
ǫ0

2k
,

where k is a positive integer.

By the definition of fN , we can deduce

suppfN ⊆
{
z ∈ ∂Da :

1

N
≤ |f(z)| ≤ N

}
.

Moreover, the following holds true

fN ∈ Lp(A),

where A
.
= {z ∈ ∂Da : 1

N
≤ |f(z)| ≤ N}.

There exists a function g with compact support contained in A. For the above ǫ0 > 0, there

exists N3 > 0 such that for any N > N3,

‖g − fN‖p
Lp(∂Da)

= ‖g − fN‖p
Lp(A) <

ǫ0

2k
.

For N > max{N1, N3} we have

‖f − g‖p
Lp(∂Da)

≤
ǫ0

2k−1
.

Denote

C0(∂Da) =
{
h(z) ∈ C(∂Da) : lim

|z|→∞
h(z) = 0

}

and

B =
{ P (z)

(z2 − 1)k
: P (z) is a polynomial, degP ≤ 2k − 1, z ∈ ∂Da

}
.

Then B is a subalgebra of C0(∂Da). Moreover, it separates the point of C0(∂Da). As a

consequence, B is dense in C0(∂Da). For any g ∈ C0(∂Da), one may conclude

g(z)(z2 − 1)l0 ∈ C0(∂Da),

where l0 is an integer such that 2pl0 > 1.

By the density of B, there exist a class of functions
{ P (z)

(z2−1)k

}
which belong to B such that

∣∣∣g(z)(z2 − 1)l0 −
P (z)

[z2 − 1]k

∣∣∣ < ǫ0,

that is ∣∣∣g(z)− P (z)

(z2 − 1)k+l0

∣∣∣ < ǫ0

(z2 − 1)
.

Therefore, one has ∥∥∥g(z)− P (z)

(z2 − 1)k+l0

∥∥∥
p

Lp(∂Da)
< Kǫ

p
0,
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where K is a constant satisfying

K =

∫

∂Da

1

|z2 − 1|l0p
dz <∞.

By direct computation we have
∥∥∥f(z)− P (z)

(z2 − 1)k+l0

∥∥∥
p

Lp(∂Da)

≤ ‖f − g‖p
Lp(∂Da)

+
∥∥∥g(z)− P (z)

(z2 − 1)k+l0

∥∥∥
p

Lp(∂Da)

≤
ǫ0

2k−1
+Kǫ

p
0. (2.7)

Let Qk(z) =
P (z)

(z2−1)k+l0
, then we can derive that

‖f(z)−Qk(z)‖
p

Lp(∂Da)
≤

ǫ0

2k−1
+Kǫ

p
0 ≤

ǫ′

4k
‖f‖p

Lp(∂Da)
,

where ǫ′ =
2k+1ǫ0+4kKǫ

p
0

‖f‖p

Lp(∂Da)

.

Let

R1(z) = Q1(z), R2(z) = Q2(z)−Q1(z), · · · , Rk(z) = Qk(z)−Qk−1(z).

Then we can show

Qk(z) =

k∑

j=1

Rj(z)

and
∞∑

k=1

‖Rk(z)‖
p

Lp(∂Da)
=

∞∑

k=1

‖Qk −Qk−1‖
p

Lp(∂Da)

≤

∞∑

k=1

(‖Qk − f‖p
Lp(∂Da)

+ ‖Qk−1 − f‖p
Lp(∂Da)

)

≤
8ǫ′

3
‖f‖p

Lp(∂Da)

≤ (1 + ǫ)‖f‖p
Lp(∂Da)

,

where ǫ = 8ǫ′

3 .

In addition, we can also deduce that

lim
n→∞

∥∥∥f −

n∑

k=1

Rk(z)
∥∥∥
p

Lp(∂Da)
= 0.

By applying the same argument, it is not difficult to show the following conclusions for the case

p > 1 :

∞∑

k=1

‖Rk(z)‖Lp(∂Da) ≤ (1 + ǫ)‖f‖Lp(∂Da),

lim
n→∞

∥∥∥f −

n∑

k=1

Rk(z)
∥∥∥
Lp(∂Da)

= 0.

Thus, the proof is completed.
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Lemma 2.4 Suppose that 0 < p < 1, and R ∈ Lp(∂Da)
(
0 < a < π

2

)
is a rational function

whose poles are contained in {1, e2ai}, then there exist two rational functions P and Q such that

R(z) = P (z) +Q(z), P ∈ Lp(∂Da), P ∈ H(Da) and Q ∈ Lp(∂Da), Q ∈ H(D
c

a).

Proof For the case 0 < p < 1, R ∈ Lp(∂Da) and R is a rational function, whose poles are

contained in {1, e2ai}, then R(z) can be written as

R(z) =

n∑

k=−n

ck(β(z))
k, where β(z) =

1− z
π
2a

1 + z
π
2a
.

Therefore β(reia) = eiθa(r), β(re−ia) = eiθ−a(r).

For each ϕ ∈ R, we define

P (z, ϕ) =
(β(z))mR(z)

(β(z))m − eiϕ
, Q(z, ϕ) =

(β(z))−mR(z)

(β(z))−m − e−iϕ
,

where m is any positive integer greater than the positive integer n. Now we denote

Ia,p =

∫ π

−π

∫ ∞

0

|P (reia, ϕ)|pdrdϕ.

By Fubini′s theorem and direct computation, we can conclude that

Ia,p =

∫ π

−π

∫ ∞

0

|P (reia, ϕ)|pdrdϕ

=

∫ π

−π

∫ ∞

0

|β(reia)|mp|R(reia)|p

|(β(reia))m − eiϕ|p
drdϕ

=

∫ ∞

0

∫ π

−π

|R(reia)|p

|1− ei(ϕ−θa(r))|p
dϕdr

=

∫ ∞

0

∫ π

−π

1

|1− ei(ϕ−θa(r))|p
dϕ|R(reia)|pdr

=

∫ ∞

0

∫ π

−π

1

|1− eiϕ|p
dϕ|R(reia)|pdr

=

∫ ∞

0

∫ π

−π

1

2p sinp ϕ
2

dϕ|R(reia)|pdr

≤ 4

∫ ∞

0

∫ π
2

0

1

2p
(

2
π
ϕ
)p dϕ|R(re

ia)|pdr

≤
21−pπ

1− p

∫ ∞

0

|R(reia)|pdr.

Similarly, it results in

I−a,P =

∫ π

−π

∫ ∞

0

|P (re−ia, ϕ)|pdrdϕ ≤
21−pπ

1− p

∫ ∞

0

|R(re−ia)|pdr,

Ia,Q =

∫ π

−π

∫ ∞

0

|Q(reia, ϕ)|pdrdϕ ≤
21−pπ

1− p

∫ ∞

0

|R(reia)|pdr,

I−a,Q =

∫ π

−π

∫ ∞

0

|Q(re−ia, ϕ)|pdrdϕ ≤
21−pπ

1− p

∫ ∞

0

|R(re−ia)|pdr.
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Therefore, there exists a number ϕ ∈ [−π, π] such that

∫ ∞

0

|P (reia, ϕ)|pdr ≤
2π

1− p

∫ ∞

0

|R(reia)|pdr,

∫ ∞

0

|P (re−ia, ϕ)|pdr ≤
2π

1− p

∫ ∞

0

|R(re−ia)|pdr,

∫ ∞

0

|Q(reia, ϕ)|pdr ≤
2π

1− p

∫ ∞

0

|R(reia)|pdr,

∫ ∞

0

|Q(re−ia, ϕ)|pdr ≤
2π

1− p

∫ ∞

0

|R(re−ia)|pdr.

For the specially chosen real number ϕ, we define

P (z) = P (z, ϕ), Q(z) = Q(z, ϕ),

then

R(z) = P (z) +Q(z).

Since m > n, P and Q are rational functions, with the poles of P contained in {e2ai}
⋃
{zk :

k = 0, 1, 2, · · · , n− 1} and the poles of Q contained in {1}
⋃
{zk : k = 0, 1, 2, · · · , n− 1}, where

zk =
(
− i tan

(
ϕ+2kπ
2m

)) 2a
π = −eia tan

2a
π

(
ϕ+2kπ
2m

)
. Thus, P (z) is holomorphic in Da, and Q(z) is

holomorphic in D
c

a. Therefore, one gets

R(z) = P (z) +Q(z), P ∈ Lp(∂Da), P ∈ H(Da) and Q ∈ Lp(∂Da), Q ∈ H(D
c

a).

Lemma 2.5 Suppose that 1 < p <∞, and R ∈ Lp(∂Da) (0 < a < π) is a rational function

whose poles are contained in {1,−1}, then there exist two rational functions P and Q such that

P ∈ Hp(Da), Q ∈ Hp(D
c

a),

R(z) = P (z) +Q(z).

Meanwhile, we have

‖P∗‖Lp

Da
+ ‖Q∗‖Lp

Dc
a

≤ AP ‖R‖Lp(∂Da), (2.8)

where P∗ and Q∗ are the non-tangential limit of P and Q, respectively.

Proof For the case p > 1, R(z) ∈ Lp(∂Da) is a rational function whose poles are contained

in {1,−1}. Then

R(z) =
c−N,1

(z − 1)N
+ · · ·+

c−1,1

z − 1
+

c−N,2

(z + 1)N
+ · · ·+

c−1,2

z + 1
.

Let

P (z) =
c−N,2

(z + 1)N
+ · · ·+

c−1,2

z + 1
,

Q(z) =
c−N,1

(z − 1)N
+ · · ·+

c−1,1

z − 1
,

where c−N,1, · · · , c−1,1, c−N,2, · · · , c−1,2 are complex constants. Since p > 1, we have

P ∈ Lp(∂Da), Q ∈ Lp(∂Da).
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It follows from Lemma 2.1 that

P ∈ Hp(Da), Q(z) ∈ Hp(D
c

a).

By Lemma 2.2, the inequalities (2.3) holds.

Lemma 2.6 Suppose that R ∈ L1(∂Da) is a rational function and satisfies
∫
∂Da

R(z)dz = 0

whose poles are contained in {1,−1}, then there exist two rational functions P ∈ H1(Da) and

Q ∈ H1(D
c

a) such that

R(z) = P (z) +Q(z)

and

‖P∗‖L1
Da

+ ‖Q∗‖L1
Dc

a

≤ A‖R‖L1(∂Da),

where A is a constant, P∗ and Q∗ are the non-tangential limits of P and Q, respectively.

Proof Since R(z) is a rational function, then it gives

R(z) =
c−N,1

(z − 1)N
+ · · ·+

c−1,1

z − 1
+

c−N,2

(z + 1)N
+ · · ·+

c−1,2

z + 1
,

where c−N,1, · · · , c−1,2 are complex numbers. Moreover,
∫
∂Da

R(z)dz = 0 implies that

∫

∂Da

1

(z − 1)N
dz = 0,

∫

∂Da

1

(z + 1)N
dz = 0

for N ≥ 2. Therefore ∫

∂Da

( c−1,1

z − 1
+
c−1,2

z + 1

)
dz = 0,

then c−1,1 + c−1,2 = 0.

The following fact

∫

∂Da

( c−1,1

z − 1
+
c−1,2

z + 1

)
dz =

∫

∂Da

2c−1,1

(z − 1)(z + 1)
dz = 0

implies that c−1,1 = 0. Thus c−1,1 = c−1,2 = 0. Let

P (z) =
c−N,2

(z + 1)N
+ · · ·+

c−1,2

z + 1
,

Q(z) =
c−N,1

(z − 1)N
+ · · ·+

c−1,1

z − 1
,

therefore

R(z) = P (z) +Q(z).

It is easy to know that P (z) is analytic in Da, and Q(z) is analytic in D
c

a. Moreover,

∫

∂Da

|P (z)|dz ≤

∫

∂Da

N∑

k=2

|c−k,2|

|z + 1|k
dz <∞,

∫

∂Da

|Q(z)|dz ≤

∫

∂Da

N∑

k=2

|c−k,1|

|z − 1|k
dz <∞.
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As a consequence,

P (z) ∈ H1(Da), Q(z) ∈ H1(D
c

a).

According to Lemma 2.2, one may easily show

‖P∗‖L1
Da

+ ‖Q∗‖L1
Dc

a

≤ A‖P‖L1(∂Da).

The proof is completed.

Proof of Theorem 2.1 According to Lemma 2.3 and Lemma 2.5, there exist two sequences

of rational functions Pk(z) and Qk(z) such that Pk ∈ Hp(Da), Qk ∈ Hp(D
c

a).

For the case 1 < p <∞, we can verify that

∞∑

k=1

(‖Pk‖Lp(∂Da) + ‖Qk‖Lp(∂Da)) ≤ Ap(1 + ǫ)‖f‖Lp(∂Da)

and

lim
n→∞

∥∥∥f −

n∑

k=1

(Pk +Qk)
∥∥∥
Lp(∂Da)

= 0.

Moreover, (1.1) implies that (1.3) holds. Therefore, the non-tangential boundary limits g+, g−

and h+, h− of functions for g ∈ Hp(Da) and h ∈ Hp(D
c

a) exist almost everywhere, respectively.

(1.2) shows that

f+ = g+ + h+, f− = g− + h−

almost everywhere, and (1.4)–(1.5) hold.

An argument similar to that used in the proof of the case 1 < p <∞, we can prove the case

for p = 1 by using Lemma 2.1, Lemma 2.3 and Lemma 2.6. We complete the proof.

3 Boundary Value of Holomorphic Function in the Sense of
n-Dimensional Distributions

This section presents several theorems as well as a key lemma, which is the main part of

this section.

First we state a lemma which will be used in the proof of theorems.

Lemma 3.1 If a distribution of the form T (x)⊗ δ0(y) in D′(Ko
(−c,c)n) can be written in the

form ∂n

∂z1···∂zn
U , with supp(U) contained in Rn, then T = 0.

Proof Locally U can be written in a unique way as
∑

0≤j≤n

Uj(x1, z2, · · · , zn)⊗
∂j

∂y
j
1

δ0(y1, y2,

· · · , yn) (see [2, p. 260]). Hence

∂n

∂z1 · · ·∂zn
U(z1, z2, · · · , zn)

=
∂n−1

∂z2 · · ·∂zn

( ∂

∂z1
U(z1, z2, · · · , zn)

)

=
∂n−1

∂z2 · · ·∂zn

(1
2

∑

0≤j≤n

∂

∂x1
Uj ⊗

∂j

∂y
j
1

δ0 +
i

2

∑

0≤j≤n

Uj ⊗
∂j+1

∂y
j+1
1

δ0

)
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=
∂n−2

∂z3 · · ·∂zn

( 1

22

∑

0≤j≤n

∂2Uj

∂x1∂x2
⊗ δ0 +

i

22

∑

0≤j≤n

∂Uj

∂x2
⊗

∂j+1

∂y
j+1
1

δ0 +
i

22

∑

0≤j≤n

∂2Uj

∂x1∂y2
⊗ δ0

+
i

22

∑

0≤j≤n

∂Uj

∂x1
⊗

∂

∂y2
δ0 +

i2

22

∑

0≤j≤n

∂Uj

∂y2
⊗

∂j+1

∂y
j+1
1

δ0 +
i2

22

∑

0≤j≤n

Uj ⊗
∂j+2

∂y
j+1
1 ∂y2

δ0

)

=
(i)n

2n

∑

0≤j≤n

Uj ⊗
∂j+n

∂y
j+1
1 ∂y2 · · · ∂yn

δ0

+
(i)n−1

2n

n∑

i=1

∑

0≤j≤n

∂

∂xi
Uj ⊗

∂j+n−1

∂y
j+1
1 ∂y2 · · · ∂yi−1∂yi+1 · · ·∂yn

δ0

+
(i)n−2

2n

n∑

i,k=1
i<k

∑

0≤j≤n

∂2

∂xi∂xk
Uj ⊗

∂j+n−2

∂y
j+1
1 ∂y2 · · · ∂yi−1∂yi+1 · · ·∂yk−1∂yk+1 · · · ∂yn

δ0

+ · · · · · ·

+
1

2n

∑

0≤j≤n

∂n

∂x1 · · ·∂xn
Uj ⊗

∂j

∂y
j
1

δ0

= T (x1, x2, · · · , xn)⊗ δ0(y1, y2, · · · , yn).

In view of the uniqueness of the representation, we conclude that

∂nU0

∂x1 · · · ∂xn
+ i

∂nU0

∂x1 · · · ∂xk−1∂yk∂xk+1 · · ·∂xn
+ · · ·+ (i)n−1 ∂nU0

∂x1∂y2 · · · ∂yn
= T,

∂n

∂x1 · · · ∂xn
U1 + i

∂n−1

∂x2 · · ·∂xn
U0 = 0,

∂n

∂x1 · · · ∂xn
U2 + i

∂n−1

∂x2 · · ·∂xn
U1 = 0,

...

∂n

∂x1 · · · ∂xn
Un + i

∂n−1

∂x2 · · ·∂xn
Un−1 = 0,

∂n−1

∂x1 · · · ∂xn−1
U1 + i

∂n−2

∂x2 · · ·∂xn−1
U0 = 0,

...

∂n−1

∂x1 · · · ∂xn−1
Un + i

∂n−2

∂x2 · · ·∂xn−1
Un−1 = 0,

...

∂

∂x1
U1 + iU0 = 0, · · · ,

∂

∂x1
Un + iUn−1 = 0, · · · , Un = 0.

Therefore, T = 0. This completes the proof.

Theorem 3.1 Let Γ = Ωσ1 be the first octant in Rn. If f is a holomorphic function of slow

growth in TΓ, then it admits a boundary value in the sense of distributions.
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Proof Let K be a compact subset of Rn. For any ǫ > 0, and a fixed point z0 = x0 + iy0 in

TΓ, we denote γ0, γ1, γ2, · · · the successive primitives of f in TΓ, vanishing at z0,

γ0(z1 · · · zn) =

∫ z1

z0
1

· · ·

∫ zn

z0
n

f(ω1, · · · , ωn)dω1 · · · dωn,

γ1(z1 · · · zn) =

∫ z1

z0
1

· · ·

∫ zn

z0
n

γ0(ω1, · · · , ωn)dω1 · · · dωn,

...

One can show by recurrence that there exist some positive constants C0, · · · , Ck and C′
k such

that, for z = x+ iy, x ∈ K, 0 < |Im zj | ≤ ǫ,

|γ0(z)| ≤
C0

n∏
j=1

yk−1
j

, · · · , |γk−2(z)| ≤
Ck−2
n∏

j=1

yj

,

|γk−1(z)| ≤ Ck−1

n∏

j=1

| log yj |, |γk(z)| ≤ Ck

n∏

j=1

(yj | log yj |) + C′
k.

Since γk is bounded, it follows that γk+1 can be extended as a continuous function to K[0,c)n .

Therefore, the family of distributions Ty ∈ D′(intK) defined by

〈
Ty, ϕ

〉
=

∫

K

γk+1(x + iy)ϕ(x)dx

admits a limit T0 in the sense of distributions when yjσ1(j) → 0+, j = 1, 2, · · · , n, 0 < |Im zj| ≤

ǫ, ∀j = 1, 2, · · · , n. According to

∂n(k+2)

∂xk+2
1 · · ·∂xk+2

n

γk+1 =
∂n(k+2)

∂z1k+2 · · · ∂znk+2
γk+1 = f,

one obtains 〈 ∂n(k+2)

∂xk+2
1 · · · ∂xk+2

n

Ty, ϕ
〉
=

∫

K

f(x+ iy)ϕ(x)dx,

which has the distribution ∂n(k+2)

∂xk+2
1 ···∂xk+2

n

T0 as a limit when yjσ1(j) → 0+, j = 1, 2, · · · , n. Hence

f admits the last distribution as boundary value in the sense of D′(intK). Since K is arbitrary

and a distribution is determined by its value locally, then f admits a boundary value b(f) in

the sense of distributions. We complete the proof.

Under the condition of Theorem 3.1, let us denote by γ̃k+1 the function (and its associated

distribution) defined in K[−∞,c)n as follows:

γ̃k+1(x+ iy)

=





γk+1(x+ iy), 0 < yj < c, ∀j = 1, 2, · · · , n,
γk+1(x+ i0) = lim

yjσ1(j)→0+
γk+1(x + iy), y = (0, 0, · · · , 0),

lim
yjσ1(j)→0+

γk+1(x+ iy), 0 ≤ yj < c, y 6= 0, j = 1, 2, · · · , n,

0, yj < 0, j = 1, 2, · · · , n,

(3.1)

where 0 < c ≤ ∞, [−∞, c)n = [−∞, c)× · · · × [−∞, c).
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Theorem 3.2 Let f be a holomorphic function of slow growth in TΓ. For a compact subset

K ⊆ Rn, we define a distribution fK ∈ D′(Ko
(−∞,c)n) as

fK =
∂n(k+2)

∂xk+2
1 · · · ∂xk+2

n

γ̃k+1.

Then we have the following identity:

∂n

∂z1 · · ·∂zn
fK =

( i

2

)n

(b(f)|K)⊗ δ0(y)

in the sense of distributions.

Proof We keep the notation from the previous theorem and let ϕ ∈ D(Ko
(−∞,c)n). Denote

f̃ = fK and γ̃ = γ̃k+1 for simplify, therefore

〈 ∂nf̃

∂z1 · · · ∂zn
, ϕ

〉

= (−1)n
〈
f̃ ,

∂nϕ

∂z1 · · · ∂zn

〉

= (−1)n
〈 ∂n(k+2)

∂xk+2
1 · · · ∂xk+2

n

γ̃k+1,
∂nϕ

∂z1 · · ·∂zn

〉

= (−1)n(k+3)
〈
γ̃k+1,

∂n(k+3)

∂xk+2
1 · · · ∂xk+2

n ∂z1 · · ·∂zn
ϕ
〉

=
(−1)n(k+3)

(2i)n

∫

K

∫

(0,c)n
γ̃k+1

∂n(k+3)

∂xk+2
1 · · ·∂xk+2

n ∂z1 · · · ∂zn
ϕdz ∧ dz

= lim
‖ǫ‖→0+

(−1)n(k+3)

(2i)n

∫

K

∫

(ǫ,c)n
γ̃k+1

∂n(k+3)

∂xk+2
1 · · · ∂xk+2

n ∂z1 · · · ∂zn
ϕdz ∧ dz,

where dz ∧dz = (dz1 ∧dz1) · · · (dzn ∧dzn). The last step used the continuity of γ̃k+1 up to the

boundary. Hence, using

γk+1
∂k+3

∂zj∂x
k+2
j

ϕdzj ∧ dzj = d
(
γk+1

∂k+2

∂xk+2
j

ϕdzj

)
, j = 1, 2, · · · , n,

and applying Stokes formula, we have

〈 ∂nf̃

∂z1 · · · ∂zn
, ϕ

〉

=
(−1)n(k+3)

(2i)n

∫

K

γk+1(x + i0)
∂n(k+2)

∂xk+2
1 · · · ∂xk+2

n

ϕ(x+ i0)dx

=
(−1)n(k+3)

(2i)n

〈
T0(x),

∂n(k+2)

∂xk+2
1 · · · ∂xk+2

n

ϕ(x+ i0)
〉

=
(−1)n

(2i)n

〈 ∂n(k+2)T0(x)

∂xk+2
1 · · ·∂xk+2

n

, ϕ(x + i0)
〉

=
(−1)n

(2i)n
〈b(f), ϕ(x+ i0)〉

=
〈( i

2

)n

b(f)
∣∣∣
K
⊗ δ0(y), ϕ

〉
,

which is the desired formula.
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Remark 3.1 If we start with fσk
being a holomorphic function of slow growth in TΩσk

, for

any σk in Sn, we obtain

∂nf̃σk

∂z1 · · ·∂zn
= (−1)mk

( i

2

)n

bσk
(fσk

)⊗ δ0(y),

where f̃σk
is the extension of fσk

.

Theorem 3.3 For every T ∈ E ′(Rn), the Cauchy transform C(T ) has (−2i)nT as a bound-

ary value in the sense of distributions.

Proof Let us observe first that, T being of finite order m, C(T ) is slow growth. In fact,

there are constants C and R such that

|
〈
T, ϕ

〉
| ≤ C sup

x∈B0(R)

sup
0≤|j|≤m

∣∣∣ ∂|j|

∂x
j1
1 · · · ∂xjnn

ϕ(x)
∣∣∣,

where B0(R) is the ball of radius R with center at the origin, j = (j1, · · · , jn) and |j| =

j1 + · · ·+ jn. Therefore, if z is not in B0(R) we have

|C(T )| =
∣∣∣
〈
T (x),

1

πn
n∏

k=1

(zk − xk)

〉∣∣∣ ≤ C sup
x∈B0(R)

sup
0≤|j|≤m

∣∣∣
n∏

k=1

jk!

(zk − xk)jk+1

∣∣∣.

It follows that, for a conveniently chosen constant C1 > 0, we have

|C(T )| ≤
C1

n∏
k=1

|Im zk|jk+1

,

where Im zk 6= 0, k = 1, 2, · · · , n.

Let us denote by fσk
the restriction C(T )|Ωσk

and f̃σk
the extension to D′(Cn) with support

in {Ωσk
}. Its existence is a consequence of Theorem 3.1, and we know that

∂nf̃σk

∂z1 · · · ∂zn
= (−1)mk

( i

2

)n

bσk
(fσk

)⊗ δ0(y),
∂n

∂z1 · · · ∂zn
C(T ) = T ⊗ δ0(y).

Then

∂n

∂z1 · · · ∂zn

(
C(T )−

2n∑

k=1

fk

)
=

(
T −

2n∑

k=1

(−1)mk

( i

2

)n

bσk
(fσk

)
)
⊗ δ0(y)

=
(
T −

( i

2

)n

C(T )
)
⊗ δ0(y).

By Lemma 3.1 we obtain

T =
( i

2

)n

C(T ).

The proof is completed.

Theorem 3.4 Every distribution T in D′(Rn) is a boundary value of a holomorphic function

of slow growth in TΩ.
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Proof Let Kn ⊆ Kn+1 be compact subsets of Rn, and Rn =
⋃
n

Kn. Chosen a sequence

ϕn ∈ D(Rn), 0 ≤ ϕn ≤ 1, ϕn ≡ 1 in a neighborhood of Kn and suppϕn ⊆ Kn+1. Let

B = [−c, c]n, TB = {z = x + iy : x ∈ Rn, y ∈ B}, Bn = [−cn, cn]
n, cn → c (n → ∞) and

B =
∞⋃

n=1
Bn.

Define T1 = ϕ1T, Tn = (ϕn − ϕn−1)T for n ≥ 2. We have T =
∑
n≥1

Tn. For every n ≥ 1 the

function

C(Tn) = C(Tn(x)⊗ δ0(y))

is holomorphic outside supp(Tn) + i0. In particular, for n ≥ 2, C(Tn) is holomorphic in a

neighborhood of the set

Ln−1 = {z = x+ iy ∈ Cn : x ∈ Kn−1, y ∈ Bn−1}.

Since Ln−1 is convex, it is holomorphically convex in Cn. Therefore, we can find polynomials

hn such that

sup
z∈Ln−1

|C(Tn)(z)− hn(z)| ≤
1

2n
, n ≥ 2.

Thus, the series

S = C(T1) +
∑

n≥2

(C(Tn)− hn)

converges in D′
(
T 2n⋃

k=1

Ωσk

)
and defines a holomorphic function of slow growth. Furthermore,

∂nS

∂z1 · · ·∂zn
=

∂nC(T1)

∂z1 · · · ∂zn
+

∑

n≥2

∂nC(Tn)

∂z1 · · · ∂zn
=

(∑

n≥1

Tn

)
⊗ δ0(y) = T (x)⊗ δ0(y).

For every compact subset K of Rn, it leads to

∂nS̃σk

∂z1 · · ·∂zn
= (−1)mk

( i

2

)n

bσk
(Sσk

)⊗ δ0(y),

where S̃σk
denotes the extension of S

∣∣
KΩσk

and suppS̃σk
⊂ T 2n⋃

k=1

Ωσk

.

As a result, we get

∂n

∂z1 · · · ∂zn

(
S
∣∣
KB

−

2n∑

k=1

S̃σk

)
=

(
T
∣∣
K
−
( i

2

)n

b(S)
)
⊗ δ0(y),

which implies that

T =
( i

2

)n

b(S).

This completes the proof.

Theorem 3.5 Suppose that f ∈ H(TΓ) has T ∈ D′(Rn) as a boundary value. Then for

every ϕ ∈ D(T(−∞,c)n), ǫ = (ǫ1, ǫ2, · · · , ǫn), the function g : [0, c)n → C defined by

g(ǫ) =





∫

Rn

f(x+ iǫ)ϕ(x + iǫ)dx, 0 < ǫj < c, j = 1, 2, · · · , n,

〈
T, ϕ(x+ i0)

〉
, ǫ = (0, 0, · · · , 0),

lim
ǫjσ1(j)→0+

∫

Rn

f(x+ iǫ)ϕ(x + iǫ)dx, 0 < ǫj < c, ε 6= 0, j = 1, 2, · · · , n

(3.2)
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is continuous. Moreover, the integral

S(ϕ) =

∫

[0,c)n

(∫

Rn

f(x+ iǫ)ϕ(x + iǫ)dx
)
dǫ

exists and S defines a distribution in T(−∞,c)n with support in (Rn)[0,c)n .

Proof The continuity of g(ǫ) follows from Definition 1.1 and the existence of S(ϕ) follows

from the continuity of g(ǫ). From [12, Theorem XIII, p. 74] we conclude that S is a distribution.

Theorem 3.6 Under the same hypotheses of Theorem 3.5, we conclude that f is slow growth

and
∂nS

∂z1 · · ·∂zn
=

( i

2

)n

b(f)⊗ δ0(y) =
( i

2

)n

T (x)⊗ δ0(y)

with S defined above.

Proof Let Ω be an open subset of Rn, K ⊂⊂ Ω ⊆ Rn and 0 < ǫ < d(K,Ωc). Let ψ be a

standard radial function (see [6]) in Cn with support in B(0, 1), ψδ(z) =
1

δ2n
ψ
(
z
δ

)
(δ > 0). For

fixed point x0 ∈ K, denote by ϕδ(ζ) the function ψδ(ζ − (x0 + iδ)). Since S has a finite order

k in the compact set F = {z ∈ Cn : d(z,K) ≤ ǫ}, there is a positive constant C such that if

ϕ ∈ D(Cn) has support in (int F ∩ Γ), then

|
〈
S, ϕ

〉
| ≤

∣∣∣
∫
fϕdm

∣∣∣ ≤ C sup
ζ∈F

sup
0≤p+q≤k

∣∣∣ ∂p+qϕ

∂z
p1

1 · · ·∂zpn
n ∂z

q1
1 · · · ∂zqnn

(ζ)
∣∣∣,

where p = p1 + · · ·+ pn, q = q1 + · · ·+ qn.

On the other hand, it holds

∂p+q

∂zp∂zq
ϕδ(ζ) =

1

δp+q+2n

∂p+q

∂zp∂zq
ψ
(ζ − (x0 + iδ)

δ

)
.

Therefore, there is a constant CK > 0 such that in the case 0 < δ ≤ ǫ,

∣∣∣
∫
ϕδ(ζ)f(ζ)dm(ζ)

∣∣∣ ≤ Ckδ
−2n−k.

By the mean value property of holomorphic functions, the left-side is precisely |f(x0 + iδ)|. In

other words,

|f(x0 + iδ)| ≤ Ckδ
−2n−k, x0 ∈ K, 0 < δ ≤ ǫ.

The proof is completed.
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