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Some Weak Specification Properties and Strongly Mixing*

Qi YAN!  Jiandong YIN? Tao WANG!

Abstract In this paper, the authors first construct a dynamical system which is strong-
ly mixing but has no weak specification property. Then the authors introduce two new
concepts which are called the quasi-weak specification property and the semi-weak spec-
ification property in this paper, respectively, and the authors prove the equivalence of
quasi-weak specification property, semi-weak specification property and strongly mixing.
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1 Introduction

By a topological dynamical system (X, f) (a dynamical system for short), we mean that X
is a compact metric space with metric d and f : X — X is continuous.

The specification property has turned out to be an important notion in the study of dynam-
ical systems. It was firstly introduced by Bowen in [2] (see also [1, 3, 6] for some examples with
the specification property and some basic properties). Nowadays, many authors have given
their attention to the study of the specification property and raised several kinds of specifica-
tion properties, such as the strong specification property, the periodic specification property,
the almost specification property, the weak specification property, etc. (see [4-5, 7]). In this
article, we will follow the terminology of [4].

Definition 1.1 (see [4]) We say that a surjective continuous map f : X — X has the weak
specification property (briefly WSP), if for any § > 0, there is a positive integer Ns such that
for any two points y1,ys and any sequence 0 = j1 < ky < jo < ko with jo — k1 > Ny there is a
point x € X such that, for each positive integer m = 1,2 and all integers i with jp,, < i < kpy,
the following condition holds:

d(f'(x), f'(ym)) < 6.

WSP is one of the weakest forms of specification property. And it is known that a map
with WSP is strongly mixing. This result is strongly dependent on the assumption that f is
surjective, since this result may not be true if all the other conditions of WSP but the surjective
property are satisfied. See the following example for details.

Manuscript received November 16, 2014. Revised April 28, 2016.
IDepartment of Mathematics, Nanchang University, Nanchang 330031, China.

E-mail: qiyanmath@163.com taowangmath@163.com
2Corresponding author. Department of Mathematics, Nanchang University, Nanchang 330031, China.
E-mail: yjdaxf@163.com
*This work was supported by the National Natural Science Foundation of China (Nos.11261039,
11661054), the Jiangxi Provincial Natural Science Foundation of China (No.20132BAB201009) and
the Visiting Scholar Special Funds of Development Program for Middle-aged and Young Teachers in
Ordinary Undergraduate Colleges and Universities of Jiangxi Province.



1112 Q. Yan, J. D. Yin and T. Wang

Example 1.1 Let X = {1 :n =1,23,---}U{0} and f(0) =0, f(1) = n+-1 for any
n > 1. Under the usual metric of R (the real space), (X, f) is a dynamical system. Then (X, f)

satisfies all the other conditions of WSP except the surjective property.

Proof Clearly, f is not surjective. For any ¢ > 0, there is N5 > 0 such that g > N%, that

is, for all n > Ny, % < %. It is evident that for any z € X, klim f¥(z) = 0. So for any two
—00

points y1,y2 € X and any sequence 0 = j; < k1 < jo < ko with jo — k1 > Ns, choose z = y1,
then we have

1 (@) = fry)l = 1 (1) = Fy) =0 <6, Vi < i<k,

59(@) - P) < 1P -0 410~ Pl < 3 +3 =6 Y <ish

Therefore, (X, f) satisfies all the other conditions of WSP except the surjective property.

Conversely, a natural question appears: Does the strongly mixing property imply WSP? In
this paper, we first show by an example that the strongly mixing property is not enough to imply
WSP; the concrete example will be given in Section 3. Furthermore, we introduce two weaker
concepts of specification property than WSP, which are called the quasi-weak specification
property and the semi-weak specification property in this article, respectively. See the following
definitions in more details.

Definition 1.2 We say that a surjective continuous map f : X — X has the quasi-weak
specification property (briefly QWSP), if for any 6 > 0, there is a positive integer N such that
for any two points y1,y2 and any n > Nj there is a point x € X such that d(z,y1) < 0 and

d(f™(x), f"(y2)) < 9.

Definition 1.3 We say that a surjective continuous map f : X — X has the semi-weak
specification property (briefly SWSP), if for any 6 > 0, there is a positive integer Ny such that
for any two points y1,y2 and any sequence 0 < j1 < ki < jo < ko with jo — k1 > Ngs there is a
point x € X and for each positive integer m = 1,2 there exists an integer i with j,, < i < kn,
such that

d(f'(z), f'(ym)) < 6.

On the basis of these concepts, we show the equivalence of the quasi-weak specification
property, the semi-weak specification property and strongly mixing. If we note the example
given in Section 3, this result shows that QWSP and SWSP are strictly weaker than WSP.

2 Preliminaries and Basic Concepts

Let (X, f) be a dynamical system. In this paper, we use Z; to denote the set of all
nonnegative integers and use N to denote the set of all positive integers and denote the sets
of periodic points, almost periodic points, recurrent points, and non-wandering points of f by
P(f), A(f), R(f) and Q(f), respectively. Let x € X, denote by orb(x, f) and w(z, f) the orbit
of z and the w-limit set of x under f, respectively.

Denote B(x,¢) by the e-neighborhood of z, that is B(z,e) = {y € X | d(z,y) < £}.

We set, for nonempty open subsets U,V of X,

NUV)={neZ, | frU)NV + o},

We say that:
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f is (topologically) transitive, if for any two nonempty open sets U,V C X, N(U,V) # &;

f is strongly mixing, if N(U,V) is cofinite, namely, there exists N € N such that for any
n>N, frlU)NV # 2.

Let (X, f), (Y,g) be two dynamical systems with metric d,d;, respectively. The product
system of (X, f) and (Y, g) is denoted by (X x Y, f X g). The metric d on X x Y is defined as

d((1,y1), (22,y2)) = max{d(z1,22),d1(y1,92)},

whenever (z1,y1), (z2,y2) € X x Y.

If there is a continuous surjective map ¢ : X — Y with ¢ o f = g o ¢, we will say that f
and g are semi-conjugate (by ¢). The map ¢ is called a semi-conjugacy or a factor map (from
f to g). The map g is called a factor of f and the map f is called an extension of g. If ¢ is a
homeomorphism, then we call it a conjugacy (from f to g).

Next, we introduce some basic notations of symbolic dynamical systems.

Suppose that S = {0,1} and X5 = {0, 1}"V is the one-sided symbolic space on S. A distance
on Y is defined as follows: For © = (x1x0ws -+ ), y = (y1y2ys -+ ) € Lo,

0, if z=y,
p(:z:, y) = 2—min{nEN|wn;ﬁyn}’ if 7& Y.

Then (32, p) is a compact metric space. A shift map o : Yo — Yo is defined as follows:
o(x) = (zaxs - -+ ) for any z = (v12223---) € ¥s. Then (X9, 0) is called the one-sided symbolic
dynamical system.

Call V' a tuple of S, if V is a finite arrangement of some elements of S. If V = vyvs--- v,
where v; € S for i =1,--- ,r, then we call r the length of V| denoted by |V|. Denote by S* the
set of all the tuples of S. Let W = wjws - - - ws be another tuple of S, denote

VW = v - - - vpwiws - - - ws.

Then VIV is also a tuple of S. V is said to occur in W, denoted by V' < W, if there is p > 0 such
that vy = wpiq, ¢ = 1,2,---,7. Otherwise, denoted by V' £ W. Let z = (z12223---) € Lo
and V = vivs - - - v, be a tuple of S. We say that V is a tuple of x, if there exists ¢ > 1 such
that V = ;241 - - Tj4r—1; We say that V occurs in x infinite times, if there exists a positive
integer sequence {n;}$2; such that v; =z, 4, j=1,2,---,r for any ¢ > 1.

3 Main Results and Proofs
Firstly, we present some properties of WSP.

Proposition 3.1 Let (X, f) and (Y, g) be two dynamical systems and f, g be semi-conjugate.
If (X, f) has WSP, so does (Y, g).

Proof Let ¢ : X — Y be the semi-conjugate map from f to g. For any £ > 0, there exists
0 > 0 such that di(¢(x), ¢(y)) < e for all x,y € X with d(x,y) < d. Let N5 be such a positive
integer corresponding to § as in the definition of WSP. For the above ¢, take N. = Ns > 0.
Then for any yi,y2 € Y, there exist x1,29 € X such that ¢(z1) = y1, ¢(a2) = y2. For any
sequence 0 = j; < k1 < jo < ko with jo — k; > N. = Ny, there is a point z € X such that for
m = 1,2 and all integers ¢ with j,, <1 < k;y,

d(f*(2), f'(xm)) < 6.
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Let w = ¢(z), then

di(g'(w), 9" (ym)) = d1(9"(6(2)), 9" (d(xm))) = da(8(f*(2)), 6(f* (xm))) < &.
Thus (Y, g) has WSP.

Proposition 3.2 Let (X, f) and (Y, g) be two dynamical systems. If (X, f) and (Y, g) have
WSP, then (X XY, f X g) has WSP.

Proof For any ¢ > 0, let N7 and Ny be such positive integers given by WSP of (X, f)
and (Y, g), respectively. Take N. = max{Ny, No}. For any (x1,y1), (x2,y2) € X X Y and any
sequence 0 = j; < k1 < jo < ko with jo — k1 > N., there exist x € X, y € Y such that for each
positive integer m = 1,2 and all integers ¢ with j,,, < i < k,,, the following conditions hold:

d(f'(x), f'(zm)) <&,

di (9" (), 9" (ym)) < &

Then,

d((f % 9)'(2,9), (f X 9) (T, ym)) = max{d(f (), f'(@m)), di(g' (9), 9" (ym))} < &.
Hence (X x Y, f x ¢g) has WSP.

Proposition 3.3 Let (X, f) be a dynamical system. Then (X, f) has WSP if and only if
(X, f™) has WSP for any n > 1.

Proof The sufficiency is obvious, we prove the necessity.

For any € > 0, let N; be such a positive integer corresponding to € as appears in the
definition of the WSP of f. Take N, = [%] + 1, where [%} denotes the maximum integer not
more than &2, For any x1,2x2 € X and any sequence 0 = 51 < k1 < jo < ko with jo — k1 > N,

n
obviously, 0 = nj1 < nky < njs < nkz and njs — nky > nN. = n[Nl} + n > Nip; thus, there

n
exists € X such that for each positive integer m = 1,2 and all integers ¢ with nj,, <i < nky,,
the following result holds:

d(f*(z), f'(xm)) <&
Then
d(f™ (x), [ (zm)) <e
for all integers j with j,, < j < ky,. Therefore (X, f™) has WSP.
Remark 3.1 Propositions 3.1-3.3 are also true for QWSP and SWSP.

Next we list two lemmas, which are helpful for the proofs of our main results.

Lemma 3.1 (see [8]) Suppose that there exists x € X such that w(z, f) = X, then f is
strongly mizing if and only if for any € > 0 there is N > 0 such that

/" (B(z,e)) N B(x,e) # @
for allm > N.
Lemma 3.2 Let (X, f) be a dynamical system. If Q(f) = X, then f is surjective.
Proof The proof is simple, so we omit it.

As is well known that a dynamical system with WSP is strongly mixing, how about the
converse? The following Theorem 3.1 shows that the converse may not be true.
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Theorem 3.1 There exists a sub-shift which is strongly mizing but has no WSP.

k many times k
. ~—
Proof For the sake of convenience, we denote

—N
A---A by A---A, where A € 5*.
Let D1 =1, By = 1001 be two tuples of S, Dy = 10 be the tuple consisting of the first two
terms of By and By = D100D:0000D,D1D1D,0000D2D5 D5 D5. Let D3 be the tuple consisting
of the first three terms of By. For k > 2, we define By and Dy by induction as follows:

2k 2k 2k

2k 2k 2k
———— —N———
B, =B,_100---0D1D1---D100---0D3D5---Ds---00---0DgDy, - - - Dy,

and Dy is the tuple of S consisting of the first k terms of By_1.

Let x = klim (Br00---) € 39 and X = w(x,0). The restriction of o to X is denoted by o1,
—00

then o1 : X — X and (X, 01) is a sub-shift of (32, 0). To complete the proof of the result, we
first prove two claims.

Claim 1 Let 01 : X — X be as above, then o7 is strongly mixing.
Proof of Claim 1 For any € > 0, there exists N > 0 such that

(DpDy,--+) € B(x,e)
for any n > N. Note that for any n > N, (D, D,,---) € X and o7"(DpDy,-++) = (DpDy,--+) €
B(z,¢), thus
ot (B(z,e)) N B(x,e) # @.

By Lemma 3.1, o1 is strongly mixing.

Claim 2 Let o : X — X be as above, then (X, o) has no WSP.
Proof of Claim 2 Let ¢g = % and choose

z1 = (D3D3DyDy -+ ), w9 = (D1D1D1Dy---) € X

For any N > 0, take j; =0, ky =4N + 3, jo =5N +5, ko = 11N 4+ 4. For any z € X, one of
the following conclusions holds:

p(a(z), 0 (21)) > % Ji € [0,4N + 3], (3.1)
p(0?(2), 07 (x3)) > % Jj € [BN +5,11N +4]. (3.2)
Otherwise, we have
p(0(2), 0% (z1)) < % Wi € [0,4N + 3] (3.3)
and
(07 (2), 07 (2)) < % ¥j € BN +5, 11N +4]. (3.4)

Then such a z satisfying formulas (3.3)—(3.4) must have the following characteristics

2N+2 N 6N

2 =(DsDy-- D>~ "DiD; - Dy

g

)
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N+1
where - - -~ denotes a tuple of S with length N 4 1, similarly hereinafter. Since z € w(x, o), that

2N +2 N4l 6N
is, all the tuples of z must occur in x infinite times. Obviously, DoDy--- D"+ --"D1Dy -+ Dy
2N+2 N+1 6N
is a tuple of z. Thus, DyDs---Dy"---"D1Dq--- Dy must occur in z infinite times. By the
2N+2 N1 6N

construction of z, we know that the tuple DDy - - - Doy TXD.D,---D; can only occur in such
2m 2m 5m
—— ——
tuples as DoDy - Dy 00---07 - (
integer), that is,

m > N+1) or DDy, of z (here k is an enough large positive

AN+2 N 6N 2m 2 5m
o~ ——
DoDy - Dy~ >DiDy---Dy < DyDsy---Dy00---07-- (3.5)
or
2N+2 N1 6N
DosDy---Dy"---"D1Dq--- Dy < DpDy. (36)

Next, we discuss the following two cases:
Case 1 We show that it is impossible for the case of (3.5).
2N+2 N+1 2m 2m

. ——— o~ ——— .
Since 2m > 2N +2 > N + 3, then DoDs---Ds”---"D1Dy £ DsDs---D500---0. That is,

2N+2 N 6N 2m 2m 5
o~ —_—

DyDy Dy~ DyDy - Dy £ DoDs---Dy 0007

Case 2 We show that it is also impossible for the case of (3.6).

2N+2 N4 6N 6N—1

=~ — .

If DoDy---Dy"--"D1Dy--- Dy < DiDy, then D1 Dy --- Dy < Dj,. By the construction of z,
6N—1 6N—1 N1 6N

——— . AN
one can see that 00---0D1Dq --- Dy < Dg. Since 6N —1 > N +3, then Dy"---"D1Dy--- Dy 4

Dy Dy, Clearly,
2N42 N1 6N

DoDs Do~ DiDy -~ Dy # Dy Dg.
2N+2 a1 6N
Summarizing Case 1 and Case 2, we obtain that the tuple Do D5 - - - Do ’ﬁDl D1+ Dy can
not occur in x. Thus z ¢ w(x, o), which is contrary to z € X = w(z,0). This contradiction

gives that (3.1) or (3.2) is true. Thus, we obtain immediately that (X, o7) has no WSP. The
proof is ended.

Lemma 3.3 Let (X, f) be a dynamical system, then (X, f) has QWSP if and only if [ is
strongly mizing.

Proof First, we prove the necessity.

Let U,V C X be any nonempty open sets, then there exist x € U, y € V and dg > 0, such
that B(x,d9) C U and B(y,dp) C V. Let Nj, be such a positive integer corresponding to dyp as
appears in the definition of QWSP. Since f is surjective, for any n > Nj,, there exists z € X
such that y = f™(z). By the definition of QWSP, there is € X such that d(r,z) < Jp and
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d(f™(r), f*(2)) < . Thus r € B(x,60) C U and f"(r) € B(y,d) C V. So f"(U)NV # @,
which implies that f is strongly mixing.

Next, we prove the sufficiency.

Since f is strongly mixing, (f) = X. By Lemma 3.2, f is surjective.

For any ¢ > 0, there exists A = {x1,22, - ,&m} C X, such that X C U B(z;,$). Since
i=1

[ s strongly mixing, there exists Ng > 0 such that fr(B(z;,%)) N B(zj,3) # @ for any
i,7€{1,2,--- ,m} and n > N;. For any two points y1,y2 € X and n > Ng, let y = f" (y2),

there exist zp,z, € A such that y1 € B(zp, 2) y € B(zg, 2) Obviously, there is zg € B(xp, g)
and f"(zo) € B(xzq, 2) Thus,

d(xo,y1) < d(xo,xp) + d(xp, Y1) <6,
d(f" (o), f"(y2)) = d(f"(20),y) < d(f"(x0), xq) + d(z4,y) < 0.
Therefore (X, f) has QWSP.

Remark 3.2 By Lemma 3.3 and noting that WSP implies the strongly mixing property,
we know that WSP implies QWSP. But Theorem 3.1 gives that the converse is not true.

Lemma 3.4 Let (X, f) be a dynamical system. If (X, f) has SWSP, then f is strongly
mizing.

Proof Let U,V C X be any nonempty open sets. There exist x1 € U, z2 € V and
e > 0, such that B(z1,e) C U and B(x2,e) C V. Note the continuity of f, for the above
g, there exists 0 < § < e such that d(f(x), f(y)) < € for all z,y € X with d(z,y) < 4. Let
N5 be such a positive integer corresponding to ¢ as appears in the definition of SWSP. Take
j1=0, k1 =1, jo = Ns+2, ko = N5+ 3. Since f is surjective, there are y;,ys € X such that
r1 = f(y1), w2 = fN513(ys). By the definition of SWSP, we consider the following four cases:

Case 1 If there exists x such that d(z,y1) < § and d(fNo+2(x), fN6+2(ye)) < 8, then by
the continuity of f,

d(f(z), f(yr)) <e, d(fY (@), [ ()) <e.

Obviously, f(z) € B(x1,e) C U and fNs™3(z) C B(z2,6) C V. Thus fN+t2(U)NV # 2.
Case 2 If there exists z such that d(z,y1) < & and d(fNs3(z), fV573(ya)) < § < €, then

d(f(z), flyr)) <e, d(fY73 (), AP () <6 <e.

Clearly, f(z) € B(z1,e) C U and fNs+3(x) C B(xg,e) C V. Hence fNst2(U)NV #£ 2.
Case 3 If there exists = such that d(f(z), f(y1)) < < & and d(fNs+2(z), fNF2(y9)) < 6,
then
d(f(x), fy1)) <6 <e, d(f¥T(2), fFoH(y2)) <e
Evidently, f(z) € B(z1,e) C U and fNs+3(x) € B(xa,e) C V. So fNsT2(U)NV # @.
Case 4 If there exists = such that

d(f(z), flyr) <6 <e, d(f¥*(a), [ (y2)) <d<e.

Distinctly, f(z) € B(x1,¢) C U and fNs+3(z) C B(xa,¢) C V. Therefore fNsT2(U) NV # @.

Summarizing all the cases, we get immediately that fNs+*2(U) NV # @ for j; =0, k; =
1, jo = N5 +2, ko = N5 + 3. Then by a similar method, we can prove that fNs+3(U)NV # @
for j1 =0, k1 =1, jo = Ns+3, ka = Ns +4, and the like f*(U)NV # & for any n > Ns + 2.
Therefore f is strongly mixing.
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Theorem 3.2 Let (X, f) be a dynamical system, then the following statements are equiva-
lent:

(1) f is strongly mixing;
(2) (X, f) has QWSP;
(3) (X, f) has SWSP.

Proof By Lemma 3.3, (X, f) has QWSP if and only if f is strongly mixing, and by Lemma
3.4, we have that if (X, f) has SWSP, then f is strongly mixing. Thus, we only need to prove
that (X, f) has SWSP if (X, f) has QWSP.

Suppose that (X, f) has QWSP. For any § > 0, let N5 be such a positive integer corre-
sponding to ¢ as appears in the definition of QWSP. For any two points y1, y2 and any sequence
0 <j1 < k1 < jo < kg with jo — k1 > Ng, by the surjective property of f, there exist ys3,y4
such that Y3z = fjl (yl), Yg = fjl (yQ) Let n = jos—j1 > jo — k1 > Ns. Since (X, f) has QWSP,
there exists z € X such that d(z,y3) < 0 and d(f™(z), f*(y4)) < §. Note that f is surjective,
then there is 27 € X such that z = fJ1(z;). Thus

d(f (z1), [ (y1)) <6,
A(f" 7 (21), " (y2) = (172 (21), [ (y2)) < 6.

Hence (X, f) has SWSP.

Remark 3.3 By the main results of this paper, one can deduce that both QWSP and
SWSP are strictly weaker than WSP.

Remark 3.4 In particular, WSP, QWSP, SWSP and strongly mixing are equivalent for
the case of interval maps. And we believe that WSP, QWSP, SWSP and strongly mixing are
equivalent for the case of sub-shifts of finite type.

Acknowledgement The authors are grateful to the referee for his (her) critical remarks
leading to improvement of the presentation of the work.

References

(1] Buazzi, J., Specification on the interval, Tran. Amer. Soc., 349, 1997, 2737-2754.

[2] Bowen, R., Topological entropy and axiom A, in: Global Analysis, Berkeley, CA, 1968, in: Proc. Sympos.
Pure Math., vol. XIV, Amer. Math. Soc., Providence, RI, 1970, 23-41.

[3] Denker, M., Grillenberger, C. and Sigmund, K., Ergodic theory on compact spaces, Lecture Notes in Math.,
vol. 527, Springer-Verlag, Berlin, 1976.

[4] Lampart, M. and Oprocha, P., Shift spaces, w-chaos and specification property, Topology and Its Applica-
tions, 156, 2009, 2979-2985.

[5] Oprocha, P. and Stefankova, M., Specification property and distributional chaos almost everywhere, Proc.
Amer. Math. Soc., 136, 2008, 3931-3940.

(6] Sigmund, K., On dynamical systems with the specification property, Trans. Amer. Math. Soc., 190, 1974,
285-299.

[7] Yamamoto, K., On the weaker forms of the specification property and their application, Proc. Amer. Math.
Soc., 137, 2009, 3807-3814.

[8] Zhou, Z. L., Yin, J. D. and Xu, S. Y., Topological Dynamical System-From Topological Method to Ergodic
Theory Method, Science Press, Beijing, 2011 (in Chinese).



