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Abstract Let x : Mn

→ S
n+1 be an immersed hypersurface in the (n + 1)-dimensional

sphere S
n+1. If, for any points p, q ∈ Mn, there exists a Möbius transformation φ :

S
n+1

→ S
n+1 such that φ ◦ x(Mn) = x(Mn) and φ ◦ x(p) = x(q), then the hypersurface

is called a Möbius homogeneous hypersurface. In this paper, the Möbius homogeneous
hypersurfaces with three distinct principal curvatures are classified completely up to a
Möbius transformation.
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1 Introduction

A diffeomorphism φ : Sn+1 → S
n+1 is said to be a Möbius transformation if φ takes the

set of round n-spheres into the set of round n-spheres. All Möbius transformations form a

transformation group, which is called the Möbius transformation group of Sn+1 and denoted by

M(Sn+1). It is well-known that, for n ≥ 2, the Möbius transformation group M(Sn+1) of Sn+1

coincides with the conformal transformation group C(Sn+1) of Sn+1. In [11], Wang introduced

complete Möbius invariants for a submanifold x : Mm → S
n+1, and obtained a congruent

theorem of hypersurfaces in S
n+1 (also see [1]). Recently some special hypersurfaces, including

the Möbius isoparametric hypersurfaces, the Blaschke isoparametric hypersurfaces and so on,

have been extensively studied in the context of Möbius geometry (see [4–5, 7]).

Another special hypersurface is the Möbius homogeneous hypersurface. A hypersurface x :

Mn → S
n+1 is called a Möbius homogeneous hypersurface if for any two points p, q ∈ Mn, there

exists a Möbius transformation φ ∈ M(Sn+1) such that φ◦x(Mn) = x(Mn) and φ◦x(p) = x(q).

Let x : Mn → S
n+1 be a Möbius homogeneous hypersurface, we define

Π = {φ ∈ M(Sn+1) | φ ◦ x(Mn) = x(Mn)}.

Then Π is a subgroup of the Möbius group M(Sn+1), and the hypersurface x is the orbit of the

subgroup Π. Thus the Möbius scalar invariants on the hypersurface are constant.

Standard examples of Möbius homogeneous hypersurfaces in S
n+1 are the image of homoge-

neous hypersurfaces in S
n+1 under the Möbius transformations. The homogeneous hypersurface
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in S
n+1 is the isoparametric hypersurface, which was systematically studied (see [2–3]). An-

other standard examples come from homogeneous hypersurfaces in R
n+1. The inverse of the

stereographic projection σ : Rn+1 7→ S
n+1 is defined by

σ(u) =
(1− |u|2

1 + |u|2
,

2u

1 + |u|2

)
.

The conformal map σ assigns any hypersurface in R
n+1 to a hypersurface in S

n+1. In [8],

authors proved that the Möbius invariants on f : Mn 7→ R
n+1 are the same as the Möbius

invariants on σ ◦ f : Mn 7→ S
n+1. If f : Mn → R

n+1 is a homogeneous hypersurface, then the

hypersurface x = σ ◦ f is a Möbius homogeneous hypersurface.

Next we give a method to construct the Möbius homogeneous hypersurface in S
n+1.

Proposition 1.1 Let u : Mm → S
m+1 be an immersed hypersurface. We define the cone

over u as

f : Mm ×R+ × R
n−m−1 → R

n+1, 1 ≤ m ≤ n− 1,

f(p, t, y) = (tu(p), y).

If u : Mm → S
m+1 be a homogeneous hypersurface, then the image of σ of the cone hypersurface

f over u is a Möbius homogeneous hypersurface in S
n+1.

These examples above come from homogeneous hypersurfaces in S
n+1 or Rn+1. But there

are some examples of Möbius homogeneous hypersurfaces which can not be obtained in this

way. In [10], Sulanke constructed a Möbius homogeneous surface, which is a cylinder over a

logarithmic spiral in R
2, and classified the Möbius homogeneous surfaces in R

3. In [6], authors

constructed a Möbius homogeneous hypersurface, a logarithmic spiral cylinder, which is a high

dimensional version of Sulanke’s example and classified the Möbius homogeneous hypersurfaces

in S
n+1 with two distinct principal curvatures. In addition, in [6], authors also classified the

Möbius homogeneous hypersurfaces in S
4.

In this paper, the Möbius homogeneous hypersurfaces with three distinct principal curva-

tures are classified, and the main results are as follows.

Theorem 1.1 Let x : Mn → S
n+1 be a Möbius homogeneous hypersurface with three

distinct principal curvatures. Then x is Möbius equivalent to one of the following hypersurfaces:

(1) The isoparametric hypersurfaces in S
n+1 with three distinct principal curvatures;

(2) the image of σ of the cone over a standard torus

u : Sk(r) × S
m−k(

√
1− r2) → S

m+1, 1 ≤ k ≤ m− 1, k < m ≤ n− 1;

(3) the image of σ of the cone over the cartan’s minimal isoparametric hypersurface u :

Mn−1 → S
n with three distinct principal curvatures.

Remark 1.1 Two hypersurfaces x, x̃ : Mn → S
n+1 are Möbius equivalent, if there exists a

Möbius transformation φ ∈ M(Sn+1) such that φ ◦ x(Mn) = x̃(Mn).

According to the classification results in [5], combining Proposition 1.1 and our main The-

orem 1.1, we can derive the following corollary.
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Corollary 1.1 A Möbius homogeneous hypersurface with three distinct principal curvatures

is a Möbius isoparametric hypersurface. Conversely, a Möbius isoparametric hypersurface with

three distinct principal curvatures is a Möbius homogeneous hypersurface.

We organize the paper as follows. In Section 2, we give the elementary facts about Möbius

geometry for hypersurfaces in S
n+1. In Section 3, we prove Proposition 1.1 and give a charac-

terization of the cone hypersurfaces. In Section 4, we prove that the Möbius form of the Möbius

homogeneous hypersurfaces with three distinct principal curvatures vanishes. In Section 5, we

give the proof of Theorem 1.1.

2 Möbius Invariants for Hypersurfaces in S
n+1

In this section, we recall some facts about the Möbius transformation group and define

Möbius invariants of hypersurfaces in S
n+1. For details we refer to [11].

Let Rn+3
1 be the Lorentz space, i.e., Rn+3 with the inner product 〈·, ·〉 defined by

〈x, y〉 = −x0y0 + x1y1 + · · ·+ xn+2yn+2

for x = (x0, x1, · · · , xn+2), y = (y0, y1, · · · , yn+2) ∈ R
n+3.

Let O(n+ 2, 1) be the Lorentz group of Rn+3
1 defined by

O(n+ 2, 1) = {T ∈ GL(Rn+3) | tTI1T = I1},

where tT denotes the transpose of T and I1 =
(
−1 0
0 I

)
.

Let Cn+2
+ = {y = (y0, y1) ∈ R×R

n+2 | 〈y, y〉 = 0, y0 > 0} ⊂ R
n+3
1 , and O+(n+ 2, 1) denote

the subgroup of O(n+ 2, 1) defined by

O+(n+ 2, 1) = {T ∈ O(n+ 2, 1) | T (Cn+2
+ ) = Cn+2

+ }.

Lemma 2.1 (see [9]) Let T = (w u
v B ) ∈ O(n + 2, 1). then T ∈ O+(n + 2, 1) if and only if

w > 0.

It is well-known that the subgroup O+(n+2, 1) is isomorphic to the Möbius transformation

group M(Sn+1). In fact, for any

T =

(
w u

v B

)
∈ O+(n+ 2, 1),

we can define the Möbius transformation L(T ) : Sn+1 7→ S
n+1 by

L(T )(x) =
Bx+ v

ux+ w
, x = t(x1, · · · , xn+2) ∈ Sn+1.

Then the map L : O+(n+ 2, 1) 7→ M(Sn+1) is a group isomorphism.

Let x : Mn 7→ S
n+1 be a hypersurface without umbilical points, and en+1 the unit normal

vector field. Let II =
∑
ij

hijθiθj and H = 1
n

∑
i

hii be the second fundamental form and the

mean curvature of x, respectively. The Möbius position vector Y : Mn 7→ R
n+3
1 of x is defined

by

Y = ρ(1, x), ρ2 =
n

n− 1
(‖II‖2 − nH2).
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Theorem 2.1 (see [11]) Two hypersurfaces x, x̃ : Mn 7→ S
n+1 are Möbius equivalent if

and only if there exists T ∈ O+(n+ 2, 1) such that Ỹ = Y T.

It follows immediately from Theorem 2.1 that

g = 〈dY, dY 〉 = ρ2dx · dx

is a Möbius invariant, which is called the Möbius metric of x (see [11]).

Let ∆ be the Laplacian operator with respect to g, we define

N = −
1

n
∆Y −

1

2n2
〈∆Y,∆Y 〉Y.

Then we have

〈Y, Y 〉 = 0, 〈N, Y 〉 = 1, 〈N,N〉 = 0.

Let {E1, · · · , En} be a local orthonormal basis for (Mn, g) with the dual basis {ω1, · · · , ωn},

and write Yi = Ei(Y ), then we have

〈Yi, Y 〉 = 〈Yi, N〉 = 0, 〈Yi, Yj〉 = δij , 1 ≤ i, j ≤ n.

We define the conformal Gauss map of x

G = (H,Hx+ en+1).

By direct computations, we have

〈G, Y 〉 = 〈G,N〉 = 〈G, Yi〉 = 0, 〈G,G〉 = 1.

Then {Y,N, Y1, · · · , Yn, G} forms a moving frame in R
n+3
1 along Mn. We use the following

range of indices in this section: 1 ≤ i, j, k, l ≤ n. We can write the structure equations as

follows:

dY =
∑

i

Yiωi,

dN =
∑

ij

AijωiYj +
∑

i

CiωiG,

dYi = −
∑

j

AijωjY − ωiN +
∑

j

ωijYj +
∑

j

BijωjG,

dG = −
∑

i

CiωiY −
∑

ij

ωjBijYi,

where ωij is the connection form of the Möbius metric g and ωij + ωji = 0. The tensors

A =
∑
ij

Aijωi ⊗ ωj , C =
∑
i

Ciωi and B =
∑
ij

Bijωi ⊗ ωj are called the Blaschke tensor, the

Möbius form and the Möbius second fundamental form of x, respectively. The eigenvalues of

(Bij) are called the Möbius principal curvatures of x. The covariant derivative of Ci, Aij , Bij

are defined by
∑

j

Ci,jωj = dCi +
∑

j

Cjωji,

∑

k

Aij,kωk = dAij +
∑

k

Aikωkj +
∑

k

Akjωki,

∑

k

Bij,kωk = dBij +
∑

k

Bikωkj +
∑

k

Bkjωki,
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respectively. The integrability conditions for the structure equations are given by

Aij,k −Aik,j = BikCj −BijCk, (2.1)

Ci,j − Cj,i =
∑

k

(BikAkj −BjkAki), (2.2)

Bij,k −Bik,j = δijCk − δikCj ,
∑

j

Bij,j = −(n− 1)Ci, (2.3)

Rijkl = BikBjl −BilBjk + δikAjl + δjlAik − δilAjk − δjkAil, (2.4)
∑

i

Bii = 0,
∑

ij

(Bij)
2 =

n− 1

n
, trA =

∑

i

Aii =
1

2n
(1 + n2s), (2.5)

where Rijkl denote the curvature tensor of g, s = 1
n(n−1)

∑
ij

Rijij is the normalized Möbius

scalar curvature. When n ≥ 3, we know that all coefficients in the structure equations are

determined by {g,B}, and we have the following theorem.

Theorem 2.2 (see [11]) Two hypersurfaces x : Mn 7→ S
n+1 and x̃ : Mn 7→ S

n+1 (n ≥ 3)

are Möbius equivalent if and only if there exists a diffeomorphism ϕ : Mn → Mn, which

preserves the Möbius metric g and the Möbius second fundamental form B.

The coefficients of the Möbius second fundamental form can be written by

Bij = ρ−1(hij −Hδij).

Clearly the number of distinct Möbius principal curvatures is the same as that of its distinct

principal curvatures.

3 A Method to Construct the Möbius Homogeneous Hypersurface

In this section, we prove Proposition 1.1 and our Theorem 1.1 for dimension n = 3.

Let u : Mm → S
m+1 be an immersed hypersurface in sphere, then the cone over u is defined

by

f : Mm ×R+ × R
n−m−1 → R

n+1, f(p, t, y) = (tu(p), y), 1 ≤ m ≤ n− 1.

The Möbius position vector Y : Mm ×R+ × R
n−m−1 −→ R

n+3
1 of the cone f is

Y = ρ0

(1 + t2 + |y|2

2t
,
1− t2 − |y|2

2t
,
y

t
, u

)
, (3.1)

where ρ20 = n
n−1 (|IIu|

2− m2

n
H2

u) : M
m −→ R, and y : Rn−m−1 −→ R

n−m−1 is the identity map.

Let

H
n−m = {(y0, y) ∈ R

n−m+1 | −y20 + |y|2 = −1, y0 ≥ 1} ∼= R+ × R
n−m−1,

then
( 1+t2+|y|2

2t ,
1−t2−|y|2

2t , y

t

)
: R+×R

n−m−1 = H
n−m → H

n−m is nothing else but the identity

map. And from (3.1), the Möbius position vector Y of the cone f can be written as

Y = ρ0(u, id) : M
m ×H

n−m → S
m+1 ×H

n−m ⊂ R
n+3
1 , (3.2)

where ρ0 ∈ C∞(Mm) and id : Hn−m → H
n−m is an identity map. Thus we have the following

result.
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Proposition 3.1 Let f : Mn → R
n+1 be an immersed submanifold without umbilical points.

If there exist ρ0 ∈ C∞(Mm) and a submanifold u : Mm → S
m+1 such that the Möbius position

vector of f is

Y = ρ0(u, id) : M
m ×H

n−m → S
m+1 ×H

n−m ⊂ R
n+3
1 .

Then f is a cone over u.

Proof of Proposition 1.1 If u : Mm → S
m+1 is a homogeneous hypersurface, from (3.2),

we know that Y = ρ0(u, id) : M
m×H

n−m → S
m+1 ×H

n−m ⊂ R
n+3
1 is homogeneous. Thus the

cone f is Möbius homogeneous, and we finish the proof of Proposition 1.1.

Next, we give the proof of Theorem 1.1 for the case n = 3. Let x : M3 → S
4 be a Möbius

homogeneous hypersurface with three distinct principal curvatures. From [6, 12], we know that

x is Möbius equivalent to the two classes of hypersurfaces. One is the 1-parameter family of

isoparametric hypersurfaces with three principal curvatures. Another is the images of σ of the

cone over the 1-parameter family of isoparametric torus in S3. Thus, Theorem 1.1 holds for

the hypersurfaces in S
4.

4 The Möbius Homogeneous Hypersurfaces with Three Distinct Prin-

cipal Curvatures in S
n+1

Let x : Mn 7→ S
n+1 (n ≥ 4) be a Möbius homogeneous hypersurface with three distinct

principal curvatures. We can choose a local orthonormal basis {E1, E2, · · · , En} with respect

to the Möbius metric g such that

(Bij) = diag(b1, · · · , b1︸ ︷︷ ︸
m1

, b2, · · · , b2︸ ︷︷ ︸
m2

, b3, · · · , b3︸ ︷︷ ︸
m3

). (4.1)

From (2.5), we have

m1b1 +m2b2 +m3b3 = 0, m1b
2
1 +m2b

2
2 +m3b

2
3 =

n− 1

n
. (4.2)

Since x is a Möbius homogeneous hypersurface, the Möbius principal curvatures b1, b2, b3 are

constant. From
∑
k

Bij,kωk = dBij +
∑
k

Bikωkj +
∑
k

Bkjωki and (4.1), we have

(bi − bj)ωij =
∑

m

Bij,mωm, Bii,m = 0. (4.3)

Let [bi] = {k | bk = bi}. It follows from (4.3) that





Bij,k = 0, [bi] = [bj ], 1 ≤ k ≤ n,

ωij =
∑

k

Bij,k

bi − bj
, [bi] 6= [bj ].

(4.4)

Proposition 4.1 Let x : Mn 7→ S
n+1 (n ≥ 4) be a Möbius homogeneous hypersurface with

three distinct principal curvatures. Then, the Möbius form of x vanishes, i.e., C = 0.

The proof of Proposition 4.1 is divided into the following three lemmas.
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Lemma 4.1 Let x : Mn 7→ S
n+1 (n ≥ 4) be a Möbius homogeneous hypersurface with three

distinct principal curvatures. If m1 ≥ 2, m2 ≥ 2, m3 ≥ 2, then the Möbius form of x vanishes,

i.e., C = 0.

Proof Since mi ≥ 2, for each i fixed, we can choose j, k ∈ [bi] such that j 6= k. From (4.4),

we have

Bjj,k = 0, Bjk,m = 0, 1 ≤ m ≤ n,

combining (2.3),

0 = Bjj,k −Bjk,j = Ck, k ∈ [bi].

Thus C = 0, and we finish the proof of Lemma 4.1.

Lemma 4.2 Let x : Mn 7→ S
n+1 (n ≥ 4) be a Möbius homogeneous hypersurface with three

distinct principal curvatures. If m1 = m2 = 1, m3 ≥ 2, then the Möbius form of x vanishes,

i.e., C = 0.

Proof The distributions V1 = span{E1}, V2 = span{E2}, V3 = span{E3, · · · , En}, deter-

mined by eigenvectors of the Möbius second fundamental form are invariant under the subgroup

Π. Since dimV1 = dimV2 = 1, the eigenvectors E1, E2 are invariant under the subgroup Π.

Therefore, the data A11 = A(E1, E1), A12 = A(E1, E2), C1,2 = ∇C(E1, E2), R1212, and so on,

are constants.

Using (4.4) and (2.3), we have

{
Ca = 0, B1a,1 = B2a,2 = 0, 3 ≤ a ≤ n,

B1a,a = −C1, B2a,a = −C2, Bab,m = 0, 3 ≤ a, b ≤ n.
(4.5)

From (4.4)–(4.5), we obtain





ω12 =
∑

m

B12,m

b1 − b2
ωm, ω1a =

B1a,2

b1 − b3
ω2 +

C1

b3 − b1
ωa,

ω2a =
B2a,1

b2 − b3
ω1 +

C2

b3 − b2
ωa, 3 ≤ a ≤ n.

(4.6)

Let E =
∑
a≥3

B12,aEa ∈ V3. It follows that E is invariant under the subgroup Π. We divide the

proof into two cases:

Case 1 E = 0.

Case 2 E 6= 0.

First, we consider Case 1, E = 0. We have B12,a = 0, 3 ≤ a ≤ n, and from (4.6), we have





ω12 =
C2

b2 − b1
ω1 +

C1

b2 − b1
ω2,

ω1a =
C1

b3 − b1
ωa, ω2a =

C2

b3 − b2
ωa, 3 ≤ a ≤ n.

(4.7)

Note that C1, C2 are constant, and we use dωij −
∑
m

ωim ∧ ωmj = −
∑
k<l

Rijklωk ∧ ωl and (4.7)
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to obtain the following equations:





−
∑

k<l

R12klωk ∧ ωl =
C2

1 + C2
2

(b1 − b2)2
ω1 ∧ ω2,

−
∑

k<l

R1aklωk ∧ ωl =
[ C2

1

(b1 − b3)2
+

C2
2

(b1 − b2)(b3 − b2)

]
ω1 ∧ ωa

−
C1C2

(b1 − b3)(b1 − b2)
ω2 ∧ ωa, a ≥ 3,

−
∑

k<l

R2aklωk ∧ ωl =
[ C2

1

(b1 − b3)(b1 − b2)
+

C2
2

(b3 − b2)2

]
ω2 ∧ ωa

−
C1C2

(b2 − b3)(b2 − b1)
ω1 ∧ ωa, a ≥ 3.

(4.8)

From (2.4) and (4.8), we can obtain




A1a = A2a = Aab = 0, 3 ≤ a, b ≤ n, a 6= b,

R1a2a = A12 =
C1C2

(b1 − b3)(b1 − b2)
, 3 ≤ a ≤ n,

R2a1a = A12 =
C1C2

(b2 − b3)(b2 − b1)
, 3 ≤ a ≤ n,

R1a1a = −
[ C2

1

(b1 − b3)2
+

C2
2

(b1 − b2)(b3 − b2)

]
, 3 ≤ a ≤ n,

R2a2a = −
[ C2

1

(b1 − b3)(b1 − b2)
+

C2
2

(b3 − b2)2

]
, 3 ≤ a ≤ n.

(4.9)

From the second and third formula of (4.9), we have

(2b3 − b1 − b2)C1C2 = 0. (4.10)

From (2.4) and the fourth and fifth formulas of (4.9), we have

A11 −A22 =
C2

1 (b2 − b3)

(b1 − b3)2(b1 − b2)
+

C2
2 (b1 − b3)

(b2 − b3)2(b1 − b2)
+ (b2 − b1)b3. (4.11)

If C1C2 6= 0, from (4.10), 2b3 − b1 − b2 = 0. By (4.2), b1 + b2 + (n − 2)b3 = 0. Thus

we have b3 = 0 and b1 = −b2. From (4.9), we have A12 = C1C2

2b2
1

. On the other hand, from

dAij +
∑
m

Amjωmi +
∑
m

Aimωmj =
∑
m

Aij,mωm, we have






A11,2 =
C2

1C2

2b31
, A22,1 =

−C1C
2
2

2b31
,

A12,1 = (A11 −A22)
C2

b2 − b1
, A12,2 = (A11 −A22)

C1

b2 − b1
.

(4.12)

Combining (2.1), (4.11)–(4.12), we obtain

C2[C
2
1 + C2

2 + 4b41] = 0, C1[C
2
1 + C2

2 + 4b41] = 0,

which is a contradiction. Thus C1C2 = 0.

Since C1C2 = 0, from (4.9), we have A12 = 0. On the other hand, using A1a = A2a = 0, 3 ≤

a ≤ n, from dAij +
∑
m

Amjωmi +
∑
m

Aimωmj =
∑
m

Aij,mωm, we have

A11,2 = A22,1 = 0, A12,1 = (A11 −A22)
C2

b2 − b1
, A12,2 = (A11 −A22)

C1

b2 − b1
. (4.13)
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Combining (2.1), (4.11) and (4.13), we obtain

C2

[
1 +

C2
2 (b1 − b3)

2

(b3 − b2)2(b1 − b2)2

]
= 0, C1

[
1 +

C2
1 (b2 − b3)

2

(b3 − b1)2(b2 − b1)2

]
= 0.

Thus C1 = C2 = 0, that is C = 0.

Next we consider Case 2, E 6= 0. We can rechoose an orthonormal basis {E3, · · · , En} in

V3 such that E3 = E
|E| . Under the orthonormal basis {E1, E2, E3, · · · , En}, the equations (4.1),

(4.5) and (4.6) still hold. Moreover,

B12,3 6= 0, B12,4 = 0, · · · , B12,n = 0 (4.14)

and






ω12 =
C2

b2 − b1
ω1 +

C1

b2 − b1
ω2 +

B12,3

b1 − b2
ω3,

ω13 =
B12,3

b1 − b3
ω2 +

C1

b3 − b1
ω3, ω1a =

C1

b3 − b1
ωa, a ≥ 4,

ω23 =
B12,3

b2 − b3
ω1 +

C2

b3 − b2
ω3, ω2a =

C2

b3 − b2
ωa, a ≥ 4.

(4.15)

Using dωij −
∑
m

ωim ∧ ωmj = −
∑
k<l

Rijklωk ∧ ωl and (4.15), we have





−
∑

k<l

R13klωk ∧ ωl

=
[ −2C1B12,3

(b1 − b3)(b1 − b2)
−

C1B12,3

(b1 − b3)2

]
ω1 ∧ ω2 −

C1C2

(b1 − b3)(b1 − b2)
ω2 ∧ ω3

+
[ C2

1

(b1 − b3)2
+

C2
2

(b2 − b1)(b2 − b3)
−

2B2
12,3

(b2 − b1)(b2 − b3)

]
ω1 ∧ ω3,

−
∑

k<l

R23klωk ∧ ωl

=
[ 2C2B12,3

(b2 − b3)(b2 − b1)
+

C2B12,3

(b2 − b3)2

]
ω1 ∧ ω2 −

C1C2

(b3 − b2)(b1 − b2)
ω1 ∧ ω3

+
[ C2

1

(b3 − b1)(b2 − b1)
+

C2
2

(b2 − b3)2
−

2B2
12,3

(b1 − b2)(b1 − b3)

]
ω2 ∧ ω3,

(4.16)





−
∑

k<l

R1aklωk ∧ ωl

=
[ C2

1

(b1 − b3)2
+

C2
2

(b2 − b1)(b2 − b3)

]
ω1 ∧ ωa −

C1C2

(b1 − b3)(b1 − b2)
ω2 ∧ ωa

−
C2B12,3

(b2 − b1)(b2 − b3)
ω3 ∧ ωa −

B12,3

b1 − b3
ω2 ∧ ω3a, a ≥ 4,

−
∑

k<l

R2aklωk ∧ ωl

=
−C1C2

(b2 − b3)(b2 − b1)
ω1 ∧ ωa +

[ C2
1

(b2 − b1)(b3 − b1)
+

C2
2

(b2 − b3)2

]
ω2 ∧ ωa

−
C1B12,3

(b1 − b3)(b1 − b2)
ω3 ∧ ωa −

B12,3

b2 − b3
ω1 ∧ ω3a, a ≥ 4.

(4.17)
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From (2.4) and (4.16), we have

R1313 = b1b3 +A11 +A33 = −
[ C2

1

(b1 − b3)2
+

C2
2

(b2 − b1)(b2 − b3)
−

2B2
12,3

(b2 − b1)(b2 − b3)

]
,

R2323 = b2b3 +A22 +A33 = −
[ C2

1

(b3 − b1)(b2 − b1)
+

C2
2

(b2 − b3)2
−

2B2
12,3

(b1 − b2)(b1 − b3)

]
.

Thus we have

(b1 − b2)b3 + A11 −A22

=
C2

1 (b3 − b2)

(b3 − b1)2(b2 − b1)
+

C2
2 (b3 − b1)

(b3 − b2)2(b2 − b1)
+

2B2
12,3(2b3 − b2 − b1)

(b3 − b1)(b2 − b1)(b2 − b3)
. (4.18)

Similarly from (2.4) and (4.17), we have

(b1 − b2)b3 +A11 −A22 =
C2

1 (b3 − b2)

(b3 − b1)2(b2 − b1)
+

C2
2 (b3 − b1)

(b3 − b2)2(b2 − b1)
. (4.19)

Noting that B12,3 6= 0, and comparing (4.18) and (4.19), we obtain

2b3 − b2 − b1 = 0.

Since tr(B) = 0, we have

b1 + b2 = 0, b3 = 0. (4.20)

Again we use (2.4), (4.16)–(4.17) to obtain






A23 = R1312 =
2C1B12,3

(b1 − b3)(b1 − b2)
+

C1B12,3

(b1 − b3)2
,

A13 = −R2312 =
2C2B12,3

(b2 − b3)(b2 − b1)
+

C2B12,3

(b2 − b3)2
,

A13 = R1a3a =
C2B12,3

(b2 − b1)(b2 − b3)
,

A23 = R2a3a =
C1B12,3

(b1 − b3)(b1 − b2)
.

(4.21)

From (4.21), we have

(2b1 − b2 − b3)C2 = 0, (2b2 − b1 − b3)C1 = 0.

Since |B|2 = n−1
n

, combining (4.20), we deduce that C1 = C2 = 0. Thus C = 0, and we finish

the proof of Lemma 4.2.

Lemma 4.3 Let x : Mn 7→ S
n+1 (n ≥ 4) be a Möbius homogeneous hypersurface with three

distinct principal curvatures. If m1 = 1, m2 ≥ 2, m3 ≥ 2, then the Möbius form of x vanishes,

i.e., C = 0.

Proof In the last of the section, we make the following indices convention:

1 ≤ i, j, k,m ≤ n, 2 ≤ a, b ≤ m2 + 1, m2 + 2 ≤ s, t ≤ n. (4.22)
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The distributions V1 = span{E1}, V2 = span{E2, · · · , Em2+1}, V3 = span{Em2+2, · · · , En},

determined by eigenvectors of the Möbius second fundamental form, are invariant under the

subgroup Π. Since dim V1 = 1, the eigenvectors E1 are invariant under the subgroup Π.

Therefore the data, A11 = A(E1, E1), C1, are constants. Since m2,m3 ≥ 2, we can choose

i, j ∈ [b2] (or i, j ∈ [b3]) such that i 6= j. From (4.4), we have

Bii,j = 0, Bij,m = 0, 1 ≤ m ≤ n.

By (2.3),

0 = Bii,j −Bij,i = Cj .

Thus Ca = 0 and Cs = 0. Combining (4.4) and (2.3) again, we obtain





Bij,k = 0, 2 ≤ i, j, k ≤ n,

B1a,1 = B1s,1 = 0, Bii,j = 0,

B1a,b = Bab,1 = Bst,1 = 0, a 6= b,

B1a,a = B1s,s = −C1

(4.23)

and





ω1a =
C1

b2 − b1
ωa +

∑

t

B1a,t

b1 − b2
ωs,

ω1s =
∑

b

B1s,b

b1 − b3
ωb +

C1

b3 − b1
ωs,

ωas =
Bas,1

b2 − b3
ω1.

(4.24)

Since C1 is constant and Ca = Cs = 0, using dCi +
∑
j

Cjωji =
∑
j

Ci,jωj, we have

C1,i = 0,
∑

j

Ca,jωj = C1ω1a,
∑

j

Cs,jωj = C1ω1s. (4.25)

Combining (4.24) and (4.25), we have

Ca,1 = Cs,1 = 0, Ca,s =
C1B1a,s

b1 − b2
, Cs,a =

C1B1s,a

b1 − b3
. (4.26)

From (2.2), we obtain

A1a = A1s = 0, Aas =
C1B1a,s

(b1 − b2)(b1 − b3)
. (4.27)

Using dBij,k +
∑
m

Bmj,kωmi +
∑
m

Bim,kωmj +
∑
m

Bij,mωmk =
∑
m

Bij,kmωm, (4.23)–(4.24), we

obtain




B1a,1a = 2
∑

t

B2
1a,t

b3 − b1
+

C2
1

b2 − b1
, B1a,a1 = 2

∑

t

B2
1a,t

b3 − b2
,

B1s,1s = 2
∑

b

B2
1b,s

b2 − b1
+

C2
1

b3 − b1
, B1s,s1 = 2

∑

b

B2
1b,s

b2 − b3
,

Bas,as =
2B2

1a,s

b1 − b2
+

C2
1

b1 − b3
, Bas,sa =

2B2
1a,s

b1 − b3
+

C2
1

b1 − b2

(4.28)
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and




Bas,sb = 2
B1s,aB1s,b

b1 − b3
, Bas,bs = 2

B1s,aB1s,b

b1 − b2
,

Bas,at = 2
B1a,sB1a,t

b1 − b2
, Bas,ta = 2

B1a,sB1a,t

b1 − b3
.

(4.29)

Combining (4.28)–(4.29) and Bij,kl −Bij,lk =
∑
m

BmjRmikl +
∑
m

BimRmjkl, we have






R1a1a =
∑

t

2B2
1a,t

(b3 − b1)(b3 − b2)
−

C2
1

(b1 − b2)2
,

R1s1s =
∑

b

2B2
1b,s

(b2 − b1)(b2 − b3)
−

C2
1

(b1 − b3)2
, Rasas =

2B2
1a,s − C2

1

(b1 − b2)(b1 − b3)
,

Rasbs = Aab =
2B1s,aB1s,b

(b1 − b2)(b1 − b3)
, a 6= b, Ast =

2B1a,sB1a,t

(b1 − b2)(b1 − b3)
, s 6= t.

(4.30)

Repeat the above derivation as (4.28), we have






Bas,tb =
1

b1 − b3
[B1a,sB1b,t +B1a,tB1b,s], a 6= b, s 6= t,

Bas,bt =
1

b1 − b2
[B1a,sB1b,t +B1a,tB1b,s], a 6= b, s 6= t.

(4.31)

The equations (2.4) and (4.1) imply

Rasbt = 0, a 6= b, s 6= t.

Combining Ricci identity and (4.31) yields

B1a,sB1b,t +B1a,tB1b,s = 0, a 6= b, s 6= t. (4.32)

Since B|V2
= b2id and B|V3

= b3id, we can rechoose basis {E2, · · · , Em2+1} in V2 and

{Em2+2, · · · , En} in V3 such that

Aab = 0, a 6= b, Ast = 0, s 6= t. (4.33)

From the third formula of (4.30), we have

B1s,aB1s,b = 0, a 6= b, B1a,sB1a,t = 0, s 6= t. (4.34)

Combining (4.32) and (4.34), it follows that there exists at most one non-zero element in matrix

(B1a,s), 2 ≤ a ≤ m2 + 1, m2 + 2 ≤ s ≤ n. Thus we can assume that

B1a,s = 0, a 6= 2 or s 6= n. (4.35)

From (2.4), we have R1s1s −Rasas = (b1− b2)b3+A11 −Aaa. Combining (4.30), we can deduce

A11 −Aaa =
∑

b

2B2
1b,s

(b2 − b1)(b2 − b3)
−

2B2
1a,s

(b1 − b2)(b1 − b3)

+
C2

1 (b2 − b3)

(b1 − b2)(b1 − b3)2
+ (b2 − b1)b3, m2 + 2 ≤ s ≤ n. (4.36)
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Now we take a = 3 in (4.36), and noting (4.35), we have

A11 −A33 =
2B2

12,s

(b2 − b1)(b2 − b3)
+

C2
1 (b2 − b3)

(b1 − b2)(b1 − b3)2
+ (b2 − b1)b3. (4.37)

We take s = m2 + 2 and s = n in (4.37), respectively and obtain the following two equations:

A11 −A33 =
C2

1 (b2 − b3)

(b1 − b2)(b1 − b3)2
+ (b2 − b1)b3,

A11 −A33 =
2B2

12,n

(b2 − b1)(b2 − b3)
+

C2
1 (b2 − b3)

(b1 − b2)(b1 − b3)2
+ (b2 − b1)b3.

Comparing the two equations, we have B12,n = 0. Thus, the matrix (B1a,s), 2 ≤ a ≤ m2 +

1, m2 + 2 ≤ s ≤ n is zero. From (4.27), we deduce that

(Aij) = diag(A11, · · · , Ann). (4.38)

Since x is a Möbius homogeneous hypersurface, the eigenvalues Aii, 1 ≤ i ≤ n of the tensor A

are constant. Using dAij +
∑
m

Amjωmi +
∑
m

Aimωmj =
∑
m

Aij,mωm, we obtain

Aii,j = 0, A1a,a = (A11 −Aaa)
C1

b2 − b1
. (4.39)

Combining (2.1), (4.37) and (4.39), we deduce

−b2C1 = Aaa,1 −A1a,a = −A1a,a = −(A11 −Aaa)
C1

b2 − b1

= −
[ C2

1 (b2 − b3)

(b1 − b2)(b1 − b3)2
+ (b2 − b1)b3

] C1

b2 − b1
,

which implies

C1

[
1 +

C2
1 (b2 − b3)

(b1 − b2)2(b1 − b3)2

]
= 0,

and C1 = 0. Thus C = 0, and we finish the proof of Lemma 4.3.

Since the dimension of x n ≥ 4, From Lemmas 4.1–4.3, we obtain Proposition 4.1.

5 The Proof of the Main Theorem 1.1

When the dimension of the hypersurfaces n ≥ 4. From Proposition 4.1, we know that the

Möbius form of the Möbius homogeneous hypersurfaces vanishes when x has three distinct

principal curvatures. On the other hand, the Möbius principal curvatures of the Möbius homo-

geneous hypersurfaces are constant. Thus the Möbius homogeneous hypersurfaces with three

distinct principal curvatures are Möbius isoparametric hypersurfaces. In [5], the authors clas-

sified the Möbius isoparametric hypersurfaces in S
n+1 with three distinct principal curvatures.

Theorem 5.1 (see [5]) Let x : Mn → S
n+1 be a Möbius isoparametric hypersurface with

three distinct principal curvatures. Then x is Möbius equivalent to an open part of one of the

following hypersurfaces:

(1) The image of σ of the warped product embedding

x̃ : Sp(a)× Sq(
√
1− a2)×R+ × Rn−p−q−1 → R

n+1,
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with p ≥ 1, q ≥ 1, p+ q ≤ n− 1 defined by

x̃(u, v, t, w) = (tu, tv, w), u ∈ Sp(a), v ∈ Sq(
√
1− a2), t ∈ R+, w ∈ R

n−p−q−1.

(2) The image of σ of the cone x̃ : Mn−1 × R+ → R
n+1 defined by x̃(x, t) = tx, where

t ∈ R+ and x : Mn−1 → S
n ⊂ R

n+1 is the Cartan’s minimal isoparametric hypersurface in S
n

with three distinct principal curvatures.

(3) The Euclidean isoparametric hypersurfaces in S
n+1 with three distinct principal curva-

tures.

Using Proposition 1.1, we know that the isoparametric hypersurfaces in Theorem 5.1 is

Möbius homogeneous. Thus when the Möbius homogeneous hypersurfaces have three distinct

principal curvatures, the main Theorem 1.1 holds. Combining the result in Section 3, we finish

the proof of the main Theorem 1.1.
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