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Embedded Surfaces for Symplectic Circle Actions™

Yunhyung CHO! Min Kyu KIM? Dong Youp SUH3

Abstract The purpose of this article is to characterize symplectic and Hamiltonian circle
actions on symplectic manifolds in terms of symplectic embeddings of Riemann surfaces.
More precisely, it is shown that (1) if (M, w) admits a Hamiltonian S'-action, then there
exists a two-sphere S in M with positive symplectic area satisfying (c1(M,w),[S]) > 0,
and (2) if the action is non-Hamiltonian, then there exists an S'-invariant symplectic
2-torus T in (M,w) such that (c1(M,w),[T]) = 0. As applications, the authors give a
very simple proof of the following well-known theorem which was proved by Atiyah-Bott,
Lupton-Oprea, and Ono: Suppose that (M,w) is a smooth closed symplectic manifold
satisfying ¢1(M,w) = A-[w] for some A € R and G is a compact connected Lie group acting
effectively on M preserving w. Then (1) if A < 0, then G must be trivial, (2) if A = 0, then
the G-action is non-Hamiltonian, and (3) if A > 0, then the G-action is Hamiltonian.
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1 Introduction

The purpose of this article is to characterize symplectic and Hamiltonian circle actions on
symplectic manifolds in terms of symplectic embeddings of Riemann surfaces. We first consider
the following simple situation which provides the motivation of our work.

Let X4 be a two-dimensional smooth closed oriented manifold with genus g, and let Diff (X,)
denote the diffeomorphism group of ¥,. Suppose that G is a compact connected Lie group acting
on X, effectively (A G-action on a manifold M is called effective if the identity element 1 € G
is the unique element which fixes whole M.), i.e., there is an injective Lie group homomorphism

¢ : G < Diff(%,).

Since G is compact and connected, by averaging any given Riemannian metric over the Haar
measure of GG, we can get a G-invariant metric 2 on X, so that we may regard G as a closed
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Lie subgroup of the identity component Iso(X4, )¢ of the full isometry group Iso(3,,(2). In
particular, we have the following inequalities

dim G < dimIso(X,, Q)p = dimIso(X,, ) < 3,

where the last inequality comes from the classical fact that

dim Iso(M™, h) < n(nT—i—l)
for any n-dimensional complete Riemannian manifold (M™, h), see [6] for more details. Note
that the isometry groups of a 2-sphere S? and a 2-torus 7?2 are well-known such that

(1) Iso(S?%, h)g is a subgroup of SO(3) for any metric h on S2, and

(2) Iso(T?, h)g is a subgroup of SO(2) x SO(2) for any metric h on T2

In the case when the genus g > 2, then the isometry group of X, is finite with respect to any
metric on X4, see [4, Chapter 7] for more details. In fact, the latter statement can be deduced
from the following well-known formula

1 1
X(Bg) =x(Z7 ) =25 | >0,

where Eqsl denotes the set of fixed points of the S'-action on .

Thus the condition g > 2 is an obstruction to the existence of an action of a compact
Lie group of positive dimension on compact Riemann surfaces. Together with the fact that
X(X4) = 2 — 2g, one might expect that the existence of a non-trivial compact connected Lie
group G in Diff (M) might be obstructed by the Euler characteristic x(M), i.e., the negativity
of x(M) would imply the non-existence of a G-action such as the case of compact Riemann
surfaces. Unfortunately, it is inappropriate to use x (M) since if we let M = 5% x X, for g > 2,
then M admits a circle action on the first factor but M satisfies x(M) < 0. Therefore, instead
of x, we use some geometric structure as follows. Let us consider a G-invariant volume form
w on X,. Then w is a symplectic form! and thus (X,,w) is a symplectic manifold®. Hence we
may think of G as a subgroup of the symplectomorphism group

Symp(Ey,w) := {g € Diff(¥y) | g*w = w}.

Let J be an w-compatible almost complex structure on 34, i.e., w(-,-) = w(J-, J-) and w(-, J-)
is a Riemannian metric on M. Note that for any symplectic manifold (M,w), w-compatible
almost complex structure J always exists. In fact, the space J(M,w) of w-compatible almost
complex structures is a contractible space (see [8]), which implies that (T'M, J) and (TM,J")
are isomorphic as a complex vector bundle for any J and J’ in J(M,w). Hence the first Chern
class of (T'M, J) does not depend on the choice of a w-compatible almost complex structure J,
and we denote by
aa(M,w) :=c1(TM,J)

for any J € J(M,w).

Since w represents a non-zero element [w] € H?(X,;R) = R, there exists a constant A € R
such that

c1(Bg,w) =X [w].

1A differential two-form w on a manifold M is called symplectic if it is closed (dw = 0) and non-degenerate
(wp : TpM x Ty M — R is a non-degenerate bilinear form for every p € M).

2 A symplectic manifold is a pair (M, w) which consists of a smooth manifold M and a symplectic form w on
M.
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Also, the Chern number (c;(Xg4,w), [¥,]) is the same as the Euler characteristic x(X4) = 2 —2g¢
of ¥4, where [X,] € Hy(X,, Z) is the fundamental homology class of ¥,. Hence we may conclude
as follows:

(1) If (X4, w) is a closed symplectic surface such that (c1(X4,w), [E,]) < 0, then there is no
compact connected Lie group action preserving w.

In fact, we can say more about the G-action on (¥4,w) in the symplectic setting. For a
given symplectic manifold (M, w) with the symplectomorphism group Symp(M,w), we say that
¢ € Symp(M,w) is a Hamiltonian diffeomorphism if there exists an isotopy ¢ for 0 < ¢t < 1
such that

(1) ¢o =id,

(2) 1 = ¢, and

(3) ix,w = w(Xy, ) = dH; for some family of smooth functions {H; : M — R}o<;<1, where
X is a time-dependent vector field on M such that

Xio ¢y = %@' (1.1)

We denote by Ham(M, w) the set of all Hamiltonian diffeomorphisms on (M, w) and it forms
a group under the composition. In fact, the Hamiltonian diffeomorphism group Ham(M,w) is
path-connected and it is a normal subgroup of Symp(M,w), see [§] for more details.

Now suppose that G is a compact connected Lie group acting on (M, w) effectively, and g
is the Lie algebra of G. By definition of Symp(M,w) and by the surjectivity of the exponential
map exp : T.G — G, we can easily show that G is a subgroup of Symp(M,w) if and only if
each one-parameter subgroup generated by each element X € g preserves w, i.e.,

Lxw=(ixod+doix)w=doixw=0

for every X € T.G, where X is the vector field generated by X, i.e.,

d
X, = pn t:o(eXth) p

for each p € M. In particular, if ixw is exact for every X € g, then ixw = dHx for some
smooth function Hx : M — R for each X € g. Then, the family {exptX }o<¢<1 is an isotopy
which connects id = exp(0 - X) with exp(1 - X), and it satisfies Equation (1.1), which means
that exp X € Ham(M,w). By surjectivity of exp : g — G (since G is compact), we can deduce
that G is a subgroup of Ham(M,w) if ixw is exact for every X € T.G. Conversely, if G is a
subgroup of Ham(M,w), then one can easily check that iyw is exact for every X € g.

Definition 1.1 Let G be a compact connected Lie group acting on (M,w). We say that a G-
action is Hamiltonian if ixw is exact for every X € g. Equivalently, a G-action is Hamiltonian
if G acts on M as a subgroup of Ham(M,w).

Hence if the G-action is Hamiltonian, there exists a smooth map H : M — g* (called a
moment map) such that (H, X) = Hx with ixw = dHx for every X € g, where (,) : g*xg — R
is the usual pairing of the Lie algebra g with its dual. Note that for each X € g, the set of all
critical points of Hx coincides with the set of all points fixed by the one-parameter subgroup
generated by X by the non-degeneracy of w. Note that if M is compact, then any smooth
function on M has at least two critical points attaining its extrema. Hence if the G-action is
Hamiltonian, the one-parameter subgroup {exp(tX)}:cr has at least two fixed points for every
X € g. Therefore, we have the following proposition as follows.
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Proposition 1.1 Let (£4,w) be a closed two-dimensional symplectic manifold with genus
g such that ¢1(X4,w) = X [w] and let G be a compact connected Lie group. Suppose that the G
action is effective and it preserves w. Then

(1) If A >0 (g = 0), then the G-action is Hamiltonian.

(2) If A\ =0 (g = 1), then the G-action is non-Hamiltonian, and

(3) If A\ <0 (9 >1), then G ={1}.

Proof If g = 0, then ¥y = S? is simply connected. In particular, we have H!(3g;R) = 0
so that dixw = 0 if and only if i xw is exact, which implies that any symplectic G-action on ¥g
is automatically Hamiltonian. For the second statement, recall that SO(2) x SO(2) acts on ¥4
freely and hence the G-action on X; is also free. In particular, every one-parameter subgroup
of G has no fixed point so that the action is non-Hamiltonian. The last statement comes from
the fact that the isometry group of £, with g > 2 is finite (see p. 2).

In this point of view, we may think of the generalization of the closed Riemann surface case to
the symplectic category. Note that if (M, w) is a symplectic manifold such that ¢1 (M, w) = A-[w],
then we call (M,w) a monotone symplectic manifold if A > 0, a symplectic Calabi-Yau manifold
if A =0, and a negatively monotone symplectic manifold if A < 0. In this article, we will regard
those three families of symplectic manifolds as a generalization of closed Riemann surfaces,
and we prove the following theorem, which is a generalization of Proposition 1.1 to the higher
dimensional cases.

Theorem 1.1 Let (M,w) be any smooth closed symplectic manifold such that ¢1(M,w) =
A-[w] for some A € R. Let G be a compact connected Lie group which acts on (M,w) effectively
and preserves w. Then

(1) If A > 0, then the G-action is Hamiltonian.

(2) If A =0, then the G-action is non-Hamiltonian.

(3) If A <0, then G is trivial.

Note that Theorem 1.1 is not new. Theorem 1.1(1) was already proved independently by
Atiyah-Bott [1] and Lupton-Oprea [5]. Also Theorem 1.1(2)—(3) was proved by Ono [10]. The
proofs given by Atiyah-Bott [1] and Ono [10] are based on the equivariant cohomology theory,
and the proof of Lupton-Oprea [5] is based on the homotopy theory, in particular the theory
of Gottlieb groups. We do not refer to the details of their proofs, instead we give much more
elementary and simple proof of Theorem 1.1 which can be obtained as a corollary of the following
series of the propositions.

Proposition 1.2 Let (M,w) be a smooth closed symplectic manifold equipped with a smooth
Sl-action preserving w. Suppose that [w] is a rational class in H*(M;Q). Then the action is
non-Hamiltonian if and only if there exists an S'-equivariant symplectic embedding of 2-torus
i: T? < M, where the circle acts freely on the left factor of T? = S! x S'. In particular, the
normal bundle of i(T?) in M is trivial so that (c1(M,w), [i(T?)]) = 0.

Proposition 1.3 Suppose that (M,w) is a smooth closed symplectic manifold equipped with
a Hamiltonian circle action. Then there exist a two-sphere S in M with positive symplectic
area satisfying (c1(M,w),[S]) > 0.

Proof of Theorem 1.1 First, suppose that the action is Hamiltonian. If G is not trivial,
then there exists a maximal subtorus 7" with positive dimension in G. For any choice of a circle
subgroup S* of T, there exists a two sphere S in M such that (c;(M,w),[S]) = X-{[w],[S]) >0
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by Proposition 1.3. Since S has positive symplectic area, we have ([w], [S]) > 0 so that A
must be positive. Secondly, if the action is non-Hamiltonian, we can easily show that it is
non-Hamiltonian with respect to kw for any positive real number k € R. Also, k can be chosen
so that [kw] € H2(M) is rational since [w] is proportional to c¢;(M,w) by our assumption. By
Proposition 1.2, there exists a symplectic two torus T in (M, kw) such that

(er(M kw), [T]) = (cr (M, w), [T]) = A ([w], [T]) = 0,

where the first equality comes from the fact that J(M,w) = J(M,kw) for k > 0. Since
([kw], [T]) = k- (Jw], [T]) > 0 and k > 0, we have A = 0.

Note that if there is an effective symplectic S'-action on (M, w), then Propositions 1.2-1.3
imply that A > 0. Thus if )\ is negative, then there is no effective symplectic S'-action on
(M,w). In other words, G must be trivial by the compactness and the connectivity of G.

We make the following two remarks. First, the reason why we only prove Proposition 1.2 for
the rational case is that our proof relies on the existence of a generalized moment map [7] which
can be defined only when [w] is rational. If [w] is not rational, since the non-degeneracy of w is
an open condition, we can always perturb a given w slightly to another symplectic form w’ such
that w’ is G-invariant and [w'] is rational. Hence if we apply Proposition 1.2 to (M,w’), then
there exists a symplectic embedding 4 : T? < M with respect to the new symplectic structure
w’. But there is no guarantee that the T2-embedding i is symplectic with respect to w. The
authors could not fill the gap of the proof of Proposition 1.2 in the case when w is not rational.

Secondly, unlike Proposition 1.2 which gives a necessary and sufficient condition for the
existence of non-Hamiltonian G-action, Proposition 1.3 gives only the sufficient condition for
the action to be Hamiltonian. The authors do not know whether the converse of Proposition
1.3 holds or not.

The organization of this paper is as follows. We give an introduction to the theory of
Lie group actions on symplectic manifolds in Section 2, and we give the complete proof of
Propositions 1.2—1.3 in Section 3.

2 Symplectic Circle Actions

In this section, we give a brief introduction to symplectic circle actions. Most of this section
is contained in [2] or [8], but we give a complete proof for readers who are not familiar with
symplectic geometry. Let M be a 2n-dimensional smooth closed manifold. A differential 2-form
w is called a symplectic form if w is closed and non-degenerate, i.e.,

(1) dw =0, and

(2) w™ is nowhere vanishing,.

Let us assume that G is a compact connected Lie group acting effectively on M. The G-
action on (M,w) is called symplectic if Lxw = 0 for every X € T.G, where X is the fundamental
vector field generated by X, i.e., G preserves a symplectic form w. Equivalently, G-action is
symplectic if and only if ixw is closed. In particular, a G-action is called Hamiltonian if i xw
is exact for every X € T.G.

Now suppose that the unit circle group S* acts on (M,w) symplectically, and let X be a
fixed generator of T,S* = R. If the action is Hamiltonian, then there exists a smooth function
H : M — R such that

Z'&w = dH,
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and we call H a moment map for the S'-action. Note that Lx H = w(X, X) = 0, i.e., a moment
map H is S'-invariant.

If the S'-action is symplectic but non-Hamiltonian, then a moment map does not exist.
Nevertheless, there exists an R/Z-valued function p : M — R/Z which locally looks like a
moment map when [w] € H?(M;R) is an integral class. We use the notation R/Z instead of S!
to avoid confusion with the acting group S*.

Definition 2.1 (see [7]) Let (M,w) be a smooth closed symplectic manifold such that
w represents an integral cohomology class in H*(M;Z). Suppose that there is a symplectic
non-Hamiltonian S'-action on (M,w). Fiz a point xg € M, and define an R/Z-valued map
w:M — R/Z such that
w(x) :z/ ixw modZ

x

where v, is any path v, : [0,1] — M such that v,(0) = zg and v,(1) = . We call p an
R/Z-valued moment map (or a generalized moment map) for the action.

By a direct computation, we can easily check that [ixw] is an integral class in H*(M;Z) so
that a generalized moment map given in Definition 2.1 is well-defined. Note that 1 depends on
the choice of a base point xg as in Definition 2.1. Consider two distinct points p and ¢ on M,
and let pu,, respectively pgq, be the R/Z-valued moment map with base point p, respectively g.
For any point z € M, let 77 be a path from ¢ to p and v, be a path from p to x respectively.

Then

pole) = pofe) = [ ixw— [ ixw= [ ixw =) modZ.

Vg YEovg v

In other words, y is unique up to a constant in R/Z = S!. In particular, du is independent of
the choice of a base point. Since dy : TM — T'S' = S x R, we may regard du as a differential
1-form on M.

Proposition 2.1 (see [7]) Let pn: M — R/Z be an R/Z-valued moment map for a sym-
plectic non-Hamiltonian circle action on (M,w). Then u satisfies

dp =ixw.

Proof Let x € M be any point and let & be a contractible open neighborhood of z. Since
ixw is closed, it is locally exact by Poincaré lemma so that there exists a smooth function
f:U — R such that ixw = df on Y. Let u be an R/Z-valued moment map with a base point
xg € U. Let v, be a path from zy to x lying on &. Then

u(w) = [ ixw= [ 47 = f@) - fan) modz
so that du(z) = df(v) = ix()ws for all x € U. Since x is chosen arbitrarily, we can conclude
that du = ixw on M.

It is an immediate consequence of Proposition 2.1 that p is S'-invariant, since Lxpu =
ixdp = w(X, X) = 0.

Now, let us consider a critical point of a moment map H, i.e., dH(x) = ix(a)We = 0. Since
w is non-degenerate on M, x is a critical point of H if and only if X(x) = 0, i.e., z is a fixed
point of given S'-action. It is also true for a non-Hamiltonian case, i.e., x is a critical point of
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an R/Z-valued moment map p if and only if z is a fixed point of the action by Proposition 2.1.
Hence we have the following proposition.

Proposition 2.2 (see [2]) Let (M,w) be a smooth closed symplectic manifold equipped
with a symplectic, respectively Hamiltonian, circle action. If p, respectively H, is an R/Z-
valued moment map, respectively moment map, of given action, then x € M is a critical point
of w, respectively H, if and only if x is a fived point of the action.

One of the most important property of symplectic geometry is that, for every point p € M,
there exists a neighborhood U,, of p with a local coordinate system (R**, z1,y1,- -+, Zp, yn) such
that wly, = > dz; Ady;, ie., a local symplectic structure for each point is isomorphic to the
standard symplectic structure of R?" so that symplectic geometry is locally the same as a linear
symplectic geometry on R?" with the standard symplectic structure > da; Ady;. This is known
as the Darboux theorem. Similarly, there is an equivariant version of the Darboux theorem as
follows.

Theorem 2.1 (Equivariant Darboux Theorem) Let (M, w) be a symplectic manifold and let
G be a compact Lie group. Suppose that there is a symplectic G-action on (M,w). For each fized

point p, there exists a neighborhood U, together with a local coordinate system (z1,y1, -+ , Tn, Yn)
such that
(1) wly, = 5 > dz; Adz; with z; = x; +iy;, and
(2) G-action is linear with respect to (21, ,2,). In particular if G = S, then there is a
sequence of integers A1, -+ , An such that the action is expressed as
te (21, ,2m) = Mz, t " 2y)

for every t € S*.

Now, let p be a fixed point of symplectic S'-action on 2n-dimensional symplectic man-
ifold (M,w). By the equivariant Darboux theorem, there exists a local coordinate system
(Up, 21, , zn) centered at p and a sequence of integers A1, -+, A, such that the S'-action is
expressed as

te (21, 2n) = (tklzl,--- ,L"\"Zn)

for every t € S*. By solving ixw = dH on U, with w = 3 3" dz; A dz;, we get

1
H(z,--- ,2n) = constant + 52/\j|zj|2. (2.1)
Therefore, we have the following corollary.

Corollary 2.1 (see [2]) Let H : M — R be a moment map on (M,w). Then H is a
Morse-Bott function. Similarly, if p: M — R/7Z is an R/Z-valued moment map, then p is an
R/Z-valued Morse-Bott function. In either case, a Morse index of any critical submanifold of
H or u is even.

Proof We need to show two things: (1) The critical point set is an embedded submanifold
of (M,w), and (2) The Hessian of H at p is non-degenerate along the normal direction of a
critical submanifold containing p. The first claim is obvious since a sub-coordinate system

{(z1,- ,2n) €Uy | z; =0 if \; # 0}
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gives a coordinate system of a critical submanifold near p. The Hessian of H at p is a diagonal
matrix is given by

M 00 0
0 X O 0 0
0 0 0 X O
0 0 0 0 M

so that it finishes the proof.

Now, recall some basic Morse-Bott theory as follows. Let f : M — R be a Morse-Bott
function on a closed manifold M, and let My = {p € M | f(p) < ¢} for every t € R. Suppose
that a and b are regular values of f such that there exists a unique critical value ¢ with a < ¢ < b.
Let Oy, - -, C, be connected components of the critical submanifold lying on H~!(c). According
to classical Morse-Bott theory, M} is homotopy equivalent to

My Ug, D(v™(C1)) Ug, D(v™(C2)) -+ Up, D(v™(Cy)),

T

where v~ (C}) is a negative normal bundle over C;, D(v~(C})) is a disk bundle of v~ (C}), and
¢; is an attaching map from a sphere bundle S(v~(C;)) = dD(v~(C;)) to H™*(a). Note that
each S(v=(Cj)) is an S*~1-bundle over Cj, where k; = ind(C;) is a Morse index of C;. In
particular, S(v~(Cj)) is connected if and only if k; # 1.

Proposition 2.3 (see [2]) Let H be a moment map on a (possibly non-compact) connected
symplectic manifold (M,w). Then every level set of H is empty or connected.

Proof For the sake of simplicity, let M(a,b) := H='((a,b)) for a,b € R. Let us choose any
Sl-invariant metric (-,-) on M so that the gradient flow sy H of H is defined as

dH(X) = (VH, X)

for every smooth vector field X on M. Suppose that there exists a regular value r € R such
that H~1(r) is non-empty and disconnected. By the connectivity of M, there exists a smallest
s € RT such that M(r — s,r + s) is connected. Note that r+ s or 7 — s is a critical value of H,
otherwise M (r — s,r + s) is diffeomorphic to M(r — (s —€),7 + (s — €)) along the gradient flow
of H for a sufficiently small € > 0 so that it contradicts our assumption “smallest s”.

Without loss of generality, we may assume that ¢ = r + s is a critical value of H. Let
C1,-++,C, be connected components of the critical submanifold lying on H~!(c). Then there
exists some C; such that D(v~(C})) connects two disconnected components of H~!(c — €) via
the attaching map ¢; : S(v=(C;)) = H~'(c — ¢), i.e., the index of C; should equal to one.
Since every critical submanifold of H has even index by Corollary 2.1, such C; does not exist.

Similarly, if ¢ = r — s is a critical value of H, then there exists some C; of co-index one, but
there is no such C; by Corollary 2.1. Hence it completes the proof.

Proposition 2.4 (see [2]) Let (M,w) be a 2n-dimensional closed connected symplectic
manifold equipped with a symplectic non-Hamiltonian circle action. Suppose [w] is an integral
class in H*(M;Z), and let : M — R/Z be an R/Z-valued moment map defined in Definition
2.1. Then there is no critical submanifold of index zero nor co-index zero. In particular, every

level set is mon-empty and the number of connected components of p=1(t) is constant for all
te St
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Proof Let 7 € R/Z be a regular value of u : M — R/Z and let N = p~*(R/Z — {r})
which is an open subset in M. With the induced S'-action on N, we may regard N as a non-
compact Hamiltonian S*-manifold with a moment map H = pu|y : N — R/Z — {r} = (0,1).
Let N1, Na,---, Ni be connected components of N and we denote by H; : N; — (0,1) the
restriction of H onto NN; so that Hj is a moment map on (N;,w|y,). By Proposition 2.3, every
level set of H; is empty or connected for every j =1,2,--- k.

Firstly, we claim that each H; is surjective. If not, H(XV;) is either a half-closed interval of
the form [s,1) or (0, s] for some s € (0,1) or a closed interval [a,b] C (0,1). If H(N;) = [a, b],
then N; is also a connected component of H~*([a,b]) so that N; is both open and closed itself
in M so that N; = M by the connectivity of M, which contradicts the assumption that the
action is non-Hamiltonian. If H(Nj,) = [s1,1) for some j; € {1,2,---,k}, then let us consider
the closure N;, whose boundary dN, is some connected component, namely Bi, of u=1(r).
Since r is regular, there is a connected component N;, of N such that H jgl(t) attains B as
t — 0. If the image of Nj, for Hj, is a half-closed interval of the form (0, s2] for some s, € (0,1),
then Nj, U N}, is connected and both open and closed in M so that we get N;, U N, = M.
Then the moment map p factors such that

piN, UN, =M 2 (5,14 55) 25 81,

where Hj, j, maps z € N;, to Hj (z), y € p~'(r) to 1, and 2 € Ny, to 1 + Hj,(z). Then
ixw = d(/Z) o dHj, j,, but d(/Z) is the identity map so that dHj, j,
Hamiltonian which contradicts to our assumption. Hence H(N;,) = (0, 1), i.e., Hj, is surjective
so that ngl(t) attains some connected component By # By of p=1(r) as t — 1. Take Nj,
such that H ng(t) attains By as ¢ — 0. Then we can easily show that Hj, is surjective by a

= ixw, i.e., the action is

similar reason. Hence we get a infinite sequence of pairwise distinct connected components
By, Ba,---, but it contradicts that the number of connected components of u~*(r) is finite by
the compactness of M. Therefore, H; is surjective for every j. In particular, there is no critical
submanifold of index 0 nor co-index 0.

To complete the proof, recall that when a level set of u passes through some critical value
¢ € S! such that p~!(c) does not contain a critical submanifold of index 0, 1, co-index 0, nor
co-index 1, then the number of connected components does not change, i.e., u~!(c + €) and
p~1(c — €) have the same number of connected components, see the proof of Proposition 2.3.
Since an index and co-index of any critical component is even and there is no critical component
of index 0 nor co-index 0, every level set has the same number of connected components.

3 Proof of the Main Theorem

Let G be a compact Lie group, and suppose (M, w) is a closed symplectic manifold equipped
with an effective symplectic G-action. In this section, we prove Theorem 1.1. To determine
whether a given G-action is Hamiltonian or not, it is enough to check it for every circle subgroup
of G since every element g € G is contained in some maximal torus of G. The following
proposition characterizes a non-Hamiltonian circle action in terms of equivariant symplectic
embedding of two-torus.

Proof of Proposition 1.2 Let 72 = S' x S! be a two-torus and assume that an S'-action
on T? is given by
t-(t1,t2) = (t-t1,t2)
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for any t € St and (t1,t2) € T?. We denote the vector field on T2 generated by the S*-action by
X. Suppose that there exists an S'-equivariant symplectic embedding i: T2 < M. Then the
vector field generated by the given S'-action on M is i.(X). If the given S'-action on (M,w)
is Hamiltonian with a moment map H : M — R, then for any smooth vector field Y on T2, we
have

w(X,Y) = w(i.X,i.Y) =dH(i,.Y) =d(H 04)(Y)

which follows from the fact that di(Y) = i,Y. Thus the S'-action on (7?,i*w) is Hamiltonian
with a moment map i*H = H o : T? — R. But it contradicts the assumption that S'-action
on T2 is free, because there must be at least two fixed points, namely the maximum and the
minimum of ¢* H. Hence the S!-action on (M,w) cannot be Hamiltonian.

Conversely, suppose that the given symplectic S'-action on (M, w) is non-Hamiltonian. By
our assumption, there exists a natural number N big enough so that IV - w is integral and we
still denote by w the new symplectic form N - w. Obviously, the given S'-action is symplectic
with respect to the new symplectic form w so that there exists an R/Z-valued moment map
w: M — R/Z satisfying ixw = dp by Proposition 2.1, where X is the vector on M generated
by the S'-action. Let M1 be the set of all points in M with the trivial isotropy subgroup.
Now, suppose that there exists a smoothly embedded loop o : S' = [0,n]/gun — My for
some n € N satisfying the following conditions:

(a) u(o(r)) = [r] € R/Z for each r € [0,n],

(b) o(0) = g(n), i.e., the image of o is a loop, and

(c) for 7 # ' with (r,7") # (0,n), t - o(r) # o(r’) for any t € S*.

If such o exists, then we can define a smooth embedding of 2-torus as

i:Slx[O,n]/gwn%TQ%M, (tl,tQ)l—)tl-O'(tQ).

It is straightforward that i is S'-equivariant for the S'-action on T2 by t- (t1,t2) = (t-t1,t2). To
show that i(72) is a symplectic submanifold with respect to the induced symplectic structure,
let us define a smooth vector field Y on i(7?) as

At -o(t))

Z(i(tl,tg)) = dt t:tz‘

(3.1)

Since ¢ has no critical point, it is straightforward that ¥ has no zero and X (p) and Y (p) span
the tangent space T}, i(T?) for every p = i(t1,t2) € i(T?). Also,

w(X(p), Y (p)) = du(Y(p)) by definition of
_ d(t1 - o(t)) o
= du( T t:tz) by definition of YV’
= du( d_o‘ ) by S'-invariance of p
t lt=t,
=1 by (a).

So, w is non-degenerate on i(T?), i.e., i is a symplectic embedding.
Now, we need to prove that such smoothly embedded loop ¢ in M actually exists.

Lemma 3.1 My is path-connected and open dense in M.

Proof Let Z, be the cyclic subgroup of S of order n, and we denote by MZ%» the set
of all points in M fixed by Z,,. Since M is compact, there are at most finitely many n’s, say
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ni,ng,- - ,ny such that M%» = () (see [3, Proposition IV.1.2]). Let MS' be the set of all points
in M fixed by S!. Since MS" ¢ M%n for every integer n > 1, we have

My = M~ | JMP — M5 = M~ ) MP. (3.2)

n>1 n>1

Furthermore, for each n > 1, M?%» is closed symplectic submanifolds of M with the induced

symplectic form by the equivariant Darboux theorem 2.1. Thus the set |J MZ%» is the union of
n>1
closed submanifolds with codimensions at least two, in particular M) is path-connected and

open dense in M.

Corollary 3.1 For any regular value to € R/Z of i, the subset My Nu~t(to) is open dense
-1
in = (to).

Proof The openness is obvious since M(yy is open. We will show that M%» N = (to) is of
codimension at least two in u~1(¢y) for each n > 1, which implies that |J (MZ» N u=t(t)) is
n>1

of codimension at least two in =1 (g) so that

My np= (to) = (to) — | (M n ™ (to))

n>1

is dense in u~(ty). We already know that M?%» is of codimension at least two in M for each
n > 1, since M% is a (proper) symplectic submanifold of M. Also, we know that tq is a
regular value of the restriction map p|yzn : M%» — R/Z, since there is no fixed point in
(] ppzn )" H(to) = M%» N = (ty). Thus we have

dim(M% N~ (ty)) = dim M% — 1.

Also, we have dim 1 ~1(¢9) = dim M — 1 which implies that the codimension of MZ» N u=1(to)
in u=1(tp) is equal to dim M — dim M?%» > 2. This finishes the proof.

Remark 3.1 The set M) N p~'(to) is not necessarily path-connected in Corollary 3.1.

Without loss of generality, we may assume that 0 € R/Z is a regular value of u. For our
convenience, we use the following terminology: For a fixed S'-invariant metric h on M, we say
that a smooth path ~ : [a,b] — M) winds along R/Z if h(7 (), (t)) > 0 for every t € [a, ],
which means that the vector field generated by - is a gradient-like vector field of p with respect
to h. We call such a path v a winding path. Also, we say that two points x,y € M) are
winding path-connected, if there exists a path v : [a,b] — MW from v(a) = = to v(b) = y
which winds along R/Z.

Lemma 3.2 For x € M1y N p~1(0), there exists some y € My N = '(0) such that x and
y are winding path-connected.

Proof Let J be an S'-invariant almost complex structure compatible! with w. We denote
by (-,-) = w(-,J-) the induced S'-invariant metric on M so that the gradient vector field /u
on M with respect to (-,-) is defined as du = (S, ). Then for any vector field Y on M, we
have
(U Y) = ixw(Y) = w(X,Y) = w(JX, JY) = (JX,Y),

1We say that an almost complex structure J on (M, w) is compatible with w if (1) w(,-) = w(J+, J-) and (2)
w(-,J-) is a Riemannian metric. Such J always exists, see [8] for the details.
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so that we obtain \yu = JX.

Note that 7pu commutes with the Sl-action, since J, (-,-), and u are chosen to be S!-
invariant. Thus the one-parameter group action generated by syu preserves their isotropy
subgroups, which means that if € M is fixed by some subgroup H C S!, then any point y
in the orbit {(expt</u) - }+er is fixed by H. In particular, the one-parameter group action
generated by 7 acts on My).

Now, z € M1y N p~*(0) and consider the integral curve along 7 passing through x

Y : R —» M,
t
L= oy, T,

where {cptv “}teR denotes the one-parameter subgroup of Diff (M) generated by the vector field
Vi If 7, is a winding path from @ to some point y € M) N p~*(0), then there is nothing to
prove.

Since v, (t) = Vb, (1) and 7, = 0 if and only if p € MSI7 if 7, is not a winding path from
x to any point in My, then tlim u(cptvu -x) = to for some tg € R/Z, which is equivalent to

—00
saying that
. T t . _
Jim 2e(0) = Jim ¢ =

for some fixed point p € M* " By the equivariant Darboux Theorem 2.1, there exists a local
coordinate system (Up, z1,- - - , z,) centered at p such that

1
w|up = 5 Zdzj A\ dfj

and
t- (21’... ’Zn) — (t>\1217... 7t)‘n2n)

for every t € S, where Ay, - -+, \,, are weights of the tangential S'-representation on T, M. Let
C) be the fixed connected component containing p and let v, and v_ be subsets of U, given by
(1) vy ={(z1,- ,2n) €Uy | z; =0if \; <0}, and
(2) v_ = {(Zl,"' ,Zn> Gup | Zj ZOIf/\J ZO}
Then v, (t) is lying on v_ for any sufficiently large ¢ > 0. Note that {(z1,---,2,) €U, | z; #
0if X; # 0} C My since the Sl-action is effective. Then we may perturb 7, smoothly to a new
gradient-like flow 7, on U}, N M,y connecting the gradient flow 7, to 7, for some q € U, N My
and g & v_, where 7, is the integral curve along 7 passing through ¢ (see Figure 1).

Figure 1 Perturbing v, to get Y.
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If 4, is a winding path from  to some point y € M) N = 1(0), then it is done. If not, we
apply the same procedure whenever our perturbed gradient-like flow converges to some fixed
point. Then in finite steps, we can get a winding path connecting x to M) N u=1(0) as is
desired.

Lemma 3.3 If a point x in M) N pu=1(0) is winding path-connected to some point y in a
connected component C of My Nu=1(0), then = is winding path-connected to every point in C.

Proof For z € MyNp~1(0), let 7, be a winding path connecting z to y € My N p~1(0).
Let C, be the connected component of My N p~1(0) containing y. Fix z € C, and let
o :[0,1] = Mgy N p=*(0) be a smooth path with (0) =y and o(1) = 2. Since 0 is chosen to
be a regular value of u, the gradient vector field s7u is non-zero on pu~1(0). Also, we can find
a sufficiently small € such that any r € [—¢,0] C S! is a regular value of p.

Figure 2 Winding path.

Let & be the intersection of M;y N p~'(—€) and the trajectory of o under the infinitesimal
action generated by t7u. Let y’ be the preimage of y for the infinitesimal action in M N
1t (—€). Then we can easily see that there exists a homotopy in M1y N p~*([—¢,0]) from 7,
to a winding path 7, connecting y’ and z (see Figure 2). Then the path +/ defined by

s (), ift € (=00, o], alte) =,
71(”_{%(15), i1 € (tg,00) ey

is a winding path which connects x to z. It completes the proof.

To complete the proof of Proposition 1.2, pick a point x; in a connected component Cy of
My Np~1(0). By Lemma 3.2, 21 is winding path-connected to some point x5 in some connected
component Cy of My N p=1(0). If C; = Cy, then z; is winding path-connected to x1 itself by
Lemma 3.3 and it satisfies the conditions (a)—(c) automatically. If C; # Cs, then we can find
a point x3 in some connected component C3 of M1y N 1~ 1(0) which is winding path-connected
to xo. If C1 = Cj3, respectively Co = C3, then we can take x3 = 1, respectively z3 = xo,
so that we can obtain a smooth winding loop satisfying (a)—(c). Applying the above process
inductively, we obtain a smooth winding loop satisfying (a)—(c). Then the following lemma
finishes the proof.

Lemma 3.4 Let E be an S'-equivariant complex vector bundle of rank k over T? such that
the induced S'-action on the zero-section is free. Then E is trivial.
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Proof Let Z =2 T2 be the zero section of E. Note that if the induced S'-action on the zero
section Z is free, then the given S'-action on the total space F is free. Now, let us consider a
following diagram:

E—% E/S!

lﬂ- l/ﬂ-/
Z——7/S!
q
Since the action is free, 7': E/S! — Z/S! = S! is a complex vector bundle of rank k over S!
and the quotient map g is a bundle morphism. Note that any complex vector bundle over S*

is trivial, since the structure group U(n) is connected. Therefore £/S! =2 S1 x C*¥ and hence
E=¢*(E/SY) = Z x Ck.

Now, let us consider the Hamiltonian case. The following proposition characterizes a Hamil-
tonian circle action in terms of equivariant symplectic embedding of two-spheres.

Proof of Proposition 1.3 Let H : M — R be a moment map of the circle action. Let
Zmin, respectively Zy.x, be a critical submanifold which attains the minimum, respectively
maximum, of H. Let g be an S'-invariant Riemannian metric defined by g(X,Y) = w(X, JY),
where J is an w-compatible S'-invariant almost complex structure. Let \7H be the gradient
vector field with respect to g, i.e., dH = ¢g(VH,-). Since H is a Morse-Bott function by
Corollary 2.1, the unstable submanifold of Z,,;,

w (Zmin) = {p eM ‘ s—ligloo Sva ‘pE Zmin}

is open and dense in M. Similarly, let W*(Z,ax) be the stable submanifold of Zy,.x. Since both
WY Zmin) and W?(Znax) are open dense subsets, their intersection W*(Zmin) N W¥(Zmax) is
also open and dense in M, in particular it is non-empty. Now, pick a point p € W*(Zpin) N
W#(Zmax) and let

Mp)= J t-(eLu D)

tes?!
seR

Then it is straightforward that the closure M (p) is homeomorphic to a two-sphere whose north
pole, respectively south pole, is in Znyin, respectively Znax.

Now, let X be the fundamental vector field generated by the S'-action. Since the S'-
action and the gradient flow are smooth, it is obvious that M(p) is a smoothly embedded
two-sphere punctured at the two poles {zn,zs}. In particular, a tangent space T,M (p) for
every ¢ € M(p) is generated by X, and JX, since X never vanishes on M (p). Since we have
chosen J such that w(X,,JX,) = g(X,,X,) > 0, M(p) is a smoothly embedded symplectic
two sphere punctured at {zx, zs}. Then the closure M (p) is homeomorphic to S? and it defines
a homology class [M(p)] in Ha(M) even though the closure M (p) is not smooth at zy and zg
in general. Obviously, the symplectic area ([w], [M(p)]) is positive.

McDuff and Tolman proved that {¢1 (M, w),[M (p)]) > 0 in [9, Lemma 2.2]. We sketch their
idea as follows. Consider

7:E:=85xg M— 5%/S' =82,
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where S! acts on % C C? by t- (21, 22) = (tz1,t22) for t € S'. Then E is an M-bundle over S?
with sections

ON = SB X g1 {ZN},

og = 53 X g1 {Zs}

Let cyery € H?(E) be the first Chern class of the vertical subbundle! of TE. Then cyert(on) is
the first Chern number of the complex vector bundle

N S% xg T, .M — 52,

over S2. Note that T, M = @ C,, where {a1, - ,a,} is the set of weights of the S!-
=1

(3
representation on T,, M and C,, is the one-dimensional S'-representation with weight a;.

Therefore,

n
Cvert|0'N = Z C1 (77-1’)7
=1

where m; : S3@C,, — S% xg1 {zn} = on is the complex line bundle over oy whose first
Sl

n

Chern number equals a;. Thus cyert([on]) = my where my = > «; is the sum of weights of
i=1

the Sl-representation on T,, M. Similarly, we have cyert([os]) = mg, where mg is the sum of

weights of the S'-representation on T,,M so that
Cvcrt([UN] - [US]) =mpy —mg > 0,

since every nonzero weight of the S!-representation at the maximum zy (respectively at the
minimum zg) is positive (respectively negative). Thus it is enough to show that [M(p)] =
[on] = [os]-

Define u,, € Q2(S® x M) by

Uy, =w+d(H - 0),

where 6 is a connection 1-form on S3. Then we can easily check that Lxu, = ixu, = 0 so
that wu,, induces a two-form, which we still denote by wu,,, on S% x g1 M. McDuff and Tolman’s
idea is that

([w), M) = ([ua], [02y] = [025]) = H(zn) — H(zs)

holds. And if w’ is another symplectic form invariant under the S'-action and H,, is a corre-
sponding moment map, then

(), IMP)]) = ([uer], [023] = [025]) = Hor (23) — o (25)

holds. Since the set of cohomology classes represented as S'-invariant symplectic forms gener-
ates whole H?(M;R) as a vector space, we may conclude that

(B, [M(P)]) = (B, [0:24] — [023])

for every 8 € H?(M;R), and hence we get [M(p)] = [0.,] — [025]. It completes the proof.

IThe vertical subbundle of TE is the kernel of the bundle map dr : TE — T'S? induced by .
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Remark 3.2 In [9], they defined a Hamiltonian action with the following sign convention

ixw = —dH,

while we use the equation i xw = dH. In particular, the gradient vector field is \VH = —JX in
[9] while syH = JX in our paper, see [9, p. 12].

There are two effects of their sign convention on our proof of Proposition 1.3:

(1) In [9], w(X, JX) is negative so that our [M(p)] has an opposite orientation, and

(2) uy, should be defined as w — d(H - 6) so that ([uy],[0.]) = —H(z) for any fixed point
zeMS".

After identifying our notation with the notation in [9] as above, we can easily check that
our argument used in the proof of Proposition 1.3 coincides with Lemma 2.2 in [9].
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