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Buchstaber Invariants of Universal Complexes*

Yi SUN!

Abstract Davis and Januszkiewicz introduced (real and complex) universal complexes to
give an equivalent definition of characteristic maps of simple polytopes, which now can be
seen as “colorings”. The author derives an equivalent definition of Buchstaber invariants of
a simplicial complex K, then interprets the difference of the real and complex Buchstaber
invariants of K as the obstruction to liftings of nondegenerate simplicial maps from K to
the real universal complex or the complex universal complex. It was proved by Ayzenberg
that real universal complexes can not be nondegenerately mapped into complex universal
complexes when dimension is 3. This paper presents that there is a nondegenerate map
from 3-dimensional real universal complex to 4-dimensional complex universal complex.
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1 Introduction

The Buchstaber invariant is an important combinatorial invariant of simplicial complexes.
This number was first introduced by Buchstaber [3] to describe the maximal rank of a torus
subgroup which acts freely on the moment-angle complex over a simple convex polytope. Later,
Fukukawa and Masuda generalized this number to the case of finite simplicial complexes and
2-torus actions in [7]. Therefore there exist two types of Buchstaber invariants: The complex
(or ordinary) Buchstaber invariant s(K) and the real Buchstaber invariant sg(K). In a certain
sense they measure the degree of symmetry of moment-angle complexes and real moment-angle
complexes respectively.

These two kinds of numbers are closely related to the colorings or characteristic maps of
a simplicial complex. In fact, a subgroup which acts freely defines a monomorphism, which
corresponds to a coloring in such a way that they satisfy a short exact sequence (cf. Section 2).
So Buchstaber invariants can be considered as an invariant of simplicial complexes, not only
simple polytopes.

There is a general bound

1<s(K) <sp(K)<m-—n,

where K is an (n — 1)-dimensional simplicial complex with m vertices.
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It is known from [1, Lemma 5] that s(K) = sg(K) for any simplicial complex K with
dim K < 2. Moreover, if K is an (n — 1)-dimensional simplicial sphere with n = 2,3, then
$(K) = sg(K) = m —n. For 2-dimensional spheres this follows from the four color theorem.

However, the calculation of Buchstaber invariants in general is quite difficult. Even for the
skeleta of a simplex Buchstaber invariants are not completely computed (cf. [7]). The readers
are referred to [3, 5] for some basic properties.

It is known that the complex conjugation both induces involutions on Zx and torus T with
RZ and 2-torus (Zs)™ as the fixed point sets respectively, for every K"~ with m vertices.
This means that a torus subgroup of maximal rank which acts freely on Zx actually determines
a 2-torus subgroup which also acts freely on RZx via the above involutions, although it may
not be of the maximal rank. This implies that s(K) < sg(K). Then how about the converse?
The following is the lifting problem.

Lifting Problem Consider the above correspondence from torus subgroups of mazimal
rank that act freely on Zx to 2-torus subgroups that act freely on RZx as a map ©. Does its
image contain all the 2-torus subgroups of mazimal rank?

For example, if there exist quasitoric manifolds over a simple convex polytope P, then
there exist small covers, too. Denote all of the small covers and quasitoric manifolds over P by
S(P) and Q(P) respectively. Passing to the real part, as described above, defines a map from
Q(P) to S(P), since the fixed point set of the complex conjugation on a quasitoric manifold
is a small cover. We may ask if this map is surjective (up to equivariant homeomorphism or
equivariant cobordism). This is still unknown.

Remark 1.1 A quasitoric manifold or a small cover over a simple convex polytope P™ with
m codimension-1 faces can be seen as the quotient space of Zx or RZk under free actions of
some torus subgroup or 2-torus subgroup of rank m — n respectively.

Obviously, A(K) = sg(K) — s(K) is an obstruction of the lifting problem: If A(K) # 0, the
image of © is not 2-torus subgroups of maximal rank. Davis and Januszkiewicz [4] introduced
two classes of simplicial complexes K} and K% which have universal properties for the category
of toric spaces which they studied in their paper. Moreover, they are also closely related to
the calculation of the colorings and Buchstaber invariants (cf. [9]). A(K) can be controlled by
A(KT) for some n. That is, if K has a (Zz)™-coloring (cf. Section 2), then

A(K) < A(KY).
Ayzenberg [2] showed that A(KT) > 1. Next is the main theorem of this paper about such
universal complexes K and K.

Theorem 1.1 Let K} be a real universal complex.
(1) AKY) =1, n=4;
(2) AR < AKY), n>5.

Using this fact, we can deduce the following corollary.
Corollary 1.1 AK}) > 1, n>4.

The article is organized as follows. In Section 2, the definitions of Buchstaber invariants
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and universal complexes are introduced. We investigate their basic properties and relations,
which give another description of Buchstaber invariants. We calculate A(K}) when n < 4 and
prove that A(KT) is non-decreasing for n in Section 3. In Section 4 we discuss several further
problems on Buchstaber invariants.

2 Buchstaber Invariants and Universal Complexes

In this section, we give the original definition of Buchstaber invariants and an equivalent
description, which is related to universal complexes.

Let K be an abstract simplicial complex on the vertex set [m] = {1,--- ,m}. We can define
a (complex) moment-angle complex associated with K:

ZK = U (D2751)07

ceK
where (D2, 517 =[] X;, X; = D? ifi € o and X; = St if not.
Since (D?,S') is invariant under the action of S and 7™ = (S1)™ acts in coordinate-wise

manner on (D?)™, Zx admits a torus action 7™ as the restriction to the subspace of (D?)™.

Definition 2.1 The (complex) Buchstaber invariant s(K) is the mazimal dimension of a
subtorus of T™ which acts freely on Zx .

Similarly, we can define a (real) moment-angle complex:

RZx = | J (D', 5%,
ceK

which admits a (Zy)™-action. And therefore we can get the following definition.

Definition 2.2 The (real) Buchstaber invariant sg(K) is the mazimal rank of a subgroup
of (Za)™ which acts freely on RZ .

For any simple convex polytope P™, there exist corresponding definitions of s(P) and sg(P)
by s(P) = s(0(P*)) and sg(P) = sg(90(P*)). Here O(P*) is the boundary of the simplicial
polytope dual of P.

Example 2.1 For n-simplex A" (considered as a simplicial complex), there is no subgroup
of T"H or (Zy)"+! which acts freely on Zan = (D?)"*! or RZan = (D')"*!. Therefore
s(A™) = sp(A™) = 0.

Consider its boundary. By construction we have Zpan = 9(D?)"1 = S§2+L and the
diagonal subgroup of T"+! acts freely on Zgan. There are no larger subgroups of 7" +! acting
freely on Zgan, thus s(0A™) = 1. Similarly, sg(OA™) = 1.

Now let us give the definition of colorings. Let

/ ifd=1
Rd: 2, 1 )
7, if d = 2.

Definition 2.3 Let K be an (n—1)-dimensional simplicial complex on the vertex set [m]. A
R-coloring of K is a map X from the vertex set of K to R}, such that for o = [i1,--- ,ix] € K,
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the subspace spanned by A(i1),---, (i) is a direct summand in Rj. A = (A(1),---,A(m)) is
called the coloring matrix.

Remark 2.1 In the case that K is a simplicial sphere dual to a simple convex n-polytope
P, such an RJj-coloring is usually called a “characteristic map” of P.

The existence of a characteristic map of P is directly related to Buchstaber invariants.

Theorem 2.1 (cf. [3, Proposition 7.34]) P™ admits a characteristic map if and only if
s(P) =m — n, where m is the number of the facets of P.

Actually, let H C T™ be a subtorus of dimension [. We can write it in the form

H = {(e277i(511t1+"'+51ltl)’ . ’627Ti(sm1t1+~~~+smltl)) c Tm}, (21)

where t; € R, 4 = 1,---,l. The integer m x l-matrix S = (s;;) defines a monomorphism

7} — 7™, whose image is a direct summand in Z™. H acts freely if and only if Sﬂ ... which

is obtained by deleting the rows iy, --- ,7, of S defines a monomorphism to a direct summand
for every vertex v = F;, N--- N F; (cf. [3, Lemma 7.32]). And if I = s(P) = m — n, there is a

short exact sequence

/s 0,
where A = (Aq,---, A\ ), A; is the facet vector for each facet.

Then for the same reason there holds the following proposition.

Proposition 2.1 Let H C T™ be a subtorus of dimension m — r, written in the form of
(2.1). The corresponding matriz is denoted by S. If H acts freely on Zk, there is a Z"-coloring
of K whose coloring matriz A<, fits in the short exact sequence

S A

0 zm=r Al v/ 0.

Conversely, if K admits a Z"-coloring (r < m) and A is the coloring matriz, then there is a
subtorus H of dimension m — r which acts freely, such that the above exact sequence holds.

This result also holds for the real case. So we can get an equivalent statement of the
Buchstaber invariants.

Proposition 2.2 (cf. [9]) Denote the minimal integer for which there is an R} -coloring by
re(K) ifd=1 and r(K) if d = 2. Then

s(K)=m —r(K),
sr(K) =m —rp(K).

Let us give some examples.

Example 2.2 Suppose that P is a simple convex polytope. The subtorus
H = {(QQTI'it e27rit)}

surely acts freely. So s(P) > 1.
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Example 2.3 For m > n, there is an n-dimensional simplicial convex polytope with m
vertices denoted by C"(m) and called a cyclic polytope, defined as the convex hull of m points
on the curve v(t) = (¢,t2,--- ,t"). Its boundary is a simplicial complex, still denoted by C™(m).
Let vy, -+, vy be its vertices, where v; = v(¢;) for t; < -+ < t,,. Shephard [11] showed that
[vil,viwvi_g,vu] S C’"(m), 1 < g < 13 < 4 if and only ifip+1= i9, i3 + 1=1440ri = 1,
iy =m, iz + 1 = i3. We can give a Z*-coloring matrix A(C*(m)) of C*(m) for m = 6,7.

1000 10
01 000 1
A(O4(6)):001010’
00010 1
1 000110
01 000 11
A(C4(7)):0010111
0001101

So 5(C*4(6)) = 2, s(C*(7)) = 3.
Moreover, by the works of Erokhovets [6], we have some more general results about cyclic
polytopes:

n—13

s(C™(m))=2 ifandonlyif 2<m-n<2+ P

Next is the main part of this paper. Associating to R}, (n — 1)-dimensional simplicial
complex K} is defined as follows:

(1) The vertex set of Kl is PR}, the set of lines in R].

(2) A k-simplex in K} is a collection of k + 1 lines {lo,l1,--- ,lx}, l; € PR}, which span a
(k + 1)-dimensional unimodular subspace of R}.

Remark 2.2 A subspace A of R} is unimodular if there exists another subspace B such
that R = A® B.

As shown in [4, p. 429], K7 determines a universal G”}-space (Gq = Zs if d = 1 and G4 = S!
if d = 2), so K is also called the real universal complex if d = 1, or the complex universal
complex if d = 2.

According to the definitions, an Rj-coloring of K is equivalent to a nondegenerate simplicial
map from K to K7, so we have rg(K7) = n and r(K%) = n.

Remark 2.3 A nondegenerate simplicial map is a simplicial map which restricts to an
isomorphism on each simplex. There is a natural nondegenerate simplicial map from K% to
K7, denoted by ®, which is induced by the mod 2 map from Z" to (Z2)™ mapping each integer
vector (a1, ,an) to (a1, -+ ,a,) mod 2.

Now we can describe the lifting problem as the following statement (also cf. [10, Remark
6]).

Let K be a simplicial complex of dimension n — 1. Then there is a nongenerate simplicial
map f: K — K", Does there exist a nongenerate simplicial map f : K —s K5*) such
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that the following diagram is commutative?

i

K 7 K’{JR(K)

So we can see that A(K) = sg(K) — s(K) = r(K) — rg(K) is an obstruction of the lifting
problem in the sense that A(K) # 0 implies that there is no lifting in the above diagram. On
the other hand, we may have A(K) = 0 but the lifting still does not exist for some particular
maps from K to K5

3 Computations of A(KYT)

We see that if there is a cross-section 7 : K} — K% of ® for any n (i.e., 7 is a nondegenerate
simplicial map such that ® o 7w is an 1dent1ty of KT), then any nondegenerate simplicial map
f: K — KV always admits a lifting f =mo f.

This is true for n < 3.

Theorem 3.1 A(K}?) =0 forn=1,2,3.

Proof Define the map 7 : K} — K§ on the vertices by sending each binary vector
to the corresponding integral vector with 0/1-coefficients. It is well known that whenever
A € GL(n,Z2) and n = 1,2,3, then the corresponding integral 0/1-matrix lies in GL(n,Z).
Thus 7 is a well-defined nondegenerate map of simplicial complexes. Obviously, it is a lift of ®.

This statement was originally observed by Ayzenberg in [1, Lemma 5]. My result is a special
case.

For n = 4 there does not exist such a cross-section 7 : £ — K3 by the following lemma.

Lemma 3.1 (cf. [2, Thereom 1]) There is no nondegenerate simplicial map from Ki to K3.

Now let us begin to compute A(K}).

We know that according to Hadamard’s maximum determinant problem (cf. [8]), for Ae

GL(n, Z2), if we regard A as an integral matrix, its determinant does not exceed % For
the case of n =4, det A = £1 or £ 3.

Let V; C (Z2)4 be the set of all vectors which have exactly ¢ non-zero coordinates, i =
1,2,3,4.

Lemma 3.2 For A € GL(4,7Z2), regard it as an integral matriz. If det A = +3, then there
are only two possible cases:

(1) The row vectors of A are just the four vectors of Vs;

(2) One row vector of A belongs to Vs and the others belong to Va.

Proof Firstly, A has no row vector in V;. Otherwise, det A is equal to the determinant
of some matrix in GL(3,Zs), which is certainly 41 if regarded as an integral matrix. Next, A
has no row vector in V;. Otherwise, suppose that the 1st row vector of A is (1,1,1,1). For the

3 ) 3

same reason, other three row vectors do not belong to V3. If not so, the 1st row of A can be
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turned into a vector in Vi by a row transformation with the determinant unchanged. So the
three row vectors of A except (1,1,1,1) must belong to Vo. However, this is also impossible,
since det A will be even.

Therefore according to the above arguments, the row vectors of A can be only contained in
V5 and V3. We only need to eliminate the two cases:

(1) Two row vectors belong to V2 and other two belong to V5.

(2) Only one row vector belongs to V2 and other three belong to Vs.

Consider the case (1). Without loss of generality, suppose that the 1st and 2nd rows of A
are (1,1,1,0) and (1,1,0,1) respectively. There is only one vector in Vo whose 3rd and 4th
coordinates are 1. So one of the remaining row vectors can necessarily remove two non-zero
coordinates of (1,1,1,0) or (1,1,0,1) by a row transformation, which is in contradiction with
the 1st statement. Similarly, the case (2) is also impossible.

Remark 3.1 Actually, we can obtain the specific matrix of the case: One row vector of A
belongs to V3 and the others belong to V5 as the following;:

Without loss of generality, suppose that the 1st row of A is (1,1, 1,0). Furthermore, suppose
that three other row vectors’ 4th coordinates are 1, otherwise by subtracting the one whose 4th
coordinate is 0 from the 1st row, the resulting matrix does not change the determinant but its
1st row belongs to V4. This is in contradiction with Lemma 3.2. So

B is a 0/1-matrix in GL(3,Z) whose rows are all vectors with only one nonzero coordinate.
Multiply the sum of the 2nd, 3rd and 4th row by —1 and add it to the 1st row, we get a matrix

0 0 0 =3
1

B 1
1

Its determinant is 3 - det B = £3.
Now we can calculate A(K7).
Theorem 3.2 A(K}) = 1.

Proof From Lemma 3.1, it is sufficient to find a nondegenerate simplicial map from K to
K3, which is equivalent to a map from (Zs)?* to Z° such that every basis of (Z3)* is mapped to
a part of a basis of Z°. A natural idea is to add a 5th coordinate to vectors in (Z3)*, and then
regard them as vectors in Z°%. We try to find a function f : (Z2)* — Z, such that for any basis
{ag, - ,au} of (Z)*, {(fc(iii)) ST (fc(ﬁi‘;))} is a part of a basis of Z°, which means that there
exists B = (by,---,bs)T € Z°, such that

() () 9) =



1342 Y. Sun

Expand this determinant along the 5th column, and let A denote the matrix (aq, -, a4).
Replace the i-th row of A by (f(a1),---, f(ayq)), and denote the derived matrix by A4;. Then

et (( o)+ (st ) )

= b5 det A — bl detA1 — bQ det AQ — bg det A3 — b4 detA4.

Denote it by I'. It is easy to see that I' = 1 if and only if det A, det Ay, --- , det A4 are
relatively prime, i.e.,

g.c.d(det A,det Ay, --- ,det Ay) = 1. (3.1)

Claim If we set f(a) =1 for all @ € (Z2)*, then (3.1) holds for any A € GL(4,Z>).

We have mentioned that the determinants of matrices in GL(4,Z2), regarded as integral
matrices, must be +1 or =+ 3.

If det A = £1, (3.1) naturally holds.

If det A = 43, by Lemma 3.2 and Remark 3.1, there are exactly two possible cases and they
can be uniquely determined up to permutation of rows and columns. That is,

1 1 1 0 1 1 1 0
1 1 0 1 1 0 0 1
1 0 1 1]’ 0 1 0 1
0 1 1 1 0 0 1 1
There must exist one of det Ay, - -+, det Ay that is relatively prime to det A in the above two
cases, for
1 1 1 1 1 1 1 1
L 1o 1|_  [Loo1]|_,
1 0 1 1 ’ 0 1 0 1
0 1 1 1 0 0 1 1

So (3.1) holds.

For n > 5, we can not determine the exact value of A(K?). But a non-decreasing relation
holds for general situations.

Theorem 3.3 A(K}) < AKPT), n> 1.

Proof It is sufficient to prove that r(K}) < r(K}!) — 1. Let 7(Ky*!) be N. Then there
exists some nondegenerate simplicial map f from IC?Jrl to K&. Without loss of generality, we
can assume that f maps e; = (1,0,---,0)T € (Zy)"*! to (1,0,---,0)T € ZV. So f can be
written as the following form:

flv) = (g(v)) , gw) €Z, h(v) € ZNT for v € (Zy)" .
Similarly, vectors of ZY are supposed to be written as
ul
U = (u2> ., uleZ, uezN

Let W denote the set of the vectors in (Zs)"*! whose 1st coordinates are zero. The full
subcomplex Ky of IC’f+1 spanned by the vertex set W is isomorphic to K7.
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For every (k — 2)-simplex vovs - - - v, € Ky, e109v3 - - - vy, is a (k — 1)-simplex of IC?H. f(er),
f(va), f(v3), -+, f(vg) form a (k — 1)-simplex of K2, which implies that Jusi1, ugia, -,
uy € ZV, such that

det(f(el)v f(UQ)v T 7f(U/€)7uk+la te aUN)
1

0 h(v2) -+ hlve) wiy, - uy

Expanding the above determinant along the 1st column, we have

det (h(UQ)a o ,h(Uk), ui-{-l? e 7113\7) =1L
Namely, h(vs),---,h(v) must be a part of a basis of ZV~!. Hence h is a nondegenerate
simplicial map from Ky to lCéV_l.

Remark 3.2 This theorem can also be deduced from [1, Proposition 8] from another point
of view.

Using Lemma 3.1, we can directly get the following corollary.

Corollary 3.1 There is no nondegenerate simplicial map from K7 to KY forn >4, i.e.,

AKY) >1, n>4

4 Conclusion and Further Problems

For a given family F of simplicial complexes, we may ask whether A(K) = 0 for every
K € F. The answer is negative for the family of all simplicial complexes since we have a
counterexample K7 for n > 4. As proved in [4], K} is Cohen-Macaulay, thus the answer for
the family of all Cohen-Macaulay complexes is negative as well. This question for the family of

simplicial spheres is open.
Problem 4.1 Whether A(K) =0 or not for any simplicial spheres K?

We know that any simple convex polytope determines a dual simplicial sphere. If a simple
convex polytope P" with m codimension-1 faces admits a small cover (equivalently, sg(P) =
m — n), then the above problem is just equivalent to the existence of quasitoric manifolds over
it (equivalently, s(P) = m—mn). A further discussion is the lifting problem mentioned in Section
1. A special case follows.

Problem 4.2 Can we obtain a quasitoric manifold over a simple convex polytope with a
given small cover as a real part?

Another problem is the estimation of the upper bound of A(KY) when n goes to +oo.
It follows easily from the definition.

Proposition 4.1 If a simplicial complex K admits a (Z2)™-coloring for some n, then

A(K) < A(KY).



1344 Y. Sun

Proof r = rg(K) < n. There exists a nondegenerate simplicial map from K to K} and a

nondegenerate simplicial map from K7 to IC£+A(’CD. Their composition is then a nondegenerate

simplicial map from K to IC£+A(’CD. So

A(K) < AKY) < AKKY).

Hence, the estimation of A(KT) helps to estimate the general cases. By Theorem 3.3, we
know that A(K7T) is a non-decreasing function of n. Thus, its upper bound is significant.

Finally we give a conjecture on this upper bound. For more discussion the reader is referred
to [2, 6-7].

Conjecture 4.1 A(K?) is unbounded when n goes to +00.

Acknowledgements The authors would like to thank the editors and the anonymous
referees for their valuable comments and helpful suggestions that helped to improve the quality
of the paper. Moreover, the author would like to thank his supervisor Prof. Kefeng Liu for his
constant encouragement and help.

References

(1] Ayzenberg, A., The problem of Buchstaber number and its combinatorial aspects, 2010, arXiv: 1003.0637.

[2] Ayzenberg, A., Buchstaber numbers and classical invariants of simplicial complexes, 2014, arXiv: 1402.3663
vl.

[3] Buchstaber, V. M. and Panov, T. E., Torus actions and their applications in topology and combinatorics,
University Lecture Series, 24, American Mathematical Society, Providence, RI, 2002.

[4] Davis, M. and Januszkiewicz, T., Convex polytopes, Coxeter orbifolds and torus actions, Duke Math. J.,
61, 1991, 417-451.

[5] Erokhovets, N., Buchstaber invariant of simple polytopes, Russian Math. Surveys, 63(5), 2008, 962-964,
arXiv: 0908.3407.

(6] Erokhovets, N., Criterion for the Buchstaber invariant of simplicial complexes to be equal to two, 2012,
arXiv: 1212.3970v1.

[7] Fukukawa, Y. and Masuda, M., Buchstaber invariants of skeleta of a simplex, Osaka J. Math., 48(2), 2011,
549-582; arXiv: 0908.3448v2.

[8] Hadamard, J., Résolution d’une question relative aux déterminants, Bull. des Sciences Math., 17, 1893,
240-246.

zmest’ev, 1. V., Free torus action on the manifo and the group of projectivities of a polytope P,
9] I ’ I V., i h ifold Zp and th f jectiviti f 1 P
Russian Math. Surveys, 56(3), 2001, 582-583.

[10] Li, Z., Equivariant bordism of 2-torus manifolds and unitary toric manifolds—a survey, 2014, arXiv:
1401.3052.

[11] Shephard, G. C., A theorem on cyclic polytopes, Israel J. Math., 6(4), 1968, 368-372.



