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On 3-Submanifolds of §3 Which Admit Complete
Spanning Curve Systems*

Yan ZHAO! Fengchun LEI? Fengling LI

Abstract Let M be a compact connected 3-submanifold of the 3-sphere S® with one
boundary component F' such that there exists a collection of n pairwise disjoint connected
orientable surfaces & = {Si,---,Sn} properly embedded in M, 0S = {951, --,05,}
is a complete curve system on F. We call S a complete surface system for M, and 0S
a complete spanning curve system for M. In the present paper, the authors show that
the equivalent classes of complete spanning curve systems for M are unique, that is, any
complete spanning curve system for M is equivalent to S. As an application of the result,
it is shown that the image of the natural homomorphism from the mapping class group
M(M) to M(F) is a subgroup of the handlebody subgroup #n.
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1 Introduction

A complete curve system (CCS, simply) J = {Jy,---,J,} on a connected orientable closed
surface F' of genus n is a collection of pairwise disjoint simple closed curves such that the
surface obtained by cutting F' open along J is a 2n-punctured 2-sphere. Two CCSs on F' are
equivalent if one can be obtained from another via finite number of band moves (defined in
Section 2) and isotopies.

Let M be a 3-manifold with one boundary component F. A complete surface system (CSS,
simply) § = {S1,--+,S,} for M is a collection of n pairwise disjoint connected orientable
surfaces properly embedded in M such that S = {051, ---,05,} is a CCS on F. We also call
OS a complete spanning curve system (CSCS, simply) for M on F. Two CSSs &; and Ss for
M are equivalent if the corresponding CSCSs 987 and 0Ss are equivalent on F'.

By [8, Corollary 1.4], a CSS in a handlebody H,, is just a complete disk system. It is a
well-known fact that any two complete disk systems in a handlebody are equivalent, that is,
the equivalent classes of complete disk systems for a handlebody are unique.
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Let M be a compact 3-submanifold of the 3-sphere S® with one boundary component which
admits a CSCS 7. Our first main result states that the equivalent classes of CSCSs for M are
unique, that is, any complete spanning curve system for M is equivalent to 7.

Let K be a knot in S3. The exterior S3\N(K) of K is denoted by E(K). The slopes
(isotopy classes of essential simple closed curves on OE(K) = ON(K)) can be parameterized
by QU {%} Let v be a slope. By doing a Dehn surgery on K along -y, we obtain a 3-manifold
S3(K;v). Dehn surgery on a link in S® can be similarly defined.

Gordon-Luecke [3] showed that no non-trivial Dehn surgery on non-trivial knots in S® yields
the 3-sphere S3. That is, S3(K;+) is not homeomorphic to S for any non-trivial knot K and
v # %. This implies that two knots are equivalent if and only if they have homeomorphic
complements. On the other hand, there are non-trivial Dehn surgeries on links in S® producing
S3 (see for example, [10]).

Let M be a compact 3-manifold with one boundary component S of genus n, and H,, a
handlebody of genus n. Let h : 0H,, — S be a homeomorphism. By gluing M and H,, via h,
we obtain a closed 3-manifold M = M Uy, H,,. For a CCS J on S = h(8H ), if J occurs to be
the boundary of a complete disk system for H, in M we say that M is obtained from M by
adding a handlebody along 7.

Let M be a compact 3-submanifold of S? with one boundary component S which admits a
CSCS K. Let J bea CCSon S, and M the manifold obtained from M by adding a handlebody
along J. We know that if M is homeomorphic to S3, then (F;J,K) is a Heegaard diagram
of S3. From the uniqueness of Heegaard splittings of S®, there exists a CSCS {ay, -+, } for
M on S which is equivalent to K and a complete disk system & for H,, with 9 = {S1, -, Bn}
on S which is equivalent to J such that |o; N G| = 1 for 1 < i < n, and |a; N B;| = 0 for
1 <i# j <n. Our second result says that the same phenomenon happens when the surface S
splits S? into two general 3-submanifolds each of which admits a CSCS on S.

The paper is organized as follows. Section 2 contains some necessary preliminaries. In
Section 3, we prove the main results and obtain some other properties of such submanifolds
in $2, including that the image of the natural homomorphism from the mapping class group
M(M) to M(F) is a subgroup of the handlebody subgroup H,, of M(F).

2 Preliminaries

The terminologies and definitions used in the paper are all standard (see for example, refer
to [6-7, 16]).

2.1 Equivalent complete spanning curve systems for 3-manifolds

In the subsection, we will introduce some definitions and facts on complete spanning curve

systems for 3-manifolds.

Definition 2.1 (1) Let F,, be a closed orientable surface of genus n. A CCS on F, is a
collection J of n pairwise disjoint simple closed curves on F,, such that the surface obtained by

cutting F,, along J is a 2n-punctured sphere.
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(2) Let M be a compact 3-manifold and S a boundary component of M with g(S) =n > 1.
Let J ={J1, -+ ,Jn} be a CCS on S. If there exists a collection of pairwise disjoint compact
orientable surfaces St1,--- , Sy properly embedded in M such that 0S; = J; for all 1 < i <mn, we
call S = {851, -+ ,Sp} a CSS in M (respect to S), and call T a CSCS for M on S.

A simple closed curve J on a surface S is essential if J does not bound a disk on S.

Definition 2.2 (1) Let Jy, Jo be two disjoint essential simple closed curves on a surface S,
and v a simple arc on S such that v N Jy is an end point of v, v N Jo is another end point of
v, and the interior of ~y is disjoint from J; U Jo. Let P = N(J; U~y U J2) be a compact regular
neighborhood of J1 U~y U Ja on S. Denote by Ji#~J2 the boundary component of P which is
not isotopic to J1 or Jo on P, and call it the band sum of J, and Jy along 7.

(2) Let T ={J1, - ,Jn} be a CCS on a closed surface S of genusn > 0. For1 <i# j <n,
let v be a simple arc on S such that v N J; is an end point of v, v N J; is another end point of

v, and the interior of v is disjoint from |J J;. Let J;; = Ji#+J; be the band sum of J; and
1<i<n
Jj along . See Figure 1. By isotopy, we may assume that J;; is disjoint from the curves in J.

Replace J; or J; with Jij in J to get a CCS J' on S. We call J' a band move of J.

Figure 1 The band sum of J; and Jj.

It is clear that if J’ is a band move of 7, then J is also a band move of J'.

Definition 2.3 (1) Two CCSs C; and Cy on a closed surface S of genus n > 0 are called
equivalent if one can be obtained from another by a finite number of band moves and isotopies.

(2) Let M be a compact 3-manifold and S a boundary component of M with g(S) =n > 1.
Let S = {S1, -+ ,Sn} and 8" = {S1,---, S} be two CSSs for M with respect to S, and J, J’,
the corresponding CSCSs on S. We say that S and S’ are equivalent if J and J' are equivalent
on S.

A handlebody H of genus n is a 3-manifold which admits a complete disk system D such
that the manifold obtained by cutting H open along D is a 3-ball.
The following facts are well known, and proofs can be found in [8].

Proposition 2.1 Let H be a handlebody of genus n > 1.

(1) The only complete surface system in H 1is the complete disk system.

(2) Let D = {Dy,- -+, Dy} be a complete disk system for H, and J = 0D = {9dDy,--- ,0D,}.
Then any CCS K on OH which is equivalent to J is the boundary of a complete disk system
for H. Moreover, any two CSCSs (therefore the boundaries of two complete disk systems) for
H are equivalent.
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Proposition 2.2 Let M be a compact 3-manifold, and S a boundary component of M with
genus n > 0. Let J be a CSCS for M with respect to S. Then any CCS J' on S which is
equivalent to J is also a CSCS for M.

2.2 Heegaard splittings

In the subsection, we will review some fundamental facts on Heegaard splittings of 3-
manifolds.

A Heegaard splitting for a compact closed orientable 3-manifold M is a decomposition of
M into two handlebodies H and H’ of the same genus such that HNH' = 0H = 0H' = S and
M = HUg H'. S is called a Heegaard surface of M, and ¢(5), the genus of S, is called the
genus of the splitting. The genus of M, denoted by g(M), is defined to be the minimal genus
over all Heegaard splittings for M. It is a well-known fact that any compact closed orientable
3-manifold admits a Heegaard splitting (see [5]).

Let V Ug W and V' Ugs: W’ be two Heegaard splittings for a 3-manifold M. V Ug W
and V' Ugs W’ are called isotopic if their splitting surfaces S and S’ are isotopic in M, and
equivalent if, there exists a homeomorphism h : M — M which takes S to S’ (that is, h is a
homeomorphism of triples from (M, V, W) to (M,V',W’') or from (M,V,W) to (M, W', V")).
V Us W and V' Ugs: W' are called stably equivalent if, after a finite number of elementary

stabilizations, they become isotopic.

Lemma 2.1 Let (S;7,J') be a Heegaard diagram associated to a Heegaard splitting H Ug
H', and h: S — S a self-homeomorphism of S. Then the Heegaard splitting determined by the
Heegaard diagram (S;h(T), h(J")) is equivalent to H Ug H'.

Proof Let VUg V' be the Heegaard splitting for M’ determined by the Heegaard diagram
(S;h(T),h(T")). From the definition of Heegaard diagram and [1, Theorem 3.8], it is clear that
h:S — S can be extended to a homeomorphism h : (M, H, H') — (M',V, V") of triples. Thus
V Ug V' is equivalent to H Ug H'.

It is a classical theorem (Reidemeister-Singer theorem, refer to [7] or [9]) on the stabilizations
of Heegaard splittings that any two Heegaard splittings VUg W and V' Ug: W’ for a 3-manifold
M are stably equivalent.

Waldhausen [18] proved the following uniqueness theorem of the Heegaard splittings for S3.

Theorem 2.1 (see [18]) Let V Us W be a Heegaard splitting of genus n > 1 for S3. Then
V Ug W is a stabilization of the Heegaard splitting of genus 0 for S2, i.e., for each genus, the
Heegaard splitting for S3 is unique.

Let VUsW be a Heegaard splitting of genus n > 1 for S2. From Theorem 2.1, it is a stabiliza-
tion of the genus 0 splitting for S?, there exists a Heegaard diagram (S; {aq, -, an}, {B1, -,
Bn}) for S% associated to the splitting such that |a; N 3;| = 1 for 1 < i < n, and |a; N Bij| =0
for 1 <i#j<n. Wecall (S;{a1, - ,an}, {61, - ,Bn}) the canonical Heegaard diagram for
53, See Figure 2 below.

There is a very elegant characterization of the 3-sphere in terms of any corresponding Hee-
gaard diagram.
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Figure 2 The canonical Heegaard diagram of S3.

Theorem 2.2 Let M be a closed orientable 3-manifold, and VUrp W a Heegaard splitting of
genus n for M with an associated Heegaard diagram (V' J1,--+ ,J,). Then M is homeomorphic
to S? if and only if there exists an embedding i : V < S® such that K = {i(J1),-- ,i(Jn)} is
a CSCS for W' = S3\i(V).

Remark 2.1 (1) Theorem 2.2 was first stated in Haken’s paper [4] for the homotopy 3-
sphere and attributed to Moise and others (refer to [15] for a proof). By Perelman’s work (see
[14]) on Thurston’s geometrization conjecture (which implies that Poincaré conjecture hold),
the homotopy 3-sphere is the 3-sphere.

(2) The embedding i : V < S3 might be complicated, even for a Heegaard diagram (V;.J)
associated to the genus 1 Heegaard splitting V Us W of S, where i(J) could be any knot in
S3.

2.3 Fox’s re-embedding theorem of 3-submanifolds of S3

The following is a classical re-embedding theorem of Fox [2] for a compact connected 3-
submanifold of S3. See [11, 13, 17] for reproofs of the theorem.

Theorem 2.3 Let X be a compact connected 3-submanifold of S3. Then X can be re-

embedded in S® so that the complement of the image of X is a union of handlebodies.

3 Some Properties of 3-Submanifolds in S3 Which Admit CSCSs

In the section, we will always assume that M is a compact 3-submanifold of S3 with
one boundary component F which admits CSCSs. We say that there always exist such 3-
submanifolds in S3, for example, let M be the complement of a non-trivial knot in S2, then the
preferred longitude for the knot is a CSCS for M on the OM.

The following theorem shows that the equivalent classes of CSCSs for such 3-submanifolds

of §3 are unique.
Theorem 3.1 Let J, K be two CSCSs for M. Then J and K are equivalent.

Proof Assume g(F)=n>1,and J = {J1,---,Jn}, K = {Ky, -, K,}. By Theorem
2.3, there exists an embedding i : M < S® such that V = S3\i(M) is a handlebody of genus
n. Set S = i(F). By Theorem 2.2, both (V;i(7)) and (V;i(K)) are Heegaard diagrams of

S3. By Theorem 2.1, the Heegaard splittings of S® are unique for each genus, so (V;i(J)) and
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(V;i(K)) are Heegaard diagrams associated to the unique Heegaard splitting V Ug V' of S3
with genus n. Thus, i(J) and i(K) are boundaries of complete disk systems for the handlebody
V'. By Proposition 2.1, i(J) and i(K) are equivalent on S. Hence, J and K are equivalent on
F'. This completes the proof.

Let X be a compact 3-manifold with one boundary component S of genus n, and H, a
handlebody of genus n. Let h : 9H,, — S be a homeomorphism. By gluing X and H,, via h, we
obtain a closed 3-manifold M = X Up H,,. For a CCS J on S = h(0H,,), if J occurs to be a
complete disk system for H,, in M , we say that M is obtained from X by adding a handlebody
along J. Let J7 and J> be two CCSs on 0X. We say that the two handlebody additions to X
along J1 and Jo, respectively, are equivalent, if [7; and /5 are equivalent CCSs on X . Clearly,
equivalent handlebody additions to X yield homeomorphic 3-manifolds.

For a 3-submanifold M in 52 with one boundary component F, Fox’s re-embedding theorem
(see Theorem 2.3) implies that there is always a handlebody addition to M which yields 3.
Suppose that M admits a CSCS K, J is a CCS on F. Let M be the manifold obtained by
adding a handlebody to M along J. If M is homeomorphic to S, then by Theorem 2.2,
(H,; K) is a Heegaard diagram of S® associated to the unique Heegaard splitting of genus n. J
bounds a complete disk system of handlebody H,,. Therefore, (F; 7, K) is a Heegaard diagram
of §3.

The following are examples of handlebody additions which have some special property.

Example 3.1 Let F be a closed surface of genus n > 1 in S® which splits S® into M; and
Ms. Suppose that at least one of M7 and Ms is a handlebody. Assume that M; admits a CSCS
on F,i1=1,2.

(1) When g(F) = 1, one of My and Ma, say, My, is a solid torus (a tubular neighborhood
of a knot K in S?), and M is the knot exterior. It is clear that there exists a meridian disk D
in My and a Seifert surface S in My such that 9D and 9S meet in one point on F.

(2) F is a Heegaard surface of genus n > 1 in S®. There exists a canonical Heegaard diagram
(F;{a1, - ,an}, {B1, -, Bn}) associated to the splitting such that |a; N B;| =1 for 1 <i < n,
and |a; NG| =0 for 1 <i#j<n.

(3) Suppose that M; admits a CSCS J, and Ms is a handlebody. Choose a complete disk
system D for M, and set K = OD. Then we can consider S? as a handlebody addition to Mj,
and (F;J,K) is a Heegaard diagram of S®. Theorem 2.1 implies that there exists a CSCS
{a1,++ ,an} for M7 on My which is equivalent to J and a complete disk system & for My
with 9 = {f1,- -+, Bn} on OMs which is equivalent to K such that |o; N B;| =1 for 1 <i < n,
and |a; NG| =0 for 1 <i#j<n.

The following theorem shows that the same phenomenon happens for a general surface F'.

Theorem 3.2 Let F be a closed surface of genus n > 1 in S which splits S® into two 3-
manifolds My and Ms. Assume that M; admits a CSCS J; on F, i =1,2. Then there exists a
CSCS L1 ={au, -+ ,an} for My which is equivalent to J1 on F and a CSCS Lo = {B1,--+,Bn}
for My which is equivalent to Jo on F, such that |a; N B;| =1 for 1 <i<mn, and |a; N B;| =0
for 1 <iz#j<n.
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Proof By assumption and Theorem 2.3, there exists an embedding i; : M; — S 3 such that,
Uj = S3\i;(M) is a handlebody of genus n, j = 1,2, and both (Uy;i1(J1)) and (Us;iz(J2) are
Heegaard diagrams of S3. Choose a CCS K; on dU; which bounds a complete disk system for
U;, j =1,2. Then (i1(F); K1,i1(J1),), (i2(F);i2(J2),K2) are Heegaard diagram for S®. Thus,
by Lemma 2.1, (F;i7 (K1), J1) and (F; J2,i5 '(K2)) are both Heegaard diagrams for S®. By
Theorem 2.1, the Heegaard splittings of S® are unique for each genus, so il_l(lCl) and Js are
equivalent CCSs on F, and i *(K2) and J; are equivalent CCSs on F. Therefore, (F; J2, J1)
(as well as, (F; J1,J2)) is again a Heegaard diagram for S°.

Let (F;L1 = {a1, - ,an}, L2 = {B1, -+, Bn}) be the canonical Heegaard diagram for S3,
ie,|lazNB|=1for1<i<n,and|a;NGj| =0for 1 <i#j<n. Again by Theorem 2.1, Ji
is equivalent to £7 on F', and [J> is equivalent to Lo on F.

Since J; is a CSCS on F for M, by Proposition 2.2, £; is also a CSCS on F for M;, j =1, 2.

The conclusion follows.

Remark 3.1 One way to obtain the 3-submanifolds in S® which admit CSCSs is as follows.
Let L = {l1,---,l,} be a boundary link in S3. L bounds a disjoint union of n Seifert surfaces
S1--+,8, in S3 such that {; bounds S; for i = 1,---,n. Choose a point P in S® so that P
is not contained in any S;, 1 < i < n. For each i, 1 < ¢ < n, choose a simple arc «; in 53
connecting P and a point P; € [;, such that o; N.S; = o; NI; = P;, and for i # j, a; Ny = {P}.

Set I' = |J oy Ul;. Then T is a connected graph with x(I') = 1 —n. Let H be a regular
i=1

neighborhood of I' in $%. H is a handlebody of genus n. Clearly, M = S3\ H admits a CSCS
on OM.

As before, let M be a compact 3-submanifold of S3 with one boundary component F which
admits CSCSs. We use M(F') (resp. M(M)) to denote the mapping class group of F (resp.
M), the group of isotopy classes of orientation preserving self-homeomorphisms of F' (resp. M).
For X = F or M, we call each element of M(X) an automorphism of X and when there is no
confusion we feel free to go back and forward between this element and a representative of this
isotopy class.

For each ¢ € M(M), ¢|p € M(F). So there is a natural homomorphism j : M(M) —
M(F). When M is a handlebody H,, of genus n and F = 90H,, we call j(M(H,)) the
handlebody subgroup of M(F), and denote it by H,. H, consists of the elements in M (F')
which can extend to automorphisms of H,. A classification of H,, is given in [12].

As an application of Theorem 3.1, we have the following theorem.

Theorem 3.3 Let M be a compact 3-submanifold of S® with one boundary component F
of genus n which admit a CSCS K, and j : M(M) — M(F') the natural homomorphism. Let
H be a handlebody of genus n with 0H = F and K is the boundary of a complete disk system
for H. Then the image j(M(M)) is a subgroup of H,,.

Proof Take a o € M(M), ¢’ = ¢|r = j(¢) € M(F). We only need to show ¢’ € H,,. Set
¢'(K) = K'. Since K is a CSCS for M, K’ is also a CSCS for M. By Theorem 3.1, K and K’
are equivalent CCSs on F. From Proposition 2.1, K’ also bounds a complete disk system for
H. Tt is clear that ¢’ extends an automorphism of H.
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