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A Boundary Schwarz Lemma for Holomorphic
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Abstract The authors prove a general Schwarz lemma at the boundary for holomorphic
mappings from the polydisc to the unit ball in any dimensions. For the special case of one
complex variable, the obtained results give the classic boundary Schwarz lemma.
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1 Introduction

The Schwarz lemma is known as one of the most important results in complex analysis.
The Schwarz-Pick lemma is a variant of the Schwarz lemma, which essentially states that a
holomorphic self-map of the unit disk decreases the distance of points in the Poincaré metric.
It has been generalized to the derivatives of arbitrary order in one complex variable (see [1-2]).
Concerning several complex variables, Rudin [3] gave a first derivative estimate for the bounded
holomorphic functions on the polydisc, which is really a precursor to Schwarz-Pick estimate in
high dimensions. Knese [4] studied the extremal problem for the holomorphic functions from the
polydisk to the disk. Later, Liu [5] generalized the result of [1-2] to the holomorphic mappings
on the unit ball and polydisc in C™.

The Schwarz lemma at the boundary is another active topic in complex analysis (see [6]),
which was applied to geometric function theory of one complex variable and several complex
variables [7-10] as well as Hilbert space (see [11]). The following result is the classic boundary
version of Schwarz lemma in one complex variable.

Theorem 1.1 (see [6]) Let D be the unit disk in C, and let f be the self-holomorphic
mapping of D. If f is holomorphic at z =1 with f(0) =0 and f(1) =1, then f'(1) > 1.

It is a well-known result that there are no biholomorphic mappings between D" and B™.
Therefore, holomorphic mappings between D™ and B"™ are interesting in several complex vari-
ables. There have been many results proved about such mappings since the 1970s (see [5,
12-13]). Before giving the proof of the boundary version of Schwarz lemma for holomorphic
mappings between D™ and BY, we give some notations and definitions first.
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For any z = (21, -+ ,2n) %, w = (wy, - ,w,)T € C", the inner product and the correspond-
n
ing norm are given by (z,w) = " z;w;, ||z]| = (z,z)2. In addition, denote ||zs = max |25
i=1 <jsn

Let D™ C C™ be the polydisc in the n-dimensional complex space, which is described by
D" ={ze€C"| ||z]loc < 1}. D™ ={z € C" | ||z]|o = 1} denotes the topological boundary of
D™, and the distinguished boundary of D" is given by T" = {z € C" | |zj| =1, 1 < j < n}
(see [3]). Denote by H (D™, BY) the set of all holomorphic mappings from D™ to BY. For any
f € H(D" BY), we denote it by f = (f1,---, fn)T and the Jacobian matrix of f at z € D" is
given by

Tiz) = (gfj)an

For a bounded domain V € C*, C*(V) for 0 < o < 1 is the set of all functions f on V for
which
— ! .
sup { If(;)_ ZJ/‘S )| ‘ s e V}
is finite. CF+(V) is the set of all functions f on V whose k'"' order partial derivatives exist

and belong to C*(V) for an integer k > 0.

Remark 1.1 From the definition of the norm on D", the boundary points could be clas-
sified into several kinds. Let zg = (21, -+ ,2,)T € OD™. If there are only r components of
zp whose norm equals 1, then we denote the set of all this kind of boundary points by FEi.,
1 <r <n. It is easy to see that there are n different E, for 9D", i.e.,

U E.=oD"
1<r<n
Especially, FE,, = T"™ which is the distinguished boundary of D™.

In this paper, we study the mapping f € H(D", BY) for any n, N > 1. Our main results
are listed as follows.

Theorem 1.2 Let f € H(D", BY) for any n,N > 1. Given zy € D", assume zy € E,
with the first » components at the boundary of D for some 1 < r < n. If f is C'T® at z

and f(z0) = wo € OBYN, then there exist a sequence of nonnegative real numbers vyi,--- 7,
T
satisfying Y~ v; > 1 and X\ € R such that
j=1
7T .
Jr(z0) wo = Adiag(y1, -+, 7,0, ,0)z0, (1.1)

|1—ET7JJ0‘2

e >0, a= f(0) and diag represents the diagonal matrix.

where A =

Remark 1.2 Especially, when r» = n, zo € T™. Denote by e} the i-th column of identity
T
matrix I, with degree n. If zg € F, is given by other expression such as zg = > eZ_ where [;
j=1
are different from each other and i; € {1,---,n} for 1 < j < r. Then from the proof of the
theorem, diag(vy1,---,7,0,---,0) should be replaced by the diagonal matrix M with the i;-th
row and i;-th column element M(ij,i;) = v;; (j =1,---,7), otherwise being 0.

For r = 1, we have the following corollary.
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Corollary 1.1 Let f € H(D"™, BY) for any n > 1. Given 2o € Ey C 9D, if f is C**2 at
zo and f(z9) = wp € OBN | then there exists a real number A € R such that

T
Jf(z0) wo = Azo, (1.2)

where \ > % >0 and a = f(0).
For N =1, the following result is obtained.

Corollary 1.2 Let f € H(D™, D) for any n > 1. Given zg € D", assume zy € E, with
the first v components in the boundary of D for some 1 < r < n. If f is C'T at zy and
f(z0) = el € 9D for 0 < 0 < 2mw. Then there exist a sequence of nonnegative real numbers

r
Y1yt Ve Satzsfyzng Z 0z 2 1 and X € R such that
j=1

T . .
Jt(20) € = Adiag(y1,- -+ 7,0, ,0)z20, (1.3)
where \ = % >0 and a = f(0).

Remark 1.3 This theorem is a general Schwarz lemma at the boundary for holomorphic
mappings from the polydisc to the unit ball in any dimensions. For n = N = 1, Corollary 1.1
gives Theorem 1.1 in [6]. The smooth condition of f is C'T at 2 here.

The Kobayashi distances for the polydisc in C™ is given as follows (see [14]):

1 1 [[e: (W)l
Kpn(z,w) = = log — 2=l = 4y e pm, (1.4)
2 7 1= lpz(w)lloo
where ¢, (w) is the automorphism of D™ given by
() (w1—21 wn—zn)T
2\W) = — Ty —
v 1—Z1un 1 —Zpwy,

Meanwhile, the Kobayashi distances for the unit ball in CV could be expressed by
1+ [|¢z(w)]

1
K =—log ———— BN 1.5
BN(Z7w) D) Og1_||¢z(w)||7 , W € ) ( )
where ¢, (w) is the automorphism of B, and
_Pz T o9z z
(bz(w) — z (w) S Q (’UJ) zZ,w e BN

1—(w,z) ’
with P, being the orthogonal projection of C" by
(w, z)
(E
and @Q.(w) = w — P,(w), as well as s, = /1 —||z]|? (see [15]). It is found that ¢.(0) =
Z, ¢z(z) =0 and ¢z = (bz_l

It is the fact that the Kobayashi distance non-increases under holomorphic mappings (see
[16]). Consider the mapping f € H(D", BY) and f(0) = 0. Then from (1.4)—(1.5), Kz~ (f(0),
f(w)) S KDn (O,u}), i.e.,

P, (w) = z, ifz#£0,

L)l 1y 1 ol
BT @) =2 T fwle

Since t — 3 log 1% is an increasing function for ¢ € [0,1), we have || f(w)| < [[w||s. Therefore,
the followmg lemma is obtained which would play an important role in the proof of main results.

1
—1

t
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Lemma 1.1 Assume f € H(D", BY) for anyn, N > 1. If f(0) =0, then

If(w)|| < [|w]loo, w € D™

2 Proof of Theorem 1.2

We will prove the theorem in the following five steps.

Step 1 Let 29 € E, C 9D". Without loss of generality, we assume 2o = >_ e?. f is C1T2
i=1
in a neighborhood V' of z9. Moreover, we assume f(0) = 0 and f(2¢) = wo = e € BN.
Let p = 20, ¢j = — Z e +ike} for 1 <j <r. Then p+tq; = (1 — t)zo + ikte] for t € R.

lp+tgllec <1< |1—t—|—1kt| <land|l-t|<1l&0<t< 1+k2, which means that for a given
k € R when t — 0T, p+tg; € D" NV. For such ¢, taking the Taylor expansion of f(p+ tg;) at
t =0, we have

Flp +ta;) = wo + Jy(20)g5t + O ™).

By Lemma 1.1,
1f(+ ta;)lI* = llwo + Ty (z0)ast + O )| < llp + tg5I3,

i.e.,
1+ 2Re(wo " Ty (20)q;t) + O ) <1 — 2t + O(#?).

Substitute wy = e and let t — 07, we have

Re(e{v J¢ (20 ( Ze + ike” )) < -1,

i.e.,

Re( - Z} 8@2’?0) +ikagijo)) < -1

Let 8%20) = Re afalij(’) + iImafalij"). Then from the above inequality, one gets

Re Zafl 20) FIm df1(z0) <1,

0z; 0z;
i.e.,
9f1(20 afl 20)
— < — 1. .
kIm oz Re E 1 (2.1)

Since (2.1) is valid for any k € R, so that

m1) g <<
8Zj
which gives
Re>" Ofi(z0) - 4 (2.2)
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and
0 0
L) _ g 00Go) o (2.3)
(?Zj (?Zj
Step 2 Let p = 20, ¢j = — > e} + ke for 1 < j < rand k < 0. Then p+tg; =

i=1
(1—t)zo + kte! for t € R. [[p+tgslloc <1 & [1—t+kt| <land |1 —t| <1&0<t< 2,
which means that for any given k£ < 0, there are t — 07 such that p + t¢; € D" N V. Taking
the Taylor expansion of f(p +tgq;) at t = 0, we have

1 (p+taj)|* = [lwo + J¢(20)g5t + O )| < |lp + ta;]l3,

ie.,
14 2Re(wWo " J¢(20)gst) + Ot ) <1 — 2t + 2

Substituting wo = e and letting ¢ — 0%, we have

Re(e{v Jr (20 ( Ze + ke )) < -1,

i.e.,

— 9f1(20) |, fi(20)
Re(—z 5e R )<-1
From (2.3), one gets

D R

i=1

which is equal to

W20 5 0hG)

825] - 8 i

The right-hand side of the above inequality is nonnegative from (2.2)—(2.3). Since k < 0 is
arbitrary, it is obtained that

9f1(z0) .
>0 1<5<nr. 2.4
5, =0 lsisv (2.4)
Step 3 Let ¢ = — > el +ikey forr+1 <1l <nand k # 0 € R. Then p+tq =

7j=1

(1—t) Z ef +iktep fort € R. |[p+tqlloc <1 [1—t| < Land |ikt]> <1< 0 <t < min {g;,2}.
j=
Therefore given a k(# 0) € R, there exist ¢t — 0T such that p+¢g € D" NV. Similarly, taking

the Taylor expansion of f(p + tg;) at t = 0, we have
f(p+ta) = wo + Jp(zo)qut + Ot ).

By Lemma 1.1,

1P+ ta)|* = llwo + J¢(z0)ait + O ) |* < [|p + tarl%,
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i.e.,

1+ 2Re (w57 (20) - Ze +ikef )t) + O(E+) <12t +O().

Substituting wo = e and letting ¢ — 0%, we have

Re(e{v Jy zo( Ze +1kel))§—1,

ie.,

Re( - Z Bf(;ijo) + ikaf(;ijo)) <1

From the above inequality as well as inequality (2.3), one has

df1(z0) df1(z0)
- <
Fm 0z Z 0z;

Since the right-hand side of the above inequality is a nonnegative scalar, with the similar
argument to Step 1, we have

Im3f1(2’o) =0, r+1<I<n.
82’1
Meanwhile, if we assume p = zo, ¢ = — >_ e} + kej forr+1 <1 <nand any k # 0 € R. It is
j=1
easy to find
6
fl(Zo) =0, r+1<Il<n
821
as well. Therefore,
0
) o i1<i<n (2.5)
82’1

As a result of (2.2) and (2.4)—(2.5), we have

Jf(Zo)Two = diag(A1, -+, Ar, 0,0+ ,0)20 (2.6)

T T
for wo = el¥, 20 = Zle;-‘and/\jzafal—ZO)EOWith le\jzlandlgjgr.
j= j=

Step 4 Now let z9 € F,. be any given point at 9D"™ with the first » components in the
T

boundary of D, i.e., zy is not necessary . Then there exists a special kind of diagonal
j=1

unitary matrix U,, such that U,,(zo) = Z e?. Assume f(0) = 0, f(z0) = wo and wp is not

necessary e at 9BY. Similarly, there is a Uw0 such that Uy, (wo) = e}. Denote
9(2) = Uy 0 f 0T, -

Then g(0) =0, g( Y €}) = e}’. Moreover,
Jj=1

T

Ty(2) = Uy J4(Tmg 2)T20 - (2.7)
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From Steps 2 and 3, we have

T
T T

(Yo ep) el =diag(h, -+ A0, ,0) Y el

=1 i=1
T
where \; = 8981_20) >0 with >> A; >1and 1 <j <r, which is equal to
j=1
T

Vo s (Ta ' Do en)Tay " el =diag(ha, e+ An, 0,0+, 0) Y el
j=1 j=1

i.e.,

UZOJf(ZO)TU—one{V = dia’g()\la Tty A’N 07 e 30) Z en'

Multiplying U_ZOT at both sides of the above equation gives

Uny UnyT7(20) Uy e = Ty ding(Ar, -, A0, ,0) S e,

. T . . .
Since U,, is also a diagonal matrix, we have

U_Z()Tdia'g()\la"' 7AT707"' 70) = dla'g()\la 7AT707"' JO)UZO B

and therefore,

Jf(ZO)TwO = diag(Alv e 7)\7’7 07 T 70)U_ZOT Z e}l = diag(Alv e 7)\7’7 07 T 70)Z07 (28)
j=1

where \; = 28G9 > 0 with S A\; > 1and 1 <j <7
J ]:1

Step 5 Let f(z0) = wo with zy € dD", wy € OBN. If f(0) = a # 0, then we use the
automorphism of BV to get the result. Assume that ¢,(w) is an automorphism of B" such
that ¢,(a) = 0. Then ¢, (wo) € OBY as well. With similar analysis to Step 3, there exists a
Uy, such that Uy, (¢a(wo)) = wo. Let

h=Us, 0da0f.

Then h(0) =0, h(z0) = wo. As a result from Step 4, there is a sequence of real numbers v; > 0

and 3 7, > 1 such that
j=1

T .
Jn(z0) wo = diag(vy1,- -+ ,¥,0,--+,0)20.

According to the expression of h, it is obtained that

T T T T T
Jh(ZO) w0=U¢aJ¢a(wo)Jf(zo) ’LU():Jf(ZQ) J¢a(w0) U¢a wq. (2.9)
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Since Uy, (¢a(wo)) = wo, we have W%Two = ¢ (wp). From the expression of the automorphism
¢q given by [15], we have the following equality:

- T—T —T 1 — |lal|?
Joo(wo) Up, wo = Jp,(wo) ¢al(wo) = mwo-

Therefore, combining with (2.9) we get

T_1—|al®

i) T

wo = diag(y, -+ 7, 0,- - ,0)20.

Consequently,

[ .
Jf(ZO) wo = Adlag(717"' 771”705"' 70)Z07 (210)

where A = L5800, 57 45 > 1 and a = £(0).
j=1
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