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On a Vector Version of a Fundamental
Lemma of J. L. Lions*
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Abstract Let Q be a bounded and connected open subset of RY with a Lipschitz-
continuous boundary, the set €2 being locally on the same side of 9. A vector version of a
fundamental lemma of J. L. Lions, due to C. Amrouche, the first author, L. Gratie and S.
Kesavan, asserts that any vector field v = (v;) € (D'(R2))Y, such that all the components
%(@vi + 0iv;), 1 <i,j < N, of its symmetrized gradient matrix field are in the space
H~(Q), is in effect in the space (L?(Q))". The objective of this paper is to show that this
vector version of J. L. Lions lemma is equivalent to a certain number of other properties
of interest by themselves. These include in particular a vector version of a well-known
inequality due to J. Necas, weak versions of the classical Donati and Saint-Venant compat-
ibility conditions for a matrix field to be the symmetrized gradient matrix field of a vector
field, or a natural vector version of a fundamental surjectivity property of the divergence
operator.
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Saint-Venant compatibility conditions
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1 Introduction

All notations and definitions are not explained here, see Section 2.
Given any open subset Q of RY, the implication

feLl*Q) = fecH Q) and grad f € H ()
clearly holds. While the converse implication, viz.,
feH Q) and grad f € H'(Q) = f € L*(),

does not necessarily hold in general (see, e.g., the counterexample of Geymonat and Gilardy
[11]), it does if © is a domain in RY, i.e., a bounded and connected open subset of RY with
a Lipschitz-continuous boundary, the set 2 being locally on the same side of its boundary (for
details about domains, see Adams [1] or Necas [22]).

This fundamental observation is due to J. L. Lions (see the footnote 27 in Magenes and
Stampacchia [19]). Tts first published proofs appeared in Theorem 3.2 in Chapter 3 of Duvaut
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and Lions [10] and in Tartar [23], for domains with sufficiently smooth boundaries. It was later
shown by Geymonat and Suquet [14] that this implication holds in fact if  is any domain in
RY, i.e., with a boundary that is only Lipschitz-continuous.

This result was further generalized by Borchers and Sohr [6] and Amrouche and Girault [4],
who showed that the assumption “f € H~1(Q)” can be replaced by the weaker assumption
“f € D'(Q2)” and that the spaces H~1(Q2), resp. L?(2), can be replaced with the more general
spaces H~™(Q), resp. H~™"1(Q), where m is now any integer > 1, according to the following
result.

Theorem 1.1 (J. L. Lions Lemma) Let Q be a domain in RN and let m > 1 be an integer.
Then the following implication holds:

feD(Q) and grad f € H™(Q) = f € H ™ (Q).

Note that it was also shown in [4, 6] that, more generally,
fe€D(Q)and grad f € W ™P(Q) = f € W mTLP(Q)

for any integer m > 1 and any p € R such that p > 1.

J. L. Lions lemma was then generalized to vector-valued distributions, i.e., in D’(£2) (instead
of “scalar” distributions in D’(€2)), by Amrouche, Ciarlet, Gratie and Kesavan [3] according to
the following result.

Theorem 1.2 (Vector Version of J. L. Lions Lemma) Let Q be a domain in RN and let
m > 1 be an integer. Then the following implication holds:

v=(v;) € D'(Q) and V,v = (%(@-vi + 8ivj)) EH™(Q) =ve H ™(Q).

Proof Let v = (v;) € D'() be such that (Vsv);; = 1(9;v; + 0iv;) € H-™(Q). Then the
well-known identity

9 (Okvi) = 05(Vsv)ir. + Ok (Vsv)ij — 0;(Vsv) i,

which holds here in the space H="71(Q2) € D’(2), implies that dyv; € H~™(Q), which in turn
implies that v; € H~""1(Q), thanks to two successive applications of J. L. Lions lemma (see
Theorem 1.1).

Incidentally, Theorem 1.2 shows that the natural analog in the vector version of J. L. Lions
lemma of the gradient operator grad of the scalar case is the symmetrized gradient operator
Vs.

We shall be concerned in this paper with the special case m = 1 of Theorem 1.2, viz., with
the implication

v €D'(Q) and Voo € H Q) = v € L*(9).

More specifically, our main objective is to show that this implication is in effect equivalent
to a certain number of other fundamental properties (cf. Theorems 3.1, 4.1-4.2), by means of
natural “vector versions” of similar equivalences that were shown to hold in [2] in the scalar
case.
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2 Notations and Other Preliminaries

Throughout the article, an integer N > 2 is given and, unless otherwise specified, Latin
indices take their values in the set {1,2,--- , N}.

All the functions, matrices, etc., considered here are real. The notations Ker A and Im A
respectively designate the kernel and the image, also known as the range, of a linear operator
A. If B is a subset of a vector space X and A € R, then AB := {\z € X; x € B}.

Let X be a normed vector space. Given any x € X and any r > 0, the notation B(x;r)
designates the open ball with center x and radius r; given x € X and a subset B of X, the
distance from z to B is defined as d(x, B) := inf{d(z;y);y € B}; a subset B of X is said to
be starlike with respect to an open ball B(x;r) if, for every z € B, the convex hull of the set
{z} U B(z;r) is contained in B.

The dual of a topological space X is denoted X’ and the duality between X’ and X is
denoted x/(-,-)x; given a subspace Z of X, the polar set Z° of Z is defined by

ZO = {x/ = X/; X/<£L'/7£L'>X =0 forall z € Z}

Given two normed vector spaces X and Y, the notation £(X;Y) designates the space
of all continuous linear operators from X into Y, equipped with the operator norm. Given
A€ L(X;Y), its dual is the operator A’ € L(Y'; X') defined by x/(A'y',x)x = y(y/, Az)y for
allz € X and all ¢y € Y.

The notations (a); and (A);; respectively designate the i-th component of a vector a € RY
and the components at the i-th row and j-th column of an N x N matrix A. The notation
A = (a;j) means that a;; = (A);;. The Kronecker’s symbol is denoted d;;. The notation a - b
designates the Euclidean inner product of two vectors @ € RY and b € RY. The set of all
N x N symmetric, resp. antisymmetric, matrices is denoted SV, resp. AN,

In what follows, © denotes a non-empty open subset of RY, z = (;) designates a generic

point in , and 0; := % and 0;; = agf—;z_ respectively designate the partial derivative
i 2 J

operators of the first and second order, in the classical sense or in the sense of distributions.

The notation 9%, where a = (a1, g, - - - , ) is a multi-index, designates the partial differential

lex]

operator —x, with |a| = > ;. The support of a function f : Q — R is denoted
¥ :

supp f, and f|4 designates the restriction of f to a subset A of Q.

The notation D(Q) designates the space of functions ¢ € C*°(£2) such that suppyp is a
compact subset of 2. The space D() is equipped with its inductive limit topology (cf., e.g.,
Vo Khac [25]). Then a sequence (¢,,)22; of functions ¢, € D(£2) converges to a function
v € D() in this topology if there exists a compact subset K of Q such that

suppy C K and supp g, C K foralln > 1,

sup [0%¢p, () — 0%p(x)] — 0 as n — oo for each multi-index a.
reK

Such a convergence is denoted
©n — ¢ in D(Q) as n — oo.

The notation D'(Q2) designates the dual space of D(2), i.e., the space of distributions on €.
The notations H™(Q) for each integer m > 0, with H°(Q) := L?(£2), and the notations HJ"(Q2)
and H~"(Q) for each integer m > 1, designate the usual Sobolev spaces and their duals.
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Spaces of functions or distributions, vector fields, and symmetric matrix fields, i.e., with
values in S%, are respectively denoted by italic capitals, boldface capitals, and special Roman
capitals. For instance,

D(Q) = D(4RY),  Hg(Q) = Hy (% RY),
D'(Q) =D'(sY), H Q) =H H(SY), ete.

Such spaces are equipped with their natural product norms. For instance,

vl e o) = {/Q (Z vi|? + Z |8jvi|2)dx}§ for each v = (v;) € H*(Q),
0,J

%

||einH1(Q) = {A (Z |eij|2 + Z |8ke”|2)d:z:}% for each e = (eij) S Hl(Q), etc.
idk

2%
The following differential operators will be used in the sequel:
grad : D'(Q) — D'(Q), with (grad f); := 9, f for each f € D'(Q),
V,:D'() = D'(Q), with (Vsv);;:= %(iji + O;v;) for each v = (v;) € D'(Q),

div:D'(Q) — D'(Q), with (dive); := Z dje;j for each e = (e;5) € D' ().
J

Note that, when 2 is connected, the kernel of the symmetrized gradient operator V, has a
well-known characterization, viz.,

KerV, = {v € D'(Q); there exist A € AV and b € RY such that
v(x) = Az + b for each x € Q}.

3 An Equivalence Theorem

We now show that the vector version of J. L. Lions lemma of Theorem 1.2 with m =1 is
equivalent to a certain number of other properties, respectively noted (a), (b), (¢), (d), (e), (f),
and (g), in the next theorem.

In addition to their interest per se, some of these properties have interesting interpretations.

For instance, property (b) constitutes a “weak” vector version of J. L. Lions lemma, which
is nothing but the natural vector version of the “original” lemma of J. L. Lions.

Property (c) constitutes a natural vector version of a well-known inequality due to Necas in
the “scalar” case (see [21-22], or Bramble [7] for a different proof).

Property (e) constitutes a weak version of the classical Donati compatibility conditions;
see [3, 12-13], where such conditions were used to define and analyze an intrinsic approach to
linearized elasticity (a quick introduction to Donati compatibility conditions is found in Sub-
section 6.18 of [8]). These conditions are said here to be “weak” to reflect that the given matrix
field e is now in the space H™*(Q2) instead of the space L?(£2) and the duality g-1(q)(e, 8)H1(Q)
replaces the inner product fQ e.sdz.

Property (f) constitutes the natural vector version of the surjectivity of the operator div :
H(Q) = {f € L3(); Jo fdz = 0}, a fundamental property which goes back to Ladyzhenskaya
[17], Ladyzhenskaya and Solonnikov [18], Temam [24], Bagovskii [5].

Note that the implications (b) implies (c), (¢) implies (d), and (d) implies (e), in Theorem 3.1
were already established, albeit in a slightly different form, in [3]; in particular, the introduction
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of the space denoted L3(), instead of the quotient space L?(2)/KerVy in [3], somewhat
simplifies the arguments. Otherwise, the implications (e) implies (f), (f) implies (g), and (g)
implies (a), are new.

The definition of a domain in RY has been given in Section 1.

Theorem 3.1 (Equivalence Theorem) Let © be a domain in RN . The following properties
are equivalent:

(a) Vector version of J. L. Lions lemma:

v €D'(Q) and Voo € H Q) = v € L* ().

(b) Weak vector version of J. L. Lions lemma:

ve H Q) and Voo e HHQ) = v € L*(Q).

(c) Vector version of Necas inequality: There exists a constant Cy(2) such that

[vllz2(0) < Co(@)([vlla-1(0) + [Vsvlla-1@)  for all v e L*(Q).
(d) The operator Vs has a closed range: The image of the space

L2(Q) = {v € L2(Q);/

v-rdr =0 forallre Kervs}
Q
under the operator Y is a closed subspace of the space H=1().

(e) Weak Donati compatibility conditions: Given a symmetric matriz field e € H=1(Q),
there exists a vector field v € LE(Q) such that

Vsv=c¢e
if (and clearly only if)
H-1(0) (€, S)my ) =0 forallse H3(Q) that satisfy divs =0 in Q.

If this is the case, the vector field v is uniquely determined in the space L3(S2).

(f) The operator
div: H}(Q) — L3(Q)
is onto: Consequently, for each vector field v € LE(Q), there exists a unique symmetric matriz
field e(v) in the orthogonal complement (Ker div)* of Kerdiv in the Hilbert space H}(2) that
satisfies
div(e(v))=v in Q,
and there exists a constant C1(€2) such that

le(v) @) < CL)lvllzz)  for all v e LE(Q).

(g) Approximation property. Assume that the domain ) is starlike with respect to an open
ball. Then there exists a constant Co(Q2) with the following property: Given any vector field ¢
in the space

Dy(Q) := {¢ € D(N); /sz -rdx =0 for all r € Kervs},
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there exist symmetric matriz fields e, (@) € D(Y), n > 1, such that

len (@)l ) < C2(Q)[[@llLz@)  for alln > 1,
div(e,(¢)) = ¢ in D(Q) as n — oc.

Proof (a) implies (b): Obvious.
(b) implies (c). It is easily verified that the space

V(Q):={ve H(Q); Vo c H1(Q)}

equipped with the norm || - [[g-1(q) + [|Vs - [[m-1(q) is a Banach space. Since the canonical
injection ¢ : L?(Q) — V(Q), which is clearly continuous, is onto by (b), the open mapping
theorem shows that the inverse mapping ¢! is continuous, which is precisely what inequality
(c) expresses.

(c) implies (d). First, note that L3(f2) is the orthogonal complement of Ker V4 in L?(€);
consequently LZ(€2) is closed in L?(Q) and the restriction to L3(2) of the operator V4 : L*(Q) —
H~1(Q) is one-to-one.

Second, by a well-known property of linear operators between Banach spaces, property (d)
holds if

[vllL20) < C(Q)|Vsv|a-1(q) forallve Lg(Q).

Assume by contradiction that such a constant C'(§2) does not exist. Then there exists in this
case a sequence (vg)?2, of vector fields vy, € L3(Q) that satisfy

ok - [l =1 forallk>1 and [[Vevg-|g-10) =0 ask— oo

By the Rellich-Kondrasov theorem “in the space L*(Q)” (cf., e.g., Theorem 6.11-3 in [8]),
there thus exists a subsequence (v)7, of (vg)?2, that converges in the space H~'({2), on the
one hand.

Since the sequence (V,v,)52, converges in the space H™(2) (to 0) on the other hand, the
sequence (v)72, is a Cauchy sequence with respect to the norm || - [|[g-1(q) + |V - [la-1(0),
hence also with respect to the norm || - || z2(q) by (c).

Therefore, there exists an element v € L3({) such that

v — v in L3(Q) as £ — oo,

and thus,
Vv, - Vgo=0 in H_l(Q) as £ — oo,

since the operator Vs : L*(Q) — H~1(Q) is continuous. Consequently, v = 0 since Vj :
L3(Q) — H™(Q) is one-to-one. But this contradicts the relation [|ve||z2(q) =1 for all £ > 1.

(d) implies (e). First, the operator div: H}(2) — L2(2) maps the space H}(f2) into
the subspace L3(2) of L*(Q2). To see this, note that, for all e = (e;;) € H{(Q) and all
r = (r;) € Ker Vg,

/dive-rdx:Z/(ﬁjeij)ridx: —Z/ eij0jridy
Q 7 /0 7 /0

1
= —5 Z /Q eij(ﬁjri + BiT'j)dl' =0.
i,
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Next, given any vector field v = (v;) € L3(£2) and any matrix field e = (e;;) € H}(€2),
1
*1(Q)<vsva 6>H(1)(Q) =3 Z H-1(Q) (0jvi + vy, 6ij>Hg(Q)
ZH Q) (9 'Uuem H}(Q) — ZL2 Q) Uua e’L]> LZ(2)

4,J

= TLX) (v,div 6>Lg(§z)

(the space L3(1) is identified here with its dual space). These relations mean that Vs : LZ(Q) —
H~1(Q) is the dual operator of —div : H}(Q) — L3(€).

Banach closed range theorem then shows that the operator Vg has a closed range (property
(d)) if and only if

ImV, = (Kerdiv)®,

which is exactly property (e).

Finally, the solution v € LZ(Q) to the equation Vsv = e is unique since Vg : LZ(Q) —
H~1(Q) is one-to-one.

(e) implies (f). The relations above also mean that —div: H§(Q2) — L2Z(Q) is the dual
operator of Vi:L2(Q) — H~1(Q). Banach closed range theorem then shows that

Im div = (Ker V,)°.
But V; : L3(Q) — H~1(Q) is one-to-one, as already noted. Therefore
Imdiv = L%(),

as was to be proved. The continuous operator div : (Ker div)® — L2Z(2) is thus onto.
Since the same operator is also one-to-one, the open mapping theorem shows that it has a
continuous inverse, which is precisely what the other assertions in (f) express.

(f) implies (g). There is no loss of generality in assuming that € is starlike with respect to
a ball B(0;r), i.e., centered at the origin.

Let ¢ € Dy(f2) be given and kept fixed in the ensuing argument. Since Dy(2) C L3(Q),
there exists a unique matrix field e = (e;;) € (Kerdiv)t C H§(Q) such that

dive = ¢ and |[e|m @) < C1(Q ¢l L2

with a constant C1(€2) independent of ¢ € Dy (£2). Of course, the matrix field e, like the matrix
fields s,, and e,, introduced below, all depend on ¢.
Given any integer ng > 1 that satisfies ng > %, let

2
An ::1—5, Qn =20 CQ for each n > ny,

sn(y) == /\ne(%), ifyeQ,,

sn(y):=0, ifyeQ—9Q, foreachn > ny.

For all n > ng, we thus have

dist(z, 02) > 2 for all x € Q,
n
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(the assumption that ) is starlike with respect to B(0;r) is used here), and

snlo, € HYQL), snlo_q, =0, divs, = <p(/\;) in Q,

where ¢(5=) designates the extension by 0 on Q — €, of the vector field defined by ¢ (%) if
yeQ, and by 0if y € Q —Q,,.
Let (pn)$2, be a sequence of mollifiers, i.e., that satisfy

pn € C(RY),  suppp, C B(O; %) and /Qpn(y)dy =1,
and let, for each n > ng,
~ 1
Q, = {az € Q; dist(x, 0Q) > ﬁ}’
en(x) = / o) sn()pn(x —y)dy, if x €y,
en(z):=0, ifzeQ—Q,.

In other words,

€n = Sp * Pn,

where *x designates the convolution product.
Then the smoothing property of such convolution products and the inclusions suppe,, C
{Q,}~ together imply that
e, € D(Q) for each n > ng.

Besides, by another well-known property of convolution products,
lenllm ) < lIsnllm(q)-

Taking as a new variable y = &= € § for each x € ,, gives

Hsn”Hl(Q) = Hsn”Hl(Q )y = Z/ x )‘ +Z ‘aheu( )‘ ) x
-3 | (22t I + 3210k )1) o < el o

so that, as announced,

lenllm @) < lIsallm @) < llellm@) < Ci(@)l@llLz@ for all n > ng.
It remains to show that
dive, — ¢ inD(Q) asn — 0o

(the definition of convergence in the space D(€2) is recalled in Section 2).
Since supp ¢ € €2 and

dive, = div(s, * p,) = (divs,) * p, = go()\—) x pp for all n > ny,
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there exist a constant @ > 0 and an integer ny > ng such that
(suppdive,)U (supp ) C K := {z € Q; dist(z,00Q) > a} for all n > ng,

on the one hand.
Using yet another well-known property of convolution products with mollifiers, we infer
that, for each multi-index @ and each integer n > nq,

0%(dive,) = 0% (cp()\—) * pn) =0% (cp(/\—n)) * P

.

Using that fQ pn(y)dy = 1, we may thus write

0% (dive)(x) — 0%p(z) = / ﬁ(aw("”;n Y) — 9%(2)) puv)dy

- [{( - 0)ome(5) +0e(522) - 0% hontuna

n

at each x € ). Consequently,

sup |0%(dive,)(x) — 0%p(z)|

reK
1 (6%
< (W 1) sup [0 ()|

+§22‘/;m%){3“¢(x+-(113")$—-f%)—-8“¢Cﬂ}pn@ﬂdﬂ-

It is clear that sup  sup [(3522)z—+L| = 0asn — cosince A, =1—-2 — Lasn — .
€K yeB(0;1) " "
Together, this property and the uniform continuity and boundedness of each partial derivative
0%p on () therefore imply that

sup |9%(dive,)(z) — 0%p(x)| = 0, asn — oo,
reK

on the other hand.
We have thus shown that dive, — ¢ in D(Q2) as n — 0.

(g) implies (a). Let a vector field v € D'(Q2) such that Vyv € H-}(Q). In order to show
that v € L?(Q), it suffices to show that there exists a constant C(£2, v) such that

lpr@) (v, @)Dyl < C(Q,v)|pllL2@ for all ¢ € D(Q),

thanks to the density of D(Q) in L*(Q) and to F. Riesz representation theorem.
To this end, we proceed in three stages, numbered (i)—(iii).

(i) There exists a constant ¢o(€2) independent of v with the following property: Given any
@ € D(Q), there exists a vector field ¢ € D(Q2), which depends on ¢, such that

(¢ — @) € Dy(N) := {1/; € D(Q); /91/1 -rdz =0 for all r € Kervs},

e — @llz2) < co@)lellL2()-
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Assume without loss of generality that 0 € Q. It is easily seen, by defining appropriate
products of N even or odd functions in D(R) with small enough support, that there exist
functions 0; € D(2), 1 <i < N, that satisfy
/Hldleand /Hlxjdx:O, 1<j<N,
Q Q
/Hidx:Oand/ﬁixjdx:%ij, 1§]§N,2§’L§N
Q Q
Let e;, denote the basis vectors of RY. Then the vector fields defined by
N :=be, €D(Q), 1<k<N, and ng:=0er € D), 1<k<l<N,
satisfy respectively
/(nk)ldx = J;, and /(nk)ixjda: =0, 1<i,j5,k<N,
Q Q

/('I’[kg)id$ =0 and /(nkg)ia:jda: = 251'1@53'2, 1<4,5, <N, 1<k<?{<N.
Q Q

Given any vector field ¢ = (p;) € D(R), let the vector field ¢ € D(Q) be defined by

= ; (/Q‘Pkd$)"7k + %g (/Q(%’kilfe - ka)dx)nkg.

We then claim that the vector field (¢ — @) € D(Q) satisfies the announced properties:

First,
/ pidr = Z (/ cpkdx) (/(nk)idx) = / pider, 1<i<N.
Q . Q Q Q
Second, given any numbers a;; satisfying a;; = —aj;, 1 <14, j < N,
Z/ — @i)agrjde = Z/{ — (¢ — @j)witag;da.
1<]

Noting that

/Q@xjdx = %Z (/Q(@kxe - ka)dx) /Q(lez)ixjdx

k<t

[ (it — eyman, i<
= Q
0, ifi>j,
and that, likewise,
/(%xi —pizg)dr, if j <i,
/(ﬁjxidx = Q
@ 0, ifi<j,

we infer that

Q{(% — @iz — (p; —@;)xipde =0 for all i < j.
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We have thus shown that

/(¢—¢)-(Am+b)dx:o for all A € AY and all b € RV,
Q

ie., that (¢ — @) € Dy(), by the characterization of the space Ker V (cf. Section 2). The
existence of a constant co(£2) independent of ¢ € D(Q) such that || —@||L2q) < co(Q)[lellL2(0)
follows from the triangle inequality and the Cauchy-Schwarz inequality.

(ii) Assume that € is starlike with respect to a ball. Since (¢ — @) € Dy(), there exist by
(g) matrix fields e, € D(2), n > 1, that depend on (¢ — @), hence on ¢, such that

lenllm @) < C2(Q)]le = @llrz) < Ca(Q)co(@Q)|@llL2(e) foralln > 1,
dive, = (p— @) in D(Q) asn — oco.

Given any ¢ € D(R), the scalar (v, @) can therefore be written as

(v,) = (v,@) + lim (v,dive,),

n—00

where, for notational brevity, we let

() = @)D

like in the rest of this part of the proof. Let us examine the two terms appearing in the above
expression of (v, ).
First, by definition of ¢ (see (i)),

0.8 = 3 ([ eude)wm) + 53 ([ (ouar = ormn)ar) w. o).

k k¢

Hence there exists a constant ¢;(£2, v) such that

(0,8)] < e1(Q,0) |l for all € LX(9).
Second, the assumption that Vsv € H™1(Q2) implies that
(v,dive,) = —g-1(0)(Vsv, en>H(1)(Q) for all n > 1,
hence that

[(v,diven)| < [[Vsvlla-1@llenllm @) < c2(v)l[ellr2@),

with c2(Q,v) 1= || Vv |lg-1(0)C2(2)co ().
Consequently,
|0, 0)] < C(2, )|l g2y for all g € D()

with C(Q,v) := ¢1(Q,v) + c2(Q, v). We have thus shown that the vector version of J. L. Lions
lemma holds on a domain that is starlike with respect to a ball.

(iii) Finally, assume that € is a general domain. In this case, arguments similar to those
used in Maz’ya [20] or Costabel and McIntosh [9] show that ) can be written as a finite union

Q:GQj

j=1
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of domains 2; C Q, 1 < j < m, each of which is starlike with respect to a ball.

Given any open subset U of € and any vector field @ € D(U), the notation 8% designates in
what follows the extension of @ by 0 on Q — U, so that 8% € D(1Q).

For each 1 < j < m, the linear form

© € D(Q) = proy(v.¢")pe) ER
defines a distribution, denoted v;, on €2;, which therefore satisfies
(9, (v, P)D(0,) = D) (v, @' ) Doy for all g € D(Q;).
Consequently, given any matrix field e € D(€;),

p(2,)(Vsvj, €)na,) = — pr(a,)(vj,dive)pa;)

T D(Q) <va (dive)ﬁ>’D(Q) = H-Y(Q) <VS’U7 €u>H[1)(Q),

and thus
I (2,)(Vsvs: €pa,| < IVsvlla-1(allelluq, forall e € D(€)).
The last relation shows that V,v; € H™!(2;). The vector version of J. L. Lions lemma on
the domain ; (see (ii)) thus implies that each vector field v; € D'(£2;) can be identified with
a vector field in L2(£);), in the sense that

D/(Qj)<vj, 90>‘D(Qj) = / vj - wdx for all ¢ € D(Qj)

J

Besides, given any 1 < j, kK < N, the relation

/ v; - pda :/ v; - @Pla;dr = pio) (v, ) Do)
Qjﬁﬂk

J

:/ vk-goﬁmkdx:/ v - pdx  for all ¢ € D(; N Q)
Qp QjﬂQk

shows that v; = vy in ©; N Q. The relations wlg, := v;, 1 < j < m, therefore unambiguously
define a vector field w € L?().

It remains to show that v = w. Given any vector field ¢ € D(1), let (a;)7; denote
m
a partition of unity associated with the open covering suppe C |J ©;, i.e., made up with
j=1
functions a; € D(Q), 1 < j < m, that satisty

m
suppa; C 5, 1<j<m, and Zozj(x) =1 forall = € supp .
7j=1
We then have

() (v, <P>D(Q) = Z /() (V, 4P)D(0)
j=1

.

Il
-

/(2,) (V5 (@), ) Do) = Z/ﬂ v; - (oj¢)],dx
J j=175%%

.

Il
-

/ wlo, - (ajp)|o,dr = / w - pdr  for all ¢ € D(Q).
Q; Q

J J

Consequently, v = w € L?(f) as announced. This completes the proof.
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4 Two Further Equivalences

To conclude, we also state two further properties that are also equivalent to the vector
version of J. L. Lions lemma.

The first equivalence asserts that the “weak” version of the Donati compatibility conditions
(e) of Theorem 3.1 can be replaced by an even “weaker” version, in the sense that the “trial
fields” s need be only in the space D(£2) instead of in the space H}(2). More specifically, we
have the following theorem.

4

Theorem 4.1 Let Q be a domain in RN. The vector version of J. L. Lions lemma, viz.,
v €D (Q) and Vv € HHQ) = v € L*(Q)

s equivalent to the following version of the Donati compatibility conditions: Given a matric
field e € H=Y(Q), there exists a vector field v € LE(Q) such that

Vsv=c¢e
if (and clearly only if)
H-1(0) (€, S)m(q) =0 for all s € D(Q?) that satisfy divs=0in €.

If this is the case, the vector field v is uniquely determined in the space LE((2).

Proof The principle of the proof is identical to that of the proof of Theorem 4.1 in [2], or
similar to that of the proof of Theorem 2.3 in Chapter 1 of Girault and Raviart [15]; for this
reason, the proof is omitted. Suffices it to mention that establishing the sufficiency of the above
Donati conditions relies not only on the vector version of J. L. Lions lemma itself, but also on
the one of its consequences, viz., the sufficiency of the weak Donati compatibility conditions (e)
established in Theorem 3.1.

The second equivalence asserts that the vector version of J. L. Lions lemma is equivalent to a
weak version of the well-known Saint-Venant compatibility conditions, “weak” in the sense that
the matrix field e is now given in the space H1(2), instead of in the space L?(Q) as in [3], where
such conditions played a crucial role for defining an intrinsic approach to linearized elasticity
(a quick introduction to the Saint-Venant compatibility condition is found in Subsection 6.19
of [8]).

Theorem 4.2 Let Q) be a simply-connected domain in RN . Then the vector version of J.
L. Lions lemma, viz.,

v €D (Q) and Vv € HHQ) = v € L*(Q)

1s equivalent to the following weak Saint-Venant compatibility conditions: Given a matrixz field
e = (e;j) € H™1(Q), there exists a vector field v € LE(Q) such that Vv = e if (and clearly
only if)
djeir. + Orieje — Opiejr — Opjeir =0 in H™3(Q).
If this is the case, the vector field v is uniquely determined in the space L3(12).

Proof This equivalence was already established in Theorem 7.3 of [3] in the special case
where N = 3, by means of arguments, essentially based on a clever idea due to Kesavan [16], that
can be easily extended to any integer N > 2 and which, for this reason, will not be reproduced
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here.
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We simply emphasize that the assumption of simple-connectedness of the domain 2

is crucially needed here, as the proof relies on the sufficiency of the “classical” Saint-Venant
compatibility condition, which itself relies on the “classical” Poincaré lemma (for details, see
again Subsection 6.19 of [8]).
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