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Abstract A subgroup of index p”* of a finite p-group G is called a k-maximal subgroup
of G. Denote by d(G) the number of elements in a minimal generator-system of G and
by 0x(G) the number of k-maximal subgroups which do not contain the Frattini subgroup
of G. In this paper, the authors classify the finite p-groups with dg¢q)(G) < p? and
da(ay—1(G) = 0, respectively.
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1 Introduction

It is well-known that the finite p-groups are fundamental tools in understanding the structure
of finite groups and in the classification of finite simple groups. After the classification of finite
simple groups was completed, the study of p-groups has attracted much attention and the
finite p-groups have been investigated intensively over the past decades. However, the complex
behaviour of finite p-groups is well-known and it prevents any attempt at a general classification.
In fact, only the p-groups of order at most p” have been completely classified for a general prime
p (see [12] for detail). This can be extended (see [5]) to the groups of order less than or equal
to p'® in the case p = 2. This situation has naturally led to restricting the study of p-groups
to special families.

The enumeration problem of p-groups is important in the study of finite p-groups, which
includes two aspects: One is to study the number of subgroups, elements and subsets of finite
p-groups. A classical result of Kulakoff [11] asserts: For a prime p > 2 and a group G of order
p", 5x(G) = 1 or 14p (mod p?), where s;(G) denotes the number of subgroups of order p* of G.
Along Kulakoff’s idea, many scholars investigated the possible case of s,(G) (mod p?) (see [2,
7,10, 15, 17-18]). The other is to study the structure or properties of finite p-groups by means
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of the number of subgroups. Fan [8] characterized finite elementary abelian p-groups in term of
sk(G). Moreover, Qu [13] characterized finite non-elementary abelian p-groups whose number
of subgroups of possible order is maximal. More results about the enumeration of subgroups
can be referenced to [1, 3, 14, 16, 19]. In this paper, we continue to characterize the structure
of p-groups by the enumeration of subgroups.

In the enumeration of subgroups, a fundamental theorem is the enumeration principle given

by P. Hall in [9]. The theorem is stated as follows.

Theorem 1.1 (P. Hall Enumeration Principle)

s(G) — Z s(M)+p Z s(M) —p? Z s(M) + -

MeS, MeS; MeSs
(D ST () o (1) D 5(0(G)) = 0,
MeSy
where G is a finite p-group, d = d(G), s(M) denotes the number of subgroups contained in
a subgroup M of G, S; denotes the set consisting of all major subgroups (in the sense that

subgroups containing ®(G)) of index p* of G.

We observe that in the enumeration principle, P. Hall introduced a kind of important sub-
groups, major subgroups, which play important roles in the study of finite p-groups. Moreover,
for a group G of order p”, P. Hall Enumeration Principle gives the relationship between the
number of major subgroups of index p* and the number of subgroups of index p*. For conve-
nience, a subgroup H of index p* is called a k-maximal subgroup of G. A k-maximal subgroup
H is called a k-major subgroup of G if H is major; otherwise, H is called a non-major k-maximal
subgroup of G. Clearly, if H is a k-major subgroup of G, then 1 < k < d = d(G).

Let v,(G) and 6x(G) denote the number of all k-major subgroups of G and the number
of non-major k-maximal subgroups of G, respectively. Then 6x(G) = s,-1(G) — 7 (G) for
k=1,2,---,d. Moreover, by the corresponding theorem, we have that v, (G) is equal to the
number of k-maximal subgroups of an elementary abelian group of order p?. P. Hall [9] proved
that

6x(G) =0 (mod pd=F+1h).

It means that §;(G) =0 (mod p) for 1 < k < d.

A natural question is: How does 0 (G) influence the structure of a p-group G?

Obviously, d1(G) = 0 is true for any finite p-group G. So we get nothing in this case. It is
easy to see that for a finite p-group G, if §x(G) = 0 for some k € {1,--- ,d}, then 6;(G) =0
for all t € {1,---,k}. This implies that if &k is a smaller positive integer, then there are many
p-groups with d;(G) = 0. So we pay our attention to the cases of k = d and k = d — 1. In this
paper, we study the finite p-groups with few non-major k-maximal subgroups. We prove that
if 0 < 6, (GQ) < p? for some k € {1,2,---,d}, then k = d and 6,(G) = p. Moreover, we classify
all finite p-groups with 64(G) = 0, 64_1(G) = 0, 64(G) = p and 64(G) = p?, respectively.
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2 Preliminaries

In this section, we give some notation and background material of this article. The reader
is referred to [3] for any undefined notation and terminology in this article.

Let G be a finite p-group. We use exp(G), ¢(G) and d(G) to denote the exponent, the nilpo-
tency class of G and the number of elements in a minimal generator-system of GG, respectively.
G is said to be of maximal class if |G| = p™ (n > 3) and ¢(G) = n — 1. Denote by Cpn and CJ:
the cyclic group of order p™ and the direct product of m cyclic groups of order p”, respectively.
M < G means that M is a maximal subgroup of G and H < G means that H is isomorphic to
a subgroup of G. Let H and K be two subgroups of G. We use H * K to denote the central
product of H and K.

For each positive integer ¢, we define
Q(G)=(a e G| a? = 1) and U;(G) = <api | a € G).
Let
My(n,m) == (a,b| a® =" =1, [a,b] = apn71> (n>2, m>1),
My(n,m,1) = (a,b,c|a® =" =cP =1, [a,b] =¢, [a,c] =[b, ] =1) (n>m >1).
To end this section, we list some known results which will be used in the sequel.

Lemma 2.1 (see [9]) Let G be a finite p-group and d = d(G). Then 6,(G) = 0
(mod p?=*+1) for 1 < k <d.

Lemma 2.2 (see [3]) Assume that G is a group of order p™*, 0 < k < n. Then sx(G) =1
(mod p).

Lemma 2.3 (see [3]) Let G be a group of order p™. If G is neither cyclic nor a 2-group of
mazximal class, then s;(G) =1+ p (mod p?) for 1 <k < n.

Lemma 2.4 (see [3]) Let G be a group of order p™.
(1) If 1 <m < n and $,(G) =1, then G is cyclic;
(2) If s1(G) =1, then G 1is cyclic or generalized quaternion.

Lemma 2.5 (see [3]) Let G be a p-group with |G'| = p. Then
G = (Al *A2 koo *AS)Z(G),

where Ay, As,--- | As are minimal nonabelian, so G/Z(Q) is elementary abelian of even rank.

In particular, if G/G' is elementary abelian, then
|Ai] = Az = - = |Ag| = p°.

Let E = Ay« Ay x---x Ags. Then E is extraspecial and G = EZ(G).
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Lemma 2.6 (see [3]) Let G be a finite p-group. If ¢(G) < p, then G is regular.

The following lemmas are the classifications of finite p-groups with some properties, which

will be used in the sequel.

Lemma 2.7 (see [4]) Let G be a nonabelian p-group with d(G) = 3. Suppose that all
mazimal subgroups of G are generated by two elements. If ¢(G) = 2, then |G| < p°® and one of
the following holds:

(1) G = Mpy(2,1) % Cpz = Mp(1,1,1) * Cpe;

(2) G =Qs x Cy;

(3) G = {(a,b,c|a*=b*=1, ¢ =a®b?, [a,b] =1, [a,c] =a?, [b,c]=a?b?);

(4) G = (a,b,c|a* =b*=c2 =1, [a,b] =1, [a,c] = a®b?, [b,c] = a?);

(5) If p > 2, then G = (a,b,c,z,y | aP = W o= = 1, [b,c] =1, [a,b] =2, [a,c] =y, P =
zoyP, P = aVy®, aP = yP = [bz] = [by] = [c,2] = [e,y] = 1), where 487 + (§ — &)? is a
quadratic non-residue mod p;

6) |G| =25, G ={(a,b,c|a*=b*=c* =1, [a,b] =2, [a,c] = b%c?, |b,c] = a?b?, [a%,b] =
[a?, c] = [b?, a] = [b?,c] = [¢?,a] = [, b] = 1).

As a direct consequence of [4, Theorems 70.2, 70.4-70.5], we have the following lemma.

Lemma 2.8 Assume that G is a nonabelian p-group with d(G) = 3 and all mazimal sub-
groups of G are generated by two elements. If ¢(G) > 2, then G is one of the following non-
isomorphic groups:

(1) {(a,b,c,d | a* = b* ct = d® = [a,d] = [b,d] = [e,d] = 1, [a,b] = 2, [a,c] =
b2c2, [b,c] = a®b?, [a?,b] = [a%,c] = [b?,c] = [?,a] = d, [b?,a] =1, [c?,b] = 1);

(2) H=G/Gy = {a,b,c,dye, f | a* = b =t =d?> = e = f2 = def = [a,d] = [b,d] =
[e,d] = [a,e] = [be] = [c,e] =1, [a,b] = c2d¢, [a,c] = b2c2de, [b,c] = a?b?, [a?,b] = [b?,c] =
2a)l=f, [a®,c] =d, [b? a] = [c® b] =€), where e =0, 1.

w

[e

Lemma 2.9 (see [6]) Suppose that G is a group of order 2° and all 2-mazximal subgroups of
G are metacyclic. If G has a mazimal subgroup which is not metacyclic, then G > H = (a,b, ¢ |
Y=bt =1, 2 =d®? [a,b] =1, [a,¢] = a?, [b,c] = a?b?) and G is one of the following
groups:
(1) (H,d | d*> = a?, [a,d] = a?b?, [b,d] =b?, [c,d] =1);
(2) (H,d | d*> =b?, [a,d] = a?, [b,d] = a?V?, [c,d] =a™');
(3) (H,d | d?* =b, [a,d] =b2, [b,d =1, [c,d] =a" ).

Lemma 2.10 (see [3]) Let G be a nonabelian group of order p™ with cyclic mazimal sub-
group. Then G is isomorphic to one of the following groups:

(1) My(n—1,1), where n >4 if p=2;

(2) Don = (a,b | a® =1, b2 =1, [a,b] = a~2) (n>3), the dihedral group;
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(3) Qan = (a,b | a® =1, b2 =a>" ", [a,b] = a~2) (n > 3), the generalized quaternion

group;
(4) SDgn = (a,b | a®" " =1, B2 =1, [a,b] = a2+2"") (n > 4), the semidihedral group.

3 The Classification for the Cases d4(G) = 0 and d4_1(G) =0

In this section, we classify all finite p-groups G with §4(G) = 0 and §4—1(G) = 0, respectively.
Throughout this section, we always assume that d = d(G) > 1.

We first consider the case §4(G) = 0. The next theorem gives the classification of all finite
p-groups G with §4(G) = 0.

Theorem 3.1 Let G be a group of order p™ and d = d(G) > 1. Then §4(G) = 0 if and only
if either G = Qs or G = C}.

Proof If G = Qg or G = C}, then it is easy to verify that dq(G) = 0.

Conversely, suppose that §;(G) = 0. Then G contains only one d-maximal subgroup ®(G)
and s,_4(G) =1+ 04(G) = 1. If n —d > 1, then G is cyclic by Lemma 2.4. This contradicts
the assumption d > 1. Thusn—d < 1. If n —d =0, then G = C}. If n —d =1, then G = Q2n
by Lemma 2.4. Thus d = 2 and n = 3. That is, G = @s.

To classify all finite p-groups with d4-1(G) = 0, we need the following lemmas which give
some properties of a finite p-group G with 6;(G) = 0 for some k € {2,--- ,d}.

Lemma 3.1 Let G be a finite p-group and k a positive integer such that 2 < k < d. Then
the following conditions are equivalent:

(1) 0x(G) =0.

(2) ®(H) = ®(G) for every (k — 1)-mazximal subgroup H of G.

(3) d(H) =d — (k — 1) for every (k — 1)-mazimal subgroup H of G.

Proof (1)=(2) Suppose that (1) holds. Let H be any (k — 1)-maximal subgroup of G.
Then every maximal subgroup H of H is a k-maximal subgroup of G. Since §;(G) = 0, we

have ®(G) < H for all maximal subgroups H of H. It follows that

o(G) < () H=2(H).
H<H
Since every subgroup of a finite p-group is subnormal, we have ®(H) < ®(G). Therefore
®(H) = ®(G) and (2) holds.

(2)=(3) It is obvious.

(3)=(1) Suppose that (3) holds. To show that & (G) = 0, it suffices to prove that ®(G) < H
for every k-maximal subgroup H of G. Let H be a (k — 1)-maximal subgroup of G such that
H < H. Then &(H) < H. Now d(H) = d — (k — 1) implies that |®(H)| = - = % =
% = |®(G)|. It follows from ®(H) < ®(G) that ®(G) = ®(H). Hence ®(G) < H and (1)
holds.
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Lemma 3.2 Let G be a finite p-group. If 0x(G) = 0 for some k with 2 < k < d, then
G' = ®(G). In particular, if G is abelian, then G is elementary abelian.

Proof Let G = G/G’. Tt suffices to prove ®(G) = 1. Assume that G = (x1) x (22) ¥

- X (xq) with o(x1) > o(xe) > -+ > o(xg). Then M = (z) x (x3) x -+ X (x4) is a maximal
subgroup of G. Since G’ < ®(G), we have 0;(G) = 0 by the corresponding theorem. Whence
82(G) = 0. Tt follows from Lemma 3.1(3) that d(M) = d — 1. We thus have 2} = 1. Therefore

o(G) = 1.

Lemma 3.3 Let G be a finite p-group. If 0,(G) = 0 for some positive integer k €
{2,3,--+,d}, then 6p—1(M) = 0 for every maximal subgroup M of G.

Proof Observe that d2(G) = 0. Then, by Lemma 3.1(2), (M) = ®(G) for every maximal
subgroup M of G. Notice that every (k — 1)-maximal subgroup of M is a k-maximal subgroup
of G. Tt follows from the fact that d;(G) = 0 that all (k — 1)-maximal subgroups of M contain
O(G) = ®(M). Therefore d,_1 (M) = 0.

Now we are ready for the classification of all finite p-groups G with d4—1(G) = 0.

Theorem 3.2 Let G be a finite p-group with d > 2. Then 04-1(G) = 0 if and only if one
of the following holds:

(1) G is elementary abelian;

(2)

(3)

y i ae] =1, [z, m3) = 23, (21, 24] = [0, 23] = 2323, [22,74] = 23, [23,24] = 1).

d =3, G is one of the groups listed in Lemmas 2.7-2.8;

d=4,G = DgxQg or G = P, where P = (x1, 79, 73,74 | 2} = 24 =1, 22 = 2222, 23 =

x?
Proof It is routine matter to verify that each group listed in the theorem satisfies d4-1(G)

=0.

Conversely, suppose that G is a finite p-group with d > 2 such that §4_1(G) = 0. Then
G’ = (@) by Lemma 3.2. Since d > 3 and d4—1(G) = 0, we have 62(G) = 0. If G is abelian,
then G is elementary abelian by Lemma 3.2 and (1) holds. Suppose that G is nonabelian.
There are three cases to be considered.

Case 1 d = 3. Then §3(G) = 0. Tt follows from Lemma 3.1(3) that all maximal subgroups
of G are generated by two elements. It follows from Lemmas 2.7-2.8 that G is one of the groups
listed in Lemmas 2.7-2.8. Hence (2) holds.

Case 2 d = 4. Then 63(G) = 0 and J2(G) = 0. Let M be any maximal subgroup of G.
Then d(M) = 3 by Lemma 3.1(3). In addition, d2(M) = 0 by Lemma 3.3. Hence M is one of
the groups listed in Lemmas 2.7-2.8 by Case 1.

We claim that p = 2.

Otherwise, let G be a counterexample of minimal order. Then G’ = ®(G) by Lemma 3.2.
Let N be a normal subgroup of G such that |G’ : N| = p. Then G/N is also a counterexample.
By the minimality of G, we must have N = 1. Hence |G| = p°, |G'| = |®(G)| = p and
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M = M,(1,1,1) x Cp2. Notice that 1 # U1(M) < U1(G) < ®(G). We have |U1(G)| = p. Since
|G'| = p and p > 2, we have that G is regular by Lemma 2.6. Hence |G : Q1(G)| = |U1(G)] = p.
Thus 24 (G) is a maximal subgroup of G. But exp(€Q;(G)) = p since G is regular and |G’| = p.
This contradicts the fact that U1 (M) # 1.

Suppose that |G| = 2™. Then n > 5.

(i) Assume |G| = 2°. Then |G’| = |®(G)| = 2 since G’ = ®(G). It follows from Lemma 2.5

that G is isomorphic to one of the following groups:
Ds*Qs, Ds*Dg=QsxQs, Ds*CyxCy=Qs*CyxCy DgxCj3, QsxCj.

If G 2 Dg x Qs, then G has an elementary abelian subgroup H of order 8. By Lemma 3.1(2),
®(G) = ®(H) =1, a contradiction. Therefore G = Dg * Qs.

(ii) Assume |G| = 25. Then |G’| = |®(G)| = 4. Tt follows that M is the group listed in
Lemma 2.7(3) or (4).

We claim that every maximal subgroup of G is isomorphic to the group listed in Lemma
2.7(3).

Suppose to contrary that there exists a maximal subgroup M of G which is isomorphic
to the group listed in Lemma 2.7(4). Let K be a subgroup of M such that K = C3 and
M’ < K. Notice that [M'| = 4 and M’ = G'. Then K < G. If K < Cg(K), then there
exists L < Cg(K) such that K < L. So L is abelian, |L| = 2% and d(L) > d(K) = 3. Since
03(G) = 0, we have d(L) = 2 by Lemma 3.1(3), a contradiction. So Cg(K) = K and hence
G/K < Aut(K) = GL(3,2). Notice that the Sylow 2-subgroup of GL(3,2) is isomorphic to
Dg. Tt follows that G/K = Dg. However, since ®(G) = G’ < K, we have G/K is elementary
abelian, a contradiction. Therefore every maximal subgroup of G is isomorphic to the group
listed in Lemma 2.7(3).

By a direct calculation, we may show that every maximal subgroup of the group listed in
Lemma 2.7(3) is isomorphic to C% or Ms(2,2). So all 2-maximal subgroups of G are metacyclic.
Hence G is isomorphic to one of the groups listed in Lemma 2.9. Notice that d = 4. Hence
G==P.

(iii) We claim that |G| = 2° or 2.

Otherwise, suppose n > 7 and let G be a counterexample of minimal order. Then G’ = ®(G)
by Lemma 3.2. Let N be a normal subgroup of G such that |G : N| = 27 and N < ®(G). Then
G/N is also a counterexample. By the minimality of G, we must have N = 1. Hence |G| = 27,
|G'| = |®(G)| = 8 and M is isomorphic to the group listed in Lemma 2.7(6).

Now assume

M:<a,b,c

Let G = G/(a?). Then |G| = 25 and §3(G) = 0. So every maximal subgroup H of G should be
isomorphic to the group listed in Lemma 2.7(3). In particular, each element in H \ ®(H) is of

at=bt=ct=1, [a,b] =2, [a,c] = b2, [b,c] = a®b?, >
[a2,b] = [a?,c] = [b%,a] = [b?, ] = [¢?,a] = [c%,b] = 1
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order 4. But @ € M \ ®(M) is an involution, a contradiction.
Case 3 d > 5. In this case, we show that there is no finite p-group G such that 641 (G) = 0.
Otherwise, let G be a counterexample of minimal order. Let H be a (d — 5)-maximal
subgroup of G. Then d(H) = 5. Take N < H such that |®(H) : N| = p. Then H/N is also
a counterexample. By the minimality of G, we have N = 1 and H = G. So |G| = p® and
|G'| = |®(G)| = p. Assume that M is an arbitrary maximal subgroup of G. Then d(M) = 4
and d3(M) = 0. Hence p = 2 and M = Dg * Qg by Case 2. It follows from Lemma 2.5 that

Gng*Q8X02 or Dg*Qg*O4=D8*D8*O4.

Thus G has an elementary abelian subgroup H of order 8. By Lemma 3.1(2), ®(G) = ®(H) = 1.

This is a contradiction.

4 The Classification for the Cases 4(G) = p and §4(G) = p?

In this section, we classify all finite p-groups G' with 64(G) = p and 64(G) = p?, where
d=d(G) > 1.
We first consider the case §4(G) = p?. The next theorem gives the classification of all finite

p-groups G with §4(G) = p.

Theorem 4.1 Let G be a noncyclic group of order p™. Then §4(G) = p? if and only if G

18 a 2-group of maximal class and G % Qs.

Proof If G is a 2-group of maximal class and G % Qg, then d = 2, and §,(G) = 22 by
counting the 2-maximal subgroups of G. Conversely, assume that d;(G) = p?>. Then G is
not elementary abelian and so 1 < n —d < n. If G is not a 2-group of maximal class, then
Sp_a(G) = 1+54(G) = 1+p (mod p?) by Lemma 2.3. This contradicts the fact that §4(G) = p2.

Hence G is a 2-group of maximal class. Moreover, G 2 (g by Theorem 3.1.
To classify all finite p-groups with §4(G) = p, we need the following results.

Proposition 4.1 Let G be a finite p-group with |G| = p™. Then 0 < 6,x(G) < p? for some
keA{2,---,d} if and only if k = d and §4(G) = p.

Proof The necessity is trivial.

Conversely, suppose that 0 < 6;x(G) < p? for some k € {2,---,d}. It follows from Lemma
2.1 that k = d. Notice that 0 < §4(G) < p?. Then G is not elementary abelian and so 1 < d < n.
If G is a 2-group of maximal class, then d4(G) = 0 or 22 by Theorem 3.1 and Theorem 4.1. This
contradicts the fact that 0 < J4(G) < p?. Hence G is neither cyclic nor a 2-group of maximal
class. It follows from Lemma 2.3 that s,,—4(G) = 64(G) + 1 = 1+ p (mod p?). This together
with 0 < §4(G) < p? implies that d4(G) = p.

Lemma 4.1 Let G be a finite p-group with |G| = p™ (n > 3) and d > 2. If 64(G) = p, then
3a—1(G) = 0.
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Proof It suffices to prove that each (d — 1)-maximal subgroup H contains ®(G).

If H is cyclic, then ®(H) is a d-maximal subgroup of G. Hence |®(H)| = |®(G)|. Clearly,
O(H) < ®(G). Therefore ®(G) = ®(H) is a subgroup of H.

If H is not cyclic, then H has at least 1 4+ p maximal subgroups by Lemma 2.2. But G has
only 1 4 p d-maximal subgroups. Notice that every maximal subgroup of H is a d-maximal
subgroup of G. Hence H has just 1 + p maximal subgroups which are d-maximal subgroups of

G. Thus the d-maximal subgroup ®(G) of G must be a maximal subgroup of H.
Now we give the classification of finite p-groups G with 64(G) = p.

Theorem 4.2 Let G be a finite p-group of order p"™ with d > 2. Then 64(G) = p if and
only if G is one of the following non-isomorphic groups:
(1) Cpn-1 x Cp (n > 3);
(2) My(n—1,1), wheren >4 if p=2;

(3) Qg x Cs.

Proof If G is one of the groups listed in the theorem, then it is easy to verify that d4(G) = p.

Conversely, suppose that G is a finite p-group of order p" such that 64(G) = p. Then
04—1(G) = 0 by Lemma 4.1. Notice that G has exactly 1 + p d-maximal subgroups. If there is
no cyclic (d — 1)-maximal subgroup of G, then each (d — 1)-maximal subgroup can be generated
by the 1 + p d-maximal subgroups by Lemma 2.2. Thus G has only one (d — 1)-maximal
subgroup. This contradicts d4—1(G) = 0. Therefore G has a cyclic (d — 1)-maximal subgroup.
Moreover, the number of noncyclic (d — 1)-maximal subgroups of G is at most 1.

If d > 3, then G is isomorphic to one of the groups listed in Theorem 3.2. By checking the
groups listed in Theorem 3.2, it follows that G = Qg x C5. Assume that d = 2. Then G has
a cyclic maximal subgroup. If G is abelian, then G = Cpn-1 x C), (n > 3). If G is nonabelian,
then G is isomorphic to one of the groups listed in Lemma 2.10. By checking the groups listed
in Lemma 2.10, it follows that G = M,(n — 1,1), where n > 4 if p = 2.
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