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Abstract The authors compute non-zero structure constants of the full flag manifold
M = SO(7)/T with nine isotropy summands, then construct the Einstein equations. With
the help of computer they get all the forty-eight positive solutions (up to a scale ) for
SO(7)/T, up to isometry there are only five G-invariant Einstein metrics, of which one is
Kahler Einstein metric and four are non-Kéhler Einstein metrics.
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1 Introduction

An important class of homogeneous manifolds is the orbits of the adjoint action of a semisim-
ple compact Lie group, called generalized flag manifolds. Such manifolds can be described by
a quotient M = G/C(T), where C(T) is the centralizer of a torus T of the Lie group G. If
C(T) =T, then M = G/T is called a full flag manifold.

Invariant Einstein metrics on full flag manifolds corresponding to classical Lie groups were
studied by several authors (see [1-3]). Nevertheless when the isotropy summands of the full
flag manifolds increase, it is very difficult to find all the G-invariant Einstein metrics. Since
the system of the Einstein equations is very complex, it is a non-trivial problem to get all
the positive real solutions of the system of the Einstein equations. In this paper, we give the
classification problem of homogeneous Einstein metrics on the full flag manifold SO(7)/T, which
admits precisely five Einstein metrics (up to isometry), where one is Kéhler Einstein metric and
four are non-Kéahler Einstein metrics.

This paper is organized as follows. In Section 2 we recall the Lie theoretic description of a
generalized flag manifold G/ K of a compact and connected semisimple Lie group G. In Section

3 we compute the non-zero structure constants of the full flag manifold SO(7)/T and consider
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the isometric problem, then prove that SO(7)/T admits five (up to isometry) SO(7)-invariant

Einstein metrics.

2 Generalized Flag Manifold

In this section we recall the Lie-theoretic description of M = G/K.

Let £ and g be the Lie algebras of K and G respectively, and (-,-) be the Cartan Killing
form on the Lie algebra g. Let g© and £© be the complexifications of g and £ respectively. The
complexification 7* is a Cartan subalgebra of g&, where 7 is the Cartan subalgebra of g.

We denote by (n°)* the dual space of #*, and let R C (n%)” be the root system of g relative

to n°. We consider the root space decomposition g© =7 @ > g,°.
aER
Set

Rk =R ﬂ<HK>, R}=R+Q<HK>, (2.1)

where (Il ) denotes the set of roots generated by Ilx. Let Ry be a set such that R = RxkUR)y,
which is called the set of complementary roots of M. Then one can get R;\r/[ = R+\R;§.
We choose a Weyl basis {E,, H, : a € R} of g© with (E,, E_o) =1, [Es, E_,] = H, and

0, if a+p8¢R,
FaBal =40 22)
a,BHa+f if o+ ﬁ € R,
where the constants N, g satisfy No,g = —N_q,—g and Ng o = —N, 5. Then we obtain that
g=n® > (RAs+RB,), (2.3)

aERT

where A, = E, — FE_,, By = V—1(E, + E_,). Assume that p is a parabolic Lie subalgebra of
g® such that € = pNg C g which is given by e =n® > (RA, +RB,). According to (2.3), it

aGR;
follows that the direct decomposition p = €€ @ n, where £ =7 @ > glandn= > 5.
a€RKk a€ERT,
Then, we obtain that
m= > (RAq+RB,). (2.4)
aERL
For convenience, we fix a system of simple roots IT = {aq, -+, p, ¢1,- -+ , @i} of R, so that

g ={d1, -, dr} is a basis of the root system Ry and IIpy = I\ Tlx = {ay, - ,a,} (r+k =
1). We consider the decomposition R = Rx U Ry, and define the set

t=3tNin={Xen:4(X)=0 forall ¢ € Rx}, (2.5)

where 7 is the real ad-diagonal subalgebra n = n© N i, 3 presents the center of £*. Consider
the linear restriction map « : n* — t* defined by x(«) = alt, and set Ry = k(R) = k(Rps). The
elements of Ry are called t-roots. Note that kx(Rx) = 0 and x(0) = 0.
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For an invariant ordering R}, = R* \ R}f; in Ry, we set R = k(R},) and R{ = —R{ =
{—¢: ¢ € RF}. Tt is obvious that Ry = k(R};), thus the splitting By = R{ U R{" defines an
ordering in R¢. The t-roots & € R (resp. ¢ € R;) will be called positive (resp. negative).

Proposition 2.1 (see [4-5]) There is a one-to-one correspondence between t-roots and

complez irreducible ad(€°)-submodules me of mC. This correspondence is given by

Ri5¢ome= Y  CE,
aER N k(a)=E
Thus m® = 3" m¢. Moreover, these submodules are inequivalent as ad(EC)-modules.
EER,
Since the complex conjugation 7 : g© — g&, X +iY + X —iY (X,Y € g) of g* with respect
to the compact real form g interchanges the root spaces, i.e., 7(E,) = —E_, and 7(E_,,) = E,,
(C)T

a decomposition of the real ad(t)-module m = (m*)7 into real irreducible ad(¢)-submodule is

given by

m= Y (meom.) (2.6)

EERT=k(R},

where n” denotes the set of fixed points of the complex conjugation 7 in a vector subspace
n C g©. If, for simplicity, we set R = {1, -+, &}, then according to (2.6) each real irreducible
ad(£)-submodule m; = (m¢, ® m_¢,)” (1 < i < s) corresponding to the positive t-roots &; is
given by

m; = > RAL+RB,. (2.7)

aGRL:K(a):&;

A troot is called simple if it is not a sum of two positive t-root. Let Il = II\ IIx =
{a1, -+ ,a,}. Then the set {o; = a;|¢ : a; € s} is a t-base of t*.

A G-invariant Riemannian metric g on M is identified with an Ad(K)-invariant inner prod-
uct (-,-) on m, which can be written as (X,Y) = —(AX,Y) (X,Y € m), where A : m — m is an
Ad(K)-invariant positive definite symmetric endomorphism on m. Due to the decomposition

(2.6), we can express A as A = Y ¢ - Id|(m @m_,)~, Where each element in {z¢ : & € R} is
¢ERT
an eigenvalue of A. Due to decomposition (2.7), A is given by

A= D" a¢ 1dfm, :ix& -1d
1

& GRf+ 1=

mis (28)

where x; = x¢, for any & € R = {&1,---, &}

It is obvious that the vectors {4, B, : @ € R}, } are eigenvectors of A corresponding to the
eigenvalue z; = z¢,. We also denote this eigenvalue by z, € RT, where a € RL is such that
k() =& forany 1 < i < 5. We extend A to m® without any change in notation. Hence the inner

product g = (-,-) admits a natural extension to an ad(£®)-invariant bilinear symmetric form on
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m®. Then the root vectors {E, : o € Ry} are eigenvectors of A : m© — m® corresponding to
the eigenvalues z, = x_, > 0. If we denote by {w®} the basis of the dual space (m®)*, which

is dual to the basis {Eg, 8 € Ry}, i.e., w*(Epg) = dF, then we obtain the proposition below.
Proposition 2.2 (see [4, 6]) Every real ad(£%)-invariant inner product g = (-,-) on m®

has the form

wa\/w'g—Zargzw\/w (2.9)

a€ERY, gerRf  aer—
where w® V w? = —(w ®@ WP + WP ® w*) and the positive real numbers x,, satisfy To = xg if
aly = B¢ for any a, 5 € R"I\F/[.
The space of G-invariant Riemannian metric g = (-,-) = —(A-,-) on M is given by
for - (=G Dlmy + o+ s (=05 ) m, t 21,02 > 0} (2.10)
where x1 = x¢, >0, 2, = 2¢, > 0.

Then the Ricci tensor Ricy of G/K (as a G-invariant symmetric covariant 2-tensor on G/K)

is identified with an Ad(K)-invariant symmetric bilinear form on m given by

Ricg = y121(=())lmy + -+ Y525 (= (7)) |ms (2.11)
Here 71, --- ,7s are the components of the Ricci tensor on each m;.

Proposition 2.3 (see [7]) Let g = (-,-) be a G-invariant metric given by (2.10), and J be
a G-invariant complex structure induced by an invariant ordering R?\}' Then, g is a Kdhlerian
metric with respect to the complex structure J, if and only if the positive real numbers x¢ satisfy
Teqpe = Te + xc for any £,(,E+( € R{ = K(R]T/[). Equivalently, g is Kdhler, if and only if
TatB = To + T3, where a, B,a+ [ € R;\r/[ satisfy k(o) =€ and k(B) = C.

Let {en} be an orthogonal basis with respect to —(-,-) adapted to the decomposition of
m: e, € m; and eg € m; with i < j then a < 8. Following [8], A} 5 := —([ea,ep], e,), thus
[easeslm = D AL ge. Consider
Bt

o =Y (AL ), (2.12)

where the sum is taken over all indices «, 3,y with e, € m;, eg € m;, e, € my and 4,5,k €

1,---,s)

Hence c*,

ij
orthogonal basis chosen for m;, m; and my (but it depends on the choice of the decomposition

is nonnegative, symmetric in all the three entries, and is independent of the

of m).

Now we introduce the notion of symmetric t-triples of t-roots.

Definition 2.1 A symmetric t-triple in t* is a triple Q = (&;,&;,&x) of t-roots &;,&;, & € Ry
such that & + & + & = 0.
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Lemma 2.1 (see [9]) Let (&,&;,&k) be symmetric t-triples. Then there exist roots o, 3,7 €
Ry with k(o) =&, k(B) = &5, k() = & such that a + 4+~ = 0.

The calculus of the coefficients ¢; can be laborious. However the next result shows exactly

which of them are non-zero.

Lemma 2.2 (see [7, Corollary 1.9]) Let G/K be a generalized flag manifold of a compact
simple Lie group G and Ry be the associated t-root system. Assume that m =my @ - - O my is
a —(+,-)-orthogonal decomposition of m into pairwise inequivalent irreducible ad(t)-module, and
let &,&5,&, € Ry be the t-roots associated to the components m;, m; and my, respectively. Then,
cfj # 0, if and only if (&,&5,&k) is a symmetric t-triples, i.e., & + &5 + & = 0.

3 Invariant Einstein Metrics on SO(7)/T

Let M = G/T be a full flag manifold, and m = my @ - - - ® my; be a —(-,-)-orthogonal

decomposition of m. Then the set

Aa Ea _E—a Ba Ea E—a
{Xa— _PoPa Do qlet Do,

V2 V2 V2 V2

is a — (-, -)-orthogonal basis of m;.

a€RY, wa)=¢ € Rj} (3.1)

Lemma 3.1 (see [10, Proposition 1.3]) The non-zero structure constant cfj for a full flag

manifold G/T is given by
ij = (AZTE[B)Q = 2N§.ﬂv
where a, f € RY with k(o) =&, k(B) =&, c(a+ B) = &.
Lemma 3.2 (see [11]) Let M = G/K be a reductive homogeneous space of a compact
semistmple Lie group G and let m = my @ - - - @ mg be a decomposition of m into mutually

inequivalent irreducible ad(€)-submodules. Then the components v1,--- ,vs of the Ricci tensor

of a G-invariant metric (2.10) on M are given by

-+t o A k=1,-s. 3.2
T i 4dy, ijia:jcu 2dy, Zxkxz M ’ (32)

2 ]

Next, we consider invariant Einstein metrics on the full flag manifold of SO(7)/T with
painted Dynkin diagraph
% s
Here I); = {1, a2, a3}. Letting @y = k(aq), @2 = k(ag) and a3 = k(as), it follows that
R = k(Ry,) = {1, @2, @3, @1+ s, Gy + a3, G + 203, @ + 02 + 03, @1+ 02+ 203, T+
2as + 2ai3 }, thus we conclude the isotropy representation m = my @ mg @ m3 & my & ms  mg B
my G mg D mg.

By Lemma 2.2, it follows that non-zero structure constants are cfy, cis, cig, 33, Chg, Cig,

6 8 9 .9
€355 C375 C465 C57-
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Lemma 3.3 The non-zero structure constants of the full flag manifold SO(7)/T are given
by cly =cls =clg =33 =g = ciy = 5 = c§y = clg = ¢y = 5

Proof From the theory of Lie algebra, we can get Ni,@ = 4p+l) (o, ), (o, B) =

Y. Wang, T. Z. Li and G. S. Zhao

1

2

(o, @),

where p, g are the largest nonnegative integers such that 8+ ko € R with —p < k < ¢ (see [12]).

By Lemma 3.1, we can calculate the non-zero structure constants of M as follows:

Lemma 3.4 The components v; (i = 1,---,9) of Ricci tensor associated to the SO(T7)-

(see [13]), we obtain cfy = cls = cfg = 33 = chg = ¢

iy =2N2, o, = (01, 1),

7T _ 2 _

Ci5 = 2No¢17a2+a3 - ((341,0[1),

8 __ 2 —

C16 = 2Na1,a2+2a3 - (011,041),

5 _ 2 _

023 - 2N0(2,0¢3 - (al? al)’

9 _ 2 —

028 - 2NO¢27O[1+O(2+2013 - (al? al)’
7T _ 2 _

c34 - 2NO¢37O[1+O(2 - (al? a1)7

6 2 _
C35 = 2No¢37oz2+oz3 - ((341,0[1),

8 __ 2 _
C37 = 2Na3,a1+a2+a3 - (ala al)v

9 _ 2 _
c46 - 2N0(1+0(2,0(2+20¢3 - (al? al)’

9 _ 2 _
c57 - 2NO¢2+O¢3,O¢1+O¢2+O¢3 - (a]-’ al)'

invariant Riemmanian metric g on SO(7)/T are the following:

At

V2

73

V5

Y6

78

Yo

Y4 =

Y7 =

1

2$1
1

215
1

2$3
1

2$4
1

215
1

2$6
1

P
1

2$8
1

2$9

7 6 8

_ _ _ 9
34 = C35 = C37 = Cy =

2 2 2
L3 — Ty — Ty

20$3$7$8

2 2 2
Ly — X7 — Xy

20$5$7$9

rf —af — g

2 2 2
L] — Ty — Ty
20x11974
2 2 2
Lo — X1 — Ty
20$1$2$4
2 2 2
L3 — Xy — Ty
20$2$3$5
2 2 2
Ly — &3 — X7
20x3T477
2 2 2
T5 — X5 — T3
20$2$3$5
2 2 2
20$1$6$8
2 2 2
L7 — 21 — T
20$1$5$7
2 2 2
Ly — &1 — T
20$1$6$8
2 2 2

Ty — x5 — Tg

2 2 2
T] — x5 — T%
20z 1577
2 2 2
20$2$3$5
2 2 2
L3 — &y — X7
20$3$4$7
2 2 2
Ly — &1 — Xy
20x1 1974
2 2 2
T5 — x] — X%
20z 1577
2 2 2
Te — T3 — Ty
20$3$5$6
2 2 2
L7 — T3 — Xy
20$3$4$7
2 2 2
Ly — &y — Xy
20$2$8$9
2 2 2

Ty — xf — T

2 2 2
Xy — Tg — X3
20$1$6$8
2 2 2
20$2$8$9
2 2 2
T3 —T5 — Zg
20$3$5$6
2 2 2
Ty —Tg — Xy
20$4$6$9
2 2 2
L5 — X3 — Tg
20$3$5$6
2 2 2
20$4$6$9
2 2 2
L7 — T3 — X3
20$3$7$8
2 2 2
Ly — I3 — X7
20x3T7T8
2 2 2

L9 — x5 — X7

20$2$8$9

20x4z619

20x5x7T9

20$5$7$9



New Homogeneous Einstein Metrics on SO(7)/T 103

Proof By substituting the dimension d; = dim(m;) = 2 and the non-zero structure con-

stants cfj into (3.2), we can get the results.

A G-invariant Riemmanian metric g on M = SO(7)/T is Einstein, if and only if, there is a

positive constant e such that v1 = v2 = v3 = 74 = 75 = 6 = 77 = 78 = 79 = e, or equivalently,
M= =N BE=EVB U= VB=B V=Y V=1~ =T~ =0. (3.3)

By Lemma 3.4 and system (3.3), one can obtain the following polynomial system (we apply the

normalization z; = 1):

ToX3X4X5LTLY + ToX3X4XETITY + 235X 6L TLITY — x%x3x4x5x6x7 + x3x4x5x6x7x§
+x3x4x5x6x7x§ — x§x4x6x7x3x9 + x§x4x6x7x3x9 + x4x§x6x7x3x9 — x2x3x4x5x%x7x9
—ZE2$3$4ZE§ZIJGZIJ8ZE9 - ZE2$3ZE4ZE5ZIJ7ZE§ZE9 — $2$3ZE4$6$$ZE8ZIJ9 — 2$§$3ZE5ZIJGZIJ7ZE8$9
—10x3x4050607082T9 + 1002034567289 = O

$§ZB3$4$5ZE6$7 + $§ZB3ZB5$GZE7ZIJ8ZIJ9 + 2$§ZB4ZB6$7ZZ?8£Z?9 - $2$§ZB4ZIJ5ZIJGZE9 - ZZ?2$§ZZ?4ZZ?7ZIJ8ZZ?9
—x2x§x5x6x8x9 + (ﬂg{til‘&’tﬁxgl'g + 1’2$4$§$7$3$9 + 1‘2%4%51‘6%%%9 — 101‘2$41‘5$6$7CL‘8$9
+x2x4x5x6x§x9 + x2x4x§x7x3x9 + x2x5x6x$x3x9 — 2x§x4x6x7x8x9 — x3x4x5x6x7x§
+10x3x4T5T6T728T9 — x3x4x5x6x7x§ — T3T5Tx7LsTg = 0

$§ZE3$5$6$7ZIJ8ZE9 - ZE%ZE4$GZE7ZIJ8ZIJ9 + $2$§$4$5ZE6ZIJ9 + $2$§$4ZIJ7ZE8ZE9 + 2$2$§$5$6$8$9
—$2$3$i$5$7$8 + $2$3x5x%x7x8 — 10x9x325T6 7289 + x2x3$5x7x8x3 — 217217421$5176$8$9
—$2$4$§{E75L‘85E9 — $2$4$5$6$%5L‘9 + 101‘21‘4$5$6$7$8$9 — 1‘2$4$51‘6$§$9 — $2$4{E%{E7$8{E9
+x§x4x6x7x8x9 — x3x3x5x6x7x8x9 + T3T5TgL7LILg — x4x§x6x7x8x9 =0;

—(E%CL‘3CL‘5{E6$7CL‘9 — {E%{E45L‘6{E7{E9 + 1‘2$§$41‘71‘9 — 1‘2%%1‘5%&%9 + $2$3{E4215L'55L'7 — 1‘2%31‘41‘%%61'9
—x2x3x4x§x6 + xga:guxﬁa:%xg + x2x3x4x6x$ — 10923246729 + x2x3x4$6x§ + XoT3T4T6T9
—ZZ?2$3$5ZZ?(2SZIJ7 + 10$2$3$5$6$7$9 - 132133%52137173 + $2$421213521362139 - $2$4$§ZE7ZE9 - 132%52136213%{139
+ZE§$4$GZE7ZIJ9 + $3$£$5ZIJGZE7ZE9 — T3T5TLeL7LY — $4$§$6$7ZE9 = 0;

—x%x4x6x7x8x9 + $2$3$i$5$71’8 + x2x3x4x§x6x8x9 + x2x3x4x§x6x8 — x2x3x4x5x%x7x9
+(E25L‘35L‘4(E55L‘75L‘§{E9 — 10$2$31‘41‘5$75L‘85L‘9 + ToX3T4T5T7Lg — 1‘2%31‘41‘6%%1'81'9 — $2$3$4$6$$5L‘8
+10£Z?2£Z?3ZZ?4ZIJGZZ?7ZZ?8£IJ9 - $2$3$4$6$8ZIJ§ — X2X3X4LELILY — $2$3$5ZIJ%ZIJ7$8 + $2$3$5$7$8$g
+2x2x4x§az7azg$9 — 2x2x4x§x7x8x9 — x%ngxngg + 174{13%{136177{138{139 = 0;

x§x4x5x6$9 — x§x4x7$8x9 + x§x5x6x8$9 — argxia:5a:7xg + x3$4x§x6x8x9 + x3x4x§x6$g
+x3x4x5x%x7x9 — 10x3245060c8 09 — x3x4x5x7x§x9 + 102324252728 T9 — T3X4T5T7T9
—x3x4x6x$x8x9 — x3x4x6x$x8 + x3x4x6x8x§ + T3T4T628T9 + x3x5x%x7x8 — x3x5x7x8x§
+xix5x6x8x9 — x4x§x7x8x9 — x4x5x6x$x9 + x4x5x6x§x9 + x4x%x7x3x9 — x5x6x$x8x9 =0;
$§ZB3$4$5ZE6$7 — $QZZ?§ZZ?5ZIJGZZ?8£IJ9 — $2$3ZB4$§$6$8$9 — $2:Z?3:Z?4ZIJ§ZZ?6£Z?8 + $2$3ZB4$5$%ZE7ZIJ9
+10x2x3T4T5T6x89 — 10T2x304T5T6T7T9 — x2x3$4x5x7$§x9 + Tox3T4T5TTTY
+$25L‘3CL‘4{EGCL‘$CL‘8{E9 + $2$3$4$65L‘$$3 — {EQCL'3CL'4{EGCL'8£C3 — X2X3L4XeLITLY — 1‘2%31‘51‘6%31'9
+2x2x4x5x6x%x9 — 2x2x4x5x6x§x9 + x2x5x6x%x8x9 — x3x4x5x6x7x§ + x3x4x5x6x7x§ =0
—x2x§x4x5x6x9 + x2x3x3x5x7x8 + x2x3x4x§x6x8 — x2x3x4x5x%x7x9 + 2x3x4x5x6x7x§
—10x2x3045060728 + 1002030456729 — 2x3x4:z:5:z:6x7:13§ + m2x3x4:z:5x7x§:z:9
—ToT3TLT5T7T9 + ZZ?QZZ?3$4ZZ?6£Z?$ZIJ8 - $2:Z?3$4$62138{IJ3 + $2:Z?3:Z?5ZIJ%ZZ?7ZZ?8 - $2$3ZB5ZIJ7ZIJ8ZE3
—ZB2$4$5ZE6$$ZIJ9 + ZZ?QZZ?4$5ZZ?6£Z?§ZIJ9 = 0;

Every positive real solution o > 0, x3 > 0, 4 >0, x5 >0, 6 > 0, 7 > 0, xg > 0, g > 0
of the system above determines a SO(7)-invariant Einstein metric (1, xo, x3, x4, x5, Tg, 7, Ts, Tg) €
Ri on M = SO(7)/T. With the help of computer we get all the forty-eight positive solutions
(up to a scale) for above system, i.e., there are forty-eight G-invariant Einstein metrics (up to
a scale) on the full flag manifold SO(7)/T.

Next we talk about the isometric problem about the metrics, in general, this is a non-trivial
problem.
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Let G/K be a generalized flag manifold with isotropy decomposition m = my +- - - +mg, and

S
d= > d; =dimM. For any G-invariant Einstein metric g = (z1,--- ,25) on M, we determine
i=1

a scale invariant given by H, = V%Sg, where Sy is the scalar curvature of g, V =V, /Vp is the
S
quotient of the volumes V; = [] x‘f of the given metric g, and Vp is the volume of the normal
i

=1
metric induced by the negative of the Killing form of G. We normalize Vi =1, so
1
Hy =V 9,

The scalar curvature S, of a G-invariant metric g on M is given by the following well-known

formula (see [8]):

S S
1 d; 1 r Tk
ngzdi%=§zx—i—z Z Cij—xixja (3.4)
i=1 i=1 1<4,5,k<s
where the components 7; of the Ricci tensor are given by (3.2). The scalar curvature is a
homogeneous polynomial of degree — 1 on the variables z; (i = 1,---,s). The volume Vj is a
1
monomial of degree d, so H, = VS, is a homogeneous polynomial of degree 0. Therefore, H,

is invariant under a common scaling of the variables z;. As
1
— d
Hy,=V/a8S,,

according to (3.4) we obtain

Hy = f[lx% (i}%). (3.5)

If two metrics are isometric, then they have the same scale invariant, so if the scale invariant
H, and Hy are different, then the metrics g and ¢’ can not be isometric. However, if H, = Hy,
we can not immediately conclude if the metrics g and ¢’ are isometric or not. For such a case
we have to look at the group of automorphisms of G and check if there is an automorphism

which permutes the isotopy summands and takes one metric to another.

Theorem 3.1 The full flag manifold M = SO(7)/T admits (up to a scale) forty-eight

SO(7)-invariant Finstein metrics, which approzimately are given as follows:

OIS HE AN 3236376
wiiiieind weiiiilith
(5) (1,1,?,2,2,4,2,3,2), (6) (1,1?,2,2,2,?3,4),
(7) (1,2,2,1,2,3?,2,4), (8) (1,3, §é2, 5iz,%l,zx),
Oazagizad o (agazagy)
W (5reeress) @ 0erenhi)
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23) (1.2.0.1,%.5,7.5.5
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)
(47)
(48)

o~ o~ o~ o~ o~ o~ o~~~ o~~~ o~~~ o~~~ o~~~ o~~~
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Y
-
(SR
-

o

1,0. 4215 0.1854,0.6820, 0.4421,0.4215, 0 6955,0.6820, 0.3251),
1,0.4766,0.6482, 0.6180, 1.0197, 1.4662, 0.2719, 0.6180, 1),
1,0.7712,1.6501, 1.6182, 1.0489, 2.3726, 0.4400, 1.6182, 1),
1,1.6182,1.6501, 0.7712, 0.4400, 1.6182, 1.0489, 2.3726, 1),
1,2.0982, 0.5705, 1.2966, 2.1395, 2.0982, 1.3600, 1.2966, 3.0764),
1,2.3726,1.6501, 1.6182, 1.0489, 0.7712, 0.4400, 1.6182, 1),
1,0.6820,0.1854, 0.4215, 0.6955, 0.6820, 0.4421, 0.4215, 0.3251),
1,0.6180, 0.6482, 0.4766, 0.2719, 0.6180, 1.0197, 1.4662, 1),
1,1.2966, 0.5705, 2.0982, 1.3600, 1.2966, 2.1395, 2.0982, 3.0764),
1,1.6182,1.6501, 2.3726, 0.4400, 1.6182, 1.0489, 0.7712, 1),
1,1.4662,0.6482, 0.6180, 1.0197, 0.4766, 0.2719, 0.6180, 1),
1,0.6180,0.6482, 1.4662, 0.2719, 0.6180, 1.0197, 0.4766, 1),
1,0.6083,1.0188, 1,1.0188, 0.6083,0.2736, 1, 1),

1,1.6440, 0.4498, 1.6440, 1.6750, 1.6440, 1.6750, 1.6440, 1),
1,1,1.0188,0.6083,0.2736, 1,1.0188, 0.6083, 1),
1,0.6638,0.2309, 0.6638, 0.6826, 0.6638, 0.6826, 0.6638, 0.5983),
1,1.1094, 0.3860, 1.1094, 1.1409, 1.1094, 1.1409, 1.1094, 1.6713),
1,1.5066, 1.0284, 1,1.0284, 0.9014, 0.3479, 1, 1),
1,0.9014,1.0284, 1,1.0284, 1.5066,0.3479, 1, 1),
1,1,1.0284,1.5066,0.3479, 1,1.0284,0.9014, 1),
1,1,1.0284,0.9014,0.3479, 1,1.0284, 1.5066, 1),
1,0.7739,0.2818, 0.7739, 0.7978,0.7739, 0.7978,0.7739, 1),
1,1.2921,1.0308, 1,1.0308, 1.2921,0.3641, 1, 1),
1,1,1.0308,1.2921,0.3641, 1,1.0308, 1.2921, 1),
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where (1),---,(24) are Kdhler Einstein metrics. Then, the approximate Hy corresponding to

every metric g from (1) to (48) are as follows:

Hgyy =+ = Hg,, =~ 5.935271057,
Hg,,, =+ = Hg,, =~ 5.925652920,
Hg ) = Hg oy = Hg ooy ~ 5.870792469,
Hg ) = -+ = Hg s, ~ 5.9098080970,
Hyye) = Hgyry = Hy () ~ 5.9121091966.

As it is known that there is a one-to-one correspondence between non-equivalent G-invariant
complex structures and the non-isometric Kahler Einstein metrics on a flag manifold. Since
there is only one G-invariant complex structure on any full flag manifold, so there is only one
non-isometric Kéhler Einstein metric on full flag manifold SO(7)/7, thus the Kahler Einstein
metrics from (1) to (24) in Theorem 3.1 are all isometric.

By Theorem 3.1 we obtain that there are four non-equal values of H, corresponding to
non-Kéhler-Einstein metrics from (25) to (48). Thus there are at least four non-isometric
non-Kahler Einstein metrics. Next, we prove there are exactly four non-isometric non-Kéahler
Einstein metrics.

Let

II = {ala Qg, a3}

be the simple root system of the Lie algebra of SO(7). then the Weyl group W of SO(7) is

generated by 7o, , Ty, Fas, Where

ro(8) =B — 2
and p, g are the largest nonnegative integers such that g + ka € R with
-p<k<q
Let

+ _
R™ = {011, g, a3, a1 +ag, as+az, az + 2as,

a1+ as +ag, a1 +as + 2a3, a; + 22 + 20[3}
be the positive roots of the Lie algebra of SO(7). Then we obtain

Ta, (1) = —au,

<

ar(02) = a1 + ag,

<

Taq Q1 + a2) = 2,

(
(
o (@) =
(
(

Ty (2 +a3) = a1 + as + as,
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Tay (2 + 2a3) = a1 + ag + 2as,

Ty (1 + g + a3) = as + as,

Tay (1 + g + 2a3) = ag + 2as,

Ta, (01 + 200 + 2a3) = aq + 20 + 2a;

Tay(01) = a1 + a2,

Tas(Q3) = ag + g,

Tas (@1 + o) = a1,

Tas (2 + a3) = ag,

Tas (2 + 2a3) = o + 2asg,
Tas (@1 + o + a3) = a1 + s + as,

a1 + as + 2a3) = a1 + 202 + 2as,

Tas

Tas (1 + 2009 + 20&3) = a1 + as + 2as;

Tas(01) = o1,
Tas(2) = ag + 2asg,
TOL'; ag) = —Qs,

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
Tas(Q1 + az) = a1 + as + 2as,
Ta: (
Tas (2 + 2a3) = o,
Tas(@1 + a2 + a3) = aq + as + as,
Tas (01 + ag + 2a3) = aq + ag,
Tas (01 + 200 + 2a3) = aq + 20 + 2as3.
Since the action of the Weyl group of SO(7) on the root system of the Lie algebra SO(7)
induces an action on the components of the SO(7)-invaraint metric
g= 1 (~C Dm0 (Dl
In particular, if
g = (x1, 22,3, 24, x5, Te, T7, T8, Tg) = (a1, a2, as, as, as, ag, ar, ag, ag) (3.6)
is a positive solution of the system of the Einstein equations of SO(7)/T", then
Tai(9) = (a1, a4, as, az, ar, as, as, ag, ay),
ray(9) =
rag(9) =

Tay OTOQ(g) = (CLQ,CL4,a;7,a;1,a3,a8,a5,a9,a6),

(a47a27a57a17a37a67a77a97a8)7

al,a6,a3,a8,a5,a2,a7,a4,a9),

Tay OTa3(g) = (0:1,&8,&3,&6,07,a4,a5,a2,a9),
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Tay OTa3(9 (l4,aﬁ,a5,a9,a3,a2,a7aa1,a8)

)=

Tay Oroq(g) (fl al,%,a2,a7,a9,a3aa6,a8),
)=
r

Tozgo'rag(g a}83a65a5aalaa3aa23a7aa93a4)

Tay O Tay © (a2, a1,a7,a4,as, ag, as, as, ag),

Taz ©Tas ©Taz\g as, az, as, a9, a3, e, A7, a1, @4

)

Tas ©Tas ©Tas\g ag, a6, as, a4, as, az, a7, as, ai

3

a2, as, ar,ay, as, a4, a5, a1, g

)

Tay ©Tas ©Tax g ae, asg, ar, a1, as, a4, as, ag, a2

)

)
aa)
ar)
ag)
az)
)

Tas ©Tay ©Tasz\g a4, ag, as, ag, a7, ai, as, az, as),

(
(
(
(
(
(

Taz ©Tay ©Tay (g (l87a17a57a6,a7,a9,a3=a2,a4)

(9) =
(9) =
(9)
Tay O Tay ©Tas(g) =
(9)
(9)
(9) =

Tay ©Tay ©Ta; © (a27a97a77a87a57a17a37a47a6 s

Tocl OTOQ OTOL_’; OTOQ g a’97a’87a’37a’27a’77a’47a’57a’67 1

)

Ta; ©Tas OTay OTa g ag, a1, ar, as, as, ag, asz, a4, az

’
Tay ©Taz ©Tay ©Tag

Tas ©Tay ©Tay ©Tas(g )

Tas ©Tas OTay OTaz\g ag, az,as, ag, as, ae, a7, a4, a1

)

)
ar)
az)
ag, 4, a7, A9, A3, Ag, A5, 41, 02),
az)
a1)
)

Taz ©Tas © Tay © Ta; (9

=(
=(
=(
= (ag, a9, ar, a4, as,ay,as,as, as
=(
= (ag, a4, as, ag, az, as, as, az,a),
=(

Taz ©Tas ©Tay ©Taz g CLg,&9,&5,&2,&7,&1,&3,&6,@4)

are also positive solutions of the system of the Einstein equations of the full flag manifold
SO(7)/T. These metrics in system (3.7) are all isometric, and they are all isometric to the
metric g = (1,22, X3, T4, T5, Te, T7, T8, T9).

As for any G-invariant Einstein metric g, we have

Tay ©Tas(9) = Tas © Tay (9),
Tay ©Tas OTay (g) =Tay OTa; OTay (g)v

Tas © Tos © Tas O Tag(§) = Tas © Tas O Tay © Tas (G)-

Thus, if g = (21, x2, 23, 24, T5, Te, T, Tg, Tg) is a G-invariant Einstein metric, w(g) is one of in
system (3.7) for any w € W (except the identity element Id).

As Hy . = Hg,e = -+ = Hy,, = 5.925652920, we prove that the metrics from (25) to
(36) are isometric.

Because
9(25) = (1,0.4215,0.1854,0.6820,0.4421, 0.4215, 0.6955, 0.6820, 0.3251)

is a G-invariant Einstein metric, by the action of the elements of the Weyl group of SO(7) on
g(25) (except the identity element Id), we can obtain 23 positive solutions in system (19). But
some of them are equal, except the equal solutions we can get the metrics from (26) to (36), and
they are all isometric to g(a5) = (1,0.4215,0.1854, 0.6820, 0.4421, 0.4215, 0.6955, 0.6820, 0.3251).
As Hy,,) = Hy o = Hypoy = 5870792469, we prove that the metrics from (37) to (39) are
isometric.

Because g(s7y=(1, 0.6083, 1.0188, 1, 1.0188, 0.6083, 0.2736, 1, 1) is a G-invariant Einstein

metric, by the action of the elements of the Weyl group of SO(7) on g(s7) (except the identity
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map Id), we can obtain 23 positive solutions in system (3.7), but only two of them are not
equal to each other. Thus we obtain the metrics (38) and (39), and they are all isometric to
ges7y = (1,0.6083,1.0188, 1,1.0188,0.6083,0.2736, 1, 1).

As Hy,p) = +++ = Hg,) = 59098080970, we prove that the metrics from (40) to (45) are
isometric.
Because

g0y = (1,0.6638,0.2309, 0.6638, 0.6826, 0.6638, 0.6826, 0.6638, 0.5983)

is a G-invariant Einstein metric, by the action of the elements of the Weyl group of SO(7) on
940y (except the identity map Id), we can obtain 23 positive solutions in system (3.7), but only
five of them are not equal to each other. Thus we obtain the metrics from (41) to (45), and they
are all isometric to g40)=(1, 0.6638, 0.2309, 0.6638, 0.6826, 0.6638, 0.6826, 0.6638, 0.5983).
As Hy o = Hy,ry = Hy i) = 5.9121091966, we prove that the metrics from (46) to (48) are
isometric.

Because g6y = (1,0.7739,0.2818,0.7739,0.7978,0.7739,0.7978,0.7739, 1) is a G-invariant
Einstein metric, by the action of the elements of the Weyl group of SO(7) on g6 (except the
identity map Id), we can obtain 23 positive solutions in system (3.7), but only two of them are
not equal to each other. Thus we obtain the metrics (47) and (48), and they are all isometric
to gug) = (1,0.7739,0.2818,0.7739, 0.7978,0.7739, 0.7978,0.7739, 1).

By the analysis above it follows that there are exactly five non-isometric Einstein metrics on
the full flag manifold SO(7)/T, of which one is Kéhler Einstein metric and four are non-Kéhler
Einstein metrics.

Theorem 3.2 The full flag manifold SO(7)/T admits exactly five SO(T)-invariant Einstein
metrics (up to isometry). There is a unique Kdhler Einstein metric (up to a scale) given by
g= (1, 1, %, 2, %, 2, %, 3, 4) and other four are non-Kdihler Einstein metrics (up to a scale) given
by as follows:

(a) (1,0.4215,0.1854,0.6820, 0.4421, 0.4215, 0.6955, 0.6820, 0.3251),

(b) (1,0.6083,1.0188,1,1.0188,0.6083,0.2736,1, 1),

(c) (1,0.6638,0.2309,0.6638,0.6826, 0.6638, 0.6826, 0.6638, 0.5983),

(d) (

d) (1,0.7739,0.2818,0.7739,0.7978,0.7739,0.7978,0.7739, 1).
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