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Nongeneric Bifurcations Near a Nontransversal
Heterodimensional Cycle*

Xingbo LIU! Xiaofei WANG! Ting WANG?

Abstract In this paper bifurcations of heterodimensional cycles with highly degenerate
conditions are studied in three dimensional vector fields, where a nontransversal intersec-
tion between the two-dimensional manifolds of the saddle equilibria occurs. By setting up
local moving frame systems in some tubular neighborhood of unperturbed heterodimen-
sional cycles, the authors construct a Poincaré return map under the nongeneric conditions
and further obtain the bifurcation equations. By means of the bifurcation equations, the
authors show that different bifurcation surfaces exhibit variety and complexity of the bi-
furcation of degenerate heterodimensional cycles. Moreover, an example is given to show
the existence of a nontransversal heterodimensional cycle with one orbit flip in three di-
mensional system.
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Poincaré return map
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1 Introduction and Hypotheses

In recent years, bifurcation theory has attracted lots of attention due to its important role in
applications (see [1-3]). Especially, different kinds of high co-dimensional homoclinic or hetero-
clinic bifurcations have been studied in detail. [4] studied the inclination-flip homoclinic orbit
together with two other codimension 2 homoclinic bifurcations, which are cases of resonant bi-
furcation and orbit-flip bifurcation. [5] investigated codimension-two bifurcations of homoclinic
orbits with an orbit flip. For other references, see [6-8] and the references cited therein.

[9] considered the bifurcation of heterodimensional cycles in dynamical systems. A hetero-
clinic cycle is said to be equidimensional if all the equilibrium points in the cycle have the same
index (dimension of the stable manifold). Otherwise, such a cycle is called heterodimensional.
Heterodimensional cycles, as a special kind of heteroclinic cycle, were found in many practical
problems (see [10-11]). Bykov made an essential contribution to the topic of the paper under
consideration (see [12], where the unfolding of codim-0/codim-2 cycles was studied). [13] an-
alyzed homoclinic orbits near heterodimensional cycles between an equilibrium and a periodic
orbit in three dimensions. For other references about heterodimensional cycles, see [14-19] and
the references cited therein.
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Usually, a generic heterodimensional cycle is composed by a codim-0/codim-2 heteroclinic
orbit between two real saddle equilibrium. However a heterodimensional cycle may exhibit
different degeneracies for some reasons (see [18-20]). The study in [20] revealed another degen-
eracy that the two heteroclinic orbits of the heterodimensional cycle are both nontransversal,
that was found in Chua’s equation. Notice that there are few papers on nontransversal het-
erodimensional cycle problems concerning orbit flips. Motivated by this fact, in this paper, we
confine ourselves to study the bifurcation of the nongeneric heterodimensional cycle with orbit
flip if the nontransversal intersection of the two-dimensional manifolds occurs at the same time.

We will present the bifurcation results on different parameter regions, and we will show that
under the stronger degeneracy conditions-nontransversality and orbit flip, the problem under
consideration in our paper has the richer dynamics than the problem discussed in the literature
[17], where they discussed the nontransversal heterodimensional cycle with no orbit flip. For
example, the heterodimensional cycle can coexist with periodic orbit, but this can not happen
in the case in [17]. In addition, we also give an example to demonstrate the existence of the
system which has a nontransversal heterodimensional with one orbit flip.

The difficulty for us is how to show the different degeneracy (including the nontransversality
and the orbit flip) in the return map. The technique we have used here is the Shilnikov
coordinates and the local moving frame, the latter is introduced in [21], and then improved
in [22-23] etc. By establishing the local coordinates and Poincaré maps in a sufficiently small
neighborhood of the primary cycle, we theoretically show that the different bifurcation surfaces
exhibits variety and complexity of the bifurcations of degenerate heterodimensional cycles.

Consider the following C" system:

2= f(2) +9(z ), (1.1)

and its unperturbed system

z= f(2), (1.2)

where r >4, 2 € R?, p R, 1>3,0<|ul <1, g(2,0) =0, f(z)is C" with respect to the
phase variable z, g(z, ) is C" with respect to the phase variable z and the parameter p. We
also assume that:

(Hy) System (1.2) has two hyperbolic equilibria p;, i = 1,2. W5, and W} are the C" stable
and unstable manifolds of p;, respectively. In addition, the linearization matrix D f(p;) has
three simple real eigenvalues: —pi, A, A} satisfying

—pl <0< A <23, A2 >3 (1.3)
and D f(p2) has three simple real eigenvalues: —p3, —p3, A} satisfying
—p5 < —py <0 <Ay, py>3ph. (1.4)

(Hy) There is a heteroclinic cycle I' = T'; U 'y connecting p; and ps, where I'; = {z =
ri(t): t € R}, ri(+00) = ro(—00) = pa2, ri(—o0) = ro(+00) = p1.

+ : i (t + +
(Hy) Let eff = lim A then ef € T, W, ef € T, W,

T, W, be unit eigenvectors corresponding to A, A3, —pd, —pi, respectively, where W5 is the
strong stable manifold of p,. By T, M, we denote the tangent space of the manifold M at gq.

e € Tp,,W,r, eg €
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Remark 1.1 Under the assumption (H;), we know that I" is a heterodimensional cycle. By
(Hs), ef and e] are the eigenvalues corresponding to A} and —p3, respectively, which means
that I'y enters p; along the leading unstable direction of Wy, and enters ps along the strong
stable direction of W7, From [24], we know that I'; takes orbit-flip when ¢ — +oc (see Figure

1).

~

Figure 1 Heterodimensional cycle I' =17 UT's.

(H4) (Nontransversal condition) There is a nontransversal intersection between the two-
dimensional manifolds of p; along the heteroclinic orbit I'y, that is, W is coincident with W7,
along I';.

As we will see, the bifurcations under consideration heavily depend on the relations between
the eigenvalues of p;, ¢ = 1,2. Without loss of generality, we may assume

(Hs)

/\1 1
2250y
P2 Aq

The rest of the paper is organized as follows. In Section 2, the Poincaré map and the
successor function are obtained by the establishment of a local moving frame system near
the unperturbed heterodimensional cycle. Then, bifurcation equations are derived by using
the implicit function theorem. Section 3 presents the bifurcation results on different parameter
regions and the sufficient conditions for the persistence of heterodimensional cycle, the existence
of homoclinic orbit and periodic orbit, the noncoexistence and coexistence of heterodimensional
cycle, periodic orbit and homoclinic orbit. An analytical example is demonstrated to illustrate
our main results in the last section.

2 Local Coordinates and Poincaré Maps

Following [25], as a direct application of the stable (unstable) manifold theorem and the
strong stable (unstable) manifold theorem, we take two successive C” and C"~! transformations
to straighten the local stable manifold, unstable manifold, strong unstable manifold in the region
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of U; such that the system (1.1) has the following form in the small neighborhood U; of p;:

i =[M(p) + -]z +0u)O(y),
g =[=pl(n) + Iy, 21)
=\ (u) + - Ju+ O(z)O(y),

and has the following form in the neighborhood Us of ps:
)+ ly + Ov)O(x), (2.2)

=[ p3 (1
5(1) +---Jv+ O(y)[O(x) + O(y)].

[—p

Systems (2.1)—(2.2) are at least C*, where k = min{r—3, [i—?] -1, [5—%} —1} > 2, which is owing
1 2
to that the weak unstable manifold of p; and the weak stable manifold of P, are approximately

2

C [T%], C [Z_z], respectively (see [24, p. 56]). Of course, the same kind of change of variable can be
achieved by using the theory of exponential dichotomies and weighted exponential dichotomies.
However, by [24], we know that the extra conditions A\? > 3\ and p3 > 3p) are needed to
ensure such change of coordinates are possible, so that the systems (2.1)—(2.2) are smooth
enough. For notational convenience, we use i (u), —pt(p), i = 1,2 and —p} (1), 5 = 1,2 A3 ()
as the corresponding eigenvalues of the linearization matrix of perturbed system (1.1), which
indicate dependence on u, where Xi(0) = i, pl(0) = pl, i = 1,2, p}(0) = p), AL(0) = A},
j=1,2.

Take the coordinate expression of r;(t) as r;(t) = (r¥(t),r?(t),r*(¢))* in the small neigh-

borhood Uy, and 7;(t) = (r¥(t),r?(¢),r?(t))*, i = 1,2, in the small neighborhood Us, i = 1,2.
Take the time T; large enough such that r1(=T1) = (6,0,0)*, 71 (T1) = (0,0,0)*, ro(—Ts) =
(0,0,0)*, ro(T2) = (0,4,0)*, where the sign “*” means the transposition, and § > 0 is small

enough such that
{(@,y,w)" | |z, |yl Jul <20} c Ux, {(2,y,0)" | |2l ]yl, [v] < 26} C Vs
Consider the linear variational system of (1.2)

Z=Df(ri(t)Z (2.3)

and its adjoint system

b= —(Df(ri(t)) . (2.4)

Note that these two systems are adjoint in the sense that if Z(t) is the solution matrix of (2.3),
then (Z71(t))* is the solution matrix of (2.4).

In the following, we will choose suitable solutions of the corresponding linear variational
equation as a local coordinate system along I';.

Following the idea in [17], we know that there exists a fundamental solution matrix Z;(t) =
(21(t), 22(t), 23(t)) for the system (2.3) satisfying

le(t) € (TTl(t)W;)c7

() = 1

m S Trl(t)W;:l N TT1(t)W;2’
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2 (t) € Ty iy Wt N (T y'1)°,

such that
0 1 0 wil 0 0
Zi(-T) = 1 00|, Zu(T)=( 0 0 |,
w%?’ 0 1 5{3 wf?’ wf?’

where w3? # 0, wil # 0, wP <0, [©13 (WiH) 7 <« 1, w3 (WP?)~!| < 1. The notation (M)®
means subspace complementary to M.

Also, there exists a fundamental solution matrix Za(t) = (23(t), 23(t), 23(¢)) for the system
(2.3) satisfying

Z%(t)vzg(t) € (Trz(t)FQ)cv

2 _ TQ(t) u s
z(t) = EEA Try(yWp, N Ty yWy, s
such that 0 1o S0 Wit
Zo(-To)={ 0 0 1 ], Zao(Tr)= | wy® wi® wi® |,
0 0 wid 0 WP
wll UJ31
2 2

#£0, W w1, i=1,3.

In what follows, we choose (27} (t), 22(t), 23(t)) as a new local coordinate system along I';.

Let ®;(t) = (¢ (1), p2(1), #3(t)) = (Z;7*(t))*, then ®;(t) is a fundamental solution matrix of

3
(2.4), i = 1,2. Take a coordinate transformation near the orbits I'; as

where w3? # 0, w =

13, 33
Wy Wy

z=ri(t) + Zi(t)Ni(t) = hi(t), i=1,2,

where N;(t) = (n}(t),0,n3(t))*, i = 1,2 are the coordinate decomposition of system (1.1) in
the new local coordinate system corresponding to z}(t), z3(t).
Let

SY ={z=h1(=T1) : ], |yl, Jul <26}, S5 ={z=ha(—T2): ||, |y|,|v| < 26},
St={z=h(T0) : |a|,|yl,[v] <26}, S5 ={z=ha(T2) : ||, |yl lu| < 20}
be cross-sections of I'; at t = —T; and ¢t = T}, respectively, which intersect I'; transversally.

Now we start to construct the Poincaré map step by step. Consider the map F : ¢} | €
Sl —q2e8Yand F!: ¢? € S? — ¢! € S}, where S} = S3, ¢ = g5 (see Figure 2).

Figure 2 The cross-sections and Poincaré map.
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In order to obtain the Poincaré map, first we should establish the relationship between the
old coordinates

g7 (29,97, u?)"s a1 (21,91, 01)%s @5 (29,95, v9)*, g3 (23,3, u3)*
and their new coordinates
gt (n?,0,n0%)%, gl (n1h,0,n1%)*, g9 (ngt, 0,m5°)%, g3 (nyt,0,n5%)".
By the coordinate transformation h;(t) = r;(t) + Z;(t)N;(t), we have

@) = (29,90, ud)* =11 (—=T1) + Z1(-T1)N1(=T1), Ni(=T1) = (n{"",0,n9?%)",

qi = (z1,y1,01)" = r1(T1) + Z1(T1) N1 (T1), Ni(T1) = (ny",0,n1°)".

Then combining with the expressions of Z;(—T;), Z;(T;) (i = 1,2), we obtain

ndt =,
nd? = — wi?yy, (2.5)
29 =6
and
nyt = (wit)~lal,
ni’g = (w$?) "Ly, (2.6)
v} =6+ w1 (wit) et 4+ Wi (W) Tyl & 6.
For
@ = (a3,y5,09)" = ra(—To) + Zo(~T2)Na(—T2), Na(—Tv) = (n3'",0,n9°)",
@ = (73,3, u3)" = 12(T2) + Zo(T2) Nao(T3), Ny(Tz) = (ny',0,n5°),

a similar calculation shows that

0,1
Mo zvg,
0,3 _ .0
Ny =Y, (27)
ry=94
and
nl,l _ w—l(w33$1 _ wBlul)
2 = 2 42 2 U3z),
1.3, —1¢,,11,,1 13,.1
ny” =w Hwytuy — wiwy), (2.8)
1
Ya = 0.

On the other hand, suppose that h;(t) = r;(t) + Z;(t)N;(¢) is the solution of (1.1) in the
small tube neighborhood of I';. Then substitute it into (1.1), and we have

Filt) + Zi(t)Ni(t) + Zi(t)Ni(t)

= f(ri(t) + Zi(t)N;(t)) + g(ri(t)

= f(ri(t)) + D f(r;(t)Z;(t)N;(t)

Zi(t)Ni(t), p)

+
+ g(ri(t)v O)
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+92(ri(t),0) - Zi(t)Ni(t) + gu(ri(t),0) - p+ h.o.t.
By 7i(t) = f(ri(t)), Zi(t) = Df(rs(t)) - Zi(t) and g(z,0) = 0, we obtain
Ni(t) = Z7'(t) - gu(ri(t), 0)u + huo.t.

Integrating both sides of this equation from —7; to T;, we have

T;
Ni(T}) — Ni(~T}) = /_ 271 ()9, (ra(), 0)pdt + huout.,

T;

which produce the global map F}' : S — S} and Fy : S§ — S1, as follows
FHG1,0.00%) = (0,70

0,3y _ (~1,1 o ~1,3
F21(n2 ,0,m57)" = (g7, 0,1577)"
with the expression given by

) =nd7 + Mip+hot., j=1,3,

iyt =nS* + Mfu+hot., k=13, (2.9)

where

) T
M = ¢ (1) gu(ri(t),0)dt, j=1,3,

Ts
My = B (t)gu(r2(t),0)dt, k=1,3.
—Ty

Next we consider the local maps FY : ¢35 € S3 — ¢ € S{ and FY : ¢} € S] — ¢} €
S8 induced by flows confined in the neighborhood U;.

Let 7; (i = 1,2) be the time spent from ¢} ; to ¢, g5 = g5. Suppose pi > A}, A\l > pi. then
we select s, = e~ ML gy = e=P2(I72 (if o < A, AL < pl. then we select s; = e P gy =
e_)‘é(”)ﬁ). Define 1 (p) = i%ﬁ;v Ba(p) = E ;, then by (Hs), 1 < B1(pn) <
|| < 1 on the basis of the coiltinuity.

Then under the assumption (Hs) of the non-resonance conditions among the eigenvalues,
by the normal forms (2.1)—(2.2), and the formula of variation of constants, we obtain the local

map FY : g3 (23, y3,ul) € S5 — ¢¥(29,49,ul) € SV as follows:

pl(u) A2 ()

L 1 n
— a(Ty) ~ 651, ) = y(To+7) ~ 571", w(Ts) ~ 570", (2.10)

and the local map FY : ¢f (1,y1,v1) € ST — ¢3(29,v39,09) € S as follows:

A5 () P3 (1)

ol = a(Th) ~ 552" | 48 = y(Ty + 1) ~ sayl, 03 = o(Th +72) ~ 552", (2.11)

where (s1,s2,u,y}) are called Shilnikov variables.

Remark 2.1 Shilnikov variables were introduced by Shilnikov in 1968 to compute the local
transition map near equilibria to leading order. Instead of solving an initial-value problem,
solutions near the equilibrium are found using an appropriate boundary-value problem. Further
information on Shilnikov variables can be found in [24, p. 62] and [26].
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In the following, for convenience, we may denote A\ = \i(u), i = 1,2; pi = pi(u), B =
1 . . .
SHIL By = 515 ph() = ph N = M), j = 1,2.

Thus, by (2.5), (2.9)—(2.10), we obtain the Poincaré map Fy = F{ o F: S — S} as follows:

~1,1 81
ny =89+ My +hot.,
{ Lo ! (2.12)

s = — w3 '815+M1u+hot

and by (2.7), (2.9), (2.11), we obtain the Poincaré map Fy, = Fy o FY: 251 — S3 as follows:

92
nlt ﬁ5+Ml +h.ot
Ny = 89 o [ .0.1T., (213)

fiy® = soyt + M3u + hoo.t.
Then, by (2.6), (2.8), (2.12)—(2.13), we obtain the successor functions
(G1,G2) £ G(s1,52,u3, 1) = (G1, G}, G2, G3) = (Fi(az) — a1+ Fa(a1) — 42)
as follows:
Gl =500 — (wihH™! %(5+Mllu+h.o.t.,
G = — w6 — (W)Yl + M+ heot.,

P2 >\2
o]
Gy =520 —w twsi0+w 1w§131 ul + M+ ho.t.,
)\2

G35 = soyi +w twids16 — w_lwélsl ul + M3y +hoo.t.
By the implicit function theorem, solving the equation G$ = 0, we have
ul = w}3sfl(5 + (W) lyi — MEp+hot.

Substituting it into (G},G3,G3) = 0, we obtain the bifurcation equations, which have the
following three different expressions:

(D) wy® #0, w3 #0

1
P16 — (i) rs2 6+ Mip+hot. =0,

2
r2
-5 2.14
52‘3% 6 —w 'wi¥s16 + Myp+hot. =0, ( )
82y1 +w 1w%3516+M2u+hot =0.
(I) wi3 =0, w3 #0
1
brg — (wi') 8526 4+ M{p +h.ot. =0,
852(5—&1 1w§’3816+M2,u+h0t—0 515
%(u)+51 Lf ( ' )
sagh — it 1 - ()l o)
)\
—l—w*lw%lsf% Mf’u + Mg’u—i— h.o.t. = 0.
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(II) w3 #0, w33 =0

1
P16 — (W) T s2 6+ Mip+hot. =0,

o3 S A
P -1 31 13 )\%4’61 32\-1 31 _Ab 1
o2 0+ w wy wi Sy 0+ (wwi™)  wy syt
(2.16)
A7
T

—w71w§’151 M3+ Map+hot. =0,

soyi +w 'wi®s16 + M3p +hoo.t. = 0.

Remark 2.2 Note that the solutions of (2.14)—(2.16) lose the uniqueners, and the solutions
demonstrate different kinds of dynamical patterns corresponding to the different parameter
regions, then equations (2.14)-(2.16) are called the bifurcation equation.

Remark 2.3 For the first two cases, by some simple computation, we can obtain similar
bifurcation results to that given in [17]; so we omit it. While, in case (IIT), we will show that
there are different bifurcation phenomena from that discussed in [17]. Therefore, we will only
focus on the third case.

3 Bifurcation Results

In this section we will study the bifurcation problem of the loop I' under all hypotheses
(Hy)—(Hs). The existence, coexistence and noncoexistence of periodic orbit, homoclinic loop
and heteroclinic loop are discussed by studying the corresponding bifurcation equation. By
establishing of local maps F{ and FY, we know that if s; = sy = 0, then the heteroclinic loop
of system (1.1) is persistent; if s = 0, so > 0, then the system (1.1) has a loop homoclinic to
p1; if 81 > 0, s2 = 0, then the system (1.1) has a loop homoclinic to pe; if s1 > 0, so > 0, the
system (1.1) has a periodic orbit. Then, we need only to consider the nonnegative solution s;
and so of the bifurcation equation.

Now we consider the persistence of the heteroclinic loop under small perturbation.

Theorem 3.1 Suppose that hypotheses (Hy)—(Hs) are satisfied, and Rank(M{, M3, M3) =
3, wid #£0, w3 =0, then there exists an (I — 3)-dimensional surface

Lio(yt) = {p: M{p+hot. = Mju+hot = Mu+hot =0}

with a normal plane spanned by > = span{Mj, M, M3}, such that the system (1.1) has a
12

unique heteroclinic loop T (yi) = T UTY connecting p1 and p2 as p € Lia, 0 < |pu| < 1 and

lyf| < 1. Furthermore, the persistent heteroclinic orbit T has no orbit-flip as t — +oo if
1

Y1 # 0.

Proof If s; = s9 = 0 is the solution of the bifurcation equations (2.16), then we have

Mip+hot. =0,
M3+ h.ot. =0,
M3p+h.ot. = 0.

If Rank(M{, M3, M2) =3, then

Lig(vi) = {pu: M{p+hot.= Myu+hot. = Miu+hot. =0}
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is a codimension 3 surface with normal plane spanned by {M{, M3, M2} at u = 0 such that
the system (1.1) has a unique heterodimensional loop near I" as y € Lia(vi), 0 < |u| < 1, and
lyi| < 1. In addition, because the y axis corresponds to the leading stable eigendirection, we
easily get to know that if y} # 0, then I'}' enters ps along y axis, that is, it can not exhibit orbit
flip near I'}" as t — +oc.

A corresponding results about the existence of the homoclinic orbit connecting p; is con-
tained in the next theorems.

Theorem 3.2 Suppose that hypotheses (Hy)-(Hs) are valid, Rank(M{, M3, M3) = 3, and
wid £ 0, w3 =0, then the following results are true:

(1) If p3 > A\, then in the region R = {u | wi'M{u > 0,Map < 0}, there exists an
(I — 1)-dimensional surface

8203
L= {p| Wi(p) & (wi'0 " Mip) 73 6+ Myp+hot. =0, [M3u| < [M{p|*}

with a normal vector M3 at p = 0, which is tangent to the surface Lia(vi) at p =0, such that
the system (1.1) has a unique loop I'? homoclinic to py near T’ as p € L? and 0 < |p| < 1.

(2) In the region R = {p | Mip < 0, wwi3M3pu < 0}, there exists an (I — 2)-dimensional
bifurcation surface Li(yi)NHX(yl), such that the system (1.1) has a unique loop T's homoclinic

to ps near T as p € Li(yl) N Ha(yl) C R, 0 < |u| < 1 and |y}| < 1, where
Ly(y) = {u | Wa(p) £ [w(ws®) 7107 MZ )6 + Mip+hot. = 0}
x2 A2
1
Hy(y1) = {p| (wwi?)” 1‘*’3151 Y —w 1w§1511M1M W_IWS%-’}B*S;

+ Mip+hot. =0, sy = —w(W) 6 M3, |yi| < 1}.

+61
0

Proof (1) Assume that (2.16) has a solution s; = 0, s3 > 0, then it can be simplified into
the following form:

—(wih)~1s ﬂ2 + Miu+hot. =0,
23
1
S92 0 + MJu +h.o.t. =0,
soyt + M3p+hoo.t. = 0.

(3.1)

Obviously, in the region defined by R? and |M3u| < |[M]p|?, the third equation has a unique
small solution

M3u
yi (2, 1) = W +hot, |yl <1

Therefore, (3.1) determines an (I — 1) dimensional surface L? which is perpendicular to M3 at
p = 0. On the basis of Rank(M}, M1, M3) = 3, L? is well defined. Now (2.16) has a solution
s1 =0, so>0asp € L? 0<|u <1, |[yf| < 1. That is, the system (1.1) has a unique
homoclinic orbit I'Y connecting p; near T.

(2) Assume that s; > 0, s = 0 is a solution of (2.16), then (2.16) is reduced to

s916 + Mlp+h.ot. = 0,
A2 x2 x2

32y—1, 31 M, 1 —1,,31 M 1,,31,,13 A 1 _ (3.2)
(wwiH)Lwdls Tyl —w™twdls; T M3 p + wlwdtw]3s 0+ Myp+ h.ot. =0,

wlwl3s10 + M3+ h.o.t. = 0.
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In the region given by R}, the third equation has a unique solution s, then substituting it
into the first two equations, we obtain that

[—w(wd®) Lo M3 6 + M+ hot. =0,
A2 A2 A2

16
(ww?)~ 1w§151 Yl —w 1w§1811Mlu+w_1w§1w%351 §+Mip+hot =0,

where s1 = —w(w3®) 7161 M3 . Therefore, the system (3.2) determines an (I — 2) dimensional
surface Li(y1) N Hi(yi) with the normal surface ¥ = span{M{, M3} at p = 0. We see that
Li(y}) N Hi(y}) is tangent to Li2(yi) at u = 0. Now the system (2.16) has a solution s; >
0, s =0as p€ Li(yl)NHi(yi) C RS, 0 < |u| < 1and |yi| < 1. The system (1.1) then
possesses a homoclinic loop I'}(y1) connecting po near T

Next, relying on the analysis for the bifurcation equations (2.16), we discuss the coexistence
of the heterodimensional cycle, homoclinic orbit and periodic orbit under small perturbation.

Theorem 3.3 Suppose that hypotheses (Hy)-(Hs) are valid, Rank(M{, M3, M3) = 3, wi3 #
0, w33 =0, then for 0 < |u| < 1, we have that

(1) the system (1.1) does not have any homoclinic orbit coexisting with the persistent het-
erodimensional cycle T* as p € Lia(y1);

(2) if pi(p3+pd) > A2+ AD), wwllw2wi3MPu < 0, then the system (1.1) has a unique
periodic orbit coexisting with T* as u € L12(y1).

Proof If wi®#£0, w3*=0and pe€ Li2(y]), || < 1, then (2.16) gives

2
s716 — (W) 182 8+ hot. =0,

°3 27 A7

-2 —++81 T

&) -1, 31 13 2 32\—1 31 1
S$920 Fw wy wits 0+ (wwi)” yi

(3.3)

)\2

w71w§1811M1u+h0t =0,

82y%+w 1 13815+hot =0.

(1) By the first equation of (3.3), we have s, = w!'s'72 4 h.o.t. It is obvious that sy > 0 if
s1 >0 and wil >0, and s; = 0 if and only if sy = 0, so we conclude that (1.1) does not have
any homoclinic loops for p € Li2(y1).

(2) On the other hand, by the third equation of (3.3), we have

wlwl3si6 wlwlds
y}: 721_’_}1.0"5.: 7112 1-— ﬁ152+h0t
S92 w1

By (Hs), we have 3132 < 1, then 0 < s; < 1 implies that |y}| < 1. Substituting the expressions
of s2, yi into the second equation, we obtain

2 2
2 P A
r3 B B2(=2+1) +,81,82
+1 1P2(—T Al Al
(wih) 2 e - w T W) e sy 6 —w Tl wg sy M

s +3132+,31
+w hwltwdlulBs 0+ h.o.t.=0.
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2 2

Assume S152(%% +1) > % + 1, namely, pi(p3 + p3) > A3(A? + A1), the above equation is now
2 1

changed into the following form:

1+5152
wlwdts [(wwi?) " twidds) 772 4 Wi M) 4+ hoo.t. = 0,

which has exactly two nonnegative solutions

11373 1
Wy MLLL 1—pB182
s1=0, s1=|— —=5—= +h.o.t.
! ! (ww$?)~1wi3s
If wwllwwl*M3u < 0, then combining with sy = w}lsf“b + h.o.t., we know that the

system (1.1) has exactly one periodic orbit besides the persistent heterodimensional cycle
as i € Lia(y1).

Theorem 3.4 Suppose that hypotheses (Hy)-(Hs) are valid, Rank(M{, M3, M3) = 3, ps +
p3 > 2)1, ;—? +1< B, wi #0, wi =0, wi >0 and |Mip|*=PP2 < |M7u|Pr, then for
e L? and O1 < |u| < 1, the followmg results hold:

(1) If wwoltww M3 > 0, witw2 M3 u(w?a> M+ M3p) > 0, where a = witd= 1 Mip,
then the system (1.1) has no periodic orbits coezisting with the homoclinic loop T'% for p € L3.

(2) If wwitwPBPwI M3 > 0 or (wwitwPwI M < 0), wlwPZMPu(M3p+ waP2 Mip) <
0, where a = W~ Mip, |M3u| < |MPup||Mip|P2, then the system (1.1) has evactly one
periodic orbit coexisting with the homoclinic loop T'? near T' for u € L3.

(3) If wwitwf2wd M3 p < 0, witwP2 M p(wi?a® Mip+ M3u) > 0, take

13 _1
wlwi3s )L—}l—l
B Bowitwi2al2—1 M3

+ w22 M+ M3p +hot.,

A= —w lwfErt - 1)( -

then we have the following results:
(a) When wwi3A <0, the system (1.1) has no periodic orbits for p € L3.
(b) When A =0, the system (1.1) has a double periodic orbit for u € L3.
(c) When wwiA > 0, the system (1.1) has exactly two periodic orbits for p € L3.

Proof Under the hypotheses, the third equation of (2.16) shows that
soyl = —w 'wi¥s16 — Mjp+ hoo.t. (3.4)

Substituting it into the second equation of (2.16), we have

2 2 2
P3 >‘ >‘1

1
H(st,5,1) 2 550 6 —w (@) lwludls 6 — (ww?)lwdls,” Mip
)\2

—w 1w§151 so My + so M3+ h.o.t. = 0.

On the other hand, if 0<s; < 1, g€ L? and 0 < |u| < 1, by the first equation of (2.16),
we have

S9 = (w%ls?l + Wit M )2 + hot. (3.5)
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Let 87" =t, wi'é"'M{u = «, then we obtain the following form:

S92 a2 4 520]%10[/32—115 + h.o.t.

2
L Bzfg ﬁng Bzfg 1 (36)
Se2 A P+ —1w%10< *2  t+h.o.t.
P2
é Bzﬂ%

Substitute the expressions of ss, 355 into H(s1,82,t). Due to a #2 § + Mip+h.ot. =0
as L?, then we obtain that

2 8203 2 2 8203
+B2—1 +B2—2
H(s1, 1) = 55202 11 L TP By 52?2 (WH)2a w8 77 T

Wy a 2 s+ 1
2 P2
S »
—2/ 32 13, 31 XM 32y—1, 31 X
— oW (Wit Trwr’wy' sy — (wwi?)Trwitst My p

>\2 2

461
—w lwda 1Ml,u Bow Lwilwllaf2—1s M M} +ho.t.
By pd + p3 > 2], ’A\j + 1 < /31, the above function can be simplified into
H(sy, p) = ﬁgwilwﬁzaﬂz_leusfl +w lwibsy + waP2 M+ M3+ ho.t.
£ N(s1,p) — L(s1, 1) =0, (3.7)

where

N(s1, 1) = Bowi'wPa® "M ust +hot.,
L(sy, p) = —w twi3ss) —wia®2MPpy — M3p +hot.

Then we have

E[(Oaﬂ)—wl2 62M1N+M2N+h0t
H! (s1,1) = Brfowi wi2a® M pst ™ + w™lwi?s + huo.t.

If wwlwdBwP2MPu < 0, by |Mip'=P < |Miu|'="P2 < |MPu|Pr < |M3p|, we know that
H, (51, 1) has a unique small positive solution

wl3sal—F 1

) 7 L hot
1 Pawwitwi? M p o

If wwilw 13w§2M3u > 0, then f[;l(sl, ) ;é 0.

(1) When wwilwdbw2MPu > 0, wllwP2MPpu(wi?aP> My + M3u) > 0, then the straight
line L, and the curve N can not intersect in the half plane for s; > 0, that is H(s1, 1) = 0 has
no positive solution Therefore, the system (1.1) has no periodic orbit as p € L3.

(2) When wwitwi3wi2 M > 0 (or wwilwi3w M < 0), wilwd? M (M3 p+wi2ab2 Mip)
< 0, then the straight line L and the curve N intersect one positive point, that is, H(s1,u) =

A —
81:5:(—

0 has one positive root. Next we will show this positive root is small enough.
Without loss of generality, we assume wilw$2Mu > 0, wwi® >0, wi2aP2 M3+ M3p < 0,
then we have

H(0,p) <0, H, (s1,p) >0, H(1,p)=w w3 >0,
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where

_ wita®Miu+ M ) el (- witaMPp + al‘BZMS‘u) £
BowttwiZal2 =1 M3 Bowtwi2 M3 ’

By [ M3 | < [ M7 pul|M{ u]??, we have

O<’§1:(

| M P2 (M3 | < [ M pl [ M )2 | M ) =P = | M | M) < | Mg,

which guarantees that s; < 1. Then, we know that H (s, ) has a unique small positive solution
s1 satisfying 0 < s; < 31 < 1. Also, by (Hs) and pi + p3 > 2)\1, we know that the expansion
2

£2
of SQPTZ in (3.6) is meaningful, while by |M3u| < [Mu||Miu|/?? and the expression of 37, we
have 1 = 0(|M11u|ﬁ), which guarantees that the expansion of sy in (3.6) is meaningful.

Therefore, the system (1.1) has one unique periodic orbit coexisting with the homoclinic
loop I'f near T for p € L} and |yl| < 1.

(3) When wwilwi3wi2MPp < 0, wilwf2 M u(wi?a®2 M3u + M3p) > 0, without loss of gen-
erality, we assume wlw¥2M3p > 0, wwd?® < 0, w20 MEu+ M3 > 0, then we have H (0, p) >
0, H', (s1,p) > 0 and H(S, ) = A, where

S181

wlwi3s ) T
- 11,,32 — 3
B1Bowitwi2al2=1 M

+ w?%zﬁleB,u + M3u+ho.t.

A2 —wteert - 1)(

If H (5, ) = A > 0, the straight line L and the curve N can not insect in the half plane; if
ﬁ(E, 1) = A =0, the straight line L is tangent to the curve N at point s; =3, that is, s1 =3
is a double positive zero point of ﬁ(s, w) = 0; if ﬁ(?, 1) = A < 0, the straight line L intersects
the curve N at exact two points 0 < s’ < 5 < s, which means ﬁ(s, 1) = 0 has two positive
solutions.

With the analysis above, we know that each positive zero point s; of H (s, ) = 0 corresponds
to a unique pair of positive solutions (s1, s2) of the bifurcation equation (2.16). Then we obtain
the conclusions.

4 Example

In this section, an example of vector field is given to show the existence of the system which
has a nontransversal heterodimensional cycle with one orbit flip, and demonstrate how to use
the method given in this paper to discuss the bifurcation problem.

Consider the following three-dimensional system

S = £(2) + 9(o ), (1)
and its unperturbed system

2= f(2), (4.2)
where z = (21, 22, 23)* € R3, p = (u1, 2, u3)* € R, g(2,0) =0, 0 < |u| < 1, and

—(z1 =D (21 + 1)+ 322 +22-1)

1) = | e ,
5(7 — 821)23
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pi (27 — 1)
9(z, ) = po(2f + 25 — 1)
ps(z1 —1)(z1 + 1)

When p = 0, the system (4.2) has equilibria
p1 =(—1,0,0), p2=1(1,0,0),
and a heteroclinic cycle I' = T'y U 'y connecting p; and ps, where
Dy CWeENWy i {z=r(t)| 27 +25=1, 23=0, 20 >0, t € R}

and
FQCWlsﬂWQUZ{Z:TQ(t)|2’2:Z3:0, 21 E(—l,l), tER},
which is expressed by T'; = {z = r;(t), t € R}, i = 1,2. Here

1_e—2t B 1
r1(t) = (211, 212, 213)(t) = (ma 2(2+ e +e72) 73, O),

1—e*
TQ(t) = (22172227223)(t) = (m, 0, O),

which satisfies r1(—00) = ro(+00) = Pp, 71 (+00) = ro(—00) = P, (see Figure 3).

Ws
Iy ;

22

Z1 p1 Iy P2

Figure 3 T'; with orbit flip in positive direction.

Since
42’1 62’2 0
Dfz)=| & A 0 :

1

then we have )
Df(pl) :dla’g(_45175)7 Df(pQ) :dl&g(4,—1,—§),

which means I' = 'y UT'y is a heterodimensional cycle and I'; has orbit flip in positive direction;
in other words, heteroclinic orbit I'; enters the equilibrium py along the strong stable direc-
tion 29 as t — +oo. Notice that T, W, — span{(0,1,0)*, (0,0,1)"}, as t — —oo, where
(0,1,0,)*, (0,0,1)* are the unit eigenvectors of p; corresponding to the positive eigenvalue 1, 5,
respectively. Then the 2-dimensional unstable manifolds of p; coincide with the 2-dimensional
stable manifolds of po, that is, I'; is a nontransversal orbit.

Let 0 < d < 1 and T; (i = 1,2) be large enough such that

ri(=T1) = (—V1-1962,6,0)", r(Th) = (V1-4626,0)",

TQ(_TQ) = (1 _67070)*5 TQ(TQ) = (_1+67050)*7
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then we have

5 2
=1
- vi-o2 " o(1+0(2)

Now we consider the linear variational system of unperturbed system (4.2) along T'; (¢ = 1,2):

T1 =In TQ

1
= Z(111(2 —9) —1nd).

2=Df(ri(t))z, (4.3)
and its adjoint system
2=—(Df(ri(t))) 2 (4.4)
where
4211(t) 62’12(t) 0
Dfri(t) = [ 22— 0 ,
0 0 5(7 — 8211(t))
42’21(t) 0 0
Df(ra() = | O Tl 0
0 0 5(7 — 8221(15))

Next we discuss the persistent of the heterodimensional cycle of (4.2), by a similar compu-
tation given in Section 2, we know that the persistent of the heterodimensional cycle is related
with elements in Z;(T;), Z;(=T;) (i = 1,2) as well as M{, M3, M3. Firstly, we consider the
fundamental solution matrix Z;(t) and ®1(t).

One fundamental solution matrix for (4.3) is

U1 (t) Uu21 (t) 0
Z1 (t) = ’ulg(t) U292 (t) 0 s
0 0 us33

take ®;(t) = (Z; 1 (t))* = (¢, p?, ©?). By Liouville formula, we have

K2

ull(—Tl) U21(_T1) -efiT1 3(11;::2235)(15
u12(=T1) w2 (—T1) '

_ get | wn(®) u(t) |
D = det wia(t)  uma(t) ‘—dt

By ®7(t)Z;(t) = Id, we have
o1 (t) = (u2(t), —ua1(t),0)/D,

where D = uqq (t)uga(t) — uia(t)ug (t) = [w} ®. Notice that

Z%l(t) -1 0 0
g,(r1(t),0) = 0 0 0 ,
0 0 (le(t) — 1)(2’11(t) + 1)2

then with the expression of uaa(t) = 212(t), we have

Ty +oo .7 2

64 (1 — %)
M= e [ = _/ z(1-27) .
| /_Tl ot gu(r1(0),0)dt = (35 A dz,0,0)



Nontransversal Heterodimensional Cycle

127

Next we consider Z5(t) and ®5(t). By D f(r2(t)), we obtain one fundamental solution matrix

for (4.3) as follows:

Zy(t) = diag(Cre™ (1 + ™) 72, Che™t(1 4¢3, Cye™ (1 +e')).

Thus, we obtain

0
Zo(t) = o
Coe™t(1 4 ett)2

for t < —T5, and
Chet(1 + e*t)2

Zs(t) = 0
0

Cle4t(1 + e4t)—2

0 Cse™5 (1 4 e¥t)3

0

0 0
Creft(1 + ett)—2 0

0 Cse™3 (14 e*)3

for t > Ty. By the initial values Zs(—T5) given in Section 2, we have
a=(355) [+ 35) ]
41-3
(7)) ]
1 4 _%
(755) [+ G5) 1

Correspondingly, by performing the coordinates transformation in the small neighborhood of
P;, we have

C

C3

0 Crle (1 +e')? 0
Oy(t) = | Cylet(14ett)~3 0 0 )
0 0 Cyles(1+et)7s

for t € R. Note that

2y (t) — 1 0 0
gu(r2(t),0) = 0 22,(t) —1 0
0 0 (z21(t) = 1) (221 (t) +1)°

Hence, we can calculate

T2 1 [t i
M1:/ Y g, (ra(t),0)dt = 0,——/ =
i= ), Aamo.0d=(0-5 [

3 2 3 1 e g
M. :/ 05 gu(ra(t),0 dt:(0,0,——/ %dx).
p= [ a0 ol aiae
With M{, M}, M3 being specifically given above, then by Theorem 3.1, the system (4.1)
has a unique heterodimensional loop T'* = T'f UT4 as p € L1 and 0 < |u] < 1. To illustrate
other results concerning homoclinic bifurcation, periodic bifurcation, we need more information,
which will cause much more complicated computation. However, the idea and procedure are
more or less the same as this one.
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