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Quenching Phenomenon for a Parabolic MEMS Equation

Qi WANG!

Abstract This paper deals with the electrostatic MEMS-device parabolic equation

ur — Au = 7)\‘)0(20)
(L—u)p

in a bounded domain € of RY, with Dirichlet boundary condition, an initial condition
uo(z) € [0,1) and a nonnegative profile f, where A > 0, p > 1. The study is motivated by
a simplified micro-electromechanical system (MEMS for short) device model. In this paper,
the author first gives an asymptotic behavior of the quenching time 7™ for the solution
u to the parabolic problem with zero initial data. Secondly, the author investigates when
the solution u will quench, with general A, uo(x). Finally, a global existence in the MEMS
modeling is shown.
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2000 MR Subject Classification 35A01, 35B44, 35K58

1 Introduction

We consider the parabolic problem

ut—Auzm, (z,t) € 2 x (0,T),

A (1.1)
u(z,t) =0, (x,t) € 092 x (0,T),
u(z,0) = up(x), x e,

where p > 1, A > 0, Q is a smooth bounded domain in R, f is a nonnegative bounded smooth
function, ug(z) € [0,1) is a smooth function and ug(z) = 0 on Q. The associated stationary
equation is as follows:

_ M@
—Aw = (1 —w)r’
w =0, x € 0N.

x €, (1.2)

The problem (1.1) arises in the study of micro-electromechanical system devices. The parameter
A > 0 is a constant which is increasing with respect to the applied voltage (see [13, 19] for
more details). These systems are microsize integrated devices or tiny systems that combine
mechanical and electrical components. They are used in systems ranging across automotive,
medical, electronic, chemistry, biology, communication and defence applications. Recently, a
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mathematical modeling proposed by Pelesko and Bernstein [18] in 2002 leads to elliptic and
parabolic PDEs of second or fourth order. In these lectures, some interesting problems, results
and open questions have been presented on the MEMS modeling. We can refer to [7-8, 13, 16,
18-19] and the references therein for detailed discussions on MEMS devices modeling,.

We say that the solution w to (1.2) is regular or classical, if ||w|~ < 1; the solution w to
(1.2) is singular, if ||w||s = 1. It is well known (see [3, 1011, 22] and the references therein)
that for any given f, there exists a critical value A* > 0 such that if A € (0, \*), the problem
(1.2) has a unique stable classical solution wy and the solution to (1.1) is global with ug = 0.
Moreover, wy is the minimal solution and A — w, is increasing. Here the minimal solution
means that wy < v for any solution v to (1.2). For A = \*, the problem (1.2) admits a unique
weak solution w* := )\11)1{\1 wy, called the extremal solution, in the sense that

—/Qw*Agbdxzx\/Qﬁdx

f(x)d(z,090)

for any ¢ € C%(Q) N H}(2), where w* € L}(Q) and € L*(Q). Moreover, w* is

(1 —w*)p
stable, which means the first eigenvalue 1 x~ of the linearized operator
pA f
Ly i=—A — ———
A (1 — w)rt?

is nonnegative. While for A > A*, no solution to (1.2) exists, and with any wug satisfying
[luolloo < 1 the solution u to (1.1) reaches the value 1 at a finite time T, called quenching time;
i.e., the so called quenching or touchdown phenomenon occurs. More precisely, ||u(-, )00 < 1
for t € [0,7*) and t_)l(i;ri)i llu(-;t)||loc = 1. We say that the solution u to (1.1) quenches if it

reaches 1 at a finite time. The more precise definition of the quenching time T is
T* =sup{t > 0] [Ju(-, $)]|ec <1, Vs € 0,¢]}.
The corresponding quenching set is defined as
S={z€Q|Iwn,tn) €Qx(0,T%), st. z, =z, t, — T* u(w,,t,) — 1}. (1.3)
From [22], it can be deduced that

I A S S
P+ ellee = T (e DSl

where £ € Hi(Q) is the unique solution to —A¢ = f, and if ug = 0,

1 << [ FARES))
Ap+Dlflle = ~ AMp+DIfelLri — 1281 ()

for large ), where ¢ is any nonnegative C? function such that f¢ # 0 and ¢ = 0 on 9.

* is a regular solution

In general, we know that w* could be regular or singular. Usually, w
in lower dimension and becomes singular in higher dimension (see [7, 10]).
For general ug # 0, it is known in [3, 20] that if A < A*, ||ug||ec < 1, then there exists a

unique solution u(z,t) to (1.1) which converges pointwise to its unique minimal steady-state w
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as t — 400, provided that ug > 0 is a subsolution of (1.2). Furthermore, u(z,t) is monotone
nondecreasing for ¢ > 0. It is essential to understand the quenching phenomenon, such as the
quenching set, the rate or asymptotic behavior of the quenching time 7*. Some interesting
results have been obtained in several recent works (see for instance [9, 11-12, 21] and the
references therein). In [9, 21], we know that if w* is regular, there exists an eigenfunction ¢*
of Ly~ x+, satisfying

pA*fo”
AP = ———— Q
gb* > 07 T € Q,
& =0, € 09, (1.4)
[@pas=1
Q
and there is an estimate for the quenching time T if ug(z) = 0, that is
CiA—A)"2 < T* < Cy(A— A\*) "2, (1.5)

as A > \* and close to A\*, where C and C5 are independent of A\. This tells us that

lim T* = +oo.
A= (A*)*

Our purpose is to deal with the problem (1.1), and this paper will be organized as follows.
In Section 2, motivated by the bounds (1.5) on the quenching time 7™, we find an asymptotic
approximation for 7% in the limiting case when w* is regular, ug(z) = 0, A > A\* and A — \*. In
Section 3, we consider what conditions A and initial data ug(z) satisfy can lead to the quenching
of u. In Section 4, we find conditions on the initial data uo which are sufficient to lead to the
nonexistence of u after a finite time, for A < A*. The case of that w* is singular is considered
in Section 5. In Section 6, we discuss the global existence of the solution to (1.1). In Section 7,
we will give some comments of our results.

2 Asymptotic Estimate for T for Small A — A* > 0 if w* is Regular

In this section, assume that ug = 0, and w* is a regular solution to (1.2) with A = A\*.
Motivated by (1.5), we shall consider the limit of A — A* — 0% to estimate the quenching time
7%, as an asymptotic expression for A — A* <« 1. We shall adapt and improve some of the
arguments in [15] to get the following theorem.

Theorem 2.1 Suppose ug = 0. Assume the unique extremal solution w* of (1.2) is regular,
Q= Bg(0), f(z) = f(|z]), f' <0. Let ¢* be the L?-normalized eigenfunction satisfying (1.4).
* *\3
Letl; = / L*dx, I, = / %dx. Then for X\ > \*, the finite quenching
Br(o) (1 —w*)P Br(o) (1 —w*)P
time T* of the solution u to (1.1) satisfies

+1)A* I\ 5 1—w™ (0
. T Zarctan((ggﬁ(AlA*f)z ¢*(0() )) ’ Ly

V2(p(p + DIiTz) 2 (A — A*)3

Proof First recall from [22] that since Q = Br(0), f(z) = f(|z|), f" <0, we have that the
quenching set is just {0}.

lim
A= A*
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Let u*(z,t) be a solution to (1.1) with A = A*. Since uy = 0, by the standard parabolic
comparison principle, we have u*(z,t) < w*(x). Since w*(z) is a solution to (1.2) with A = \*,
then u*(z,t) converges to a regular solution to (1.2) with A = A*. By the uniqueness of solution

o (1.2), we get that tl}l-ipoo u*(z,t) = w*(x).

By (1.1)—(1.2), we obtain that u*(x,t) and w*(x) satisfy

uj — Au* = %, (x,t) € Br(0) x (0,7,
u*(z,t) =0, (x,t) € 90BR(0) x (0,7,
u*(z,0) =0, x € Bg(0),

CAw = % € Bg(0),

w* =0, = € OBr(0),

respectively. Hence similarly to (43) in [15], we can find that

2¢ t— +
e [ Oy
Br(0) (1 —w*)pPt2

Now denote A — A\* by 1. We first use the formal Taylor expansion on u, which means

u* ~w* —

+oo
u(z,t) = u*(x,t) + Z N up(z, t),

n=1

(2.1)

where u* is a solution to (1.1) with A = A\*. According to the equation with «* and u, we get

that
. Np(p+1) +k-1)f
Zn Unt—ZWA“n +Z ppkll_upp+k (277 u”)
f P+ k=1 (X .\
+ﬁ77+77(z k(l—U*)p'Hf (7;77 un))
and

Up(2,0) = 0.

From the (n'), (%), (7%), (n?), - -+ terms, we arrive at

Luy = ﬁ

Ly = 2/\(*1p(_p;)2f2 u? + a _if*)pﬂul

Lug = /\*pG(éolJr_ 1351)9;32# . g(zi J; *1))p{ i

Luy = NP L(ll)(_p;;)g +3)f 411 n (g(iri)l(tzz;é)fu?
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)\*pg(?ltliy))p_-tBZ)fu%UQ + (f(f :*;1)7—{2 U2
Nplp+1)f 5 pf

201 — w2 T T ey
( ) ( )

where the operator L is defined as % - A - (1_’\;%. By the standard parabolic regularity

theory (see [14]), as [|u*||oc < ||w*||oc, We obtain that for any Ty < T,

1 1
il goran+s Frommomy) < CllfleAPTE |Br(0)]7 =: D,

where A = m’ Cy depends only on N, ¢, Bg(0), M and ¢ > N + 2.

I—flw*[loc)?*T
Similarly, we are also able to obtain that

C3N*p(p + 1) flloo A% +2(To| Br(0)]7)
luzll gaven+s ErEwEm) < D)

+ CTpll f12%A* (10| BR(0)]

i) =: Dy
and

Hun|‘cz+a,1+%(m) <D,, n=3,4,---.

In fact by iteration we can get that the highest exponent of A in D, is p+2(n — 1)(p + 1),
the highest exponent of p in D,, is 2n, the highest exponent of (Tp|Br(0)]) in D,, is 2n — 1, the
highest exponent of C; in D,, is 2n — 1, the highest exponent of || f||s in Dy, is 2n — 1.

So we can obtain that

meup i/ lunlgarenss Gy < o

which means the convergence domain of series (2.1) has a positive measure. Therefore, series
(2.1) is convergent uniformly, provided that 7 is small enough. For the same reason, we get

+oo
up = uy + Z ™" (un)t
n=1

and

“+oo
Au = Au* + Z n" Auy,
n=1
are also convergent uniformly for small 7.
It is known in [9, 21] that there exist constants Cy, Cy > 0 such that (1.5) holds, which
tells us that lim 7% € [C1,C), and lim T* = +oo. Therefore for any ¢t € [L°, 7], we
n—0 n—0

1
7 < 222 , which is near 0, when n — 0. With (2.1) and similarly to [15], when

1
te [201 , 2], we expand

+oo
u(z,t) ~ w*(x) + n%z(x,t) + anvn(x,t) as n — 0,

n=2
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T

where z(x,t) is to be determined. On making a change in timescale t = -, the equation (1.1)

gives !
nyl M (2)
2 2 nT— A
—I—Zr] v Uy = u+(1—u)P
+oo
=Aw" +1n AZ—FHZQU Avy, + (A +77)m
. pp+1 p+/€ LR\
+ A\ ) f Z W) (772z+27]2vn) ; (2.2)

where we have used Taylor expansion.
From the (%) terms in (2.2), we have

pA f(2)

Since the problem above has the form of problem (1.4), for some continuous function a;(7), we

can write
2(x,7) = a1(7) o™ (), (2.3)

where ¢* satisfies the condition of this theorem.
From the (n!) terms in (2.2), by (2.3) we arrive at

d

(al)r¢* = EZ

flz) At Npp+1)f

:AU2+(1—w*)p O 2(1_w*)p+2(a1)2(¢*)2.

By multiplying ¢* on both side and integrating over Br(0), we get

_ fo* 1 . 2 (¢*)°f
(a1)r = /BR(O) 7(1 = w*)pd:z: + §p(p+ A aj /BR(O) 7(1 — w*)P+2dx

1 .
=T+ 5p(p+ 1A ail
by the condition / (¢*)*dx = 1. Therefore
Br(0)

ay(t) = (p(pf;ll))\%); tan (t(%p(p + 1)111277)% _ g)

and the quenching set being just {0} indicates that
p(p + 1))\*12)% 1-— w*(O))

WO IO,
V2(p(p + Dilo) 3 (A — A%)3

T+ 2arctan ((

lim |T* —
A= A"

This completes the proof.
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3 Quenching Phenomenon of u for General A and Initial Data ug(x)

In this section, we do not need to assume ug(x) = 0 any more. We are going to consider for
which A and wug(x) the solution to (1.1) will hit 1. We have the following theorem.

Theorem 3.1 If A and initial data up(z) satisfy

(1- /A“oasdx)p ’ Al(/guwdx) (/n ?dx) (3.1)

and

» Al(/ﬂ?dx), (3.2)

(1- /Q uogdz)

then the unique solution w to (1.1) will reach 1 at a finite time. Here A\ is the principal

eigenvalue of —A on H (), and ¢ is the corresponding eigenfunction with / odr = 1.
Q

Proof Set
G(t) = / u(z, t)p(x)de < 1,
Q

SO

G(O)z/ﬂw@dxﬁ/ﬂqﬁdle.

It is clear that G(t) is well defined on the existence interval of the solution w.
Differentiating G(t) yields that

G'(t) = / uppdx
Q
Af
_ /qu(Au—i— ¢ _u)p)dx
[
=-A /uqﬁdx—i—A/ ——dz
o ol —upP
2
/\( / Lpdx)
o(l—u)2
/ ?dx
alf
where Holder inequality is used in the last inequality. By Jensen’s inequality, if p > 1,

¢ 2 1
(/Q (1—u)%dx) = (1— [, updz)”

Substituting it into (3.3), we obtain

> —/\1/ updx + (3.3)
Q

G'(t) > -\ / updz + A

Q (1—/Qu¢dx)p(/9?dx)
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A
(pG(t))p(/ﬁdx)'

If u remains smaller than 1 for all ¢, then G(t) is defined and smaller than 1 for all t. However,
from the ODE theory, G(¢) will blow up (reach 1) at a finite time, provided that A and the

= —)\1G(t) +

initial data wug satisfy (3.1) and (3.2), because —A\1G(t) + A is increasing with
o satisfy (3.1) and (3.2) (G0 + e ‘
respect to G(t) and G'(0) > -\ G(0) + A under the conditions (3.1) and (3.2).

a-co)e( [, 2dr)
Then the proof of this theorem is complete.

4 Quenching Phenomenon of u for General 0 < A < A\*

In this section, we are going to check when the solution u to (1.1) will quench even for
A < X*. We will compare ug with some suitable function.

4.1 (1.2) has a second nonminimal solution w > 0

If w is a nonminimal solution to (1.2), from [10], we deduce that the principal eigenvalue
w1 (w) associated with the eigenfunction ¢, for the problem

A
—A¢1 — %Qﬁ = p1a(w)o1, x €,
n L on, (1

/Q¢1d:z:: 1

is negative. Then we have the following theorem.

Theorem 4.1 Assume that (1.2) has a nonminimal solution w for X < \*, and assume
lwlleo < 1. Then for X < X*, the solution u to (1.1) will quench at a finite time T*, provided
that ug(z) > w(z) and up(x) £ w(z).

Proof Setting v(z,t) = u(x,t) — w(z), we have

A (x)

’l}t:Ut:AU—f—m
M ()

= Av + Aw 4+ 2T
v+ w+(1—u)P

1 1 P
:AU+/\f((1—(U+w))p - (1—w)P - (1_w)p+1v)
Afp

+ W’U + U1 AV — 1 2.

Choose now a(t) = / vordr < supu/ ¢1dx < 1, where ¢; is defined in (4.1). Differentiating
Q reQ) Q
a(t) leads to

atZ/Ut¢1d1?
Q
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= /Q¢1 (AU + /\f(x)((l _ (U1+ w))r (1 _1w)p (1 —i):ﬂ-’—l U))dx

i /Q ” (%v T H1av = Ml,,\v) dz
= / A¢rvde —|—/ (%Qﬁ + u17A¢1)de

1 P
+/\/f¢1 v—i—w)) = (1_w)p+1v)da:—,u1,A/Qv¢1dx

o N U SR
= —f1,) +)\/Qf¢1 1-(v+w)y 1A-wp (1-wprt )d'

The inequalities

p(p + 1v?
! S SN S e el (4.2)
O @rwp TP TwpT = s+ |
2(1 — u)pt2’ ’

and Holder inequality yield that

+1
ag > —piae + p(pT)/\/ v forda
Q
p(p+ 1)\ a2,
/ <l51

Since a(0) = [, (uo(z) — w(z))prdx, we have that if ug(x) > w(x) and ug(x) # w(x), the
quenching time T verifies

1
s / 1P(p+1)>\ Qdy < Foo,
a(0) —H12\Y + Wy

and the proof is complete.

Remark 4.1 It can be deduced from [6] that when A — (A*)™, there exists a nonminimal
solution w to (1.2); and if pp x(w) > 0, then ||w|o < 1, where py a(w) is the k-th eigenvalue
of problem (1.4), k > 2.

This remark says that the assumption in Theorem 4.1 is reasonable, provided that A — (A*)~
and there exists a k > 2 such that py (w) > 0.

4.2 (1.2) may admit a unique solution w for A € (0, \*) small enough

In [5, 10], we know that when X is small enough, (1.2) has only a unique minimal solution.
Therefore, we need to choose another suitable function to compare with the initial data ug(x).
In this part, let Q = B1(0), f(xz) = 1. And we need assume N = 3, p = 2 for simplicity. For
general IV, p, the idea is similar. Now we establish the theorem below.

Theorem 4.2 Let N =3, p =2, f(z) =1, Q = B1(0). Then the solution u to (1.1) will
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quench at a finite time T, if ug(x) > z(z) and uo(x) £ z(x), where

A

@) =C+ g B =), 0<r=lo| <R,
4.3)
R3 A 1 a 5 (
@) =3 (gTop o) (G-1 +50-r  Ri<r=lal<1,
2)\\ 3 72 —-3C(1 - CO)r? — C372\ 2
c=(1-3)" m=( ™ ) (44)

and

_ RM1- Ry) - 6(1— C)2C ;
T 0P _R)(+ Rt 2R (45)

Proof Let z(z) satisfy (4.3)—(4.5). Then we have

2\R?
3 1
0<(1-0)y< = (4.6)
and z € CH(B1(0)).
Consider now the following eigenvalue problem:
DA
—Ap1 — —=p1 = B1(0
1 (1_2)3901 H1P1, z € B1(0),
1 =0, x € 0B1(0), (4.7)

/ pide = 1.
B1(0)

From (4.6) we reach that p; < 0. Moreover ||z|| (B, o)) = 2(0) < 1, a < \.
Next, we set v(z,t) = u(x,t) — z(x), then v(z,0) = ug(z) — 2(x) in B1(0). Let as(t) =
fBl(O) v(x, t)p1(z)dez, then we arrive at

d A
—ao(t) = A —_ d
prelV) /131(0)( ”+(1_u)2)‘p1 o

A
_ _/ Vquoldx—i—/ L de
B1(0) Bi(0) (1 —u)
)\(,01
= — VoV de — VzVpide + 5 dx
B1(0) B1(0) B.(0) (1 =)
/\ng /\801
> vAprda —/ dx—i—/ dz
/31(0) Bi0) (1 —2)2 B0y (1 —u)?
= (—m)/ wlder/ vApdz
B1(0) B1(0)
S Y S S
M1 vp1axr pirvar
B1(0) Bi(0) (1—2)3

1 1 9
+/\/Bl(0) 901((1_ (z+0)? (1-22 (l—z)?’v)dx

> —pias + 3)\/ g01v2dx
B1(0)

Y

—p1az + 3\a3.
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The last inequality is due to Holder inequality. As
a2(0) = / (up(x) — z(x))p1(x)de < 1+ max{—z(z),0}, w1 <0,
B1(0)

we conclude that if ug(x) > z(z) and ug(z) Z z(x), the quenching time T* for the solution u
verifies

1+max{—z(z),0} 1
T < / —— o dy < +oo,
as(0) —p1y + 3Ay?

where z(x) is as stated in (4.3). This finishes the proof of the theorem.

5 Quenching Phenomenon of u for A > A\*, if w* is Singular

Now we discuss the case where w* is singular. For any minimal stable solution wy to (1.2)
with A being replaced by A, 0 < A < \*, we consider the problem

-Ay = ﬂl(A)%% r e,
’(/) = 0, xr e 39,
1 > 0, €, (5.1)

JREIE

From [1] we know that p;(A) exists and is decreasing with respect to A. Therefore Alin/\l w1 (A)
v
exists and moreover p1(A) depends continuously on W in L= (Q) topology.
Now we claim that Alirr)} w1 (A) := po > A*. If not, then py < A\*. By the continuity, there
TR
exists a 0 > 0, such that for any A € (\* — 5, \*), u1(A) < A < X*. So there exists a function
1) satisfying

Apf pf
T A el (e R
Y =0, x € 08,
>0 x € Q,

/d)dx: 1,
Q

which is impossible, because wy is stable. Hence our claim is concluded.
Take A1 € (po, 11(0)), then there exists a unique Ao € (0, \*), such that u;(A2) = A1, and
A2 < Ax < o < A1. Now we give our theorem.

Theorem 5.1 Assume Q = Bgr(0), f(z) = 1. Suppose that the extremal solution w*
to (1.2) is singular. Let 1 be the eigenfunction satisfying (5.1). Then for any X > X*, if

N >N, =2+ 1% + 4 ﬁ, the quenching time T* of the solution uw to (1.1) is finite.
Moreover, T satisfies
2
< —V2T (v

T VAp(p+1)
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for any A > \*, and

T < 2V/27
A/p(p+1)

for X\ larger than and close to \*.

Proof Let w be the minimal solution to

CAw= —2 pe o),
w
w =0, z € OBR(0),

where 111(0) > pig > A\* > Ao, Let v(x,t) = u(x,t) — w(z) and X € [, £1(0)], then Ay < X\ and
for any A > ), we have

A

vy = uy = Au + A=y

=Av+ Aw + A up

Ao A

=8 (1 —_w)p + (1 —wu)P

> Av — + A

N (1—w)r (1—(v+w))r

B (1—u)1ﬂ+A + (1 — wyr+t

_ 1 - 1 B » )
’ )\((1 —(v+w)r (1—wp (1—w)pt! ) (5.2)

Multiplying (5.2) by 1, where v satisfies (5.1) with Ao := py*(X), and integrating over Bp(0)
yield that

4 vipdx “N) ! _ 1 _ p o) dz
dt /BR(O) vdz > (A )\)+/\/]3R(0)((1—(v+w))p (1—w)p (1 —w)rt! )d'

Holder inequality and (4.2) enable us that

g/ uwdxz(A—XHm/ Yoide
dt JBr(0) 2 Br(0)

— 2
) /\p(p-l-l)(/BR(o) m/de) |

>(A=N)+ 5
Since
[ v opds= [ () - wi@)p@ds = ~ull > -1,
Br(0) Br(0)
then we get

1
1
T S/ —— dy
1 (A=A) + /\p(z;+1)y2
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< 7_7“/5 A
Ap(p +1)

where A" < g < X<
Next we claim that o = A\*. Hence X can be equal to \*, so T* satisfies

< — 2Ty y

T VA +1)

for any A > \*, and

T < imf — Y2 (\_ %)

A<AAp(p +1)
< 22
AMp(p+1)
for A larger than and close to A\*.

_2
Now we begin to prove the claim. Firstly, we know that when N > N,,, w*(z) =1— (%‘) Pt
is the extremal solution to (1.2) with f =1 and \* = W (N—-2+-25). So

p+1
/ VyPde
,U() _ 1nf BR(O)

 peHL(Br(0)) l/ P2
p

————d
Br(o) (1 —w*)pPtl !

/ Vyl2dz
in BRr(0) — )
$eH (Br(0)) V*R
P —5d
Br(0) |z|

If (z)=1- ('iRl)a, then we get that

/ Vy|2de
Br(0) _(N=2)(N-2+a)

2 D2 - 2mR2
o[ TR, p
Br(0) |z|

Moreover when N > N,,, we can choose a suitable a, such that

(N—-2)(N—-2+4a)
<
Ho = 2R

<A
Therefore g = A*. Hence our claim is correct and the theorem is proved.

6 Global Existence for the Solution to (1.1)

In this section, we will check the global existence of the solution. In fact, under some
circumstances the solution of (1.1) should exist globally. That means that we have the following
theorem.
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Theorem 6.1 Suppose that Q = Br(0) and f(x) = f is a constant. Assume that the initial
datum ug is a subsolution to (1.2), and let

)= (1 ()’

Then for any A € [0, erQ)J’\fi:sz} . if ug satisfies ug(x) < AMo(R? — |2|?), then the solution u

o (1.1) exists globally, where My verifies h(My) = A, h'(My) < 0.

Proof Consider the equation of u¢, by the standard maximum principle, we get u; > 0. Thus
we just need to construct a suitable supersolution z(x) < 1 to (1.1), such that ug(z) < z(z).

Let z(z) = AM(R? — |z|?) < 1. So we should have AMR? < 1. In order to ensure z(x) is a
supersolution to (1.1), we need —Az = 2A\MN > That is, z(z) < 1 — (21\?1\7)%' So we
only need to let

ity

A< M1R2 (1- (2MN)%) —: h(M). (6.1)

2NpP
M)y= —F
M> (p+ 1)ptiR2f

where M; = ZXU°S Fyom [22], we get that

2NpP
M11R2 (1 B (2]\21\1);) <A

Therefore for any A € [0, mf)fﬁiffmf], we choose My > 5 L 7 such that h(Mo) = A, /(M) <0

which means that z(z) can be chosen as

2(x) = AMo(R? — |z|?).

Then if up(z) < z(x), applying the maximum principle, we reach that u(x) < z(z) < 1,
which means that u(x) exists globally. This completes the proof of this theorem.

7 Discussion of Results

We have found in Sections 2-5 the circumstances under which the solution to problem (1.1)
exhibits the phenomenon of quenching.

In order to apply these results, we first need to decide the value of \*. Although there is
not exact expression of \*, some people have given some estimates of \*. For example, from
[22] we can easily deduce that

\* P! 1 }
P+ 17l (p+ 1)lloc !’
where ¢ € H} () is the unique solution to —A¢ = f in Q. The second thing we need to consider
is the regularity of the extremal solution w*. In fact, there is a well known result about the
regularity of the extremal solution in the negative exponent situation (see [2, 17]). That is, for
4p P

N<Ny=2+——+4,/——,
p+1 p+1
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the extremal solution w* to (1.2) is regular.
Hence, if w* is regular, we apply the results of Section 2 to give

T~ O\ —\)"%

as A — (A*)T. For general A\ and initial data wug(z), Section 3 tells us the condition under
which the solution u to (1.1) will quench. For A < A*, we consider two situations: (1.2) has a
nonminimal solution; (1.2) may only admit a unique minimal solution. In both situations, we
need ug(x) satisfy suitable condition, then in Section 4 we obtain T* < +occ. The rationality of
these two situations is as follows: From [6], it follows that when N < N, = 2+ 1% +4/55,
there exists § > 0 such that for any A € (A\* — §, \*), problem (1.2) has a nonminimal second
solution w > wy. Meanwhile, it is well known that if Q@ ¢ RY (N > 3) is star-shaped, or € is
strictly convex in R?, then (1.2) admits a unique solution for A > 0 small enough (see [5]).

If w* is singular, in Section 5, we show that the quenching time T < 400, for A > A*.

In Section 6, we make a short discussion about the situation of the global existence for the
solution to (1.1). We can get that if the initial data is suitable small, then for A < A*, the
quenching phenomenon will not occur.
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