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Bingham Flows in Periodic Domains of Infinite Length

Patrizia DONATO! Sorin MARDARE! Bogdan VERNESCU?

(Dedicated to Philippe G. Ciarlet on the occasion of his 80th birthday)

Abstract The Bingham fluid model has been successfully used in modeling a large class of
non-Newtonian fluids. In this paper, the authors extend to the case of Bingham fluids the
results previously obtained by Chipot and Mardare, who studied the asymptotics of the
Stokes flow in a cylindrical domain that becomes unbounded in one direction, and prove
the convergence of the solution to the Bingham problem in a finite periodic domain, to the
solution of the Bingham problem in the infinite periodic domain, as the length of the finite
domain goes to infinity. As a consequence of this convergence, the existence of a solution
to a Bingham problem in the infinite periodic domain is obtained, and the uniqueness
of the velocity field for this problem is also shown. Finally, they show that the error
in approximating the velocity field in the infinite domain with the velocity in a periodic
domain of length 2¢ has a polynomial decay in ¢, unlike in the Stokes case (see [Chipot,
M. and Mardare, S., Asymptotic behaviour of the Stokes problem in cylinders becoming
unbounded in one direction, Journal de Mathématiques Pures et Appliquées, 90(2), 2008,
133-159]) where it has an exponential decay. This is in itself an important result for the
numerical simulations of non-Newtonian flows in long tubes.
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1 Introduction

The Bingham fluid model has been proposed by Bingham [2] in 1916 to model plastic flows.
Bingham fluids behave at high stresses like a Newtonian fluid, however at low stresses they do
not deform. In other words, the shear rate depends linearly on the shear stress only past a
certain value of the shear stress, called yield stress; below the yield stress there is no shear.

More precisely, the stress tensor o is given by ¢ = —pl + 7, with
D(u .
- = 2uD(u) + ﬁg%, if |D(u)] £0,
7] < V29, if |D(u)| =0,

where u is the velocity, g is the yield stress and the shear rate tensor D is defined by D;; =

%(gZ; + Z_ZJL) Thus the flow region of a Bingham fluid can have zones under stress but with no
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deformation, where the fluid behaves like a rigid body. Thus the actual flow region is unknown
and in some sense the problem is a “free boundary” problem that leads to a variational inequality
formulation (see [5, 10]).

The Bingham model has been successfully used for describing non-Newtonian flows like
the flow of drilling mud, lava and paint, flow of avalanches and landslides (see [8, 11]), blood
flow in arteries (see [16]), metal deformation for various metal processing techniques like wire
drawing (see [6-7, 12]), magneto-rheological or electro-rheological fluids (see [13-14, 17]). More
complicated models for such non-Newtonian flows account for shear-thinning or shear-thickening
phenomena. For a mechanical and mathematical presentation of non-Newtonian fluids we refer
to the recent comprehensive book [5].

In this paper we extend, to the case of Bingham fluids, the results previously obtained by
Chipot and Mardare [3] who studied the asymptotics of the Stokes flow in a cylindrical domain
that becomes unbounded in one direction.

In Section 2 we introduce the main notations and the variational inequality for the flow of
a Bingham fluid in a pipe of finite length 2¢, that admits (see [5, 10]) a solution (u¢,pe), the
velocity ug being unique. What we are interested in is the behavior of u, as £ goes to infinity.

The main results are stated in Section 3. Theorem 3.1 states the convergence of the solution
up in a periodic domain of length 2¢, to the solution u, in the infinite periodic domain, in
the strong H'-norm; here we also state that the error has a polynomial decay. We should
note that the same type of error in the Stokes case (see [3]) was shown to have an exponential
decay. In addition, we also formulate Theorem 3.2 that states that any weak-L?/R limit point
of the family (p¢)e>o is a pressure po, corresponding to the Bingham problem in the infinite
pipe. We note that the polynomial decay is an important result in itself: For computational
purposes in large arrays of cylindrical pipes (as in models of blood flow in arteries and small
vessels), one can assume a Poiseuille type of flow away from the bifurcations; thus one needs
to be able to estimate the error made by approximating with the Poiseuille flow away from the
bifurcations. For the sake of simplicity, we consider homogeneous Dirichlet boundary conditions
on the whole boundary of the periodic domain. However, the results remain valid if we consider
non-homogeneous Dirichlet boundary conditions (see Remark 2.1 in Section 2 for more details).
This allows to consider cases of flows with non-zero flux, which is important from the point of
view of fluid mechanics. In fact, what is important here is that we have Dirichlet boundary
conditions on the lateral boundary of the domain, hence we can even consider other types of
boundary conditions on the two ends of the pipe.

Section 4 is dedicated to some useful lemmas. In particular, in Lemma 4.1, we prove an
arithmetic inequality necessarily satisfied by the first term of a finite increasing sequence of
positive real numbers, that satisfies a recursive inequality; this particular recursive inequality
is related to the Bingham constitutive equation and the result is essential in the proof of
Theorem 3.1. As a consequence of this lemma, we derive Corollary 4.1 that is used to obtain
the uniqueness of the velocity for the limit problem. We should note here that this corollary
can have a direct proof, independent of Lemma 4.1; however, for convenience, we choose here
not to show the direct proof.

In Section 5 we first prove in Theorem 5.1 a Cauchy-type condition for the sequence of
solutions ug, that uses in an essential way the result from Lemma 4.1. Next we provide the
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proofs for the main theorems stated in Section 3. The existence and uniqueness of the solution
Uso t0 the Bingham problem in the infinite periodic domain is a new result, which is not obvious,
and is contained in the proof of Theorems 3.1; in particular the function u., is constructed
piecewise and the problem it satisfies is then identified.

2 The Setting

Let N > 2 and denote by (e, ,en) the canonical basis of RY. For z € RY, we denote
r = (x1,2') with z; € R and 2/ € RVN~!. If 2,y € R*, then z -y denotes the usual scalar
product in R*. For a measurable subset A of R¥, we denote by |A| its k-dimensional Lebesgue
measure.

Throughout this paper, we use the following notations:
(1) Q is a bounded domain contained in (0, 1) x RN ~! with a Lipschitz continuous boundary,

(2) Qo = f( U @k), where Qr = Q + ke,
kEZ
(3) Q¢ = Qoo N{]z1| < £}, for any nonnegative real number £.

A

X

Figure 1 The domain €.

Throughout this paper, we denote by D(v) the symmetric part of the velocity gradient Vo,
given by

1,007 O
D) = (Dij(v)), ;cqr.. ny = (5(8_:1:1- + %j))me{l)_w} (2.1)

for every vector field v = (v, -+ vV).

Let us introduce the following problem

—div (T(ug)) +Vpr=f in Q,

divu, =0 in Qp, (2.2)
Uy = 0 on 89[,
where
D(u .
() = 2uD(u) + ﬁgﬁ, if [ D(u)] £ 0, (2.3)

Im(w)] < V2g, if |D(u)| =0, (2.4)
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and where
N

1
9\ 2
D) = (Y- (D))"
i,j=1
and p and g are positive constants, representing the dynamic viscosity and respectively the
yield stress.

Remark 2.1 For simplifying the presentation of the paper, we have only considered ho-
mogeneous Dirichlet boundary conditions on 9€)y. However, it is easily seen from the proofs in
Section 5 that the main results remain valid if one has non-homogeneous Dirichlet boundary
conditions. Indeed, what is important in the proof of Theorem 5.1 (see Section 5) is that

ug —us =0 on the lateral boundary 99\ {|z1| = ¢}

and
/ (uj —ul)(x1,2)d2’ =0 for ae. t € (—£,0).
{z1=t}

This remain valid if the boundary condition in (2.2) is replaced by u; = h on 99, where h
belongs to (HL ()™ and satisfies divh = 0 in Q, and

2l 1 (00 < C(1+ ég) for all £ > 0,

for some constants C,b > 0 (the last inequality is needed in order to obtain the estimate (5.1)
in the proof of Theorem 5.1, see Section 5).

In particular, if h = 0 on 02, we end up with the following situation which is interesting
from the point of view of fluid mechanics: u, vanishes on the lateral boundary 0 \ {|z1| = ¢},
but not necessarily on the two ends 9Q, N {x; = —¢} and 9Qp N {x1 = £}, and there exists a
constant F' (the flux), not necessarily zero, such that

/ uy(zy,2')da’ = F for ae. t € (—£,¢)
{m1=t}

(see Remark 2.2).

Problem (2.2) models the flow of a Bingham fluid in the bounded domain Q,. We are
interested in its asymptotic behavior as ¢ goes to infinity.

Before giving the variational formulation of (2.2) let us introduce some functional spaces,
which will be used throughout the paper.

For any open set O of R, we set
1) L*(0) = (L*(O)V,
2) HY(O) = (H(O)),
3) HY(0) = (H}(0))",
)Hl( ) ={v e H}(O) | divv =0 in O},

(5) L, (0) = {v € H}, (0) = (HL, (0)"; dive = 0},
where the functions in H}(O) are extended by zero outside O.

/—\/—\/—\/\

We suppose that the body forces satisfy

f=0t- N el?(), v>o. (2.5)
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Following [10], for every £ > 0 we associate to problem (2.2) the variational inequality below:
ug € HE(Q),

" / Vg V(e —v)d + g2 /Q (D)= D)) ds

Q (2.6)

< f(ug—v)de, Yuve ﬁé(Qg),
Q

where “” denotes the usual scalar product of matrices, given by

A-B= Zaijbij for every pair (A, B) of N x N matrices.
ij
It is known that this problem admits a unique solution u,.
In the sequel we write the variational formulation (2.6) under the following equivalent form,
obtained by replacing v by uy — v:

up € H (),
ﬂ/ Vug - Vodz +gvV2 [ (ID(ug)] — [D(ug —v)]) dz (2.7)
Qp Qp

< frvdx, Yve ﬁé(Qg).
Qp

Remark 2.2 Let v = (0v!,--- ,oV) € ]ﬁl(l)(ﬂg) for some ¢ > 0. Then, applying the Green
formula on the set Q, N ((¢,£) x RN 1) for any ¢ € (—¢, (), we have

/ v (zy,2")da’ =0 for a.e.t € (—£,0).
{z1=t}

3 Statement of the Main Results

The main result of this paper can be stated as follows.

Theorem 3.1 For any ¢ > 0, let ug be the solution of problem (2.7). Assume that for some
constants cog > 0 and b € R the function [ satisfies

I1fllz2(0) < co(1 —|—€b) for any £ > 0. (3.1)
Then
Up — Uso  Strongly in H' (Qa) for any a > 0, (3.2)
the limit uso being the unique solution of the following problem:

Uoo € ﬁ[lloc (QOO )7

b [ Vi VodotgVE [ (1Dlun)| - [Dlun ) do
Qoo Qoo
< / frvdx  for anywv € ]IT]IE‘)(QG) and for any a > 0,
Qs (3.3)
Uso =0 on 00,

/ ul (w1,2")d2’ =0 for a.e. s €R,
{z1=s}

VU200, < el —|—€b1) for any £ >0 and for some ¢; >0, by € R.
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Moreover, for every o € (O, %), there exist two constants ¢ > 0 depending only on o and Lo > 0
independent of ¢ (but depending on p, g, @, o, b and ), such that

[V (we — voo)llz2(02,) < cl™*  for any £ > Ly. (3.4)

Theorem 3.1 will be proved in Section 5 and needs some preliminary tools, given in the next
section.

Remark 3.1 (1) The existence and uniqueness of the solution u, to problem (3.3) in the
infinite periodic domain 2., is a new result which is not obvious. It is contained in the proof
of Theorem 3.1 as a byproduct of the method used therein to prove the convergence of wuy.

(2) By comparing with the case of the Stokes system treated in [3], we see that in Theorem
3.1 we obtain a much lower rate of convergence for the solution to the Bingham problem in
the periodic domain y: We recall that in [3] it was proved that the solution u, to the Stokes
problem in €2y converges exponentially to its limit u~,, which is the solution to a Stokes problem
in the infinite domain Q., i.e.,

IV (ue — uoo)ll 220, ) < Ce=** for any £ > 0,

£
2

for some positive constant a.

We can trace the origin of this difference in the proof of Theorem 5.1, more precisely in
the non-homogeneity of inequality (5.10). As expected, this non-homogeneity is induced by the
supplementary nonlinear term appearing in the variational inequality (2.7) associated to the
Bingham equation: Note that in (2.7) the case g = 0 corresponds to the variational equation
associated to the Stokes problem.

(3) As an immediate consequence of the uniqueness of the solution to problem (3.3), we can
prove that if f is 1-periodic in the xi-direction, then the velocity us, has the same property.
Hence, as for the Stokes problem (see [3]), the periodicity of the data implies the periodicity of
the velocity corresponding to the problem in the infinite pipe.

We turn now our attention to the pressure associated to problem (2.7).
It is known that there exists p, € L?() such that the pair (ug,p¢) is a solution of the
following variational problem:

up € HY(Q),

,u/ Vue-Vvda:—l—gﬁ/ (|D(ug)|—|D(ue—v)|)dx—/ pedivode
oy oy oy (3.5)

S/ frvdx, Yo GH(%(Q@).
Qe

Remark 3.2 Unlike the pressure in the Stokes problem, the pressure p; corresponding to
the Bingham problem (3.5) is not unique up to an additive constant. For instance, if f = 0, then
any pair (ug,pe) with up = 0 and py € L>(Q) such that |pe||z~,)r < g\/% is a solution to
problem (3.5).

Nevertheless, we can show the following result.

Theorem 3.2 For any ¢ > 0, let (ug,pe) be a solution of problem (3.5). Under the as-
sumptions of Theorem 3.1, for any a > 0, there exists a constant C' independent of £ such
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that
el 200y m < C - for any £ > a. (3.6)
Moreover, if {£,} is a sequence which tends to +o0o and such that
Do, — Poo  weakly in L*(9,)/R for any a > 0, (3.7)

for some ps € L2, .(Qo0), then the pair (uso,poo) satisfies the following variational limit prob-
lem:

u/ Vi - Voda + g\/§/ (|ID(to0)| = |D(ttoo — v)|) da —/ Poo div dz
< / frvdx  for anywv € Hé(ﬂa) and for any a > 0.
Qoo

Remark 3.3 The convergence in (3.7) means that for any a > 0, by considering py, and pso
as elements of L2(£2,)/R, we can find representatives py, and p., such that py, — poo weakly
in L2(2,).

4 A Main Tool

In this section we prove an arithmetic inequality, which plays an important role in the proof
of Theorem 3.1 and seems to be interesting by itself. We also prove a useful consequence (see
Corollary 4.1).

Lemma 4.1 Let C, 50 >0,v€ Rand h € N, h > 2 be given. Then there exists
mo = mo(C, Co,~y, h) € N* such that for any finite sequence {ay} containing:

mh 4+ 1 elements, with m > mq, and satisfying
() 0<ap<ar < - <amn <Co(l+m?),
(ii) ap < C((ak+1 — ak) + Vak+1 — ak), Vk € {0, 1,--- ,mh — 1},

we have

Proof We argue by contradiction assuming that

ao > ——.
If k is such that ag11 — ar > 1, then y/ap11 — ar < ary1 — ag. Hence, from (4.1),
ar < 2C(ak+1 — ag)- (4.4)
If 0 < ag1 —ap < 1, then age1 — ar < /ag+1 — ar so that, using again (4.1),
ar < 2C\/ap41 — a

which, taking into account the monotonicity of {ay}, implies that

agar < ai <A4C*(apy1 — ag).
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This gives

C2
ap < K(akﬂ —ap) < A4CPm" Y ap1 — ap). (4.5)

Let us now choose m; € N* such that 20m"~! > 1. Then if m > m; from (4.4)—(4.5) we derive
ap < 4szh_1(ak+1 —ay) forany k=0,--- ,mh =1,

which is equivalent to

4O2mh—1

U < Tyttt forany k=0, ,ml—1.

Starting from k& = 0, by iteration we deduce that

2, h—1 h _ 2, h—1 mh ~ ~
ao_( 4C*m 4C*m ) :( C’(l—|—m) (4.6)

U < COn(1 2 (
T acmr) e < Coll ) (g 1+ )"
402mh
Let us consider now the sequence {by, }men defined by

5 h—ll ¥
0<b,, = (+m) for any m € N.

T ()"

> 2

)4C2mh 1 1 )4C2mh—1

Observe that since lim (1 + 402mh T = e > 2, one has (1 + ot

for m large enough, an((io therefore

__ Com" a4 ComM (14 m)
I 1)402"““1% N 217

for m sufficiently large. Consequently, lim b,, = 0, hence there exists mo € N such that
m—0o0

b < 1 for every m > mso.
This, together with (4.6) implies that for m > mg := max{m1,ms} we have
b, 1

<
mh—1 —

ap < —
mh—1

which contradicts (4.3) and ends the proof.
The following corollary will be used when studying the uniqueness of the limit problem.

Corollary 4.1 Let {ax}ren be a nonnegative, non-decreasing sequence satisfying

1) « A
{() K< Co(l+ k), VkeN, W

(i) ar < C((art1 — ar) + Var —ax), VkeN

for some constants C,Cy, A > 0. Then

ap =0, VkeN. (4.8)
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Proof Let ko € N be fixed and set ar = ag,+k.
For every m € N such that m > v/kg, thanks to (4.7)(i) we have

Uz = Qg imz < Co(1+ (ko +m?)*) < Co(1+ (2m?)*) < 22Co(1 +m?),

which shows that (4.1)(i) is satisfied for {ag,--- ,am2}, with b = 2, Co = 2 Cy and v = 2.
Clearly (4.7)(ii) implies (4.1)(ii), so that from Lemma 4.1 we have

1
ag, = ag < —  for any m > max{+/ko, mo},
m
where mg = mg(C, 2 Cy, 2, 2) = mg(C, Cp, A) is the one given by Lemma 4.1.

Hence, ay, = 0, which implies (4.8), since ko is arbitrary in N.

5 Proof of the Main Results

This section is devoted to the proof of our main results, Theorems 3.1-3.2. For Theorem
3.1, the most difficult part consists in proving the existence of a limit for u, in H* (ng) for any
fixed £y. We follow the ideas of [4] and [3] which need some important modifications due to the
non-linearity of the problem.

We first prove a Cauchy condition for u, in the following theorem, which also provides some
accurate estimates.

Theorem 5.1 For any £ > 0, let uy be the solution of problem (2.7).
Under the assumptions of Theorem 3.1, there exists a constant Cy > 0, depending only on
co, 1 and @, such that

Vel 20,y < CL(1+ %) for every £ > 0. (5.1)

Moreover, for any o € (O, %), there exists Lo > 0 independent of £ and s (bul depending on p,
g, Q, a, b and ¢q) such that the following Cauchy condition holds:

[V (ue — us)lL2(0,),) < ¢ for every s> € > Lo, (5.2)

where ¢ > 0 is a constant depending only on o.

Proof Taking u, as test function in the variational inequality (2.7), we have

plIVuelzo o,y < Ifllezn luelzz o) < (@ fllz@n IVuel 2oy, (5-3)

where ¢(Q) is the Poincaré constant in €, which can be chosen depending only on @ (and
independent of ¢). Estimate (5.1) follows then from assumption (3.1) on f.

From now on, the real numbers s and ¢ are such that s > ¢ > 0.
In order to prove the Cauchy condition (5.2), let us first note that for any s > ¢ > 0, the
difference uy — ug satisfies the following variational inequality:

| Vi —u) Vode+gv2 [ (ID(ug)
Qg Ql

— |D(ug — v)| + |D(us)| — [D(us +v))dz <0, Vo € H (). (5.4)
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Indeed, it suffices (for a fixed v € ]ﬁlé(ﬂg)) to take v as test function in the variational
inequality (2.7) satisfied by wg, then take —v in the variational inequality satisfied by us and
to sum up the two inequalities. Note that u, = us + v in Q4 \ Q, hence |D(u,)| = |D(us + v)]
in QS \ﬁg

Following [3] and [9], we build a good test function for the variational inequality (5.4).

First we remark that div(us —us) = 0, but uy — us = —us # 0 on QN {|z1| = £}. In order
to obtain a function in H}(£), we multiply uy — us by the cut-off function in the variable z,
p: R — R whose graph is depicted below, for ¢; € N*, {1 </ —1.

—(@+1) 0o o f+1 !

Figure 2 The function p.

Then we have

div(p(ug — u,)) = p div(ue —ug) +p/(u} — ul) = o/ (u} — ul)

and therefore, the divergence of p(us — us) may not vanish on Qg, 1\ Q,.
Thus, for any ¢; € N*, we set

Dél = Q314-1 \ﬁél (55)

and
DZ = Dgl n {131 > 0} = Q£17 Dg_l = Dh n {le < 0} = Q—(Zl-i-l)

and notice that Dy, is the union of the disjoint connected sets DZ and D, , which are both
translated sets of the same set Q.
Moreover, thanks to Remark 2.2 and the definition of ’DZ, we have the following equality:

/ Pl —ul)de = — / (u} — ul)de
D D,jl

£
0141
= / / (ul —up)da’dt = 0.
4y DZ; ﬁ{wlzt}

In the same manner, we obtain

I
e

R ELE

£y
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Using a classical result (see for instance [1, 15]), this allows us to construct a function g €
HE(Dy, ) such that

div B = p/(u} —ul) in Dy,, 56
IVBIlL2(p,,) < Cllup — U;HLZ(Del)ﬂ C = C(Q) independent of ¢, ¢;. (5.6)

More specifically, we construct the function S separately on each connected component of Dy, ,
ie., on ’DZ and D, . Or these domains are both translated sets of (). Since the constant C
appearing in (5.6) is stable with respect to translations, it depends only on the domain @ and
it is therefore independent on ¢ and /;.

Extending 8 by 0 outside Dy, we obtain that
vse = plug — us) — B € H(Q), (5.7)

which is now a good test function for inequality (5.4).

Therefore
u/ V(ug — us) - Vo g dz
Qoq+1

+9v2 [ (ID(uo)] = [D(ue = vs0)| +[D(us)| = [D(us + vs,0)]) dz <0,
Del

since

us in Qg ,

W_Us’e:ue_p(w_us)_Fﬁ:{ue in Q\ Q, 11
1

and

Uy in le,

us+vsl:us+p(w_us)_ﬁ:{u in Qp\ Q11
S 1 N

Observe that 3 vanishes outside Dy, and that for any u,v € H!(Dy, ),
[D(uw)| = |D(v)] < [D(u) = D(v)| = [D(u—v)| inDy,.
Consequently,
u/ V(ug — ug) - V(p(ue — us)) dz
Qg +1

<u V(ug —us) - VB de

Dy,
+9V2 (ID(ug — vs,0)| — |D(ug)| + | D(us + vs,e)| — |D(us)|) da
Dll
< u/ V(e —u)| VB dz +29v2 [ |D(vss)|da.
Dy, Dy,

We develop now V(p(us — us)). Then, noticing that p’ vanishes outside Dy, and using the
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Cauchy-Schwarz inequality in Dy, , we derive

p / PIV (g — ug)? da
Q41

O(ug —us)
< — —_ 7. —ug)d
,u/ll o P (ug — ug) de

+u/ |V(ug—us)||Vﬂ|dx+2g\/§/ |D(vs,¢)| de
Dy, Dy,

<uf
Dy,

+29V2 | |D(v.s)|da
Dll

O(ug — us)
8131

lue — us| dz + pl|V(we — us)|| 20, ) IV Bl 2Dy, )

< C(IV(ue = us)llia(p,, ) + IV (ue = us)llL2(o,,) luz — usllz2,,))

+ 292 [Vus e| dz, (5.8)
Dy,

where in the last inequality we used the Poincaré inequality, the estimate (5.6) and the inequality
|D(v)| < |Vo| in Dy, for any v € H!(Dy, ), which follows from definition (2.1) of D(v).
From (5.7), using the Cauchy-Schwarz inequality in Dy, , we obtain

| IWoaslds < VDRI IV (plue — w) = Bl 2o
Dy,

< V2RI IV (p(ue = us))ll2(p,,) + VB L2(yy))- (5.9)

We compute once again V(p(w — us)) and apply (5.6) and the Poincaré inequality in (5.9).
This, used in (5.8) together with the remark that p =1 in €y, and p > 0 in g, 11, implies
that there exists a constant C' depending only on @), g and u, such that

[V (ue — Us)”%z(ml) < C|V(u - Us)”%z(ml)

49/1Q]

+ T(Ilv(p(w —us))llL2(p,,) + IVBIL2(0,,))
< C(IV (e = us)llia(p,, ) + IV (we = us)llz2p,,))- (5.10)

Let ¢y € N* be fixed such that £y < ¢ — 1. Then for any k € N satisfying £o + k < £ — 1, we can
take {1 = £y + k in the previous inequality.
We also remark that

19 (e = w)lBap, ) = IV e = w2y, 10y — 19 (0 = w3, -

By denoting a = ||V (u¢ — u5)||2L2(QeO+k)’ in view of (5.10) we obtain that for all these k& we
have the following inequality:

ap < C((ak+1 — a,k) + v/ ak+1 — ag ) (5.11)

Let h € N, h > 2 be fixed.
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We first show that if
2(mh +1) <l <s<2((m+1)"+1) for some m € N*,

and ¢y € N* is such that o < [£] + 1 ([] denotes the integer part), then the finite sequence

h
{ac}ito,  ax = IV (ue — us)lZ2q,, .0

satisfies the hypotheses of Lemma 4.1.

Inequality (4.1)(ii) follows from (5.11). Moreover, we notice that the finite sequence {ay}
is non-negative and non-decreasing. Let us prove that the last inequality in (4.1)(i) is also
verified.

Indeed, this inequality is a consequence of inequality (5.1) and of the fact that £ +m" < ¢:

Vamn = [V (ue = us)lL2e, 0 S IV —us)llz @) < 1Vuellza@y + 1Vusl L2 @)
< Vel 2(0,) + Vsl < CL+£0+1+5°)
<200 (14 2°((m+ 1) +1)%) < Cp (1 +m"®).
Consequently, the desired inequality is satisfied with v = 2hb and a constant 50 depending only

on C1, b and h.
Thus, if m > mg(C, Cy,, h), then by Lemma 4.1, we have that

1
ag = HV(Ug — us)”%Z(Qlo) S W’
hence
1
[V (ue = us)l| 22 (0) < —57 (5.12)
m2

for any ¢ and s satisfying
20m" +1) <l <s<2((m+1)"+1)
and any ¢y € N* such that ¢y < [£] + 1.
Let us observe that for any ¢ > 2(m2 + 1), there exists m € N*, m > mg such that
2(mh +1) < <2((m+1)" 4+ 1). (5.13)

In order to prove (5.2), let us choose s > £ > 2(mf +1). Since s > £, there exists an integer
q € N such that
2((m+q)" +1] <s<2[(m+q+1)"+1].

Then we have

[V (we — us)llL2(e,,) < IV (e = ta(ma1yn 1)) 22(04)
q—1

+ Z IV (U miyn 1) = Ua((mrisnyn 1) 22(00,)
=1

+ IV (uz((mqn 1) — us)llz2(04,)

q +o0o “+oo +00
1 1 1 dy
SZ pE .uzzkmﬁf 1
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where in the second inequality we have used (5.12) and for the last computations we assumed
that h > 4.

From (5.13) one has (m + 1)" > £ — 1 so that m > (% — 1)% —1 > Cylh. Thus, taking
Lo = 2(mhl + 1), we obtain

C
||v(u2_us)||L2(ng) < éhz, Vs >0 > Ly.
PID

Let now o € (O, ) be the constant given in the statement of the theorem and choose h such

1
2
that % :%—% > o and ¢y = [%} + 1. We derive

C C
IV (ue —us)llzz,) < IV(ue — us)ll2(a,,) < = S Vs> L2 Lo,
2 2h

since % < {y. This gives the desired Cauchy inequality.

Proof of Theorem 3.1 It is divided into four steps.
Step 1 Proof of a Cauchy condition for u,.
From Theorem 5.1 we deduce that for every ¢y > 0, we have

IV (un —um)llr2(a,,) <ecn™®, Vn,m €N, m>n >max{Lo,20}, (5.14)

which implies using the Poincaré inequality in Q, that {u,}n,en- is a Cauchy sequence in
H' (€2, ). Then the sequence {u,} converges to some u% in the Banach space H' (£, ).

This together with Theorem 5.1, implies that for every ¢, > 0 there exists a function
ufo € H(€y,) such that

up — v’ strongly in H'(Q, ). (5.15)

Step 2 Construction of the limit function us, and proof of estimate (3.4).

In this step we prove that there exists a function u., such that us, = uﬁoo on each €2y, .

According to Step 1, we have in particular that for every n € N* there exists a function
u € H(€,) such that

up — u”,  strongly in H'(€,,).

Then, for n < m we have that vy = ul} a.e. in ,, C Q,,, so that by setting

’UJ(1>O in Ql,
u =
> u in Q, \ Q,_1 for n > 2,

o0

we obtain
Up = Uno  strongly in H'(Qy,) for every £o > 0. (5.16)

Now, passing to the limit in (5.2) as s — 400, for a fixed ¢, we deduce estimate (3.4).

Step 3 Identification of the problem satisfied by .

In this step we prove that the limit us, constructed in the previous step is a solution of
problem (3.3).
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In order to prove that us € H?H%OC(QOO) it remains to prove that it is divergence-free. This
is a simple consequence of the fact that divu, = 0 in €y, for any ¢ > ¢y and of convergence
(5.16).

Let us now pass to the limit in the variational inequality (2.7).

Let €5 > 0 be fixed and v € H} (€, ). Then, for any £ > £, the function v belongs to H ().
Therefore using v as test function in (2.7) we have

u/ Vug - Vodz + gv/2 (ID(ue)| — |D(ug — v)])da < f-vda,
Q, Q, Q,

since uy = uy — v outside {2y, .
Making ¢ — +o00 in the above inequality and using again convergence (5.16) we derive that

| Vie - Vodz+gvV2 [ (ID(tso)| — |D(teo — v)|) dz < f-vdz.
ng QEO QEO

Using the fact that v vanishes outside of €y, this implies the variational inequality in (3.3).
Observe also that as a simple consequence of (5.16) we also have

Uso =0 on 9. (5.17)

We now prove that
/ ul (z1,2)dz’ =0 forae. seR. (5.18)
{z1=s}
Let ¢y > 0 be fixed. Then, for every £ > ¢y, by Remark 2.2 we have in particular,
/ up(z1,2')da’ =0 for a.e. s € (Lo, o).
{z1=s}

Passing to the limit as £ — +o00, in view of convergence (5.16) and the trace theorem we have
(5.18) since ¢y is arbitrary.

Finally, let us show that u., satisfies the estimate for the gradient in (3.3). This follows
from (5.1) of Theorem 5.1 and estimate (3.4) proved in Step 2, since for any ¢ > L2 we have

Vool L2(0,) < IV (oo — u2e)ll2(0,) + [[Vu2ell L2y
< (207 4+ C1 (1 + (20)°) < G (14 £°).

Taking 1 = max{cy, [|Vuco|[r2(0,, ,,)}> We get
Vucoll2(0,) < el +£%)  for every £ > 0,

where ¢; depends on p, g, @, «, cg, b, but is independent of /.

Step 4 Uniqueness of the solution to the limit problem.

Let uoo and weo be two solutions of problem (3.3).

The same argument used in the proof of Theorem 5.1 to show (5.10), replacing u, and us
by us and wes respectively, gives

IV (oo = woo)lIZ2q,,) < C(IV(uoe = woo)lZ2p,,) + V(oo — weo)ll22(p,,)) (5.19)
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for every ¢1 € N*, where Dy, is given by (5.5).

Set now ap = 0 and oy, = ||V (ueo — woo)||2L2(Qk) for k € N*. Then, the sequence {ay}ren
satisfies the hypotheses of Corollary 4.1, thanks to the estimate of the gradient in (3.3) satisfied
by s and weo and (5.19).

This implies (4.8), that is

V(oo — Woo)||L2(0) =0 for any k € N,

which by the Poincaré inequality gives tso = wo. The proof is now complete.

Proof of Theorem 3.2 Let a > 0 be fixed and £ > a. Let py = pp — ﬁ fﬂa pedx be the
representative of py in L*(£2,)/R satisfying [, pedaz = 0. Then (see for instance [1, 15]) there
exists vy € H§(€2,) such that

divo, =py in Qg,
el 5.20
{|ve||H1<Qa> < CullBell oo (5.20)

where the constant C, depends only on €2,.
On the other hand, it is obvious that the pair (ug, py) also satisfies the variational inequality
in (3.5), i.e.,

(1D(ue)| — |D(ug—v)|)da:—/ 5y div o dz

u/ Vug - Vodz + gv2
Qy Qe

Qp

< frvdx, Yve H(l)(Qg).
Q

Taking (—v¢) (extended by 0 outside of ,) as test function in the variational inequality above,
we get by using the Cauchy-Schwarz inequality, the inequality |D(ve)| < |Vve| and (5.20),

/ﬁ%dx:/ pediv vy dx
Qa Qa

SM/Q Vw-dex—Fg\/?/Q (ID(ue +ve)| — |D(W)|)01x—/Q frude

< | Vel 2o | Voel 22y + 9v/3 /Q 1D(ve)] dz + 1 Lz vl 2o

1 ~
< Co(pl Vel z2(e,) + 9V2[%|12 + || Fll22(0,)) 1Pl 2(00)
< ClpellL2(e.)

where the constant C' is independent of ¢ (but depends on Qq, usc|,, and f, ), since thanks
to (3.4),

[VuellL2(@,) < 1V (we — uoo)llz2(0,) + Vsl 22(0.)
< |V(ue — UOO)”L2(Q%) + [[VusolL2(0,) < ™ + [Vl L2(0,)

< c(2a)”” + [Vuool 22(0,)
for £ > max{2a, Lo}, and thanks to (5.1),

||VUZ|IL2(QQ) < ||Vu£||L2(Q£) < 01(1 + gb) < max{l + ab, 1+ (max{2a, LO})b},
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if a < ¢ < max{2a, Lo}.
Therefore, ||p¢| r2(q,) < C for all £ > a, hence

lpell 220y < C forall £ > a.

Since L%(€2,) is a Hilbert space, there exists a sequence {pz } and a function pg, € L?(€,) such
that p; — po, weakly in L?(Q,)/R. Letting a take all the values in N* and using a diagonal
selection process for a sequence of successive subsequences, we can construct a sequence {p, }
and a function ps € LIQOC(QOO) (for the construction of p,, we use a technique that is similar

to the one in Step 2 of the proof of Theorem 3.1) such that
Pe, — Poo weakly in L?(Q,)/R for any a > 0.

The fact that the pair (uco, poo) satisfies the variational inequality (3.8) is then simply obtained
by passing to the limit (as n goes to +00) in the variational inequality (3.5) satisfied by the

pair (ug, ,pe,, )-
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