?,C;h(g; {é?; et Ser B Chinese Annals of
DOT: 10.1007/s11401-018-1060-x Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2018
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Abstract In this paper, the authors consider the Gevrey class regularity of a semigroup
associated with a nonlinear Korteweg-de Vries (KdV for short) equation. By estimating
the resolvent of the corresponding linear operator, the authors conclude that the semigroup
generated by the linear operator is not analytic but of Gevrey class § € (%7 oo) for t > 0.

Keywords Korteweg-de Vries equation, Resolvent estimation, Analytic semigroup,
Gevrey class
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1 Introduction

The motivation of this paper comes from the study of the asymptotic stability for the
following nonlinear KdV equation posed on a finite spatial interval

yt+y$+ywww+yywzoa tE(0,00), CEE(O,L),
y(tv O) = y(tv L) = yz(tv L) =0, te (Oa OO), (11)
y(O, x) = yo(x), UAS (07 L),

where the space length L € (0, c0).

When studying the asymptotic stability problem of nonlinear systems, a usual way is to
firstly do the linearization (around the origin) and study the asymptotic stability of the lin-
earized system. By dropping the nonlinear term yy,, we obtain the associated linear system of
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(1.1) as follows:

Yt + Yo + Yzaz = 0, t€(0,00), z € (0,L),
y(t,0) =y(t,L) = y.(t, L) =0, te€(0,00), (1.2)
y(0,2) = yo(x), z e (0,L).
Set
X := L0, L).

Define the linear operator A : D(A) — X by
Ap=—¢' — ", Vype D(A) (1.3)

with
D(4) := {p € H*(0,L); p(0) = ¢(L) = ¢'(L) = 0}.
It is easy to see that A is closed (see [6]). The well-posedness of (1.2) has been proved by

Rosier [6] by showing that the linear operator A is the infinitesimal generator of a strongly
continuous semigroup of contractions on L?(0, L). Moreover, he introduced in [6] the following

N = {2#\/ W, jle N*},

when considering the controllability problem where the control acts as Neumann boundary

set of critical lengths

condition at the right end-point.

For the asymptotic stability of system (1.1), it was proved in [5] that when the space length
L ¢ N, 0 is exponentially stable for the corresponding linearized equation (1.2), which gives
the local asymptotic stability around the origin for the nonlinear system (1.1). When L € N,
the exponential stability of (1.2) does not hold because of the existence of a finite-dimensional
space of solutions that are completely undamped. This is obtained by analyzing the spectrum
of the linear operator A. To be more precise, it was proved in [6] that when L € A/, (1.2) admits
a family of non-trivial solutions of the form yo(x)e* for some A € iR, where yo(x) satisfies

{/\yo(ir) +yo(x) +yg'(x) =0,
40(0) = yo(L) = 5(0) = yo(L) = 0.

In this case, the origin of (1.2) is not asymptotically stable, and thus the linearization analysis
fails. However, it is still very interesting to study the asymptotic properties of the nonlinear
system (1.1) in this critical case.

In [2], we proved the existence and smoothness of the center manifold of (1.1) when L = 2k,
(i.e., taking j = [ = k in '), where k is a positive integer such that (see [3, Theorem 8.1, Remark
8.2])

(FP+12+1=3k% jleN)= (j=1=k). (1.4)

In this case, the center manifold is of dimension 1. By analyzing the reduced equation on
the center manifold, we showed that the nonlinear system (1.1) is asymptotically stable around

the origin with a polynomial decay rate. Using the same method, we proved in [7] the local

asymptotic stability for another special critical length L = 277\/2 (i.e., taking j = 1,1 =2 in

N), where the center manifold is of dimension 2.
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While studying the existence of the center manifold, it was noticed that the linear operator
A does not generate an analytic semigroup, but a semigroup of Gevrey class. The Gevrey
class of semigroups have a behavior somewhat “between” that of differentiable semigroups and
analytic semigroups. For the convenience of readers, we first give the definition of Gevrey class
0> 1 (see [1, 8]).

Definition 1.1 Let T'(t) be a strongly continuous semigroup on a Banach space X and let
0 > 1. We say that T(t) is of Gevrey class 6 for t > to if T(t) is infinitely differentiable for
t € (to,00) and, for every compact subset K C (to,00) and each 0 > 0, there exists a constant
C =C(0,K) such that

T @) < Com(nl)’, WeK, n=1,2- .

When 6 =1, T(t) is analytic (see [9]).
With the definition of Gevrey class §, we give the main result of this article.

Theorem 1.1 The linear operator A defined by (1.3) does not generate an analytic semi-
group but a semigroup of Gevrey class § for every § > % fort > 0 and for all lengths L € (0, 00).

The organization of the paper is as follows. In Section 2, we present some properties about
the spectrum of the linear operator A and give the explicit formula for the resolvent of A. In
Section 3, the estimation for the resolvent of A is proved in order to obtain our main result—
Theorem 1.1.

2 Preliminary

In [2], we proved that for all L € (0, 00), the spectrum of the linear operator A consists only
of isolated eigenvalues of finite algebraic multiplicity. Moreover, the following lemma tells that
for any fixed L € (0,00), there exists at most a finite number of eigenvalues on the imaginary
axis.

Lemma 2.1 For any fized L € (0,00), the following assertions hold:
(1) If L ¢ N, there are no eigenvalues on the imaginary azis.
(2) If L € N, there exists a finite number of pairs {ji, lx}=" C N* x N* with j, > I, such

that
2 2
L= omy /e T IR T
3
For each k € {1,--- ,n}, there exists a pair of conjugate eigenvalues of A on the imaginary
axis and
: . 2mN\3 . . .
op(A) NiR = {X = g g = (37 ) (2 + )G — 1)@l + i) }- (2.1)

Here o,(A) is the set of eigenvalues of A, i.e., the set of A € C such that there exists ¢ €
D(A)\ {0} (but complez-valued), such that Ap = Ap.

Proof We have ) € 0,(A) NiR if and only if there exists ¢ € H3(0,L) \ {0} such that

Ap+¢' +¢" =0,
(2.2)

©(0) = (L) = ¢'(L) = 0.
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By multiplying (2.2) by $, and then integrating over [0, L], we obtain

L L L
/\/ ppda —|—/ o'pda +/ ©""pdx = 0. (2.3)
0 0 0

Taking the real part of (2.3), we have

L — | — L _im— | —=m
/ Mdﬁ/ PO~ (2.4)
0 2 0 2

Integrating by parts in (2.4) and using (2.2), we get

©'(0) =0.

Hence, A € 0,(A) NiR if and only if there exists ¢ € H3(0,L) \ {0} such that

Ap+ ¢ +¢" =0,
{ (2.5)

¢(0) = (L) = ¢'(0) = ¢'(L) = 0.

It was proved by Rosier [6, Lemma 3.5] that when L ¢ N, there does not exist A € C,
¢ € H3(0,L) \ {0} such that (2.5) holds, thus we get that there are no eigenvalues of A on
the imaginary axis and the first part of Lemma 2.1 follows. Moreover, when L € N, we get
from the proof of [6, Lemma 3.5] that there exist a finite number of eigenvalues of A on the
imaginary axis which are given explicitly in (2.1), thus the rest of this lemma follows.

From Lemma 2.1, we get immediately the following result, where p(A) is the resolvent set of
the closed operator A, i.e., the set of A € C for which \I — A has a bounded inverse, I denoting
the identity map.

Lemma 2.2 There exists wg > 0 such that iw € p(A) whenever |w| = wp.
Concerning the explicit formula for the resolvent of A, we have the following lemma.

Lemma 2.3 For each A € p(A), X\ # :I:(QT‘/‘S"), denote by p;, i = 1,2,3 the three roots of
A+p+pd=0, and set
1 1 1
H:-= | el ep2L epsL

pre?tt poer2t paerst

Then we have p; # p; when ¢ # j, and
det(H) = (ps — pa)e " + (p1 — ps)e " + (py — p1)e " £ 0. (2.6)
Moreover, the resolvent of A is given by

(ML= A)"Y(z) = Ii(z) + L(x) + I3(z), Vi € L*0,L),

e (p3 — pa)e P2 F /w _ e P2l e psl
Ii(x) = X e P15qh(s)ds + —
(@) det(H) {(pz —p1)(ps —p1) Jo v(s) (p2 —p1 D3 —p1)

L oL pL oL L
/ e P (s)ds — — ! / e P2 (s)ds + — ’ / e_psw(s)ds},
T 0 0

P2 —p1 pP3s — D1
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— eh2® _ (pl_p3)e_p2L ’ —Db2s _ e_sz g —Dp1s
I(x) = det(d) x{ (p3—p2)(p2—p1)/o e Y(s)ds pz—p1/0 e Y(s)ds

el e Pl L e P2l L
+( + )/ e P2y (s)ds — / e_p?’sz/z(s)ds},
P2 —p1 P3 — P2 z p3 —DP2 Jo

eprs® (pQ - pl)e—psL /w —p3s e—;DsL /L —p1s
I — p3 d pP1 d
3(@) det(H) 8 {(p3 —p2)(p3 —p1) Jo e()ds + P3—p1 Jo e (s)ds

e~ Pl L e~ Pl e P2l L
— / e P2 (s)ds + (— + ) / e_p3s¢(s)ds}.
pP3 —P2 Jo pP3 —Dp1 p3 — P2 z

Proof Suppose that A € p(A). Then for any ¢ € L%(0, L), there exists a ¢ € D(A) such
that

ie.,
A / 11 —
pre +e }b (2.7)
(0) = (L) = ¢'(L) = 0.
We consider the homogeneous differential equation associated with (2.7)
Mo+ + " =0. (2.8)
The characteristic equation of (2.8) is A + p + p® = 0. Using our notation, we have
p1+p2+p3 =0,
p1p2 + p2ps + pips = 1, (2.9)

—p1p2p3 = A

Note that if A 4+ p + p> = 0 has multiple root, we can assume without loss of generality that
p1 = p2 # p3. In this case, we can obtain \ = (2‘/_‘) Therefore, if \ # :|:(2‘/_‘), it follows
that p; # p; when ¢ # j, and consequently, the general solution of (2.8) is given by

(p(il?) = C1eP1? + CqeP?® + (CgeP?”,

Here and hereafter, we denote by Cy, Co and C3 arbitrary constants. Using the method of
variation of constant, the general solution of (2.7) is supposed to be

p(x) = C1(x)eP™ + Cy(x)el?® + Cy(x)el3” (2.10)
with Ci(x), Co(x) and C3(z) satisfying

Ol ()eP + Ch(z)eP2® + Cf(x)ers® = 0,
C1(@)(prePr®) + C5(x) (p2eP2®) + C3(x) (pset*®) =0, (2.11)
C1 (@) (pier ™) + Cy(z) (p3eP=") + Ci(x)(p3er®) = ¥(x).

We deduce from (2.11) that

[ emeut
xr) = 0 1, .
i) (p2 —p1)(ps — 1) e (2.12)
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/Ow e P25y (s)ds
Calz) = - (ps — p2)(p2 — p1) + 2 (2.13)

/Ow e P3%h(s)ds
03(213) = (pg —pg)(pg _pl) + Cg. (214)

We now determine Cy, Cy and C3 by using the boundary conditions in (2.7). Using (2.7),
together with (2.10) and (2.12)—(2.14) gives

H(01702703)T = (OvKviQ)T (215)

and

L L L
eplL/ e 1%y (x)dx esz/ e PPy (x)dx ep3L/ e P3%)(z)dx
K| = — 0 + 0 - 0
(Pz —Pl)(p3 —pl) (p3 —pz)(Pz —pl) (p3 —Pz)(p3 —Pl)
L L L
pet [Cernioe pet [Cereuiae ot [Cemeya
0 0

_ 0 _
K= s =) s —pa)(ps —p0) (s — p2) (75 —p1)

Since A € p(A), it is clear that det(H) # 0. Then, we can determine C7,Cs and C3 through
(2.15) uniquely. To be more precise, we have

1 e P2l e Pl L el L
= X - / e P(z)de — / e 2% (x)dw
! det(H) {(pQ —P1 pB—pl) 0 "/’( ) 0 w( )

P2 —p1
e_plL L
+ / e_psrw(x)dx}, (2.16)
P3 —P1 Jo
1 e P2l L e~ 1L e Pl L
Cy= ——x —7/ e P (x)de + + / e P22 (x)dx
? det(H) { P2 —P1Jo Vi) (p2—p1 p3—p2) 0 Vi)
e_p2L L
_ / e—psrdj(x)dx}’ (2.17)
pP3 — P2 Jo
1 e—psL L e—ng L
C3 = X / e P(z)de — / e 2% (x)dw
° 7 det(H) {pg—pl 0 V(@) p3—p2 Jo Vi)

e_plL e—P2L L
+( — + e P3h(z)dx ;. 2.18
( P3 —Pp1 p3—]92)/0 1/)( ) } ( )

Combining (2.10), (2.12)—(2.14) and (2.16)—(2.18), the result of Lemma 2.3 follows directly.

3 Estimation of the Resolvent

It is usually difficult to identify the Gevrey class regularity for a given strongly continuous
semigroup with Definition 1.1. In this paper, we will refer to the following sufficient condition
for a strongly continuous semigroup to be of Gevrey class. It is based on the estimation for the
resolvent of its infinitesimal generator.

Theorem 3.1 (see [8, Theorem 4, p. 153]) Let T'(t) be a strongly continuous semigroup
satisfying || T(t)|| < Me¥t. Suppose that, for some pp > v and o satisfying 0 < o < 1,

| llim sup |w|*|| (¢ + iw)I — A) 7Y = C < . (3.1)
w|—o0
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Then T'(t) is of Gevrey class 0 for t > 0, for every 6 > é

From Lemma 2.2, we know that when |w| is large enough, iw € p(A). Then for each
¢ € L*(0,L), the explicit formula of (iwl — A)~'¢ is obtained by Lemma 2.3. From this
formula, we can get the following estimate for the resolvent.

Theorem 3.2 For any fized L € (0,00), there exist positive constants wy > 0, My > My >
0, such that for all w € R with |w| > w1, the following inequality holds:

M, M,
w3 w3

In particular, using Theorem 3.1 with M =1, p = v =0 and o = %, the linear operator A

generates a Cy-semigroup of Gevrey class § € (%, oo) fort > 0.

< |l (iwI = A) M| p2(0,) < (3.2)

Remark 3.1 From the left-hand side of estimation (3.2), we get that the linear operator
A does not generate an analytic semigroup (see [4, Theorem 5.2]).

Remark 3.2 To our knowledge, no equivalence exists between the estimate of the resolvent
(3.2) and the Gevrey class regularity. Thus, we were unable to confirm the optimality of the

3
value 3.

Proof of Theorem 3.2 Without loss of generality, we consider the case where A = iw
with w > 0. Similar estimates can be obtained for A = iw with w < 0. We still denote by p1, p2
and ps the three roots of

P +p+iw=0. (3.3)
Let, for j € {1,2,3} and w > 0,
D
qj =%, (3.4)
w3
Then g; is the solution of
i+¢+ 8 —o. (3.5)
w3

Applying the implicit function theorem to (3.5), we get that there exist w; > 0 and C(wy) > 0
such that

~ C
g — @] < @) o all w > i, (3.6)
w3
where g; solves i+ ¢? = 0 and
~ - Tim - _im
q1 ‘=1, g2 =€ %, qz:=¢e ¢ (37)
By (3.4) and (3.6)—(3.7), we get
C(w
|Repi| < (;>, (3.8)
w3

and for w > w; large enough that
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Moreover, from (3.4) and (3.6)—(3.7), we obtain that for i # j,

?w% 26;)(5 ) < |pi —pj| < < 2wi + 26;(;1). (3.10)
Next, we estimate the norm of the resolvent (iwl — A)~!. Since for each ¢ € L?(0, L),
(wl— Aty =1 + I, + I3 (3.11)
with I, Is and I3 defined in Lemma 2.3, we have
Gl = A) ™l 20,y < 1Tl L2(0.2) + I T2l L2(0.2) + 53] L2(0.2)- (3.12)

By the expression of I; in Lemma 2.3, noticing (3.8) and (3.9), we obtain through Holder’s
inequality that

g 1 g (ps —p2)e Pt (%
2 — 2 1T 18
| m@Par = o < [ e | B [ ey
" ( e_p2L B e—psL )/L e_plsw(s)ds_ e—PlL /L e_p2rw($)dx
T 0

pP2—p1 P3—P1 P2 — D1
el L 2
+ / e_p”w(x)dx‘ dx
P3s —P1
®H1/)||L2(O L) (‘ D3 — P2 ‘2 . ‘ e P2l e~ Pl ‘2
( )

| det(H)|? p2 —p1)(p3s — 1 P2 —p1 D3 —p1
e—p2L 2 1 2
+ ‘ ‘ n ‘ ‘ ) (3.13)
P2 —p1 P3 —Pp1

Here and hereafter, © denotes various positive constants which may depend on L and wy, but
do not depend on ¢ and w. We obtain from (3.8) to (3.10) and the expression of det(H) in
(2.6) that for w large enough

L ©® 1/) 22
/ 11 (2)2da < m (3.14)
0 w3

Similarly, by the expression of I in Lemma 2.3, we have

L 4 (pl —p2L 2
I 2dr < —— ‘ ‘ / / pz2(z—s) ds| d
/0 (@)l de | det(H)|[? X{ (ps — p2)(p2 — p1) ¢ Yls)ds| de
e P2l L
+ / e_plwz/}(x)dx‘ / |eP2%|2dx

P2 —p1

—p1L —psL 2
+ |2 ° ‘ / / ep2(z_s)1/)(s)ds‘ dz
P2 —p1 p3 — D2

e P2l L
+ / e_p”w(x)dx‘ / |ep2$|2dx}. (3.15)
0 0

P3 — P2

For the estimation of the first term in (3.15), using Holder’s inequality and (3.9), we have

/OL } /Of ep2(z_s)¢(8)d5}2dx - /OL (/Oz ech2(m_S)|’(/)(S)|dS) 2d:z:
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L T T
< / (/ eQRepz(w_S)ds / |¢(s)|2ds)dx
0 0

L 2Rep2w _ )
= ds dz
‘/0 2Rep2 / |w |
L

< m”iﬂﬂm(o@- (3.16)
By (3.9), we get
L 2RepaL _ | 1
P2e |2y = & < - . 3.17
/0 e e = —m e 2 Re ps (3.17)

For the estimation of the third term in (3.15), we obtain through Hélder’s inequality and (3.9)

that
/OL /IL ep2(1_s)w(s)dsrdx </ / oReP2(@=8) |y g )|d8)2dx

(
/0 (/ e S)ds)(/f [(s)2ds) da
/OL (emf;(;e;l_ I(/ " u()Pds)do

x

L e2ch2(r L) _ L )
< || (gme ) ( ) weras)
0
—2Rep2L+2Rep2L—1 )
(2R6p2)2 Hw”LZ(O,L)
—2RepaL

€

< WWM@?(OL)' (3.18)

Combining (3.15) to (3.18), by (3.8)—(3.10) and the expression of det(H) in (2.6), we deduce

that
L
| e
0

®|‘w||%2(O,L) o {‘ B (pl _pB)e—PzL ‘ +‘ e—P2L ‘
| det(H)[? (p3 —p2)(p2 —p1)! —2Repz  Ip2 —pi!l —2Repo
—piL —psL 9 —2RepslL —pol L
‘ e~ L e s ‘26 ”22 +‘ e P2 ‘2 1 / e—2Rep3mdx}
p2—p1 p3—p2l (2Repy) p3—p2! —2Repa Jo
MW T e L L L)
| det(H)[? (p3 — p2)(p2 —p1)| —2 Repz p2 —p1l \—2Reps
—2RepsL __

’ e—piL e~ psL 2 1
o] e )
p2—p1 p3—p2l (2Repz)?  Ipg—pal —2 RGPQ -2 Rep3

Mliwsr ™ e e + [ ()
h | det(H)|? (p3 — p2)(P2 — P1) —2 Repz D2 —pl —2Reps

+2(‘

—| + =) t }
P2 — D1 ps —p2! / (2Rep2)?  Ipg —pal —2 Rep2 2Rep3
9|W||L2(o L

\

(3.19)

w3
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Let us emphasize that, from (3.9), Reps < 0 while Re ps > 0. Therefore we cannot deduce the
estimates for |[I3]/12(0,1) from the estimates for || I2][12(o,ry directly. Thus, we have to directly
estimate ||I3]/12(0,). By the expression of I3 in Lemma 2.3, we have

L L
4 (p2 — p1)eP® 2
Ii(2)Pdx < x} }/‘/ p3(ws dx
| 1@rar < e Al e

1 L
+ / e—mw(x)dx‘ / jo=Pa(L=2) |24
pP3s —P1Jo 0

1 L 9 L
+ |- / e_p”w(x)dx‘ / |e_p3(L_w)|2dx
P3 — P2

e_plL e —p2L
+ (— ‘ / \ / s (=) (5) ds‘ dx} (3.20)

p3s—n p3 — D2
For the estimation of the first term in (3.20), noticing (3.9), we get through Holder’s inequality
that

L T 2 L T 2
/ ‘/ eps(m_s)dJ(s)ds‘ dz < / (/ eRCps(z_s)|¢(s)|ds) dx
o 'Jo 0 0

</OL(/Ome2ﬁep3(m—s)ds)(/Ow |w(s)|2ds)dx
L L
<ﬁep3( / (1 - mersmyar ) ( / (s)/ds)

1 1
- I — 2RepsL _ ) 2
] T G e DI11320.1,

e2 RepsL 9
< (2Rep3)2 Hw”LZ(O,L)' (321)
y (3.9), we get
L —2RepsL
1—e P3 1
e Pb=2)2qy — < . 3.22
/0 | | 2Reps 2Reps ( )

For the estimation of the last term in (3.20), we get through Holder’s inequality and (3.9) that

/OL /zLepsz Dy(5)ds| dx</ (/ () ds) da
I ( [ enemeag) ([ pioPas)as

x

L R (e—L) L
< 2Rep3(x— _ 2
—2 Rep3 /0 (e l)dx(/o s)l dS)

1 1— e—2Rep3L I )
= —rer (oo~ L)W
L 2
S TRopy 12200 (3.23)

Combining (3.20) to (3.23), we obtain through (3.8) to (3.10) that

L
/ Is(2)Pda
0



Gevrey Regularity of a Semigroup Associated with KdV 211

All91Z2 0.1y » {‘ (p2 — p1)e Pst ‘2 e?Repsl +‘ 1 ‘2(/Le—2Rep1mdx) 1
= | det(H)|? (p3 —p2)(p3 —p1)! (2Rep3)?  Ips—p1 0 2Reps
Al E
— x
P3 — D2 0 2Reps
e—piL e—p2L 2
=t o) sren)
p3—p1 p3—p2/1 2Reps
Ol¥1720,1) ﬂ (p2 — p1)ePsl }2 e Repsk +} 1 ‘2 L
| det(H)[? (ps —p2)(p3 —p1) ! (2Reps)? * Ips —p1l 2Reps
1 2= 2Rep2L _ 1 1 e~ piL e—p2L (12 T
o R (o o) e
P3 — D2 —2Reps  2Reps p3—p1  p3—p2/1 2Reps
olly|?
< Ol (3.24)

e
Using (3.12), (3.14), (3.19) and (3.24), the right-hand side of estimation (3.2) follows.
In order to obtain the left-hand side of estimation (3.2), let 1 (z) = eP'® and we get

eb1e (p3 _ pQ)e—PlL e—p2L e—pslL
I = T — L—=x
' det(H) {(pz—pl)(pB—Pl) (pz—Pl PB—pl)( )
el el
(p1—p2)L _ 1\ _ (p1—p3)L __
e 1 e 1

(p1 —p2)2( ) (p1 —p3)2( )}

DP1T —p2L —p2L _ —-p1L
= X { ° (L —z)+ ¢ 5 (ps = pa)e x

det(H) (p2 —p1) (p1 — p2) (p2 — p1)(p3 — p1)
e Pl el el
- L—x)— - ePr=pa)l _q

P3s —p1 ( ) (p1 - p2)2 (pl - p3)2( )}

= E(z) + D(z), (3.25)
where
e e P2l
E = L —
and
b1 e~ p2L (p3 _ pQ)e_PlL e~ psl
D(x) := T — L—z
(=) det(H) { (p1 —p2)?  (p2 —p1)(p3 —p1) (ps —pl)( )
e—PL e—piL

_ _ eP1—p3)L _ )
(pl —p2)2 (pl —p3)2( 1)}

Moreover, by (3.9)—(3.10) and the expression of det(H) in (2.6), we have

" B2 © e ol
)|*de > ———— x — (L —2)| dz
) 1B > e < [ )

@e—QRCng L )
= X L —x)“dx
o e <, )
@e—2Rep2L L3

= X —
Ip1 — p2|*[det(H)[* 3
(3.26)

=

£lo
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Using again (3.8) to (3.10) and the expression of det(H) in (2.6), we get

L
| Ip@)Pds
0
e} L e=p2L 2 By (ps —pole il 2
< ———— X ——1 d +/ d
| det(H)[? {/o ‘(pl—pz)Q‘ ! 0 ‘(Pz—pl)(m—pl)x‘ !
[ gmstmafaee [ |- 2l
+ ——— (L—2)| dz + - | dz
0 (ps —pl)( ) 0 (pl —p2)2

[

p1 — p3)?
< gl el T
| det(H)[? (p1 — p2)? (p2 — p1)(P3 — p1) P3 — P1
‘ 1 ‘2 ‘e(Pl_PS)L_l‘Z}
(p1 —p2)? (p1 — p3)?
C)
< 3 (3.27)

Combining (3.11), (3.19), (3.24) to (3.27), and noticing

I — 4) "l 2.0 = [ E@) + D(a) + L(@) + I ()| 20.0)

> |E(x)|z200,2) — I1D@) 200,2) — H2(2) | 220,) — [13(®) [ L2 (0,1

we get that the left-hand side of estimation (3.2) holds. The proof of Theorem 3.2 is completed.
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