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Abstract In this paper, for a coupled system of wave equations with Neumann boundary
controls, the exact boundary synchronization is taken into consideration. Results are then
extended to the case of synchronization by groups. Moreover, the determination of the
state of synchronization by groups is discussed with details for the synchronization and for
the synchronization by 3-groups, respectively.
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1 Introduction

Synchronization is a widespread natural phenomenon. It was first observed by Huygens in
1665 (see [3]). The theoretical research on synchronization phenomenon from the mathematical
point of view dates back to Wiener in 1950s (see [13]). However, almost all the previous works
focused on systems described by ODEs, and studied the asymptotic synchronization of the
states of the system as t — +o00. For coupled systems governed by PDEs, as shown by Li and
Rao, synchronization can be realized in a limited time period by means of proper boundary
controls, and after switching off all the controls, the state of synchronization remains. Precisely
speaking, Li and Rao considered the exact boundary synchronization for a coupled system of
wave equations with Dirichlet boundary controls in any given space dimensions in the framework
of weak solutions (see [4, 6]), and acquired related results for the same system in one space
dimension with all kinds of boundary controls in the framework of classical solutions (see [2,
9]). Moreover, they got also corresponding results on the exact boundary synchronization by
groups in [5, 7.
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In this paper, we consider the following coupled system of wave equations with Neumann
boundary controls:

U'— AU+ AU =0 in (0,+00) x Q,

U=0 on (0, +00) x Ty, (1.1)
0,U=DH on (0,+00) x I'y
and the corresponding initial data
t=0: U=0U, U =0, (1.2)

where 2 C R is a bounded domain with smooth boundary I' = I'; Uy such that 'y N Ty = 0

and mes(T'y) > 0, J, denotes the outward normal derivative on the boundary, the coupling

matrix A = (a;5) is of order N, the boundary control matrix D is a full column-rank matrix of

order N x M (M < N), both A and D have real constant elements, U = (M, -, u™)T and

H = (rM, ... AMNT denote the state variables and the boundary controls, respectively.
Denote

HO = LQ(Q)v Hl = Hllo (Q)7 L= L2 (07 —+00; LQ(Fl))v (13)

loc

where H}, (Q) is the subspace of H'(£2), composed of all the functions with the null trace on
FQ.

We assume that () satisfies the usual multiplier geometric control condition (see [1]). With-
out loss of generality, we assume that there exists an o € R", such that setting m = x — zg,
we have

(m,v) <0, Vexely (m,v)>0, Vaely, (1.4)

where (-, ) denotes the inner product in R".
Define the linear unbounded operator —A in Hg by

D(-A) ={® < H*(Q): ®|p, =0, 9,P|r, = 0}.

Clearly, —A is a positively definite self-adjoint operator with a compact resolvent. Then, for
any given s € R, we can define the operator (—A)2 with the domain

Hs = D((_A)%)v

which, endowed with the norm [|®|s = ||(—A)2®]|12(q) constitutes a Hilbert space, and its
dual space is H., = H_,. In particular, we have (see [11])
Hi=D(V-A)={®eH'(Q): ®|r, =0}.
Lemma 1.1 (see [8]) For any given initial data (Uy,Uy) € (Hi—s x H_s)N with s > z
and any given boundary function H € LM, the mized initial-boundary value problem (1.1)-
(1.2) admits a unique weak solution U € (Cloc([0, +00); Hi—s))Y N (CL.([0,400); H_s))N with

loc
continuous dependance.

Definition 1.1 System (1.1) is exactly null controllable at the time T > 0 in the space
(H1 x Ho)N, if for any given initial data (Uy,Uy) € (H1 x Ho)Y, there exists a boundary
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control H € LM with compact support in [0,T], such that the corresponding mized initial-
boundary value problem (1.1)~(1.2) admits a unique weak solution U € (Cioc ([0, +00); H1—s))V N
(Cho([0,400); Hs))N with s > 3, satisfying

loc
t>T: U=U =0. (1.5)

Moreover, we have the continuous dependence:

[H g < CH(ﬁOaﬁl)H(’HlX’Ho)Nv (1.6)

where ¢ is a positive constant.

For the exact boundary null controllability and the non-exact boundary null controllability
of system (1.1), the following results were proved in [8].

Lemma 1.2 When M = N, there exists a constant T > 0, such that system (1.1) is exactly
null controllable at the time T for any given initial data (Uy,U;) € (H1 x Ho)™.

However, if there is a lack of boundary controls, we have the following lemma.

Lemma 1.3 When M < N, no matter how large T > 0 is, system (1.1) is not exactly null
controllable at the time T for any given initial data (Uy,Uy) € (H1 x Ho)™.

Therefore, it is necessary to discuss whether system (1.1) is controllable in some weaker
senses when there is a lack of boundary controls, namely, when M < N. Although the results
are similar to those for the coupled system of wave equations with Dirichlet boundary controls,
since the solution to a coupled system of wave equations with Neumann boundary conditions
has a relatively weaker regularity, in order to realize the desired result, we need stronger function
spaces, and the corresponding adjoint problem is also different.

We first give the following lemma (see [10]).

Lemma 1.4 For any given N x N matriz A and any given full row-rank (N —p) x N matriz
C with 1 < p < N, the following properties are equivalent:
(1) Ker(C) is an invariant subspace of A:

AKer(C) C Ker(C). (1.7)
(2) There exists a unique matriz A of order (N — p), such that
CA=AC. (1.8)
Moreover, the matriz A is given by
A=CACH, (1.9)
where CT denotes the Moore-Penrose inverse of C':
ct=cvcoh. (1.10)

Since Lemma 2.1 in [7] is independent of the type of boundary conditions, we still have the
following lemma.
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Lemma 1.5 Assume that U is the solution to the mized problem (1.1)—(1.2). Let C be a
full row-rank (N — p) x N matriz (where 1 < p < N) such that

t>T: CU=0 in Q. (1.11)
Then we have either
AKer(C) C Ker(C) (1.12)
or there exists a full row-rank (N —p+1) x N matriz C such that

t>T: CU=0 inQ. (1.13)

2 Exact Boundary Synchronization

Definition 2.1 System (1.1) is exactly synchronizable at the time T > 0 in the space
(H1 x Ho)N, if for any given initial data (Uy,U1) € (H1 x Ho)N, there exists a boundary
control H € LM with compact support in [0,T], such that the weak solution U = U(t,z) to the
mized initial-boundary value problem (1.1)—~(1.2) satisfies

def.

t>T: uVtz)=--=u™(t,2) = ut,z), (2.1)

where, u = u(t, ), being unknown a priori, is called the corresponding state of synchronization.

The above definition requires that system (1.1) maintains the state of synchronization even
though the boundary control is canceled after the time 7.

Theorem 2.1 Assume that M < N. If system (1.1) is exactly synchronizable in the space
(H1 x Ho)N, then the coupling matriz A = (a;;) should satisfy the following condition of
compatibility (the sums of elements in every row are equal to each other):

al def
Zaij = a, (2.2)
j=1

where a is a constant independent of i =1,--- ,N.

Proof By Lemma 1.3, since M < N, system (1.1) is not exactly null controllable, then
there exists an initial data (Up,U;) € (H1 x Ho)™, such that for any given boundary control
H, the corresponding state of synchronization u(t,z) Z 0. Then, noting (2.1), the solution to
problem (1.1) corresponding to this initial data satisfies

N
u — Au+ (Zaij)u —0 in D'((T, +00) x Q) (2.3)

j=1
foralli=1,---,N. Then we have

N

N
(Zakj —Zaij)uzo in D'((T, +00) x Q) (2.4)
j=1

Jj=1
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fori,k=1,---,N. It follows that

N N
> akj=> ai, i k=1, N, (2.5)
j=1 j=1

which is just the required condition of compatibility (2.2).

Now, let

C) = . ) (2.6)
-1 (N=1)xN

be the corresponding matrix of synchronization. C is a full row-rank matrix, and Ker(C;) =
Span{e;}, where e; = (1,1,---,1)T. Clearly, the synchronization (2.1) can be equivalently
written as

t>T: CU(,z)=0 inQ. (2.7)

By Lemma 1.4, we have

Lemma 2.1 The following properties are equivalent:

(1) The condition of compatibility (2.2) holds;

(2) e = (1,1,--- ,1)T is a right eigenvector of A, corresponding to the eigenvalue a given by
(2.2);

(3) Ker(C1) is a one-dimensional invariant subspace of A :

AKer(Cy) C Ker(Ch); (2.8)
(4) There exists a unique matriz Ay of order (N — 1), such that
OlA = ZlCl. (29)

A, = (@i;) is called the reduced matriz of A by Cy, where

N J
Gy = Y (aip1p—aip) = (tip —aiy1p), Hj=1--,N—1L (2.10)
p=j+1 p=1

Theorem 2.2 Assume that M = N — 1. Under the condition of compatibility (2.2), if the
matriz C1D s invertible, namely, rank(C1 D) = N — 1, then there exists a constant T > 0
so large that system (1.1) is exactly synchronizable at the time T in the space (Hi x Ho)Y,
moreover, we have the continuous dependence:

|H||zx-1 < CICL (U, Ur) |l (34, x310) 51 (2.11)

where C' is a positive constant.
On the other hand, when rank(C1 D) < N —1 (especially, when M < N —1), no matter how
large T > 0 is, system (1.1) is not exactly synchronizable at the time T.
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Proof Under the condition of compatibility (2.2), let
W =CU, Wo=ClU, Wi=0CU.

Noting (2.9), it is easy to see that the original mixed problem (1.1)—(1.2) for U can be reduced
to the following self-closed mixed problem for W:

W — AW + AW =0 in (0, 4+00) x £,
W =0 on (0,+00) x Iy, 519
9,W =DH on (0,+00) x I'y, (2.12)

t=0: W=W,, W =W, inQ,

where D = C; D. Noting that C; is a surjection from (H; x Ho)™ onto (H; x Ho)V 1, we easily
check that the exact boundary synchronization of system (1.1) for U is equivalent to the exact
boundary null controllability of system (2.12) for W. Since rank(D) = rank(C; D) = N — 1, by
Lemma 1.2, for any given initial data (WQ,Wl) € (H1 x Ho)V ™1, system (2.12) is exactly null
controllable by means of a boundary control DH € £N~!. By (1.6) in Definition 1.1, we get
the continuous dependence (2.11). Since D is invertible matrix, there exists a corresponding
boundary control H € £N~1 such that system (1.1) is exactly synchronizable.

On the other hand, when rank(C; D) < N — 1, DH can be rewritten as DH such that D is
a full column-rank matrix of order N x M with M < N —1 and H € £M with compact support
in [0,7], by Lemma 1.3, the reduced system (2.12) is not exactly null controllable, then system

(1.1) is not exactly synchronizable either.

3 Exact Boundary Synchronization by p-Groups

When there is a further lack of boundary controls, we consider the exact boundary syn-
chronization by p-groups (p > 1; when p = 1, it becomes the exact boundary synchronization).
This indicates that the components of U are divided into p groups:

(), M)y (D) o 2y (e D) g () (3.1)

where 0 = ng < n1 < ng < --- < n, = N, and each group is required to possess the exact
boundary synchronization, respectively.

Definition 3.1 System (1.1) is exactly synchronizable by p-groups at the time T > 0 in the
space (Hy x Ho)N , if for any given initial data (U, Uy) € (Hy x Ho)N, there exists a boundary
control H € LM with compact support in [0,T), such that the weak solution U = U(t,x) to the
mixed initial-boundary value problem (1.1)~(1.2) satisfies

t>T: u® Ly, n i +1<ki<n, 1<s<p, (3.2)

where, (uq, - - ,up)T, being unknown a priori, is called the corresponding state of synchroniza-
tion by p-groups.

Let S5 be an (ng —ng—1 — 1) X (ng — ns—1) full row-rank matrix:



Ezact Boundary Synchronization with Neumann Boundary Controls 239
and let C), be the following (N — p) x N matrix of synchronization by p-groups:
S
S2
C, = , . (3.4)
Sp
Obviously, we have

Ker(C),) = Span{e1,--- ,ep}, (3.5)

where for 1 < s < p,

17 n5—1+1SanS7
)i = 3.6
(es)s {O, otherwise. (36)
Thus, (3.2) can be equivalently written as
P
t>T: Cy,U=0 orequivalently U = Zuses in Q. (3.7)

s=1

Theorem 3.1 Assume that system (1.1) is exactly synchronizable by p-groups. Then we
necessarily have M > N — p. Especially, when M = N — p, the coupling matric A = (a;;)
should satisfy the following condition of compatibility:

AKer(C,) C Ker(C)). (3.8)

Proof By (3.7), we have C,U = 0 in Q when t > T. If AKer(C,) ¢ Ker(C},), by Lemma
1.5, we can construct a full row-rank (N —p+ 1) x N matrix C} such that C1U = 0 in € when
t > T. If AKer(Cy) € Ker(C}), still by Lemma 1.5, we can construct another full row-rank
(N —p+2) x N matrix C, such that CoU = 0 in Q when t > T, ---. This procedure should
stop at the rth step, where 0 <7 < p. Thus, we get a full row-rank (N —p+r) x N matrix ér
such that

t>T: C.U=0 inQ (3.9)
and
AKer(C,) C Ker(C, ). (3.10)
By Lemma 1.4, there exists a unique matrix A of order (N — p+r), such that
C,A = AC,.

Setting W = C,.U in (1.1), we get the following reduced problem:

W — AW + AW =0 in (0, +00) x Q,
W =0 on (0,400) x Iy, (3.11)
o,W =DH on (0,400) x I'y, '

t=0: W=C.Uy, W =0C,U; inQ,
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where D = C,.D. Moreover, by (3.9) we have
t>T: W=0. (3.12)
Noting that C, is an (N —p+r) x N full row-rank matrix, the linear mapping
(U, Uh) — (CUo, C,Th) (3.13)

is a surjection from (H; x Ho)™ onto (Hy x Ho)N~P*", then, (3.11) is exactly null controllable
at the time T in the space (H1 x Ho)V ~P*". By Lemmas 1.2-1.3 (cf. the last paragraph in the
proof of Theorem 2.2), we necessarily have

rank(C,D) = N —p+r,
then
M = rank(D) > rank(C, D) =N —p+r> N —p. (3.14)
In particular, when M = N — p, we have r = 0, namely, the condition of compatibility (3.8)

holds.

Remark 3.1 The condition of compatibility (3.8) is equivalent to the fact that there exist
some constants a,s (1 < r,s < p) such that

P
Aeg, = Zarser, 1<s<p, (3.15)

r=1
or, noting (3.6), A satisfies the following row-sum condition by blocks:

Ns
Z ajj = Qpg, Np_1+1<0<n,., 1<7rs<p. (316)
Jj=ns—1+1

Especially, this condition of compatibility becomes (2.2) when p = 1.

Theorem 3.2 Let C), be the (N — p) x N matriz of synchronization by p-groups defined by
(3.3)~(3.4). Under the condition of compatibility (3.8), assume that the N x (N — p) boundary
control matriz D has full column-rank and satisfies rank(Cp,D) = N — p. Then system (1.1)
is exactly synchronizable by p-groups by means of boundary control H € LN~P, moreover, we
have the continuous dependence:

[Hll ey < CICp(Uo, Un)ll 30, x210) ¥ > (3.17)

where C' is a positive constant.
On the other hand, when rank(C,D) < N —p (especially, when M < N —p), no matter how
large T > 0 is, system (1.1) is not exactly synchronizable by p-groups at the time T'.

Proof Assume that the coupling matrix A = (a,;) satisfies the condition of compatibility
(3.8). By Lemma 1.4, there exists a unique matrix A, of order (N — p), such that

CpA=A4,C,. (3.18)
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Setting
W =C,U, D=C,D.

We can similarly get the following reduced system for W:

W" — AW + A,W =0 in (0, +00) x Q,
W =0 on (0, +00) x T, 319
O,W =DH on (0,400) x I'y, (3.19)

t=0: W=0C,Up, W =0C,U; inQ,

where W is a vector valued function of (N —p) components. By the assumption that rank(D) =
rank(C,D) = N — p and Lemma 1.2, system (3.19) is exactly null controllable. Also, by (1.6)
in Definition 1.1, we get the continuous dependence (3.17). Then the original system (1.1) for
U is exactly synchronizable by p-groups.

On the other hand, when rank(C,D) < N —p, by Lemma 1.3 (cf. the last paragraph in the
proof of Theorem 2.2), the reduced system (2.12) is not exactly null controllable, then system
(1.1) is not exactly synchronizable by p-groups.

4 Determination of the State of Synchronization by p-Groups

Now, under the condition of compatibility (3.8), we are going to discuss the determination
of the state of synchronization by p-groups for system (1.1). Generally speaking, the state of
synchronization should depend on the initial data ((70, [71) and the applied boundary control
H. However, when the coupling matrix A possesses some good properties, the state of synchro-
nization by p-groups is independent of the applied boundary control, and can be determined
entirely by the solution to a system of wave equations with homogeneous boundary condition.

First, by Lemma 1.1 and noting that the space (H; x Ho)" given in Definition 3.1 is
included in (Hy_s x H_s)V (s > %), differently from the case of Dirichlet boundary controls,
the attainable set of states of exact boundary synchronization by p-groups for the system with
Neumann boundary controls is not the whole space (H1_s X H_s)P. Besides, as in the case of
Dirichlet boundary controls (see [6]), the choice of boundary controls is not unique. We have
the following theorem.

Theorem 4.1 Let H denote the set of all the boundary controls H which can realize the
exact boundary synchronization by p-groups at the time T for system (1.1). If the condition of
compatibility (3.8) holds, then for e > 0 small enough, the value of H € H on (0,¢) x 'y can be
arbitrarily chosen.

Proof First of all, there exists a Ty > 0 independent of the initial data, such that, when
T > Ty, the reduced problem (3.19) is exactly null controllable at the time T'. According to the
proof of Theorem 3.2, the exact synchronization by p-groups of system (1.1) is equivalent to
the exact null controllability of the reduced system (3.19). Therefore, taking an € > 0 so small
that T'— e > Tp, system (1.1) is still exactly synchronizable by p-groups at the time 7' — ¢.
Assuming first that (U, U1) € (C5°(Q) x C5°(€2))Y, and choosing arbitrarily

H. € (C5°([0,e] x T)N 7,

we solve the forward problem (1.1) on the time interval [0, ] with H = H., and get the solution
(U.,UL) € C°([0,¢]; (H1 x Ho)™). Taking (Us(e,-),UL(e,-)) € (H1 x Ho)™ as initial data, by
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Theorem 3.2, for system (1.1) we can find a boundary control
H. € (L*(e,T; L*(I))N»

such that the corresponding solution U. satisfies exactly the initial condition

t=e: U.=U.(e,x), U =U(e,x)
and realizes the synchronization by p-groups at the time ¢t = T'. Let

H:{ﬁsa t € (0,¢e), U:{ﬁsa te (0,¢),

H., te(eT) Us, te(eT).

It can be verified that U is the solution to the mixed problem (1.1) with boundary control H,
and it is exactly synchronizable by p-groups at the time 7'. By this way, we get an infinity of
boundary controls H, the values of which on (0,e) x I'; can be taken arbitrarily. Finally, by
the denseness of C§°(€2) in H; and Ho, we can get the desired result.

The state of synchronization by p-groups is closely related to the properties of the coupling
matrix A. Let

Dn_p = {D e MV*W=P)(R) : rank(D) = rank(C,D) = N — p}.
By [7], D € Dy_,, if and only if it can be expressed by
D = (Cy + (e1,-++ ,€p)Do)D, (4.1)

where Dy is a p x (N — p) matrix, and D is a reversible matrix of order (N — p). We have the
following theorem.

Theorem 4.2 Under the condition of compatibility (3.8), assume that AT possesses an in-
variant subspace Span{ E1, Eo, - - - , E,} which is bi-orthonormal to Ker(C,) = Span{es,--- ,e,} :

(Ei,ej) = 6ij, 1<14,5<p.

Then there exists a boundary control matric D € Dy_,, such that the state of synchronization
by p-groups v = (uq,--- ,up)T 1s independent of the applied boundary controls, and can be
determined as follows:

t>T: u=1, (4.2)
where 1 = (11, -+ , )T is the solution to the following problem with homogeneous boundary
condition:

P
U= A+ Yot =0 in (0, 400) x Q,
s=1
=0 on (0,+00) x Ty, (4.3)
o, =0 on (0,+00) x 'y,

t=0: ¥, = (En,Up), ¢ = (E,U1) inQ,

where oy (1 < 7,5 <p) are given by (3.16).
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Proof Noting that Span{E1, Es, -+, E,} is bi-orthonormal to Ker(C)) = Span{es,--- ,¢e,},
and taking

Do=—-E"C,), E=(Ei,Es - E,) (4.4)

in (4.1), we get a boundary control matrix D € Dy_,, such that

E, € Ker(DT), 1<r<np. (4.5)
On the other hand, since Span{Ej, Ea,---, E,} is an invariant subspace of AT, we may
denote
P
ATE, =% BuE,, 1<r<p,
s=1

where (B, are some constants. By
(ATET7€S) = (ET,AGS), 1<rs<p,

and noticing (3.15), we have

» »
(ZﬁtrEtaes) = (ETazatset)a 1<rs<p.
=1 =1

Then by bi-orthonormality, we get

ﬁsr = Qpg,
namely,
P
ATE, =) a; B, 1<r<p. (4.6)
s=1

Let ¢, = (E,,U). Taking the inner product with F, on both sides of (1.1), we get (4.3). Finally,
for the state of synchronization by p-groups, by (3.7) we have

P
t>T: wr(t):(ET,U)zz:(ET,eS)us:ur, 1<r<p. (4.7)

s=1

When AT does not possess any invariant subspace Span{Ej, Es,--- ,E,} which is bi-
orthonormal to Ker(C),) = Span{es,--- ,e,}, we can use the solution of (4.3) to give an es-
timate on the state of synchronization by p-groups.

Theorem 4.3 Under the condition of compatibility (3.8), assume that there exists a sub-

space Span{E1, Es,--- ,Ep,} that is bi-orthonormal to Span{ei,--- ,ep}. Then there exist a
boundary control matrix D € Dy_, and a constant c independent of the initial data, such that
the state of synchronization by p-groups u = (u1,--- ,u,)T satisfies the following estimate:

t>T: ||(u, ) () = (@) Ot xrts e < NCoTo, Ul garscroyy o, (4:8)

where ¢ = (Y1, ,1bp)T is the solution to problem (4.3), and s > %
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Proof Since {E1,Es,---,E,} is bi-orthonormal to {e1, - ,e,}, similar to (4.4), there
exists a boundary control matrix D € Dy_,, such that (4.5) holds. Let ¢, = (E,,U). Taking
the inner product with E,. on both sides of (1.1)—(1.2), we get

" — Ay + (B, AU) = 0.

Since
(E,, AU) = (ATE,,U) = (ZamE L ATE, — ZarsEs,U)
- Zam E,,U)+ (ATE, - ZaTSES, v)
s=1
P P
Z Qpstrs + (ATE, =Y 0B, U) (4.9)
s=1 s=1
and for any given k € {1,--- ,p}, we have
(ATET — i s B, ek) (B, Aey) — Z as(Fs, er)
s=1
P
= (Er7 Z askes) — Qg
) s=1
= Z ask(Era es)
s=1
= Qp — Qi =0, (4.10)
we get

P
ATE, = apB, € {Kex(Cy)} - = Im(C)).

Therefore, there exists a vector R, € RV~P, such that
P
ATE, =Y a,E, = CJ R,. (4.11)
Thus, for r =1,--- ,p, we have

P
¢! — Adr + Y aratps = —(Rr, CpU) in (0,400) x Q,

s=1
¢r=0 on (0,400) x Iy, (4.12)
Oydr =0 on (0, +00) x I'y,
t=0: ¢ = (B, Up), ¢. = (E,,Up) inQ,

where a,s (1 < r,s < p) are defined by (3.16), and U = U(t,z) € C(0,T;(H1-s)) N
C*0,T; (H—s)") is the solution to the mixed initial-boundary value problem (1.1)—(1.2). More-
over, we have

p

t>T: ¢p(t)=(E,,U)=> (Er,eug =1, 1r=1,-,p. (4.13)

s=1
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Noting that (4.3) and (4.12) possess the same initial data and the same boundary condition,
by the well-posedness for a system of wave equations with Neumann boundary condition, we
have (see [12, Chapter III]) that, when ¢t > 0,

T
1, 0") () = (&, 8 () Ergs_, wrta_ sy < C/O ICoU Iy, _ v, (4.14)

where, ¢ is a positive constant. Noting that W = C,U, by well-posedness of the reduced
problem (3.19) (see [12, Lemma 1.1]), we have

T
/0 ICoU Iy, yw-nds < eICp(Uo, U, xpag)v—o + IDH | gv-5). (4.15)

Moreover, by (3.17) we have
IDHI ev-» < elCo@o, Ul sty —r- (4.16)

Substituting it into (4.15), we have

T
/0 ICoUNIEay, _yn—pds < ellCp(Uo, Un) I, sagoyn—r» (4.17)
then, by (4.14) we get

16, 9) (1) = (6, ) D1 Fres a0z ye < €llCo(T0, Uy sty - (4.18)
Substituting (4.13) into (4.18), we get (4.8).

Remark 4.1 Differently from the case of Dirichlet boundary controls, although the solution
to the problem (1.1) with Neumann boundary controls possesses a weaker regularity, the solution
to the problem (4.3), which determines the state of synchronization by p-groups, possesses a
higher regularity than the original problem (1.1) itself, then, this improved regularity makes
it possible to approach the state of synchronization by p-groups by a solution to a relatively
smoother problem.

In order to exactly express the state of synchronization by p-groups, we can extend the

subspace Span{es,---,e,} to an invariant subspace Span{eq,--- ,ep, - ,e4} of A, such that
AT possesses an invariant subspace Span{Fj, - - ,Ep,-+-,E;}, which is bi-orthonormal to
Span{eq, -+ ,€p, -+ , €4}
Let
q
P=Y e.®E, (4.19)
s=1

in which the tensor product is defined by
(e® E)U = (E,U)e = ETUe, VU € RV.
P can be represented by a matrix of order V. It is easy to see that

Im(P) = Span{ey, ez, -+ ,e,}, Ker(P) = (Span{Ei, Fa,--- ,E,})*" (4.20)
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and
PA=AP. (4.21)

Let U = U(t,x) be the solution to the mixed initial-boundary value problem (1.1)—(1.2).
We define its synchronizable part U, and controllable part U, respectively, as follows:

Us:=PU, U.:=(I—-P)U. (4.22)
If system (1.1) is exactly synchronizable by p-groups, then
t>T: UeSpanfer,---,ep} C Span{er, - ,ep, -+ ,eq} = Im(P), (4.23)

hence we have

t>T: U=PU=U, U.=(I-P)U=0.
Noting (4.21), multiplying P and (I — P) from the left on both sides of (1.1) respectively, we
see that the synchronizable part U, of U satisfies the following system:

U= AU; + AU, =0 in (0, +00) x £,
Us=0 on (0,+00) x Iy,
( )*To (4.24)
0,Us = PDH on (0, +o0) x I'y,
t=0: U,=PUy, U =PU, inQ
while, the controllable part U, of U satisfies the following system:
U/ - AU+ AU, =0 in (0, +00) x £,
U.=0 on (0,+00) x I'g,
( ) xTo (4.25)
0,U.= (I — P)DH on (0,400) x I'y,

t=0: U= (I—P)Uy, U= —P)U; in.

In fact, under the boundary control H, U, with the initial data ((/—P) U, (I—P)ﬁl) € Ker(P)x
Ker(P) is exactly null controllable, while, U, with the initial data (PUy, PU7) € Im(P) x Im(P)
is exactly synchronizable.

Theorem 4.4 Assume that the condition of compatibility (3.8) holds. Let P be defined by
(4.19). If system (1.1) is exactly synchronizable by p-groups, and the synchronizable part Uy is
independent of the applied boundary control H for t > T, then we have

p=gq and PD=0. (4.26)
In particular, if PU, = PU, = 0, then, for such initial data ((70, [71), system (1.1) is exactly
null controllable.

Proof By Theorem 4.1, the value of H on (0,e) x I'y can be arbitrarily taken. If the
synchronizable part Uy is independent of the applied boundary control H for t > T, then we
have

PD =0,

hence
Im(D) C Ker(P).
Noting (4.20), we have
dim Ker(P) =N —¢ and dim Im(D)=N —p,

then p = q.
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5 Determination of the State of Exact Boundary Synchronization

In the case of exact boundary synchronization, by Lemma 2.1, (1,1,---,1)T is a right
eigenvector of A, corresponding to the eigenvalue a defined by (2.2). Let 1,2, -, and
Ey,Es,---,E, with r > 1 be the Jordan chains of A and AT, respectively, corresponding to
the eigenvalue a, and Span{ey, eq,- - , £, } is bi-orthonormal to Span{ F1, Es, - - - , E,.}. Thus we
have

Ag; = ag; + €141, 1< <,
ATEk =aFp +Er_1, 1<k<r, (51)
(Ek,El)Zék[, 1<k I<r
with
e =(1,1,--- ., D)7 e.1=0 Ey=0. (5.2)

Let U = U(t,z) be the solution to the mixed initial-boundary value problem (1.1)—(1.2). If
system (1.1) is exactly synchronizable, then

t>T: U=ue,, (5.3)

where u = u(t,z) is the corresponding state of synchronization. The synchronizable part and
the controllable part are, respectively,

t>T: Us=wue., U.=0.

If the synchronizable part is independent of the applied boundary control H, by Theorem
4.4, we have r = 1, then A possesses a left eigenvector F such that

(E1,e1) = 1.
Generally speaking, when r > 1, setting
Y = (B, U), 1<k<m,
noting (4.19) and (4.22), we have

Thus, (¢1, - ,%,) are the coordinates of Uy under the basis (e1,€2, -+ ,&.).
Taking the inner product with Ej on both sides of (4.24), we get the following theorem.

Theorem 5.1 Let €1,e9,--- ,&, and E1,FEy,--- , E, be the Jordan chains of A and AT,

respectively, corresponding to the eigenvalue a, in which . = (1,---,1)T. Then the synchro-
nizable part Us = (Y1, -+ , 1) is determined by the following system (1 <k <r):
— Aty + ath + Pr—1 =0 in (0, +00) x Q,
Y =0 on (0,4+00) x Ty, ‘4
O = hy, on (0, +00) x I'y, (5:4)

t=0: 9y = (BEx,Up), ¥ = (B, U1) inQ,
where

Yo =0, hy=E; DH. (5.5)
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Noting (5.3), we have
t>T: p=(E,U)=(Ek,ue) =udgr, 1<k<r.
Thus, the state of synchronization u is determined by
t>T: wu=u(t,z)=1v.(t,2).
However, in order to get the state of synchronization u, we must solve the whole coupled
problem (5.4)—(5.5).
6 Determination of the State of Exact Boundary Synchronization by
3-Groups

In this section, for an example, we will give the details on the determination of the state of
exact boundary synchronization by 3-groups for system (1.1). The state of synchronization by p-
groups can be discussed in a similar way. We always assume that the condition of compatibility
(3.8) is satisfied.

By synchronization by 2-groups, when ¢ > T', we have

uD(tz) = = u™(t,2) L w2, (6.1)
w2y = - = w2 (4 x) def. us(t, ), (6.2)
um () == u™ (¢t 2) L us(t, @) (6.3)

Recall that the matrix C5 of synchronization by 3-groups is defined by (3.4). Let

ni na—mn1 N—ng
€1 = (17 71707"' 70707"' 70)T7
ni ng—nq N—no 6.4
82:(07...’()71’...7170’...70)T7 (6.4)
niy ng—nq N—no
— N "
€3 = (07 70705"' 70715"' 71) .
Obviously, we have that
Ker(C3) = Span{ey, ea, e3} (6.5)
and that the state of synchronization by 3-groups is given by (6.1)—(6.3) means that
t>T: U=wuier + uses + uges. (66)

Since the invariant subspace Span{es, e, e3} of A is of dimension 3, it may contain one, two
or three eigenvectors of A, thus we can distinguish the followings three cases.

(i) A admits three eigenvectors f,, gs and h; contained in Span{ei,eq, €3}, corresponding
to eigenvalues A, u and v, respectively. Let f1, fo, -+, fr; 91,92, - ,9s and hy,--- , hy be the
Jordan chains corresponding to these right eigenvectors:

Afi= A+ fir1, 1<i<r e41 =0,

Agj = pg; +gj+1, 1<7<s, gs41 =0, (6.7)
Ahg = vhg +hgr1, 1<k <t, hyyr =0,
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and let &1,&9, -+ & m1,m2, -+ ,Ms and (1, (o, - -+ , (¢ be the Jordan chains corresponding to the
related left eigenvectors:

AT =0+ &1, 1<i<r & =0,

ATy = pmj +mj-1, 1<5<s, 1m0 =0, (6.8)
ATG = vl + Ge1, 1<k <t (=0,

such that
(fi&) = b, (gjsnm) = Gjm>  (hi,Cn) = Okn (6.9)
fori,l=1,---7 jym=1,---8 k,n=1,---t and
(fism;) = (fir Ge) = (95, &) = (955 Ck) = (i, &) = (hi, ;) =0 (6.10)

fOI‘Z:l’T‘7 ]:1,8, k::l’t
Taking the inner product with &;,7;,{x on both sides of (1.1)—(1.2), respectively, and de-

noting
fori=1,- ] -8 k=1,---t, we get
(b” A¢z =+ /\d)z + ¢z 1=0 in (0, +OO) X Q,
i =0 on (0,+o00) x I'g,
6=0 (0,400) x Ty 612
Ovpi =& DH on (0, +00) x I'y,
t=0: ¢ = (&, 0o), ¢, = (& 01) inQ,
— Ay + s+ i1 =0 in (0, +oo) x €,
i=0 on (0,+00) x Iy,
=0 (0, +00) x Ty 615
Oy = n; DH on (0,+00) x I'y,
t=0: 7113:(7717[70), 71’;:(7717[71) in
and
6‘% — A0, + 10, +0,_1=0 in (0, —I—OO) x €,
0, =0 on (0,+00) x Iy,
’ - (0, o0) x T (6.14)
0,0, =(, DH on (0,400) x I'y,
t=0: 0p = (&, o), 0, = (G, U1) inQ
with
$o =9 = 6o = 0. (6.15)

Solving the reduced problems (6.12)—(6.14), we get ¢1 -+, ¢p; 1, , s and 01, -+, 6;.
Noting that f, gs, bt are contained in Span{es, es, €3}, we have

er = ay fr + aags + azhy,
ez = B1fr + Pags + Bahy, (6.16)
e3 = Y1fr + 7295 + v3hy.
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By (6.6) we have

t>T: U= (war+u2fi +usyi)fr + (uias + uafa + uzy2)gs
+ (ura + u2B3 + uzys)he. (6.17)

Noting (6.9)—(6.10), we have

Or = ur0q + u2B1 + Uz,
t>1T: s = urog + uz P + uzye, (6.18)
0 = uraz + u2f3 + uzys.

Since eq, ea, €3 are linearly independent, the linear system (6.16) is invertible. Then, the state
(u1,u2,u3)T of synchronization by 3-groups can be determined by solving the linear system
(6.18).

In particular, when r = s = t = 1, the invariant subspace Span{¢;,n:,(1} of AT is bi-
orthonormal to Ker(C3) = Span{eq, es,e3}. By Theorem 4.2, there exists a boundary control
matrix D € Dy _3, such that the state (u1,us,u3)T of synchronization by 3-groups is indepen-
dent of the applied boundary controls.

(ii) A admits two eigenvectors f, and g5 contained in Span{ej,es, e}, corresponding to
eigenvalues \ and pu, respectively. Let fi, fo, -, fr and g1,92, - ,¢gs be the Jordan chains
corresponding to these right eigenvectors:

Afi=Ni+ fir1, 1<i<r e 1 =0, (6.19)
Agj = pgj +gj+1, 1 <75 <8, gsp1=0 '
and let £1,&a,- -+ &5 M1, M2, -+ ,Ms be the Jordan chains corresponding to the related left eigen-
vectors:
ATEG =X+ &im, 1<i<r =0,
T§ & +&i—1 sis €o (6.20)
Atny =pn;+mj-1, 1< <s, =0,
such that
(fivfl):5il7 (gjvnm):(sjﬂ’m ialzla"'vr; jamzlv"'s (621)
and
(f’tvnm):(gjvgl)zov ivlzlv"'aT; j,m:1,-~-8. (622)
Taking the inner product with &;, n; on both sides of (1.1)-(1.2), respectively, and denoting

we get again the reduced problems (6.12)—(6.13).

In this case, since only two eigenvectors f;,gs are contained in the invariant subspace
Span{ey, e, e3} of dimension 3, either f,._; or gs_; is contained in Span{e;,es,es}. For fixing
idea, we assume that f,_; is contained in Span{ei, ez, es3}. Then we have

e1 = aifr +oafro1 + asgs,
e2 = Bifr + Bafr—1 + Psgs, (6.24)
e3 = y1fr +72fr—1 +739s-
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By (6.6) we have

t>T: U= (uwar+ufr +usy)fr+ (urce + u2fBa + usvye) fro1
+ (w13 + u2f3 + uzy3)gs. (6.25)

Noting (6.21)-(6.22), we have

¢ = uraq + u2B1 + us,
t>1: Gr—1 = ura + uzfa + uzye, (6.26)
Vs = uraz + usB3 + uzys.

Since eq,eq, e3 are linearly independent, the linear system (6.24) is invertible, then the state
(u1,u2,u3)T of synchronization by 3-groups can be determined by solving the linear system
(6.26).

In particular, when r = 2, s = 1, the invariant subspace Span{&;, &, m} of AT is bi-
orthonormal to Span{ei,es,es}. By Theorem 4.2, there exists a boundary control matrix
D € Dy_3, such that the state (uy,us,u3)T of synchronization by 3-groups is independent of
the applied boundary controls.

(iii) A admits only one eigenvector f, contained in Span{e;,eq, es}, corresponding to the

eigenvalue A\. Let fi, fo, -, fr be the Jordan chains corresponding to this right eigenvector:
Afi=Mi+ fix1, 1<i<r, fry1=0, (6.27)
and let &1,&, -+, &, be the Jordan chains corresponding to the related left eigenvector:
ATEG =X+ &1, 1<i<r, &=0 (6.28)
such that
(fi,&) =6u, i, l=1,---,m (6.29)

Taking the inner product with & on both sides of (1.1)—(1.2), and denoting
¢’i = (Uafl)v 1= 17"'T7 (630)

we get again the reduced problem (6.12).

In this case, since only one eigenvector f,. is contained in the invariant subspace Span{ey, es, e3}
which is of dimension 3, f._1 and f._o are necessarily contained in Span{es,es,e3}, then we
have

e1=a1fr +aafr1+azfro,
ez = Pufr + Bafr—1+ Bafr—2, (6.31)
es =y fr +v2fr—1 +v3fr-2.

By (6.6) we have

t>T: U= (uiar +uzfi +usm)fr + (uras + uzfa + uzye) fro1
+ (uras + u2fB3 + uzys) fr—2- (6.32)
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Noting (6.29), we have

¢r = w11 + Uz + Uz,
t>T: Gr—1 = 10 + uz B2 + uzye, (6.33)
¢r—2

ura + uz33 + uzys.

Since eq, eq, e3 are linearly independent, the linear system (6.31) is invertible, then the state
(u1,u2,u3)T of synchronization by 3-groups can be determined by solving the linear system
(6.33).

In particular, when r = 3, the invariant subspace {{1,&2,&3} of AT is bi-orthonormal to
Span{eq, e, e3}. By Theorem 4.2, there exists a boundary control matrix D € Dy _3, such that
the state (u1,uz,u3)T of synchronization by 3-groups is independent of the applied boundary
controls.

References

[1] Bardos, C., Lebeau, G. and Rauch, J., Sharp sufficient conditions for the observation, control, and stabi-
lization of waves from the boundary, STAM J. Control Optim., 30, 1992, 1024—-1065.

(2] Hu, L., Li, T.-T. and Rao, B. P., Exact boundary synchronization for a coupled system of 1-D wave
equations with coupled boundary conditions of dissipative type, Communications on Pure and Applied
Analysis, 13, 2014, 881-901.

Huygens, C., Horologium Oscillatorium Sive de Motu Pendulorum ad Horologia Aptato Demonstrationes
Geometricae, Apud F. Muguet, Parisiis, 1673.

3

[4] Li, T.-T. and Rao, B. P., Exaxt synchronization for a coupled system of wave equation with Dirichlet
boundary controls, Chin. Ann. Math., Ser. B, 34(1), 2013, 139-160.

(5] Li, T.-T. and Rao, B. P.,; A note on the exact synchronization by groups for a coupled system of wave
equations, Math. Meth. Appl. Sci., 38(13), 2015, 2803-2808.

[6] Li, T.-T. and Rao, B. P., On the exactly synchronizable state to a coupled system of wave equations,
Portugaliae Math., 72, 2015, 83-100.

[7] Li, T.-T. and Rao, B. P., Exact synchronization by groups for a coupled system of wave equations with
Dirichlet boundary controls, J. Math. Pures Appl., 105(1), 2016, 86-101.

(8] Li, T.-T. and Rao, B. P., Exact boundary controllability for a coupled system of wave equations with
Neumann controls, Chin. Ann. Math., Ser. B, 38(2), 2017, 473-488.

[9] Li, T.-T., Rao, B. P. and Hu, L., Exact boundary synchronization for a coupled system of 1-D wave
equations, ESAIM: Control, Optimisation and Calculus of Variations, 20, 2014, 339-361.

[10] Li, T.-T., Rao, B. P. and Wei, Y. M., Generalized exact boundary synchronization for a coupled system
of wave equations, Discrete Contin. Dyn. Syst., 34, 2014, 2893-2905.

[11] Lionms, J.-L. and Magenes, E., Non-homogeneous Boundary Value Problems and Applications, I, Springer-
Verlag, New York, Heidelberg, 1972.

[12] Pazy, A., Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied
Mathematical Sciences, 44, Springer-Verlag, New York, 1983.

[13] Wiener, N., Cybernetics, or Control and Communication in the Animal and the Machine, 2nd ed., the
M.I.T. Press, Cambridge, Mass., John Wiley & Sons, Inc., New York, London, 1961.



