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Mathematical Analysis of a Chemotaxis-Type
Model of Soil Carbon Dynamic*
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(Dedicated to Philippe G. Ciarlet on the occasion of his 80th birthday)

Abstract The goal of this paper is to study the mathematical properties of a new model
of soil carbon dynamics which is a reaction-diffusion system with a chemotactic term, with
the aim to account for the formation of soil aggregations in the bacterial and microorganism
spatial organization (hot spot in soil). This is a spatial and chemotactic version of MOMOS
(Modelling Organic changes by Micro-Organisms of Soil), a model recently introduced by
M. Pansu and his group. The authors present here two forms of chemotactic terms, first a
“classical” one and second a function which prevents the overcrowding of microorganisms.
They prove in each case the existence of a nonnegative global solution, and investigate its
uniqueness and the existence of a global attractor for all the solutions.

Keywords Soil organic carbon dynamics, Reaction-Diffusion-Advection system,

Positive weak solutions, Periodic weak solutions
2000 MR Subject Classification 35B09, 35B10, 35D30, 35K51, 35Q92

1 Introduction

Chemotaxis is the ability of some bacteria to direct their movement according to the gra-
dient of chemicals contained in their environment. In soil, some bacteria microorganisms that
degrade organic carbon (SOC for short) are motile and chemotactic. This phenomenon is ob-
served in experiments (see [1]) and on field. Nevertheless to our best knowledge no model
of terrestrial carbon cycle adresses this issue. Indeed, these models are essentially compar-
timental corresponding naturally to systems of ordinary differential equations (e.g. Century,
RothC, MOMOS) (see [2]). They are used globally to estimate soil CO2 emissions in local land
management and crop optimization, among other things.

Very few prototypes of spatial soil organic model have been proposed. Some of them use
systems of partial differential equations: Balesdent et al. [3] combined vertical directed trans-
port of organic carbon with a degradation phenomenon and diffusion. More recently, Goudjo
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et al. [4] proposed a three dimensional model for dissolved organic matter using also a sys-
tem of PDEs. Other authors opted for a finite sequence of interconnected systems of ordinary
differential equations each localized in a soil layer (see [5]).

We previously studied the model MOMOS proposed by Pansu [6-7], which is a nonlinear
system of ordinary differential equations (see [8]) written as

y=g(ty),
where
U
y=1| v
w
and

—ki(t)u — q(t)u® + ka2 (t)v + kz(t)w + f(t)
G(t,y) = k1 (t)u — (k2(t) + ka(t))v
ka(t)v — ks(t)w.

In these equations the unknown u models the alive microbial biomass, whereas the unknowns
v and w are soil organic matters with distinct decomposition rates.

In reality, the nonnegative functions k;, i« € {1,2,3,4}, ¢ and f depend not only on time
but also on space because of the variability in soil clay content. The phenomena described
by MOMOS can also be subjected to the influence of transport and sedimentation through
transport and diffusion.

In order to test the effect of soil heterogeneity we studied in [9] the following reaction-

diffusion-advection initial problem:
Bui
ot
v (Ai(t,x)Vu;) v+ Bi(t,x)u; =0, (t,z) € Xy :=(0,T) x 09,
’U,Z(O) = U;5,0 in Q,

— div(A;(t,7)Vu;) + Bi(t, 2)Vu; = g (t,x,u), (t,z) € Qr = (0,T) x €,

where () is a domain in R” representing the soil, A; is a diffusion matrix and B; a transport
vector, for each ¢ = 1,2, 3.

In [9] the boundary conditions were either of Dirichlet type (v =0, 8; = 1) or of Neumann-
Robin type (y =1, Bi(t,x) > 0). The right hand side term of (1.1) was

—k1(t, x)ur — q(t, x)|ur|ur + ko (t, 2)ug + ks(t, x)us + f(t, x)
g+(ta$au) = kl(tv‘r)ul - (kQ(tv‘r) + k4(t,il?))’&2 )
k4 (t, {E)’U,Q - k3 (t, CL‘)’U,3
where we replaced the term ¢(t, z)u? with q(¢,2)|u1|u; for more accuracy, since q(t,x)u; cor-
responds to a kinetic coefficient that cannot be negative. We assumed there that the diffusion

matrices A; were bounded, symmetric and coercive:

Ai S LOO(QT)an’
Ai(t,z)¢-¢>c¢f?, YCER™ ae. in Qr with ¢ >0
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and the transport vectors B; were bounded on Qr:
B; € L™(Qr)Y, |(Bi(t,2));| < cmax ae. in Qp forall1<j <n.

Also we assumed that the functions k;, 8; and ¢ were nonnegative and bounded, i.e., for all
j=1,234andi=1,2,3,

kja qc LOO(QT)a 0 S kj(t,a:),q(t,x) S Cmax a.e. on QTv
Bi € L®(Xr), 0<Bi(t,r) < Cnax  ae. on X,

where constant Cax > 0. Finally we assumed that the initial data and input were nonnegative
and bounded:

i,0 € Li(Q)ﬂ f € La— (QT)7 f(ta {E) < Crnax a.e. on QT.

In [9] we proved first that this model had a unique weak solution. We were looking for weak
solutions, because initial inputs were not regular enough to give rise to more “regular” solutions.
Second, for periodic data, we proved the existence of a maximal and a minimal periodic solution
of this system. In some particular cases, the minimal and the maximal periodic solutions
coincide and this function becomes a global attractor for any bounded solution of the periodic
system.

In the present work a new PDEs model is considered to take account of chemotaxis. The
chemotactic movement of bacteria to root exudates is well known to play an important role
in rhizosphere colonisation. Field studies with tracers and laboratory experiments using soil
columns were both used to demonstrate the effect of chemotaxis on microbial movements. So,
the model proposed here can represent the spatial heterogeneity of soil microbial biomass,
highlighted by recent observations at submicron scale (see [1]).

The new model derived from a simplified MOMOS ODEs model, which comprised only two
differential equations instead of the three originally, where the microbial biomass was u and the
organic matter was v. As additional simplifying hypothesis soil temperature, soil moisture, soil
texture and organic input were considered to be isotropic and constant with time. Hence, the

simplified ODEs model can be expressed as

U= —kiu — qu® + kov,
U =—kov+kiu+ f

with the initial conditions (ug, vg), where k; is the microbial mortality rate, ko is the soil carbon
degradation rate, ¢ is the metabolic quotient and f is the soil organic carbon input. It can be
proved that the unique positive steady state (ug, vg) is stable (see [8]).

The chemotaxis-type model was finded following the conventional Keller-Segel approach (see
[10]), using an advection-diffusion system. This comprised two parabolic equations in a smooth
domain with no-flux boundary conditions. The advection term was controlled by the gradient
of the chemo-attractant. Applying the same principles to our problem leads to the following
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reaction-diffusion-chemotaxis system (Py):

Ou — aAu = —Bdiv(h(u)Vv) — kiu — qlulu + kav, (t,2) € Qr,
O — dAv = —kov + kyu+ f,  (t,x) € Qr,

Vu-v=Vv-v=0, (t,x)¢€ X, (Pn)
u(0) =ug in Q,
v(0) =wvg in Q.

The parameter (3 is the chemotaxis sensitivity, a and d are the diffusion coefficients of microbes
and soil organic carbon respectively, € is a smooth and bounded domain, and h(-) is a continuous
function, involved in the modelling of chemotaxis. As bacteria can release exoenzymes to avoid
overcrowding, the function h can be selected to limit overcrowding, as required. This new
model is, therefore, a new variation of the Keller-Segel approach (see [10]) with the reaction
part modified to fit the MOMOS model. In the first equation of (P},), we change again the
term qu? by qlulu (see [9]).

We prove here (see Appendix 1) the existence of Turing patterns that may provide possi-
ble explanations for the formation of soil aggregations, for the bacterial (see [21]) and micro-
organisms spatial organizations (hotspots in soil) or justify the formation of the microscopic
patterns observed by Vogel et al. [1]. Although spatial heterogeneity can be verified visually in
a numerical simulation (see Appendix 2), formal mathematical analysis is required to confirm
its emergence and to provide a mathematical proof of the necessary conditions. The mathe-
matical criteria are based on matrices derived from equations and analysed using conditions on
the determinant, trace and eigenvalues.

Keller-Segel model was the earliest mathematical system involving chemotaxis (see [10]).
Many other models emerged specially in biology and ecology. Most authors focused their efforts
essentially on existence and on asymptotic behaviour of solutions in one or two dimensional
domains in order to avoid blow-up of solutions (see [11-15] and references therein).

Unlike the classical Keller-Segel model, where equations are coupled only by the chemotactic
term, the system of partial differential equations (F,) is also coupled through the reaction term.
More specifically, the organic matter will not only attract microorganisms, but part of it will be
“transformed”, under a degradation process, to microorganisms. This mechanism introduces
a supplementary linear coupling term in the first equation of this model. Many authors (see
[11-13] and references therein) already considered reaction coupling terms, but under some re-
strictive conditions, which are not verified here. This feed-back in the chemotactic equation is
not compatible with mass conservation of microorganisms, unlike in [12, 15]. Furthermore, nei-
ther the boundedness of the microorganisms total mass nor the positivity and the boundedness
(existence of threshold) of the solution remain immediate, unlike in [11, 13-14].

Our main concern here is to prove the existence of a unique solution to this minimal MOMOS
model improved by adding chemotaxis effect. We consider two chemotactic functions h, a
“classical” one, h(u) = u, and a second one which prevents overcrowding of microorganisms,
hu) = u(M —u) if 0 < u < M and zero otherwise, proposed by Wrzosek [15].

This paper is organized as follows. Section 2 introduces some notations, results and tools
used throughout the paper. Section 3 presents sufficient conditions to get global solutions, and
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to prove the existence of an exponential attractor, in the case where h(u) = u. Section 4 is
concerned with the second chemotactic function, where the chemotactic term cancels when u
achieves the threshold M, which helps to prove that any local solution is actually global. In
Sections 3—4 the domain is two dimensional. In Section 5, still keeping the second form of A
and for domains of dimension less than or equal to 3 (the dimension 3 is particularly interesting
in applications), we prove the existence of a unique solution, with less restrictions on the initial
conditions and forcing term than in Section 4. In Appendix 1 we prove that chemotactic term in
system (P},) is mandatory to obtain Turing patterns and in Appendix 2 we give some numerical

simulations.

2 Mathematical Preliminary and Notations

Unless it is explicitly indicated, Q is a bounded region in R? of C? class, the constants
a,f3,q,d, k1 and ko are nonnegative, and f is a nonegative function belonging to an admissible
space to be fixed later. In all that follows C' denotes a positive constant which may vary from
line to line.

We recall here some known results (see [16-17] and references therein) that will help after-

wards.

Interpolation space For 0 < sy < s < $1 < oo, H*(Q)) is the interpolation space
[H®0(2), H*1(Q)]g with s = (1 —0)so+0s1 between H*°(Q2) and H** (). Furthermore, we have

—9
-l <11 117

ol e (2.1)

Embedding theorem When 0 < s < 1, H*(Q) C LP(Q) for 1 = 45° with the estimate
I llze < Csll - e

When s =1, HY(Q) C L4(Q) for any 1 < ¢ < oo and

1—P P
I llee < Copll - g - 1 2o (2.2)

where 1 < p < ¢ < 0.
When s > 1, H*(2) C C(Q) with continuous embedding.

Fractional power of the Laplace operator (see [12] and [17, Chapter 2.7]) Let ag,a; >0
be constants and L = —a; A+ ag be the Laplace operator equipped with the Newman boundary
conditions, with the domain D(L) = {u € H*(Q); 2% = 0 on 9Q} = H%(). Thus L is a
positive definite self-adjoint operator of L2(2). For 6 > 0, the fractional power on L is defined
and noted L? and L? is also a positive definite self-adjoint operator on L2(2). More

H*(Q), 0<6< g,

D(L?) = 5 )
20 — < —

H? (), . <0< 5

with the norm equivalence.
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There are some useful inequalities.

Biler’s lemma (see [18]) Let 0 < u € H'(Q) and Ny, (u) := [|(u + 1)log(u + 1)|| 1. For
any n > 0,

lullzs < nllllm Nigg(w) +p(n™ )l 1, (2.3)

where p(-) denotes here some increasing function.

Let € € (0,1]. It is proved in [13], (2.10)—(2.12) that

IV (uVv)| 2 < Cellullgr||v]|gze-  for all u € HY(), v e H*T5(Q), (2.4)
IV (V)| < Ccllullgree||v||gz for all u € H'™5(Q), v e H*(Q), (2.5)
IV (uVo)||g < C|lullgz|lv] g3 for all u € H*(Q), v € H3(Q). (2.6)

Local existence We need first to prove the existence of local solution of (P). For this
purpose, we use the result obtained by Yagi and based on the Galerkin method (see [12, 17]).

Let V and H be seperable Hilbert spaces with dense and compact embedding V' C H. Let
V' be the dual space of V' and identify H and H’ to get

VcHCcCV.

The duality product between V and V’ is denoted by (-, -). It coincides with the scalar product
on H denoted by (-, ).
Consider the following Cauchy problem of a semilinear abstract differential equation:

au
AU = F(t <T

o TAU=GU) + (), 0<i<T )
U(0) = Up

in the space V.
Here, A is the positive definite self-adjoint operator of H defined by a symmetric sesquilinear
form a(U,U) on V, with (AU, U)yv.v+ = a(U,U).

Assumptions on a(-,-)
(ad) la(U,0)|a < MU |vI[T]lv, U, U €V,
(a.i) a(U,U) > 6|U|3, UeV
with constants §, M > 0. The operator A is also bounded from V to V.

Assumptions on G(-) G(.) is a continuous function from V to V', which satisfy
(g.1) For each ¢ > 0, there exists an increasing continuous function ¢ : [0,00) — [0, 00)
such that

IGW)Ilv: < ClUllv + ¢¢([Ullu), UeV.

(g.ii) For each ¢ > 0, there exists an increasing continuous function ¢ : [0,00) — [0, c0)
such that

IG(W) = GO)lv: < ¢IU = Ul + (Ul + U] z)
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X IU=Ullu(Ullv + 1Ullv +1), U,UeV.
Finally F(-) € L*(0,T;V’) is a given function and Uy € H is an initial value. Then, we have
the following result (see [12]).
Theorem 2.1 Under Assumptions (a.i), (a.ii), (g.i) and (g.ii) and for every F(-) € L?(0,T;
V') and Uy € H, there exists a unique local solution U of (2.7) such that

Ue HY 0,T(Uy, F); V') n C([0,T(Uy, F)]; H) N L*(0,T(Uy, F), V).

Here T(Uy, F) is determined by the norm |Uo||lg and || F||L20,7;v7)-

3 First Case: h(u) = u

3.1 Local existence and positivity
Let ¢ arbitrarily fixed, g¢ € (0,1).
Theorem 3.1 Let ug € L*(Q2), vo € H™0(Q) and f € L*(0,T; H*(Q)) be nonnegative
functions. Then (Pr) has a unique nonnegative local solution on an interval [0,Ty] such that
w e H'(0,To; H'(Q)') 1 C((0. Tol; LA()) 1 L*(0, To, H' (),
v € H'(0, To; H () N C((0, ToJs H'**0(9)) 0 L*(0, Ty, HY™(2)),

where Ty depends only on || f||L2(0,13220 () |[wollL2(0) and ||[vol| gr+eo (q)-

Proof First Step Construction of a unique local solution.

Let Ay = —aA + ky and Ay = —dA + ko be two operators with the same domain HZ ().
Aj and A, are positive self-adjoint operators on L?(2). We can then define their corresponding
fractional power operators (see [17]), as described in the previous section.

Let V = H'(Q) x Hy°(Q) and H = L?(Q) x H'*50(Q). Identifying H with its dual space
gives VC H=H CV'and V' = (HY(Q)) x H*(Q) with the duality product:

~ - 1450 0
(U.Ohvivr = (w, @y + (A" 2 0, A7 9) 2 1,
where U = (u,v) € V and U = (u,7) € V.
We also set a symmetric sesquilinear form on V' x V,
o(U,T) = / (aVu- Vi + kyuii}de + (A7 0, A 5)
Q
for U = (u,v) and U = (@,0) € V.

This form is in fact a linear isomorphism A from V to V”:

(A0
=5 4
and A becomes a positive definite self-adjoint operator in H.
Finally let f(-) € L?(0,T, H*°(Q)) and let G : V — V' be the mapping

BV (uVv) — qlulu + kov
klu

G(U) = (
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with U = (u,v) € V.

Then (P,) is the following semilinear differential equation:

dU o

— <
T +AU=GU)+ F({t) V', 0<t<T, (3.1)
U(0) = Uy,

where F(t) = (;()-

In order to apply the existence result of Theorem 2.1 to problem (3.1), let us verify the
assumptions on a(-, -) and G(-).

The assumptions on a(-,-) are classically satisfied (see for example [12]).

For the conditions on G' we have that for an arbitrary U = (u,v) € V and § > 0,

1 1 1 1
IV - (Vo) zry < CllullzalVollps < full 22 llull 2ol B llvll 7
1 1 1+eg l-eq
< ullzzllull Fallvll e vl g3e

1+52 1-52
<CIUlg > 0Ny 2 <<IUNv + oc(UNx)

and
[ollry < CIUNm,  [e?llny < Cllullzs < Cllulla + de([lull 22)-
Finally it is clear that

[ullzeo < Cllullmr + Ce(llullz2)-
All these inequalities show that the condition (g.i) is fullfiled.
From the embedding theorem, we have

| / (@i~ w)Vo - Vpda| < Ol — ull [l seseo
Q

| [ 9= oy Voda| < Clluln 7= vl ol
and using the interpolation theorem and Young inequality we obtain
lu =l =0 < CIU = T[NV = Ul
< U =Tllv +Cc|U = Ullu
for an arbitrary ¢ > 0. On the other hand we have that

Julul = alulll gy < C(I(Jul = [al)ull 5 +[[(u —@)alll, 5)

< Cllu—ullpz(([ull s + llull o).
All these inequalities permit to show that condition (g.ii) is fullfiled too.

Second Step Positivity of the solution.
Now let us take the following semilinear system:

(L—[t]+AU:@(U)+F(t), 0<t<T,

U(0) = Uy,

(3.2)
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where A, F' and Y are defined as previously, and the mapping G :V — V' is defined by
G(U) = <ﬁV(uV1}) — qlulu+ k2|v|) '

klu
By Theorem 2.1. there exists a local solution U = (u,v) on [0,Tp] x Q with Ty depending only
on Up and F. Let us define «* = max(u,0) and u~ = max(—u, 0).
We multiply the first equation by —u~ and we integrate in space. So

1d

—— w2 4 al|VuT || + kyluT |2 < / fu”VoVu~ dx

2dt Q

SBHVUHLOO/u_|Vu_|dx
Q
for 0 < t <Tj.
Using Young inequality we get

1d, _ _ _ _
sl e +allVe |z < [IVole=(Cellu™ |72 +ellVaTl72)

with € > 0 small enough and C; > 0.

7 J— a
Taking € = Tool= We get

d, _ _
FAL 172 < Ol VolZe llu™ 22
< Olvl|Fzee0 w122
Since v € L*(0,Tp; H*40(2)) and [Jug [|3. = 0 by Gronwall lemma we deduce that u is non-

negative on [0, 7Tp]. By classical results on linear parabolic equations v is nonnegative on [0, 7o)

too. So, the nonnegative solution U of (3.2) is also a solution of (3.1).

Remark 3.1 If initial conditions Uj and data f are not positive, this theorem proves anyway
the existence of a local solution. However, as this is an ecology model, only nonnegative solutions
make sense.

With minor changes due to our different problem (P), we prove as in [13] the following
theorems.

Theorem 3.2 Let Uy = (ug,v9) € HY(Q) x H%(Q) and f € L*(0,T; H'()). Then there

exists a unique local solution U = (u,v) of (3.1) on an interval [0, Ty, s] such that
w e H'(0,Ty,5; L*(2) N C([0, Ty, 5 H () N L*(0, Ty, £, HX (),
v € H(0, Ty, r; H' () N C([0, Ty, gl H () 0 L0, Ty g, HY (),
where Ty, s is determined by || f| r2(0,7;m @)): [wollmr () and |lvol g2 (q)-

Theorem 3.3 Let Uy = (ug,vo) € H%(Q) x Hx(Q) and f € L?(0,T; H3 (). Then there

exists a unique local solution U = (u,v) to (3.1) on an interval [0, Ty, ] such that

u € H'(0, Ty,, s H' (2)) 0 C((0, T ¢]; HX () 0 L0, Ty, g, HR (),
v € H'(0, Ty, 53 HY () N C([0, Ty g1 HY () 0 L(0, Ty, ., D(A3)(2)),

where Ty, 5 is determined by || flL2c0,7;52(0)), |uollr2(0) and [|vol s (q)-
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3.2 Global existence

This section is devoted to proving the following result.

Theorem 3.4 Leteg € (0,1) and let ug € L*(Q), vo € H***0(Q) and f € L?(0,T, H(Q))N
L>(0,T; L?(Q2)) be nonnegative functions. Then there exists a unique global and nonnegative
solution (u,v) for the system (Py) with h(u) = u such that

we H'(0,T; (H'(2))") N C([0,T]; L*()) N L*(0,T; H'(2)),
v e HY(0,T; H(Q)) N C([0,T]; HF= () N L2(0, T3 HY ().

Proof We proceed in two steps.

First Step We show that [[v]|g1(q) and Ni,(u) = [[(u + 1)log(u + 1)||L1(e) are bounded
for all t € [0, Tp).

We consider the function log(u + 1). Since Vlog(u 4 1) = 2%, it follows that log(u + 1) €
L2(0, Ty; H'(Q)). Noting that

du

d
T /Q{(u—i— Dlog(u+1) —u}de = <dt,log(u + 1)>H17(H1)/,

we obtain from the first equation of (P},) multiplied by log(u + 1) that
d
< / {(u+ Dlog(u + 1) — u}de + 4a/ VVaF 1P da
Q Q
= ﬁ/ Y Yuvuds + / (—k1u — qu? + kov) log(u + 1)dz.

So using Stokes theorem we deduce

U n 1
| 7 vuvvde = [ logtu+ 1)~ w)Avde < L avlaq, + g-llule
Since
(k1w + qu?)log(u 4+ 1) > k1 ((u + Dlog(u + 1) — u),
if we denote W(t) = [|(u + 1)log(u + 1) — ul|L1(q), we get

d i 2 k3 B 2 €2
GO+ R0 < G180 + (5 + 5 ) Il + 510l

with arbitary €, n > 0.
From the second equation of (Pp,) multiplied respectively by v and Av, we obtain that

1d
——/v2+d/ |VU|2dx+k2/v2dx:k1/uvdx—i—/vfdx
2dt Jo Q Q Q Q

B 2 kl 2 1 2
- T §)||UHL2(Q) + ﬂ”u”LZ(Q) + ﬁ”f”p(n)

with arbitrary A, B > 0 and

1
—E/ |Vv|2+d/ |Av|2da:+k2/ |Vv|2dx=k1/uAvda:+/fAvdx
2dt Jg Q Q Q Q
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kC D , ki o 1, .
< (T + §)||AU||L2(Q) + %HUHLQ(Q) + Enf"L?(Q)
with arbitrary C, D > 0.
Choosing ¢ = d, n—kQ,A—T B:%,C:%,D:%,wededuce
d d
E(‘I’(t) + ||U||§{1 @)+ §||AU||%2(Q) + kal[v[|F1 0y + R ()
) (55 + 3)
< Bk 3.3
(k2 o b5 ) g, + 11720 (3.3)
By addition of the first two equation of (P},) it follows that
d 2
3 ullzr@) + vllzr ) + dllullze@) = 1fllz @), (3.4)
which implies that for all ¢ € [0, T;] we have the inequality
lu(t)l L) + lv(E) Lo
t
< luollzey + lollzsiar + [ 1766)zscards (3.5)
0
AS Nby(10) = Jofu-+ Dlog(u-+ 1)z we have W(0) = Npy(u(0) = [u(0)zss): Devote 5 =

max (1, (lC2 + sz +h gy M 1)) and o := min(ky, k2) > 0. Therefore from (3.3)—(3.5) we obtain

the followmg inequality:

%(Nllog(u(t)) + vl @ + 0 = Dlu®)llzy) + o)l @)

+ 0 (Nigg (u(®)) + 1o 72 0y + (6 = Dllu@®)l L) + 8llv®)llzr @)
<o (6 + D([luollzr ) + llvoll 1))

+ ol + (1 + IOl + 5 [ 156 zsards.

We denote g(t) = Ny (u(t)) + [0(t) s oy + (0 = Dllu(®ll 2o + (@) 1210
Since ¢(t) satisfies the following ordinary differential inequality:

g'(t)+og(t) <o(d+1)(luoll i) + llvollLi)) + 0IfF )l L)
11 ) !
+ (5 + DO 8 [ 176 @ds = C
with C' > 0 depending only on ||f||Lm(OyT;L2(Q)), ||'LLO||L2(Q) and ||UO||H1+EQ(Q), we get
g(t) <e ?'g(0)+ C forallt>0.
Thus the inequality

Nigg (u(t)) + [[o(t) 1510
< Nygg(uo) + llvollFri ) + (6 = Dlluollzr @) + dllvoll L1 @) + C

(3.7)

holds for all ¢ € [0, Tp], where the last constant C' > 0 is independent of T and depends only

on || fll e o,r522(9))5 lwollz2(o) and [Jvol| gri+eo ()
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Second Step We take t; € (0,7p) so that v(t1) € H(Q) and u(t;) € H*(Q) and we set
u(t1) = up and v(t1) = v1. From Theorem 3.1 we already know that such a time #; exists,
arbitrary small. In this step t varies in [t1,Tp]. From the first equation of (Py,) we have

1d

= llull2s + al FulZ + kyflul2: + gllul}s = / wda+ D / Avdz.
2dt 0 2 /o

From Young inequality and interpolation inequality (2.1) we get
1
[ wavds < njavt+ 7l
Q
1
< nCl|vllFallvllz + 077 [Julgs

with n > 0 arbitrary.
Therefore (3.7) together with this yields that

[ wavde <nCllolls + 07 juls,
Q
In addition
3 —1y. 13
[ wde < Xl + X ol s e

with x > 0 arbitrary.
Using Biler’s lemma (2.3) we verify from (3.7) that

lullFs @y < nCllullFn +pn~)

with p a positive increasing function, depending on || || Lo (0,7;22(02)), [0/l 2(2) and [[vo|| gr+<0 (@)
as well as the constant C' > 0.

Thus we deduce the following inequality:
1d
2dt

< &(loliFs + lullzp) +p(E™") (3.8)

lullZ> + allVull gz + k()12 + qllullzs

with p a positive increasing function depending on || f|| o< (0,7:22(22)), [[©ollz2(0) and [lvo || g1+<0 (02)
& > 0 an arbitrary constant.

On the other hand, we consider v as a solution of the Cauchy problem

d
Ev%—AzU:kﬂH-f, t1 <t < Ty,

U(tl) S Hl(Q)
in the space H'(Q). Since kyu + f € L2(t1,To; H'(2)) and vy € D(A2) = H%(Q) it follows
3 1
that v € Lz(tl, To,D(AQZ) NH! (tl, To,D(AQZ) and

d

1 3 1 1
GA3v=—Afvt hAfut A f, h<t<To.
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Therefore
S ldovl3a + 1ATolZ: < OOl AFulha + 143 FIR2).
As D(A?) C H3(Q), we obtain
Aol + 8ol < Cllulln + 17130 ) (3.9)

with some 6 > 0. Let a3 = min(a, k1) > 0. We now sum up (3.9) and (3.8) multiplied by %,
where C' > 0 is the constant appearing in (3.9). Then it follows that

Sl + Azl + 01 = €20l + (5 - €22 ) il

< CHIF O +pE )} (3.10)
with some constant C; > 0 independent of Ty. Choosing ¢ small enough we conclude that
s T
[ s+ o)) e < Caflunle + on s + [ (170 + 1)t}
1 1

with some constant Cy > 0 dependent on || f|| (0, 7;2(0)) and the initial condition Uy through
luol > and |lvg||g1+<0, but independent of Tp. The norms |[ul| 2, 151 () and |[v|L2e, 1,
m3(q)) do not depend on Ty and hence those of ||ullc(,,70);22()) and |[v]lc (e, 1) 152 () do not
depend either.

In particular this shows that the solution (u,v) can be extended as a weak solution beyond
the TQ.

3.3 Exponential attractor

Suppose that f is a positive constant function. Then we have the following result.

Proposition 3.1 Let ug € H%(Q) and vo € Hy(Q) be nonnegative functions. Let u,v be
the global solution of (Py). Then, with some continuous increasing function p(-) the following

estimate holds:

lu()ll 2 ) + l[v(E) a3 @) < p(luolla20) + llvoll g3y + f)
for 0 <t < 0.

Proof Using (3.10) we deduce the existence of two constants o > 0 and C' > 0 such that

[u()|Z2 + o) 72 < Ce™ " ([|uol|Z2 + [[vollF2)
+ p(f + Niog (uo) + [[voll 1) (3.11)

Multiplying the first equation of (P,) by Au and integrating over 2 gives

1
L4 Tuls + aldula + kTl
1 1
6] 5||Au|\%2+—/ |Vu|2|Vv|2dx—|——/ |u|2|Av|2da:)
2e Q 2¢e Q
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+ €| Vulli2 + Co || V|32, (3.12)

where ¢, and C. are positive constants derived from Young inequality. Using technical
inequalities proved in [13, Proposition 4.1], we obtain

1d
§E||VU||%2 + (a — Be)||AulZz + (k1 — )| Vul| 72
< 211(/ |Vu|2|Vv|2dx—|—/ |u|2|Av|2daz) +Cs/||Vv(t)||2L2
Q Q
B _
< 2_5(77”Au”%2 + p(llull2 + ol gz +071)) + Cor[| V] 72

Taking n = €2, € = % leads to

d
IVullzz +allAulzz +2(k — &) VulZ:

62
< —pllullzz + ol az@) + Ceo [ VollZe. (3.13)

Take the second equation of (P,) operated by A, choose A%v as a test function and integrate
the product in Q. After some calculations as in [13], we have

d k3
T lIVAVIE: + A A%z + 2k VAV[72 < —[|AufZe. (3.14)
We sum (3.14) multiplied by 7 and (3.13). Thus we obtain

d ~k?
S UIVuls + 51V AvIE) +d| A% + (a = T0 )| Al

kay
kl —¢&

+2(k1 — ) (| VullZ2 + VA7)
< p(llullzz + vl 2)-
Then for v and ¢’ small enough, there exists a positive constant ¢’ such that
d 2 2 / 2 2
3 IVulze +7[VAv[Z.) + o' ([Vulz: +7[VAu(#)]Z-)
< p(llull gz + l|vl| m2)- (3.15)

So, we can find x > 0 such as (3.11) is valid when o = x and

lu@®liFr @) + o)l
< e X (|luollFn + llvollFs) + p(f + llwollrz + llvollar2)- (3.16)

We verify also that
t
/0 (1A%0(s)[1Z2 + lu(s)llz=)ds < C(llvollzs + lluollFn) +tp(f + luollze + l[volla=).

Finally, taking the first equation of (P}) operated by V and multiplied by VAu, as in [13],
gives

%HAU”%2 +a||VAu||3. = ﬁ/ V(V - uVv) - VAudz
Q

N =
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+ ky / Vu - VAudx + Qq/ uVu - VAudz
Q Q
— ko / Vo - VAudz, (3.17)
Q

that is,

d a
EHAuH%z(Q) + a||VAu||2L2(Q) < §HVAuH%2 + C/Q IV(V - (uVo)[2dz

N | =

+C(/ |uVu|2dx+||VU||2Lz). (3.18)
Q

The terms [, |[V(V - (uVv)|*dz and [, [uVu|*dz of (3.18) can be estimated (see [13, Proof of
Proposition 4.1, Step 6]) by

nllVAulZ + p(llull i + vl s, +77")

with an arbitrary n > 0. Thus we obtain

1d
2dt
<nllVAulZe +pllullm + ol +070). (3.19)

a
1AullZ: + S VAu[Z2 + ([l Aul

Hence we can find a constant x > 0 such that (3.16) is valid and

lu®)llz < e [luollzr +p(f + luoll s + l[vollm2)- (3.20)

To prove the existence of an exponential attractor, we will use the following result.

Proposition 3.2 Let ug € L*(Q), vo € H'T(Q) be nonnegative functions. Then there

exists a continuous increasing function p(-) independent of uy and vy, such that
[u(®)ll7r2 + o)1 F < P(f + Nigg(uo) + llvoll () +71).

Proof Since the proof follows exactly the same ideas and technical difficulties as in the
proof of [13, Theorem 4.6], we skip it here.

We can now prove the existence of an exponential attractor: Let H = L?(Q) x H'(Q) and

consider the initial value problem

AU
- TAU=G(), -
U(0) = Uy

in H, with A as in Subsection 3.1 and D(A) = H2(Q) x H3(2) and

BV (uVv) — qlu|u + kv
G(U) = ( e ) |

Let K = {(u,v) € L2(Q) x H;°°(Q)} be the space of initial values and Uy € K.

We have proved already the existence of a unique global solution U = (u,v) continuous with
respect to the initial condition Uy. We define then a continuous semigroup {S(t);>0} on K by
S(t)Uy = U(t). For a fixed t > 0, S(t) maps K into K N D(A).

Denote B, := {(u,v) € K;||uoll 2 + ||vo|| 1+<0 < 7} a bounded ball of K with radius r > 0.
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Proposition 3.3 There exists a universal constant C > 0 such that the following statement
holds: For each r > 0 there exists a time t, > 0 such that

sup sup HS(t)UOHH2(Q)><H3(Q) <.
tztr UOEBT‘

Proof Fix 0 < r < oo. By t, and C, we denote some time and positive constant which
depend on r but are uniform in Uy € B,., respectively. By Proposition 3.2, there exist a time
t,. and a constant C, such that for ¢t > t,.,

lu(®)llz2 + lo@®)l7s < Cr. (3.21)

The desired estimate will be established step by step.
Let us add the first equation of (P},) and the second one multiplied by 2 and let us integrate
in space the result. If ®(t) := ||u(t)|| L1 + 2||v(¢)||L:, we obtain

%(I)(t)‘i‘%q)(t):/Q(_q?ﬂ‘f'klu‘i‘%u) dx+f|Q|§{4iq(k1+k—22)2+f}|Q|-

Thus

o(t) < {o(0) - %(4% (b 2) ) ar)e e+ %(4—1(] (b +2) 4+ 1)
and we deduce

lu®)llz + 2llv()] 2 < C(Cre™ +1)

with C, ¢ > 0 universal constants and C, > 0 a constant depending on r. This shows that

there exists a time denoted by ¢, such that for all ¢t > ¢,
lu(®)][r + o)l < C (3.22)

with C' > 0 a universal constant.

From (3.6) and (3.22) it follows that

g(t) < (9(0) = C)e =) 4 ¢ for t > t,.

Then there exists another time ¢, and another universal constant C' > 0 such that
lo@®)]| g < C, Nﬁ)g(u(t)) <C fort>t,.

From (3.11) and (3.21) we deduce that

()| m2(0) + [[u(t)] L2y < Cre™ 7= +C for t > t,,

and that there exist another time ¢, and another constant C' > 0, such that

vl m2(0) + lu()ll2@) < C fort > ¢,.

Finally using (3.16), (3.20) and repeat the argument we finish the proof.
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Let 2 = {(u,v) € H{(Q) x H}(Q) / [|ull g2y + [[v]|#30) < C} N K with C the constant
appearing in Proposition 3.3. We proved that % is a compact absorbing set for ({S(¢)}i>0, K).
Hence by Temam [19], there exists a global attractor &/ C K, where &/ is a compact and
connected subset of K.

Let 57 = t>%%8(t)<@ where tg is such that S(¢)% C #. Then 5 is a compact set of K

with & C 2 C K. Since J is absorbing and positively invariant for {S(t)i=0}, we apply to
the dynamical system ({S(t)}+>0, 7)) as follows.

Theorem 3.5 (see [20, Theorem 3.1]) Let I'(t,Uy) = S(t)Uy be a mapping from [0, T x H
into . If G satisfies

IGW) =G| < [A2(U = V)|, U Vext (C1)
and I' is such that
IT(t, Up) = T(s, V)|l < Cr(Jt — s| + ||Uo — Vollm, t,s€]0,T], Uy, Vo € H# (Ca)
for each T > 0, then there is an exponential attractor A for ({S(t)}, ).

Thus we obtain the following result.

Theorem 3.6 There exists an exponential attractor 4 of the dynamical system ({S(t)}>0,

Proof Since the forcing term f is constant and the reaction coupling of the first equation

of (E) is linear in U: kqv, the proof is the same as provided in [13, Theorem 5.1].

4 Second Case: h(u) = u(M — u)
Let M be a positive constant and consider a continuous function h of h such as

h(u) =u(M —u) if0<u<M, (4.1)
h(u) =0 otherwise. '

Then we have the following result.

Proposition 4.1 Leteg > 0 and f be a nonnegative function in L*(0,T; H(Q))NE>(Qr).
For each nonnegative initial condition (ug,vo) in L2(2) x H €0 (Q) there exists a constant Ty

such that 0 < Ty < T and a unique nonnegative solution (u,v) of (P5) such that
we HY(0, Ty; (H'(9))') N C(0, To]; LA(9)) N L2(0, To; H'(2)),
v € H'(0,To; H™ () N C([0, To)s H'=0 (@) N L(0, To; Hy ™0 (%))
Proof The proof is essentially the same as in Subsection 3.2.
Moreover we can prove the following result.

1
Lemma 4.1 Suppose that M > (Hf”L%)2 and M' = W > 0. If the initial

condition (ug,v) satisfies almost everywhere in Q the following inequalities:

0<up(z) <M, 0<uwv(x)<M,
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then the solution (u, v) of (P5) satisfies
0<u(t,z) <M, 0<o(t,x)<M

almost everywhere in Q.

Proof Define u = M —u and v = M’ — v. Thus we get

Uy = aAU — Bdiv(h(T) VD) — (2¢M + k1 )i + qu> + kot + qM? + ky M — ko M,
Uy :dAU—k2U+k1u+k2M/—k1M—f.

o 1 2 .
As M > (7Hf”Lq ©10)2 and M’ = M4k M ,:;]“M, we obtain

gM? + kM — koM’ =0
and
k'QM/—k'lM—f > 0.

We multiply the first equation by —u~ and the second by —v~ and we integrate in space.
Thank to the identity: fQ u)VoVu~dz = 0 and since qu?u—, ko~ 0", k1o~ ut > 0 almost
everywhere in ), we deduce

1d
LT 1200y < CaM + k) [T 2oy + o / v de
th L2(Q) L2(Q) o

and

Q—-|Q

1 _ ~ ~
Sdr ([ ||2L2(Q)§k2||11 Hiz(ﬂ)—l—klfgv u dx.

Taking the sum of the two previous inequalities and using Young inequality, it follows

Glt(l\u 720 + 17711720 < CURTZ2(0) + 177 122()

for some constant C' > 0. By Gronwall lemma we get

12172y + 177 1720y = O,
which completes the proof.

Remark 4.1 (i) If the hypothesis of Lemma 4.1 are fulfilled, thanks to this lemma, the
solution obtained in Proposition 4.1 is global in Qr,

(ii) By Proposition 4.1 and Lemma 4.1 it follows that (u,v) is also a solution of (Py) with
h(u) = u(M — u).

The uniqueness of the solution is obtained in the following.

Theorem 4.1 Let f € L>®(Qr) N LQ(O,T;{fl(Q)) be a nonnegative function. Let h(u) =
w(M — u) and suppose that M > (M)E Let (ug,vo) € L2(2) x H**0(Q) such that
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0<ug <M and 0 <vg <M’ with M' = W. Then there exists a unique global solution
for (Pr) which is nonnegative and such that

u € L=(Qr) N HY0,T; (H'(Q)))nC([0,T]; L*(Q)) N L*(0,T; H(Q)),
ve HY0,T; H(Q)) N C([0,T); H 0 (Q)) N L*(0, T; H*T*0(Q))

and
0<u<M, 0<v<M.

Proof We skip here the proof of uniqueness since there is rigorously the same as in Theorem
5.1.

5 A Three Dimensional Domain

In order to prove the global existence of a solution of system (FP}), we supposed in the
previous sections that {2 was a two dimensional domain and the initial conditions (ug,vo) €
L () x H1*#0 () were nonnegative and verifying some regularity conditions. These conditions
are quite restrictive for a model of soil organic carbon and three dimensional domains are
obviously more relevant in applications than bidimensional ones.

In this section we prove that if  is of dimension less than or equal to 3, if h = h (4.1)
and if both initial conditions and forcing term are nonnegative and less regular that in the
previous section: (up,vo) € (L*(Q))? and f € L*(0,T;L?*()), then the system (P) has a
global nonnegative solution. Furthermore, if (ug,v9) € (L>(2))? and f € L>(Q27), then the
solution is unique.

Here we use the following setting:

V =HY(Q) x H'(Q),
H = L*(Q) x L*(Q),
V' = (H'(Q) x (H'(Q)"

We let h be the continuous function defined by (4.1). Let us consider the following system:

dyu — aAu = —Bdiv(h(@)Vv) — kyu — glulu + kov  in Qr,

Oy — dAv = —kov + kyu + f in Qr, (P-S)
Vu-n(z) =Vov-nlx) =0 on X,
u(0,+) = ug, v(0,) = vy in €,

where (ug,vo) € (L*(Q))?, f € L*(0,T; L*(Q)) and u is a function in X = L*(Qr).
For the sake of simplicity we take dim(€2) = 3, since all results remain the same if dim(£2) < 3.

We will apply the Schauder fixed point theorem but let us first gather some more information.

First Step Invariant ball.
For any function uw € X the existence of a unique local solution of (P-S) (ug, vg) follows by
direct application of Theorem 2.1. Additionally we have the following result.
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Proposition 5.1 Let (ug,vo) € (L*(Q))? and f € L*(0,T; L*()).
(1) For anyw € X the unique local solution (uz,vy) of (P-S) is global and satisfies:

ug € H'(0,T; (H'(R))") N C([0, T); L*(2)) N L*(0, T3 H' (),
vg € HY(0,T; (H*(2))) N C([0, T); L*()) N L2(0, T; H*(2)).

(2) Furthermore, for allu € X, there exist two constant R >0 and C > 0 such that
luallr20r) < R, lullw < C, (5.1)
where
W ={ue L*(0,T; H(Q)), us € L*(0,T; (H'(Q))")}.

Proof To prove that(ug, vz) is global in time, we multiply the first equation by uz and the

second by vz and use Young inequality to get

22 + all Vil 2y + E/HMMP+qWA}m

2dt
1 M2 M?
< kQ/Q {u + 4’U }dx—i— T(—HV’UUHLz () + 2M2HVUEH%2(Q))
and
1d
5 dtHUu||L2 @ T d”VUuHL2 @ T kQHUuHm

2
2 2 k 2 2 1 2
< 7||UEHL2(Q) +/ {2k U—}d + ||UHHL2(Q) + k_2||f||L2(Q)'

Multiplying by p > 0 the first inequality and adding to the second one gives

1d pa
2d@ — (plluml|F2q) + llvallizi) + 7HVUUH%2(Q) +d||Vogl|72 () + /Q{Pl‘€1|uﬁ|2 + pglug|*}dz

M4 1
| vi - 2 C H2d - 2
< g5 Vel +C [ funfda + 1/ e,

2
where C' = 2% + ko. For p = 1844 we obtain the following inequality:

1 pa
7 Pluwllze + lvwllZe o) + S IVealia@ + 51 Verlia

+ [ Lok = sl + palusf*}e < 11V :2)

If (pk1 — C) > 0 we finish the proof of part 1. If (pk; — C) < 0 then, for any 0 < A < pg, note

3
Ky = % ((pj;__f)l < 0. By a simple real analysis argument, we deduce

(pk1 — O)|ul® + palul®* > Aul® + K

for any u € X. Hence the inequality (5.2) becomes

d
&(p”uEHQL%Q) + [lvallZ2(a)) + HVUuHL2 @ T35 ||VUuHL2 @ T /Q{)\|Ua|3 + Ki}

N =
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1
< —2||f||2L2(Q)~

Since ug, vo € L*(2) we deduce that ug, vy are bounded in L>(0,T; L*(Q)) N L2(0, T, H'()),
and this bound does not depend on w. Using interpolation technique we obtain that uz is bound-
ed in L*(0,T; (L3()) and consequently |ug|uz is bounded in L2(0,T; (L2 (€)), independent of
u.

Combining Hélder inequality, the boundedness of uz, vy in L2(0,T, H'(2)) and L*(0,T;
(L3(92)) and the continous injection of L?(0,T; H'()) into L2(0,T; (L3(R2)), we obtain that
Osuz, Opvg are bounded in L2(0,T; (H(€2))"), independent of @. So we finish the proof.

We can then define the mapping IT: X — X such that uz = II(%) is the unique solution of
(P-S). From (5.1) the ball B C X is invariant by II.

Second Step Compactness of II(Bg). The second statement of the previous proposition
implies that II(Bgr) C {u € W, |lul|lw < C}. But the embedding of W into L?(0, T, L*(2)) is

compact thanks to the Aubin-Lions lemma.

Third Step II is a continuous mapping. Let z,, € Br such that z, — z in L?(Qr) strong
and let u,, = I1(2,). Then U,, = (un,v,) satisfies the system (P-S),,:

Oy, — aAuy, = —Bdiv(h(z,)Voy) — k1un, — qlup|u, + kv, in Qp,

aﬂ}n — dAUn = —kQUn + klun + f in QT,
Vu, -v=Vuv, -v=>0 on X,
un(()? ) = U(),'Un(o, ) = Vo in Q

Since the sequence (uy, vy )n>1 is bounded in W2 and (L*°([0, T]; L*(€2)))?, there exists by the
Aubin-Lions lemma a subsequence (not relabeled) such that

Uup — uin L2(Q7), u, —u ae. in (Q7),

Vu, —=§ in (L2(Qr))3,

Orty, — in L2(0,T, (H*())).

To prove that Vu = &, we take a test function ¢ € (D(Qr))?, so that

T T
/ / Vuie dzdt = —/ / u;' Vo dzdt.
o Jo o Jao

Taking the limit when n — oo of both sides of this equation, we obtain

T T T
/ / & dadt = —/ / u; Ve dadt = / / Ve dadt
0o Jo 0o Ja 0o Ja

and we conclude by a density argument. To prove that 0;u = 1, we use a similar computation
for the derivative with respect to time, with test function ¢ € C1(0,T, H*(f2)). Thus we have
Up — U in L*(0,T, H'(Q)),
Ouy, — Ou in L*(0,T, (H'(R))), (5.3)
ltn|tin — Julu  in L2(0,T, L2 (),
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where the last assertion is a straightforward consequence of the upper bound of sequence |, |u,
in L2(0,T, L3 () and the a.e. convergence of the sequence (uy,),>1 in Q7. We obtain also a
similar convergence for v,, towards v as in (5.3).

Finally, thanks to suitable choices of test functions it follows that the limit function v is a

solution of the following problem:
0w — dAv = —kov + kyu+ f in Qp,
Vo-v=0 on X, (5.4)
v(0,-) = o in Q.
Obviously we prove that Vv, — Vv in (L?(Qr)3, when n — oo and thereby v, strongly
converges to v in L2(0,T, H*(Q)). Since h is continous, z, — z in L?*(Qr) and Vv, — Vv in

(L2(7)?, there exists a subsequnce (not relabeled) such that h(z,, )Vo,, — h(z)Vo ae. in

Qp. As h(zy, )Vun, is bounded in L%(Qy7), we obtain by the dominated convergence theorem:
1(Zn, )Vn, — h(2)Vo  in L*(Qr)
and we can pass to the limit in the (P-S),, system. Thus

O — aAu = —Bdiv(h(z)Vv) — kru — qlulu + kv in Qrp,

0w — dAv = —kov + kyu + f in Qrp, (5.5)
Vu-v=Vov-v=0 on X, .
’U,(O, ) = up, ’U(O, ) =1 in

and we get u = II(2).

By the uniqueness of the solution (u,v) of (5.5), we deduce that all the sequence converges.
We conclude that IT is a continuous mapping.

We can now apply the Schauder fixed point theorem to prove the existence statement of the

following result.

Proposition 5.2 Let f be a nonnegative function in L*(0,T; L*(2)). For each couple of
nonnegative functions (ug,vo) € (L*(Q))?, there exists a nonnegative solution for the problem
(Py,) with h = h.

To prove the positivity of the solution, we proceed as in Section 4: We multiply the first
equation by —u~ and the second by —v ™, we integrate in space and we add the two equations.
Thanks to the identity [, h(u)VoVu~ =0, a straightforward calculation gives:

d _ _ _ _
e Mz + 07 1le0) < Cllu™ [72g0) + 07 le2e))

with C' > 0. We finish the proof by applying the Gronwall lemma.
For the uniqueness of solution of problem (P},) we have the following result.

Theorem 5.1 Let f € L>=(Q7) be a nonnegative function. Consider (ug,vo) € (L°°(2))?
such that 0 < ug < M and 0 < vo(z) < vy almost everywhere in Q, where vy s a positive

constant. Then there exists a constant o > 0 such that

0 <u(t,z) < Me*, 0<o(t,r) <uvye™ (5.6)
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and the solution of problem (Py) is unique, when h = h.
Proof Let & = u — Me® and ¥ = v — vpre®t. Then we have

U = aAU — BV (h(u)VD) — kit — qu® 4 ko¥
— (@M 4 kM + 2quM — kyvpg)e™ — gM2e?

and
O = AU+ kyu + {f + e (kg — @)vps + k1 M)}
We take o large enough such that
f+e*((=ky — a)opy + k1 M) <0
and
alM + k1M — ksvps > 0.

Multiplying the first equation by u and the second by v+ and then adding the two equations
gives

1,d  _
S (S gy + 5% ey
<5 /Q W) VoVt + C[EH s + 17 12200)-

Thanks to (4.1) 8 [, h(u)VoVut = 0 and we obtain (5.6) by using Gronwall lemma.
To prove uniqueness, suppose that there exist two solutions (ui,v1) and (ug,v2). Then
u=u; — u and v = vy — vy verify
Ty = aAT — BV (h(u1)Voy — (h(ug)Va) — kil — qui® + qu3 + ko,
= dAT — koT + k17, (5.7)
ﬂ():ﬁ():o a.e in ).
Multiplying the first equation by @, the second by T and integrating over €2 leads to

1d
2dt

< ﬁ/g |(A(u1)Vor = h(uz)Voz) V| dz + C(|[all72 o) + [71172(0))

||u||L2(Q + a”V“”L?(Q

and

d, _ _ _ __
Ty + AT + Kol = b [ T

N =

It follows that

1d
2dt

< ﬁ/ [h(u1) = h(u2)| [Vor| + h(uz) [VT))|Val dz + C([T] L) + [T]172(0)) (5:8)

—ll720) + allValliz (o
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and

1d

5&”5”%2@) + dﬂvm\%z(n) + k2||5|\%2(9) < C(|[ul7- + ||5H%2(Q))~ (5.9)

Recalling (5.6) @ and ¥ are bounded in Qp. Classical parabolic regularity results and (5.4)
imply that v € LP(0,T, W??(Q)) for each p € (1,00). By Sobolev embedding, there is p > 3
such that Vu; € L?(0,T; L*°(Q)). Hence
/ (h(ur) — B(us)| [Vor | V] da
Q
< M|Vl pes @ 1@l 2o [Vl L2(0)
< el Valliziq) + CelVorllFe o [Tl72 () (5.10)

and

o - Mo _
| 1) ((99)] 191 < 950V
We sum up (5.8)—(5.9) multiplied by a constant ¢ > 0 small enough, and we use (5.10) and

(5.11) with a wise choise of ¢,&’ and o such that € + &’ < a and 0C. < d. Thereby we prove

the existence of a constant C' > 0 such that

d, _ — —
3 lllZzi0) + 171720) < CUVUi () + Dol Z2() + 111220

The Gronwall lemma entail that [[@(t)||z2) = [[T(t)||L2() = 0 for every ¢t € [0,7], which

completes the proof.

6 Appendices

6.1 Appendix 1

Non-emergence of spatial patterns in (P,) model without chemotaxis term
(B=0)
Firstly we considere the PDEs system (P,) without chemotaxis term (8 = 0). As in Lotka-

Volterra systems (see [20]), also known as the predator-prey equations, diffusion alone cannot

disturb a constant equilibrium, and so spatial heterogeneity cannot emerge. Using the following

~ [ k1 ~ q ko f d
€ axv 1t « kla C kla c kla a’

we obtain the following non-dimensional equations (we revoke the notation):

notation:

{BtuZAU—U—OéUQ‘FCUa (z,t) € Qx (0;T) (6.1)

Oww=DAv+u—_(v+e,
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with the same initial conditions and boundary conditions as (P,) system . Without diffusion,

the system (6.1) has a unique positive steady state:

u* +c

ut=4/=, v'= i . (6.2)
el ¢

To assess the steady state stability, the system is linearised around (u*,v*). Setting

ewy =u—u", ews=uv—1v",

where 0 < € < 1, gives the following linear system:

Orwy = Awy — wy — 2au*wy 4+ Cwa,
{81511)2 — DAws + w, — Cus, (x,t) € Qx (0,7T) (6.3)
with no-flux boundary conditions.
As in [20-21], we look for a solution of the form:
w = <w1) o elikxtpt) (6.4)
w2

Let k£ = |k| be the Euclidean norm of the wave vector. We obtain the following eigenvalue
problem:

Aw = pw,

where A is the two by two matrix
—1—2au* — k2 ¢
A= (TR L Sa).
The eigenvalue p depends on k.
Turing instability occurs (which means that spatial patterns appear) when p(k?) > 0 , for
a given value of k. But the matrix A has a strictly negative trace and a positive determinant,
and so p(k?) < 0 for all values of k . Hence no patterns will emerge in this case.

Emergence of spatial patterns in (P}) model with 3 > 0

Finally, for the model with both diffusion and chemotaxis, it can be proven that the equilib-
rium solutions of the equation system (P,) can be rendered non-stable under certain conditions,
and thus produce patterns and spatial heterogeneity. As in the previous section, the system
(Py) was linearised around the steady state (u*,v*). We obtain the following system:

Orwy = Awy — eAws — wy — 2au™wy + Cws,
{8tw2 — DAws + w1 — Cws, (x,t) € Q x (0,T), (6.5)
where
Ky
= Bh(u*)—.
e = Bh(u)"
Looking for solutions like in (6.4), the following eigenvalue problem must be solved:
Bw = pw, (6.6)

where B is the two by two matrix
—1—2au*— k%2 (+ek?
B — 2 .
1 —(—k*D
In this case, the trace of matrix B is strictly negative while its determinant can be strictly

negative for some values of k. Thus, taking chemotaxis into account in the system may lead to
the emergence of spatial patterns.
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6.2 Appendix 2

Numerical simulations

A set of validated parameters derived from studies published [7] was used to run numerical
simulations. The data used came from an Andean Pramo site near Gavidia, Venezuela. As
pattern geometries depend on the shape of the spatial domain (see [20]), two different forms of
spatial domain were tested. Figures below show the numerical simulations of the soil microbial
biomass compartment for the nearly rectangular and circular domains, using either h(u) =
hi(u) = u which does not prevent explicitly any overcrowding (Figures 1-2), or h(u) = ha(u) =
u(M — u) which explicitly does prevent overcrowding (Figures 3—4). These figures show the
spatial variability and patterns obtained for soil microbial biomass after 60 days and for the
two spatial domain shapes. The soil microbial biomass pattern agrees with the distribution
within the soil matrix of the microbial hot spots at micron scale. Numerical simulations were
performed using COMSOL Multiphysics 5.0.

0.45 ¥ T v T T T T T T T ] Aold

Figure 1 Spatial microbial biomass distribution when h = h; after 60 days.
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Figure 2 Spatial microbial biomass distribution when h = h; after 60 days.
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Figure 3 Spatial microbial biomass distribution when h = ho after 60 days.
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Figure 4 Spatial microbial biomass distribution when h = ho after 60 days.
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