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Poincaré’s Lemmma on Some Non-Euclidean Structures
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(Dedicated to Philippe G. Ciarlet on the occasion of his 80th birthday)

Abstract The author proves the Poincaré lemma on some (n + 1)-dimensional corank

2
1 sub-Riemannian structures, formulating the w necessarily and sufficient-

ly “curl-vanishing” compatibility conditions. In particular, this result solves partially an
open problem formulated by Calin and Chang. The proof in this paper is based on a
Poincaré lemma stated on Riemannian manifolds and a suitable Cesaro-Volterra path in-
tegral formula established in local coordinates. As a byproduct, a Saint-Venant lemma
is also provided on generic Riemannian manifolds. Some examples are presented on the
hyperbolic space and Carnot/Heisenberg groups.
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1 Introduction and Main Result

Let © C R™ be an open, simply connected set, and a = (a;) € C'(Q;R"), n > 2. The

classical Poincaré lemma says that there exists u € C?(€2) with
Vu=a in (),
if and only if curl @ =0 in C(Q;R"™), i.e.,

Oz,05 = Op,a; in C(Q) for every i,j =1,--- ,n.

i

Here, as usual, Vu = (9,,u) € C*(Q;R™). For a weak version of the Poincaré lemma (e.g. in
L?(Q)) and its equivalent formulation in terms of fundamental results in the theory of PDEs, we
refer the reader to Amrouche, Ciarlet and Mardare [3-4] and to the comprehensive monograph
by Ciarlet [12, Chapter 6].

Very recently, Poincaré’s lemma has been extended to some specific low-dimensional sub-
Riemannian structures with rank 2 distributions; e.g., the first Heisenberg group H!, Engel-type
manifolds, Grushin and Martinet type distributions, and the sub-Riemannian 3-dimensional
sphere S? (see Calin, Chang and Eastwood [6-7] and Calin, Chang and Hu [8-10]). In the sub-

Riemannian setting, the number of equations in the system which is going to be solved is strictly
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less than the space dimension. Accordingly, the solvability of such gradient-type systems deeply
depends on the Lie bracket generating properties of the sub-Riemannian distributions, and it
turns out that the “curl-vanishing” characterization of the solvability of the sub-Riemannian
system becomes a system of PDEs containing higher-order derivatives. In order to visualize
this phenomenon, we consider the first Heisenberg group H' = C x R endowed with its usual
group operation and left-invariant vector fields X; = 0y, — 2220, and Xo = 0,, +2210,,. The

sub-Riemannian system
Xlu:al, Xgu:ag (11)

is solvable in F(H')(=the space of smooth functions on H') for @ = (a;,az) € C'(H';R?) if
and only if

X12a2 = (X1X2 + [X]_,XQ])al, X%al = (X2X1 + [Xz,Xl])ag (1.2)

(see, e.g. Calin and Chang [5, Theorem 2.9.8]). In addition, the solution u of (1.1) can be given
the work done by the force vector field X = a1 X, + a2 X, along any horizontal curve starting
from 0 € H', called also as the Cesaro-Volterra horizontal path integral.

The purpose of our paper is to prove Poincaré lemmas on some sub-Riemannian structures
of arbitrary dimension with corank 1 distribution, including for instance step-two Carnot groups
with not necessarily trivial kernel. In the sequel, we present our main result (see Section 3 for
the notions used below).

Let (M, D, g) be an (n+ 1)-dimensional sub-Riemannian manifold (n > 2), and consider the
distribution D in a given local coordinate system (z;);—1.... n+1 containing vector fields of the

form

X; :6% + A;0, i1=1,---,n, (13)

n+1?

where A; : M — R are smooth functions depending only on the first n variables, i.e., A; =

Ai(x1,--- ,z,). We assume that
Op; Aj — 0z, Ai = cij €R foreveryi,j=1,---,n (1.4)

and
IQ = {(l,]) L Cij 75 0} 7’5 (Z)

Due to the latter assumptions, the rank n distribution D is nonholonomic on M, since

[Xi, Xj] = Cija

Tn4+1

for every 4,7 =1,--- ,n. (1.5)

Given a € T'(D)(= the set of horizontal vector fields on M), we are going to study the solvability
of the system

Viu=a in M, (1.6)

where u € F(M) and Vi denotes the horizontal gradient. Our main result, the Poincaré lemma

on sub-Riemannian manifolds, reads as follows.
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Theorem 1.1 Let (M, D, g) be an (n + 1)-dimensional simply connected sub-Riemannian
manifold (n > 2), where the distribution D is given by the vector fields in (1.3) with functions
A; depending only on the first n variables, verifying (1.4) and Iy # 0.

Given a € T'(D), the sub-Riemannian system (1.6) has a solution w € F(M) if and only if

cn(Xia; — Xja;) = ¢ (Xpay — Xjay)  for every 4,5, k,l=1,---,n, (1.7)
XpXia; — XpXja; = [Xi, Xjla for every i,j,k=1,---,n, (1.8)

where a = a; X; and a; = gi;ja; (the summations being from 1 ton), and (g;5) are the components
of g with respect to the distribution D. Moreover, if o € M, the solution u : M — R for the
system (1.6) can be obtained by

u(z) = o + / g(aly(D), (D)L, z € M, (1.9)

where ¢g = u(xg) € R and v : [0,1] = M is any horizontal curve joining xo with x.
Some remarks are in order.

Remark 1.1 (a) Although (1.7) and (1.8) contain n* and n?® conditions, a simple combi-

natorial reasoning shows that it is enough to verify at most

(n—=2)(n—1)n(n+1)
8

Sp =

and ( n?
, _(n—1)n
Sn =g

conditions, respectively. Thus, the number of compatibility conditions is

(n—1)n(n? +3n —2)
S .

/
Sp + S, =

(b) Theorem 1.1 provides an answer to the open question of Calin and Chang [5, p. 55]
whenever the sub-Riemannian manifold with arbitrarily dimension has corank 1 distribution.
We note that the existing results in the literature solve the system (1.6) only for two components,
i.e., the distributions contain two vector fields. In particular, if M = H" is the first Heisenberg
group, the solvability of the system (1.1) can be recovered by Theorem 1.1; indeed, in this
particular case, n = 2, D = {X;, X2} and ¢;; = d;;. Moreover, A; = —2x3, Ay = 2x1; thus
c12 = —co1 = 4 and ¢11 = ¢a2 = 0 in (1.4). Notice that the first-ordered relations in (1.7) are
trivially satisfied (supported also by the fact that so = 0, thus nothing should be checked), while
the second-ordered ones (1.8) reduce precisely to (1.2), containing s, = 2 conditions. In higher-
dimensional Heisenberg groups H¢, d > 2, the first-ordered assumptions are indispensable as
well.

(c) There are more involved, non-Heisenberg-type vector fields which verify also the assump-
tions of Theorem 1.1. Indeed, let (R®, D, g) be the sub-Riemannian manifold with the vector
fields X;, i =1,---,4 from (1.3) with Ay = —2xo+x127, As = 271, A3 = —14, Ay = T3+ 2324.
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In this case we have that the elements from (1.4) are c1o0 = 4 = —ca1, €34 = 2 = —cy3, while
the rest of ¢;;’s are zero.

(d) Note that Theorem 1.1 can be formulated on any simply connected open domain instead
of the whole M.

Organization of the paper In Section 2 we prove the Poincaré lemma on generic Rie-
mannian manifolds. As a direct byproduct, we also state a Saint-Venant lemma on Riemannian
manifolds whose proof is presented in the Appendix (Section 6). The Poincaré lemma on generic
Riemannian manifolds turns to be indispensable in the proof of our main theorem, which will
be provided in Section 3. Here, we shall explore basic properties of the Riemannian manifolds
as the metric compatibility and torsion-freeness (or symmetry) of the Levi-Civita connection
with respect to the Riemannian metric. In fact, we shall reduce our original sub-Riemannian
system (defined on the distribution) to a differential system on a Riemannian manifold where we
can apply the Riemannian Poincaré lemma and Cesaro-Volterra integral formula. An elegant
computation connects the force vector fields in these two settings, proving in this way relation
(1.9). In Section 4 we give some examples, the first on the hyperbolic spaces, the second one on

Carnot/Heisenberg groups. In Section 5 we formulate some problems for further investigations.

2 Poincaré Lemma on Riemannian Manifolds: A Local Version

Let (M, g) be an m-dimensional Riemannian manifold; here (g;;) are the components of the
Riemannian metric g in a given local coordinate system (2;)i=1,... m-

Let u : M — R be a C'-functional on M; the differential of u at z, denoted by du(z),
belongs to the cotangent space T M and is defined by

du(z)(v) = (Vgu(z),v), for all v e T, M; (2.1)

in the sequel, we prefer to use (-,-), instead of g. If the local components of du are denoted by

ug, = Oy, u, then the local components of V u are u’ = g**uy; here, g/ are the local components
of g7 = (gi)~".

Let  C M be an open set and Ve TQ = |J T, M be an arbitrary vector field in € which
e
is represented in local coordinates as

V= V.0,,.
The main result of the present section is the Poincaré lemma on Riemannian manifolds.

Theorem 2.1 Let (M,g) be an m-dimensional Riemannian manifold and @ C M be a

simply connected open set. Given a vector field Ve C* (Q,TQ), the system
Vou=V inQ (2.2)
is solvable in C*(Q) if and only if we have
Bw,if/j:@mjf/i in Q for every i,j=1,---,m, (2.3)

where ‘73 = gk Vk-
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Moreover, if xg € Q is fized and (2.3) holds, the solution u : Q@ — R for (2.2) can be obtained
by

u(x) = co +/O (V(v(), 7(0)gdt, = €, (2.4)

where ¢co = u(xg) € R and v : [0,1] — Q is any curve joining x¢ with x.

Proof (2.2)=(2.3). First of all, (2.2) is equivalent to
gikﬁzkuz Vi, i=1,---,m.
Multiplying both sides by g;;, we have
Op,u = g;iVi :‘N/j, j=1,-,m.

Deriving these relations, (2.3) yields at once by the symmetry of second-order derivatives.

(2.3)=(2.2). We closely follow the proof from Ciarlet [12, Theorem 6.17-2]. Let o € Q
be given and fix x € . Since Q is simply connected, there exists a path 7 : [0,1] — Q such
that v(0) = zg and (1) = . If there exists u € C?(Q) which satisfies (2.2), then the function
P :[0,1] — R defined by P(t) = u(~y(t)) verifies

i—]tg(t) = du(y(1))(7(1)) = (Vau(y(1)),7(t))g, ¢ €[0,1].
The latter equation together with the Cauchy data P(0) = Py € R provides a unique solution
P :[0,1] = R which depends on the path ~.

We are going to show that the value P(1) does not depend on the choice of the path ~
whenever (2.3) holds. To see this, let 79,7 : [0,1] — © be two smooth paths such that
7i(0) = xo and (1) = x, i € {0,1}. Since Q is simply connected, we can find a smooth
homotopy H : [0, 1] x [0, 1] — Q between ~y and 7, i.e.,

H('?O):707 H('al):'yla
H(O,N) =0, H(LN) =2 VYAe[01].

For every A € [0,1], let P(-,A) : [0,1] — R be the unique solution of the Cauchy problem

oP OH
TN = (VUHE ), ZreN) - fort[0,1], o)
P(O,)\) =P eR
We claim that
z—]:(l,)\) =0 for every X € [0,1]. (2.5)

To see this, let us consider the function o : [0, 1] x [0,1] — R defined by

o(t,\) = z—];(t, ) — <V(H(t,)\)), %_if(t,A)>g.
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Since the Levi-Civita connection is compatible with the Riemannian metric, it follows from [16,
Proposition 3.2] that

02 = o (5 ) 63 = (SL ), S20) — (V). 5 516N) |
where D denotes the covariant derivation on (M, g). Concerning the latter term, we know from
the torsion-freeness of the Levi-Civita connection on (M, g) that

D OH D OH
aan "N = o ar
(see [16, Lemma 3.4]). The sophisticated part is to show that

— (&, A), (2.6)

DV OH DV OH

— (H(t, A t, A =(—=—(H({,N), =—(t,N)) . 2.7

(T (H ), Gt 2) = (G HE ), Frw8) (2.7)
To prove (2.7) we recall the following well-known facts: If W = (w1, - ,w,,) is a vector field

along a path (x), its covariant derivative can be expressed by

DW_ d’wk k dxz
dt ( dt L dt )6“’

where I‘i—“j are the Christofel symbols for which we have

1
gksl—‘fj = g(awigjs + Oz 9is — Oz, 9ij)- (2.8)
Coming back to (2.7), we have
DV OH OH; BH- 0H;
LHS .= (—(H - )
8= (G (HEX) FreN) = o (0 Vgt + TV )
OH,; 0H;
= gk (0, Vi + T V1) o O\
In a similar way,
DV OH
RHS = <W<H<t, M), G (00)
0H OH;\ OH,;
— ki (8%‘/’“ o Ty ) ot
OH; OH
— k vtz
—gkz(arjvk+rjl‘/l) It O\ .
Therefore, we have that
(2.7) holds < LHS — RHS = 0
OH; OH,
& gk (0, Vie + T5VI) — gri (02, Vie + T5 V)] 5 8—/\j =0
OH; OH;
g [gkjamvk glmaac] Vk + (gk}jP'Ll gkzr‘l)W] ot a—)\j =0
2.8 O0H; OH;
s (9% O, Vi — GriOz; Vie + (O, 915 — O, 91:) V1] L =0
ot O
OH; OH,
& [grjO0r, Vie — GriOz; Vi + (02,915 — O, ki) Vi) 5 8—/\j =0

OH, 0H,

© [0z, (955 Vi) — Ou;(9ik V)] 5 B

:O’
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where the latter relation holds true due to (2.3). Consequently, by relations (2.6)—(2.7) and the
Cauchy problem (Cy) we have

S0 = o (o) 6 = (S ). SN — (V). 2 S N).
= o (Gren = (v, e ).
=0,

ie., t — o(t,\) is constant. Since P(0,\) = Py € R and H(0,\) = xg, it turns out that

aP oH
o(0,3) = 5(0.3) — <V(H(O, \), a@v% =0 for every A € [0, 1].
In particular,
aP OH
0=0(1,0) = Fr(LA) = (VIHOX), Fr.)

Since H(1,)\) = z for every A € [0, 1], it follows the claim (2.5), showing that the value P(1)
is not depending on the particular choice of the path.
For every x € Q, let u :  — R be defined by

where P is the unique solution to the Cauchy problem (Cy) having the initial data P(0) = Py
and using any path joining x¢ and z; thus, the function v is well-defined.

To conclude the proof, we show the validity of (2.2). Let = € Q and v € T,,M be arbitrarily
fixed elements. Let v : [0, 1] — 2 be a path such that v(0) = zg, (1) = z and ¥(1) = v € T, M,
and let P be the solution of the Cauchy problem associated to this path, thus, P(t) = u(y(t)).
Therefore, the latter relation yields that

1) = (Tulr (), 41, 1€ [0,1].

On the other hand, by the Cauchy problem we have

dpP

T O = (Vo)) telol

Accordingly, for the moment ¢t = 1, it follows that
(Vou(z),v)g = (V(z),v)4

and the arbitrariness of v € T, M concludes the proof of (2.2).
If v : [0,1] — Q is any path joining the points g and z, the Cesaro-Volterra path integral

formula easily follows as

1 1 1
u(a) = u(eo) = [ TuO)t = [ (Tout0)50) = [ (Vo). 50

which is precisely (2.4).
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Remark 2.1 Poincaré’s lemma can be also proved by using 1-forms, see, e.g. Abraham,
Marsden and Ratiu [1]. However, we preferred here a direct proof based on local coordinates
for two reasons: (a) It highlights the importance of the Riemannian structure, i.e., the metric
compatibility and torsion-freeness of the Levi-Civita connection, which is not valid anymore on
non-Riemannian Finsler settings (see Section 5 for details); (b) The proof provides directly a

Cesaro-Volterra path integral formula.

As a byproduct of the Poincaré lemma (Theorem 2.1), we state a Saint-Venant lemma on

generic Riemannian manifolds; its proof is sketched in the Appendix. To present it, fix e; € T,

1 =1,---,m, and assume that they can be represented as

e, = eikﬁzk .
The m-vector field e = (e1,- - , €,) € C*(Q, TQ™) is called symmetric if e;; = e;; € C?(Q) for
every ¢,7 =1,---,m.

Proposition 2.1 Let (M,g) be an m-dimensional Riemannian manifold and Q C M be a
simply connected open set. Given e = (e, -, ey) € CZ(Q,TQ”‘) a symmetric m-vector field

on 2, the system
VigV=e inQ, (2.9)

has a vector field solution V= (Vi,---,Vy) € C*(Q,R™), where the components of the sym-

metric gradient Vs 4V are given by

1 .
5(811 (gjkvk) + 896]‘ (gikvk))a ,j=1,---,m,

if and only if the Saint-Venant compatibility relations hold (in local coordinate system) in €,

i.e.,
(ﬁleeik + (ﬁwieﬂ — (ﬁlwiejk — ngmkeil =0, 4,j,kl=1,---,m. (2.10)
Moreover, if xo € M 1is fized and (2.10) holds, then the solution of (2.9) is obtained by

Vk:gksusa k:17"'7m7
where 1
ui(z) = ¢ +/ (Ui(v(1),7(t)gdt, x €9
0
with U; = g'* (pis + €i5)O0u,

pij(x) = cf +/0 (Wii(v(1),4(t)gdt, z€Q

and Wi; = ¢"*(0y,€is — O,€j5)0s, for some numbers cf, i, and the curve v : [0,1] — Q is

arbitrary fized joining xo with © € Q.
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Remark 2.2 (a) Note that V, , V'is a kind of symmetric Lie derivative of the vector field
V with respect to the Riemannian metric g; indeed, the latter notion appears in [11, p. 518],

where V, 4, Vis an L—type tensor of the form
1
Vg V= 5(93‘1@5:“‘/1@ + 9ir0z; Vi + Ciji Vi )da; @ daj.
In our setting, the elements Cj;j, are expressed by means of the Christoffel symbols as
Cijk = 03,95k + Ou, gir. = g1 T} + gzifij + 2glkrlij~

(b) Proposition 2.1 provides a curved version of the Saint-Venant lemma; further curvilinear
versions of the Saint-Venant lemma can be found in the papers by Ciarlet, Gratie, Mardare and
Shen [13], Ciarlet and Mardare [14], and Ciarlet, Mardare and Shen [15].

3 Proof of Theorem 1.1

In order to prove Theorem 1.1, we first recall some basic notions from the theory of sub-
Riemannian manifolds; for further details, see Agrachev, Barilari and Boscain [2], Calin and
Chang [5] and Figalli and Rifford [17].

Let M be a smooth connected (n + 1)-dimensional manifold (n > 2), D be a smooth
nonholonomic distribution of rank m < n on M (i.e., a rank m subbundle of the tangent
bundle TM) and g be a Riemannian metric on D. Without loss of generality, we may assume
that ¢ is defined on the whole tangent bundle T'M (not necessarily in a unique way); we shall
keep the same notation of g on TM. The triplet (M,D,g) is a sub-Riemannian manifold.
As usual, the distribution D is said to be nonholonomic if for every € M there exists an
m-tuple X7, ---, X7 of smooth vector fields on a neighborhood N, of x such that all the Lie
brackets generated by these vectors at y generate T,,M for every y € N,. A curve v : [0,1] — M
is horizontal with respect to D if it belongs to W2([0,1]; M) and 5(t) € D(y(t)) for a.e.
t € [0,1]. If D is nonholonomic on M, by the Chow-Rashewsky theorem, every two points of M
can be joined by a horizontal path. Let I'(D) be the set of horizontal vector fields on M, and
F (M) be the set of smooth functions on M. If u € F(M), the horizontal gradient Vyu € T'(D)
of u is defined by ¢(Vgu, X) = X (u) for every X € I'(D).

Now, let us put ourselves into the context of Theorem 1.1. Accordingly, let (M, D, g) be an
(n+ 1)-dimensional sub-Riemannian manifold (n > 2), and the rank n distribution D in a local
coordinate system (x;)i=1,... n+1 formed by the vector fields given in (1.3) and verifying (1.4).

Since

Xin = (aﬂﬂq + Ai6$71+1)(6$j + Ajaw

n+1)

2 2 2 2
= 8171] =+ aziAjamn+1 + Aja$7$n+1 + Aiaijn+1 + AiAj8$n+1’
by (1.4) we obtain (1.5), i.e.,
[Xl', XJ] = XZXJ — XJXZ = (811143 — 89“14]-)81”“ = Cijarn+1 for every Z,] = 1, e, N,

Therefore, since Iy = {(i,7) : ¢;j # 0} # 0, the distribution D is nonholonomic on M.
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Let a € I'(D) be fixed. The system (1.6), i.e.,
Vau = a,
in local coordinates reads as
Xj(u) = gijai =:a;, j=1,-,n, (3.1)

where g;; = g(X;, X;) and a = q;X,. With this preparatory part in our mind, we now present

the proof of our main result.
Proof of Theorem 1.1 (1.6)=-(1.7)—(1.8). Assume that the sub-Riemannian system (1.6)
has a solution u € F(M). First, by (1.5) applied to u, we have

[Xi,Xj]u:Cija U 273217 N

Tn4+1 )

This relation and (3.1) give that

X{cij - Xjai = Cija u i,j = 1, e, n. (32)

Tn+1

If 0,,.,u(x) = 0 for some x € M, then X;a;(x) — X;a;(x) = 0 for every 4,5 = 1,--- ,n,
thus (1.7) clearly holds. If 9,, ., u(x) # 0 for some x € M, then by writing the relation (3.2)
u(z) # 0, we obtain (1.7).

Deriving (3.2) with respect to the vector field Xi, &k = 1,--- ,n, and taking into account

that [ Xy, 0z,,,] = Xx0s,,, — O, X = 0, it turns out by (3.1) and (1.5) that

Tn41

for (k,1) instead of (i,7), and eliminating 9,

n+1

n+1

XkXiZij — XkaZii = Cinkamn+1u = Cijamn+1Xku = [Xi, Xj]ﬁk,

which is precisely relation (1.8).
(1.7)=(1.8)=-(1.6). Since Iy # 0, let (ig,jo) € Ip and introduce the function
o= Xioajo — onaio ’
Ciojo

where a; = g;ja;. With these notations, we consider the system

{&Cju:aj: Aja forj=1,---,n, (3.3)
Oy U = Q.
Let
Vi=a;—Aja, j=1,--,n and V,i1 =a.
We are going to prove that
811"7] :8$j‘7iv 2,7 =1, ,n+1 (34)

To do this, we distinguish three cases:
Case 1 i=j=n+ 1. (3.4) trivially holds.
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Case 2 i€ {l,---,n} and j = n+1. On one hand, (3.4) is equivalent to 0,,a = 0, , (a; —
A;a), which can be written as X;a = 9, . On the other hand, by the definition of @, (1.8)

1n+1
and (1.5) we have that

X4 = XiXioZijo — Xinoaio _ [XloﬂX ] ) @,

L. Tn+1
Clo]o CZOJO

which is the required relation.

Case 3 4,5 € {1,--- ,n}. We have the following chain of equivalences:

(3.4) holds < 0y, — @0, Aj — A;0y,d@ = O, Gs — G0, A; — Ai0s,d
& 0y, — GOp Ay — A XD = 0y, — @0y, A — AiX,G
= 81163 — AX’& =0, 51 + Cija— AX’&

X'L 7X (3 ~ X'L 7X
[ 0 Jo]a — 3 al _|_C” A [ 0 Jo]aj (by (1.8))
clo]o clo]o

& Op, 05 — AjOy,, Qi = Op,G; + Cija — AiOy, (by (1.5))

~ Xiaj — Xjai = cija.

=4 81163 — A

By the definition of @, let us observe that the latter relation is nothing but (1.7) with the choice
(k,1) = (io, jo), which concludes the proof of (3.4).

According to Theorem 2.1 (applied for (M,g) with gi; = ¢(0z,,04;), i,j = 1,---,n+1)
and relation (3.4), it turns out that the system (3.3) has a solution in C?(M), which can be
obtained by

u() = co + / (V3 (0), 4(0)pdt, =€ M, (3.5)

where V = Z Vi0,, with V; = Z GV, and g = (§;;)"'; here, v : [0,1] — M is any curve
1=1 7j=1
joining an xo € M with z € M with ¢y = u(xo).

By (3.3) we clearly have for every j = 1,--- ,n that
Xj(u) = Bwju + Aj(?wnﬂu = (Zij — A]Zi) =+ Aj?i = Zij,

which is equivalent to Vyu = a, see (3.1), i.e., u € C*(M) is a solution to (1.6).
It remains to prove the sub-Riemannian Cesaro-Volterra path integral formula (1.9). To do
this, let us fix an arbitrary horizontal path v : [0,1] — M, joining x¢ with € M. If 4 has the

local representation v = (1, -+ ,Yn+1), its horizontality means that

n
Ynt1 = Z Apg.
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Considering every term at the moment ¢ € [0, 1] in the following computations, we have

n+1 n+1 n+l n+l1 n+1

(VOW)L3ONs = > duwliine = > Gad Ve = > (32 (0 5"V )
i k=1 ik,j=1 k=1 j=1 i=1
n+1l n+1 " n+1~ n " "
=3 (0053 = D2 Vi = 3 Vi + Vasa
k=1 j=1 k=1 k=1

= (Vi + AV )3

~
Il
—

(@ — Akl + Aga@)y = Y akik = _ giki

k=1 k=1
a(y(t)),¥(t))-

Thus, by (3.5) and the latter computation we obtain (1.9), which concludes our proof.

I
NE

I
Q
&

4 Examples

In this section we provide some computational examples as applications to Theorems 1.1

and 2.1 and Proposition 2.1, respectively.

4.1 Hyperbolic space

Let B™ = {x € R™ : |z| < 1} be the set endowed with the Riemannian metric

Inyp () = (9i5(2))ij=1....m = p(x)?8i,

where
2

"TRE

The pair (B™, gnyp) is a model of the m-dimensional hyperbolic space with constant sectional

p(x)

curvature —1.

Example 4.1 We solve the problem

Vool = —  in B™, (4.1)
p
where Vg, denotes the hyperbolic gradient.
A direct computation shows that 0., (pz;) = O, (px;) for every i,j = 1,---,m, thus we

may apply Theorem 2.1 on (B™, gnyp), which implies the solvability of (4.1). Moreover, if
v :[0,1] = B™ is v(t) = tx with an arbitrarily fixed 2 € B™, the solution u can be obtained as

1

1
wa) =t [ (550) dt=at [ p00)00 0N

P R 2

=co+1In (]%x))
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for any ¢ € R.
For simplicity, in the next example we consider only the hyperbolic plane (B2, gnyp).-

Example 4.2 We solve the problem

Vg, V=6 onB? (4.2)

where Vg, denotes the symmetric hyperbolic gradient and e = (e1, e2) € C(B?, (I'B*)?)
has the components e; = —%812 and ey = —%(xu?zl + 2290,,).

First, we have e;; = 0, e1o = eg; = —% and egg = —2%. It is easily seen that the

Saint-Venant relations (2.10) are verified; for instance, if i = k = 1 and j = [ = 2 then the

components in (2.10) are 92, e11 = 0, 82 , €2 = 222 and 92 ,_e12 = x3. Therefore, we may

apply Proposition 2.1, guaranteeing the solvability of (4.2). By keeping the same notations as
in Proposition 2.1, since g;ylp = p(x)_Qéij, after some computation it turns out that

L1122

1 2
(1— |2?| — 227)0s, — =

Wi = Wi =0, W12:_W21—2 5

Oa,-

Accordingly, for every = € B? one has that p11(z) = ¢{!, paa(x) = ¢3? for some ¢}, c3? € R and
if we fix v : [0,1] — B? with y(t) = tz = (tz1,tx2), then

1
. 1
pi2(z) = —pai(x) = ¢ +/0 (Wia(7(1)), 7)) guyp At = €5 + e = a} — 1a3)
for some ¢} € R. Thus
1
U = ﬁ(c(l)laml + ¢520s,)
and

1
2

U, = " (—cd? — 21 + 23 + 2123)0p, + (22 — 22 + 2320 + 23)0s,).

Therefore, for every z € B2, if v : [0, 1] — B? is again the curve given by v(t) = tx = (tzy, txs),

then the latter vector fields provide the functions

1
ur(o) = b+ [ (U@t = b o + el
0
and
2 ! : o 11 1
us(@) = cg + | (U2(7(1)), 7)) gy At = ¢ — 7 — co°21 + 522 + ——
0 4 p (x)
Consequently, V' = (V1,15) is a solution of (4.2), where V; = 2, i = 1,2, with ¢j' = ¢§® =0
and ¢}, ¢3 and ¢}? arbitrarily fixed.
4.2 Carnot and Heisenberg groups
Let G be an (n + 1)-dimensional corank 1 Carnot group with the Lie algebra g = g1 @ go,

where dimg; = n and dimgs = 1. Usually, the operation on g (in exponential coordinates on

R™ x R) is given by

1
Toy= (;1;1 + Yty Tt Yny Tkl + Yng1 — B} Z Aijzjyi)v
ij=1
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where @ = (21, -+ ,Zn41), ¥ = (Y1, ,Yn+1), and without loss of generality, A is represented
by
On—2d 0
051J 0 1
ALY "
agdJ

(see, e.g. [19]). Here 0 < oy < -+ < g, and 0,24 is the (n —2d) x (n — 2d) square null-matrix.

The layers g, and go are generated by the left-invariant vector fields

k
1
Xi=8zi—§z./4ijxj81n+l, izl,"' ,n. (44)
=1
Note that [X;, X;] = Aij0p,.1, 6,5 =1,--+ ,n.
If n = 2d (thus the kernel of A is trivial) and a3 = -+ = a4 = 4, the Carnot group G

reduces to the usual Heisenberg group H¢ = R?? x R.
For our example, we shall consider a 6-dimensional corank 1 Carnot group with the left-
invariant vector fields given by (4.4), by choosing d = 2, n = 5, a; = 4 and as = 2. To be more

explicit, the distribution D on (G, o) is formed by the vector fields given by

X1 = 0y,
XQ = (912 — 2:1?3816,
X3 = 813 + 2262816, (45)

X4 = 814 - xSnga
X5 = 815 + 134816'

Let a = (a1, a2, as,a4,as5) € T'(D) be given by the functions

2
a; = $3ZZ?5,
as = 2$2$4ZE6($6 — 2$2$3),
az = 3w1x375 + 4T37476, (4.6)

_ .2
ay = x326(x6 — 2w475),
as = x1x§ + 2(E%xil‘6.

Example 4.3 We solve the problem
Xu=a; inG, i=1,---,5. (4.7)

To do this, we are going to fully explore Theorem 1.1; by using the same notations, we
identify A; = 0, Ay = —2x3, A3 = 229, Ay = —x5, A5 = x4. Moreover, co3 = 4 = —c39,
c45 = 2 = —csa, and the rest of the elements of the matrix C' = (¢;;) are zero, i,j = 1,---,5.
In order to solve (4.7), we have to check relations (1.7) and (1.8), respectively. It is easy to
observe that (1.7) is relevant only for (¢,7) = (2,3) and (k,1) = (4,5) (the other choices giving
always zero), where simple computations give that Xoa3 — X3as = 896%964966 and Xja5 — Xsa4 =
4a3wy7e; thus, (1.7) holds. Another simple reasoning shows that relation (1.8) is also verified;
for instance, X3Xoa3 — X3Xzas = 162374 = [X2, X3]as, the other relations following in the

same way.
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Thus, Theorem 1.1 implies that the system (4.7) is solvable in F(G); let 9 = 0 € G and
any horizontal curve v = (1,792,793, %4, 75,%) : [0,1] = G with v(0) = 0 and (1) = = =
(21,29, %3, x4, x5, 26) € G. Note that the horizontality of v means that

Y6 = —273%2 + 27273 — Y5¥4 + VaYs-

Due to the latter relation and (1.9), some suitable rearrangements and (0) = 0 give that
1 5
uw)— o= [ty
0 =1

= [ Gonmdemno+ [ Loaemnior

=71 ()73 (1)ys(1) + 12 (1)ya (1) (1)

2 2., .2
= T123%5 + T5X47g

for some ¢y € R, which provides the solution of system (4.7).

5 Final Remarks

We conclude the paper with two remarks which can be considered as starting points of
further investigations.

(I) Poincaré lemma on Finsler manifolds Let (M, F) be an m-dimensional, not nec-
essarily reversible Finsler manifold and €2 C M be a simply connected domain. Given a vector
field V€ C*(Q,TQ), we are asking about the solvability of the equation

Vriu=V inQ, (5.1)

where Vi denotes the Finslerian gradient. Here, as usual Vpu(x) = J*(x, Du(z)), where
J* :T*M — TM is the Legendre transform associating to each element o € Ty M the unique
maximizer on T, M of the map y — a(y) — 3F2(z,y) and Du(z) € T; M is the derivative of u
at © € M (see [18]). Note that in general, u — Vpu is not linear. In order to solve (5.1), a
necessarily curl-vanishing condition can be formulated by using the inverse Legendre transform
J = (J*)~! and fundamental form of the Finsler metric F. However, we cannot adapt the
proof of Theorem 2.1 into the Finsler setting. Indeed, we recall that in the proof of Theorem
2.1 we explored the metric compatibility and torsion-freeness of the Levi-Civita connection with
respect to the given Riemannian metric; as we know, such properties are not simultaneously
valid on a generic Finsler manifold unless it is Riemannian.

(IT) Saint-Venant lemma on sub-Riemannian structures For simplicity, we shall

consider only the usual Heisenberg group (H? D, g), where D = {X1,--- , Xaq4} with

Xoj—1 = Ouyy_, — 2220

oasts X2 = Opy, +2T2; 10, i=1,---.d,

2d+17

and ¢ is the natural Riemannian metric on D (see (4.4)). Given a symmetric vector field e =

2d
(e1,-++, eq) €ET(D)* on Q C HY, ie., e;; = ej; for every i, j =1,--- ,2d where e; = Y €;; X,
j=1
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the question concerns the solvability of the sub-Riemannian system
VsuV=e inQ (5.2)

for the unknown vector field V = (Vi,---,Va4) € C(Q,R??), where the components of the

symmertric horizontal gradient Vg g are given by
1 .
E(Xin+XkVi), i,k=1,---,2d.

The first challenging problem is to establish the necessary Saint-Venant compatibility relations
associated to problem (5.2) and then to apply Proposition 2.1; note that Schwartz type prop-
erties are not valid in this setting since usually X;X; # X;X; for ¢ # j. Moreover, weaker
versions of the Saint-Venant lemma on H? would provide a sub-Riemannian Korn-type inequal-
ity as well. Clearly, more general sub-Riemannian structures can also be considered instead of

Heisenberg groups verifying the assumptions of Theorem 1.1.

6 Appendix: Proof of the Saint-Venant Lemma (Proposition 2.1)

A direct computation shows that if (2.9) has a solution, then the Saint-Venant compatibility
relations (2.10) trivially hold.

Conversely, the Saint-Venant compatibility relations (2.10) can be written into the form
02, (0, €k — On,€jk) = O, (O, €50 — Oz, €51),
which is equivalent to
02, (91t 9" (O, €15 — On,€j5)) = Oy (9169"° (On, €55 — O, €5s)). (6.1)

If W;; is a vector field on ) with the representation

Wi = Wiji0p, = 9" (0s,€is — Op,€5)0n,
relation (6.1) can be written equivalently into the form

Oz, (g1t Wijt) = Ouy, (g1 Wijt ).

Thus, we may apply Theorem 2.1, i.e., there exists p;; € C*(Q) such that

Vgpij = Wi onQ, Vi,j=1,--- ,m.
By components, the latter relation means that

902, pij = Wije = ¢"° (00, €i5 — On,€s).
Multiplying from left by gy and adding them, we have

8gclpij = 811.61-1 — inejl, Vi,j,l = 1, e, N (62)
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Since Oy, pij + 0z, pji = 0, we can assume without loss of generality that p;; 4+ p;; = 0.

If ¢;j = pij + €;j, then by (6.2) we have
OuQij = Oz, Dij + Orp€ij = O €ik — Op,€jk + Op€ij = Op ik + Op, Pik = Ox,; ik
Again, the latter relation can be transformed into

0, (9459 tis) = O, (919" @is)-

Therefore, if
U, = U0y, = 9" qis0x,,

Theorem 2.1 implies the existence of u; € C?(2) such that
Vou; = U;, Vi=1,---,m.
If we write the components of the latter relation, it yields that
Op, Wi = Qit,, Vi, l=1,--- m. (6.3)

Let V= (V1,---,V,,) with Vi, = ¢**u,, k=1,---,m. Consequently, by (6.3), we have

1 1
5(817: (gjkvk) + Bcvj (gikvk)) = 5(817 (gjkngUS) + aﬂcj (gikgksus»
1 1
= 5051 + Oz,ui) = 5 (aij + ¢ji)
= €ij,

which is nothing but V,,V = e, ie., relation (2.9). The Cesaro-Volterra integral formula

follows at once by combining the above steps.
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