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Existence of Nonnegative Solutions for a Class of Systems
Involving Fractional (p, g)-Laplacian Operators*

Yonggiang FU!  Houwang LI' Patrizia PUCCI?

(Dedicated to Professor Philippe G. Ciarlet on the occasion of his 80th birthday,
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Abstract The authors study the following Dirichlet problem of a system involving frac-
tional (p, q)-Laplacian operators:

(=A)su = Aa(@)|ulP~*u + Ab(z)|u]* 2 |v]) u + %W—Zm% in €,

(=A)sv = Ae(@)|v]? %0 4+ Ab(a)|u|* |v] v + %mmm”v in Q,

u=v=0 on RM\Q,
where A > 0 is a real parameter, Q is a bounded domain in RY | with boundary 8§ Lipschitz
continuous, s € (0,1), 1 < p < g < o0, s¢ < N, while (—A),u is the fractional p-Laplacian
operator of w and, similarly, (—A)jv is the fractional g-Laplacian operator of v. Since
possibly p # ¢, the classical definitions of the Nehari manifold for systems and of the
Fibering mapping are not suitable. In this paper, the authors modify these definitions to
solve the Dirichlet problem above. Then, by virtue of the properties of the first eigenvalue
A1 for a related system, they prove that there exists a positive solution for the problem
when A < A1 by the modified definitions. Moreover, the authors obtain the bifurcation

property when A — A7 . Finally, thanks to the Picone identity, a nonexistence result is
also obtained when A > \;.
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1 Introduction

Recently, fractional p-Laplacian equations have been greatly studied, since they model sev-
eral problems in Physics, Biology, Economics and so on. Thus, the research in this field has
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received a wide attention. Franzina and Palatucci [1] considered an eigenvalue problem associ-
ated with the fractional p-Laplacian operator (—A);. In particular, they obtained some useful
properties of the first eigenvalue. Later, Iannizzotto and Squassina [2] established the Weyl
type estimates for the asymptotic behavior of variational eigenvalues.

A classical method to solve the existence and multiplicity of solutions for the elliptic equa-
tions is the Nehari manifold technique, which has received great attention. In [3] Brown and
Zhang considered the following Dirichlet problem:

—Au = Xa(z)u + b(x)|ul"tu in Q,
u=0 on 0f.

Using the Nehari manifold and the Fibering mapping, defined by
Ayv=A{u: (IN(w),u) =0}, xu(t) = Ii(tu), (1.1)

they obtained the existence and the bifurcation via the Nehari manifold method in the scalar
case.
Recently, Chen and Deng [4] yielded with the following fractional p-Laplacian system:

2
(—A)3u = Aul?%u + ﬁ|u|a_2u|v|ﬁ in Q,

25
—A)Sy = q—2 AP e, 1B—2 in O
(—A)yv = pful u+a+ﬁlu| [v]”" v in Q,
u=v=0 in RV\Q,

where (—A);u is the fractional p-Laplacian operator of u. They defined the Nehari manifold
and the Fibering mapping by

Ay = {(u,v) : (I} (u,v), (u,v)) =0}, Pxuo(t) = Ix(tu,tv) (1.2)

and obtained the multiplicity of the solutions.
In [5], Zhang, Liu and Liu applied the same method to the (p, ¢)-Laplacian system:

—Apu = Aa(x)|uP~2u 4+ Ab(x) [u|* 2 |v]Pu + %|u|7_2|v|éu in Q,

1.3
—Agv = Ae(@)|[v]T 20 + Ab(a) [u]*|v]P 20 + %?|u|7|v|6_2v in , (13)

u=v=0 on 0f2

using the same definitions in (1.2). However, since in general p # ¢, the definitions in (1.2) are
not suitable for problem (1.3) and there are some bugs in [5]. In this paper, we fix these bugs
by modifying the definitions of the Nehari manifold and the Fibering mapping in (1.2), and
furthermore we generalize the results to the fractional setting.

More specifically, we consider the problem

(=A)ju = Na () |[u|P~2u + Ab(x)|u|*2|v|Pu + %|u|7_2|v|5u in Q,

1.4
(—A)sv = Ae(z) | *v + Ab() [u|*|v]? 20 + %x)|u|7|v|5_2v in Q, (14)
Y

u=v=0 in RNM\Q,
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where A\ > 0 is a real parameter, 2 is a bounded domain in RY, with boundary 0 Lipschitz
continuous, 1 < p < g < 00, s¢ < N, (—A)su is the fractional p-Laplacian of u, that is,

AV ule) = 2 Tim |u(z) —u(y) [P (u(z) — u(y))
(FAJpulz) =2 iy, RN\ B. (z) | — y|NFep dy’

where B.(z) is the ball of RV centered at = and of radius ¢ > 0. Of course, the fractional
g-Laplacian (—A)7v of v is defined in a similar way, simply replacing p by ¢. Initially, we study
the associated eigenvalue problem:

= Aa(x)|ulP~2u 4+ Ab(z) [u|*2[v|fu in Q,
= Ae(z)|v]97 20 4+ Ab(z) [ul*[v]’ =20 in Q,

(=
(=
U O in RM\Q

I
f:

and obtain some properties of the first eigenvalue \; of problem (1.5).

In this paper, we solve the question on the correct definitions in (1.2), since they are not
suitable for the case p # ¢ in (1.4). We define the Nehari manifold and the Fibering mapping
as

Ay = {(wv) + (B(w,v), (% §)> =0}, Daualt) = h(tFu,tiv). (1.5)
Then, we use Ay in (1.5) related to (1.4), and prove that there exists a nonnegative nontrivial

solution of (1.4) for all A\, with 0 < A < A1, under the natural conditions.
+ 8

(H;) The positive numbers «, 3, v and § satlsfy +3 B_1,1<p<y 1<q<§é, +5 <
1, a6+ﬁ'v < 1, where p%, ¢¥ are the fractional Sobolev crltlcal exponents pi = NN’; , qS = Nj\iqsq.

(Hz) The functions a, b and ¢ are nonnegative, smooth and of class L>(€2); moreover the
sets Qf ={x € Q : a(z) >0}, QF = {z € Q : ¢(x) > 0} have positive Lebesgue measure, that
is || > 0 and |QF | > 0, where | - | denotes the Lebesgue measure of a measurable set of RY;

(H3) The measurable function p may change sign in Q and p € L*°(Q).

The natural solution space of (1.4) and (1.5) is X = WP x W4, where W? and W1 are
the closed subspaces of W*?(RY) and W*%(RY), respectively, consisting of all functions in
WeP(RYN) and W*4(RY), respectively, which vanish in RV\ Q. More details on X are given in
Section 2.

In the second part of the paper, we assume the further condition

/ p(x)u]vide > 0, (1.6)
RN

where  is the function given in (Hs), while (u1,v1) € X is a normalized positive eigenfunction
of (1.5) associated to the first eigenvalue Ay of (1.5). Then, we obtain the bifurcation property
for (1.4) as A — A7 . Thanks to the Picone identity, we finally get a nonexistence result for
(1.4) when A > A\q, provided that u is nonnegative in €.

In addition to the papers already cited, the fractional (p, ¢)-Laplacian systems, mostly with
the same p = ¢, have been widely studied. We refer to [5-7] and the references therein.

In the scalar case, for Dirichlet problems involving general integro-differential operator,
with the structure of the fractional p-Laplacian, we cite [8], in which existence of unique weak
solutions is proved by the direct method of the calculus of variations. Operators of the type
treated in [8] can be used also in our context. We do not perform this extension here, and refer
the interested reader to the general systems as explained in all details in Section 5 of [7].
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The paper is so organized. In Section 2, we state some notations and preliminary results.
In Section 3, we determine useful properties for the first eigenvalue A; of (1.5). In Section 4, we
prove the existence of solutions of (1.4) for all A\, with 0 < A < A\; and the bifurcation property
for (1.4) as A — A . In Section 5, we establish a nonexistence result for (1.4) when A > A;.

2 Notations and Preliminaries

Let us introduce for clarity some classical notations, referring to [4, 9] for further details.
Let

s, N N )|p
WP(RY) = {uELPR //]R2N |x—y|N+SP da:dy<oo},

s (RN q N )|q
wHIRY) = {ue L'(R féw — W*W dady < oo}

denote the standard fractional Sobolev spaces, endowed with the norms

Ju(a) —u()P | b
e (L | |x_y|N+Sp dady)’.

1

Ju(@) — ()" N\
L (LT |x_ ey dady)

The subspaces W? = {u € WSP(RY) : ulgmv\q = 0}, W9 = {u € WHU(RN) : ulgn\q = 0} of
WeP(RN) and W9(RN ), respectively, are clearly closed and the norms

= ([ OO gy, = ([ OO )
= (L = (L

on WP and W9, respectively, are equivalent to || - [[ys»@~) and || - [[ys.qa@y), since 0Q is
Lipschitz continuous (see [10, Theorem 1.4.2.2]). The solution space X = WP x W1, given in
the Introduction, is equipped with the norm |[|(u, v)||x = ||u||,+ ||v|lq. For the proof of the next
lemma we refer to [4, 9, 11].

Lemma 2.1 (1) The embeddings W% < WP < L¥(R™) are continuous for any v € [1,p?]
and the latter is compact, whenever v € [1,p%), since 1 < p < q and sq < N.

(2) X = (X, lx) is a real reflexive Banach space, while WP = (WP || - ||,) and W7 =
(W, |- |lg) are real uniformly convexr Banach spaces.

For convenience, for all (u,v) € X we introduce the linear functionals B,(u,-) : W? — R
and By(v,-) : W7 — R, defined by

ulp)lP*(u(z) - u(y)
o= [[ (6(2) — 0(y)) dady,

Ix—yW+w
W) *(v(z) — v(y))
U 7/1 /AZN |CE — y|N+Sq (d’(x) - w(y)) ddfdy

for all ¢ € WP and all ¢ € W9, respectively.
Thanks to the main assumptions (H;)—(Hgs), given in the Introduction, the next two defini-
tions make sense.

Definition 2.1 We say that (u,v) € X is a (weak) solution of problem (1.4), if

—B,(u,¢) + §Bq(v,1/)) = %)\(/RN alulP"2u¢ dx + /]RN b|u|°‘_2|v|ﬁu¢dx)
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+ é)\(/ c|v|q_2m/1dx+/ b|u|°‘|v|’8_2m/1dx)
q RN RN
1 1
b [ ulal 2ol usdo [l ol 2ods
P Jp qv Jry

Jor any (¢,9) € X.

Definition 2.2 We say that (u,v) € X is an eigenfunction associated to A for problem
(1.5), if

B

& By (0.0) + = Byfo.0) = SA( [ alulPuodo+ [ blul*polPus do)
p q RN RN

)\(/RN c|v|q_21)z/1dx+/RN b|u|°‘|v|ﬁ_2m/1dx)
for any (¢,¢) € X.

It is well known that problem (1.4) has a variational structure, i.e., (weak) solutions of
problem (1.4) are exactly the critical points of the associated functional

I(u,v) = J(u,v) = AK (u,v) — M (u,v)

from X into R, where

B

(0%
J(u,v) = ;IIUIIﬁ + gllvHZa

B

K(u,v):g/ a(x)|ulP dz + =
D Jry q

1
Mu,vz—/ z)u|" |v]? dz.
() = 5 [ el

Lemma 2.2 The functional J : X — R is weakly lower semicontinuous in X, and K, and
M are compact in X.

/ e(@)o] dz + / b(a)ul" o] dz,
RN RN

Proof The weak lower semicontinuity of J in X is obtained from the weak lower semicon-
tinuity in X of the norms || - ||, and | - ||, Indeed, if (wy,v,) — (u,v) in X as n — oo, then
U, — u in WP and v, — v in W92 as n — 00, so that

J(u,v) < ad lim inf ||u,||? + —ﬁ lim inf ||v, ||4
p q
n—r 00 q n— 00

< lim inf (gHuan + éanHg) = liminf J(un, vn).

We refer to [12, Lemma 2.1] for a proof of the fact that K and M are compact in X, since the
changes are obvious.

3 Some Properties of the First Eigenvalue

Assume that v > 0 and v > 0. Put

uP
pp—1

R(u,v) = [Viul? = Vi (== ) V3ol 2 Vio,

where
Vyu = u(z) — u(y).

Before getting the main result of this section, we give a lemma.
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Lemma 3.1 Assume that X\ > 0 and that (u1,v1) € X is a positive vector function in €,
such that for any (¢,v) € X,

Bp(u1,¢) < )\(/RN aluy [P~ 2uy ¢ da + /RN b|u1|°‘_2|vl|5u1¢d:z:),

By(or) A( [ elulmPowde+ [ bulul? o d),
RN RN
up =v, =0 in RN\Q.
Then for any (u2,ve) € X, which is positive in Q and satisfies the inequalities
By(uz,0) 2 A [ aluspPussdot [ blual™ ol usg de).
RN RN
Ba(va, ) 2 A( [ elual2oavdo+ [ blualfual? ez ),
RN RN
uy =wvo =0 in RN\Q

for any (¢,v) € X, there exists a constant C' > 0 such that (usz,vs) = (C%ul, Cévl),

Proof By the Picone identity (see [13, Theorem 6.2]) we get

P
U17U2 uf
0< drdy = |lullP — B (’LL )
//Rmv |x — |N+S;D y= 1||p p| U2, —ug_l

’LL
< Ju 2 - A / (™ b ) do
2

<A b(uSv? — uPud Pol) da. (3.1)
RN

Using the same method, we have
0< /\/ b(uso? — vlugvs ™) da. (3.2)
RN

Therefore, multiplying (3.1) by £ and (3.2) by g and adding them, we get

0< / b(u‘f‘vf — guﬁ’ug‘_pvg - Evfug‘vg_q) dz, (3.3)
RN b q

since %—i— g =1 by (H;) and A > 0. Now, put 6; = o‘—f and 0y = O‘TF, then
uf vlﬁ = ufuy vl x vlﬁuglvz 0

o _po1  pho 4 a6y ab2

< —uluy T vy + =vius” v,

p q

& poap B B oaabq
—ufug ”2"’5“1“2“2

by the Young inequality, since % + % = 1 by (Hy). Hence the integral in (3.3) is zero and so, in
particular by (3.1)—(3.2),

0<2 buSvd — wPuPol) dae = p b(vIugvs ™7 — u®o?) dz < 0.
D Jry q JrN
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In other words, u?ug Pvh = viugv

() =) = ()" () =e>0
and in turn (ug,ve) = (C%ul,C%vl).

Theorem 3.1 Let Ay = inf  J(u,v). Then

K (u,v)=1
(1) A1 > 05
(2) there exists (uy,v1) € X which is the eigenfunction associated to A1 of the problem (1.5)
and (uy,v1) is positive in Q;
(3) the eigenspace associated to A1 is simple, that is, the first eigenspace

577 — 4¢P In conclusion,

Ey = {(u,v) € X : there exists C > 0 such that (u,v) = (O%ul,C’%vl)}

has dimension 1;
(4) A1 is the only eigenvalue of problem (1.5) whose eigenfunctions are positive in .

Proof (1) It is easy to see that

o B
—lully + =lvll
p " q

( 1)fX @ 6

u,v)€ P q a8
W — alu dZIJ+—/ C|v dil?+/ blu|*|v|” dx
(u,v)#(0,0) p /N | | N | | N | | | |

: J(u,v)
= f 3.4
(u,lgex K(u,v) (34)
(u,v)#(0,0)

A =

and
« 15} o
K(u,v) < EH@HLOOIIUII’EP + EIICIIL%HUII%q + (1Bl poe |2 10117
< o b p ﬁ b q
< E(HaHLw + bl o) [[ull7» + E(HCIIL«» + bl <) [[V]| 74
< max{([lallze + [|bllL=)Sp, (16l + [lel| o) Sq}J (u, v).

Thus, we have

1
>
max{(|lal|zee 4 [|bll L) Sp, (bl + llell o) Sq}

AL > 0,
where S, S, are the best constants of the Sobolev embeddings from W7 into LP(R") and from
W into L(RY), respectively.

(2) Assume that {(U,,V,)}, is a sequence in X such that K(U,,V,) = 1 for all n in
N and J(U,,V,) — A1 as n — oo. Then {(Up,V,)}n is bounded in X, so that, without
loss of generality, we may assume that (U,,V,) — (u1,v1) in X for some (uq,v1) of X. In
particular, K(uj,v;) = nh_)rrgo KU,,V,) =1, and J(uj,v1) < linrr_1>ioréf J(Uyn, V) = A by virtue
of Lemma 2.2. Hence, J(u1,v1) = A1.

On the other hand, (u1,v1) is a conditional extremum of J, so that by the Lagrange multi-
plier method we have

L/(u;u) (ul’ U1, /\) = <J/(U1,U1) - /\K/(ula Ul)v ((bﬂ/)» =0
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for all (¢, ) € X, where
L(u,v,\) = J(u,v) — \[K (u,v) — 1].

Let (¢,7) = (%, %1), then A = \;. Furthermore, (u1,v1) € X is the eigenfunction associated
to A1 of the eigenvalue problem (1.5). Since J(|u|,|v]|) = J(u,v), K(|ul, |v]) = K (u,v) for all
(u,v) € X, (ur,v1) must be nonnegative. Since (~A)su; > 0 and (=A)jv1 > 0 in Q, with
u; = v; = 0 in RV\Q, thanks to the strong maximum principle, as given in [14, Lemma 2.3
and in [15, Theorem 1.2], we get that either u; > 0 or u3 =0 in  and either v1 > 0 or v1 =0
in . Thus, the only possible case is that (u1,v1) is positive in X by symmetry.

(3) Applying Lemma 3.1 to (ui,v1) of part (2), with A = A\, we obtain that for any
eigenfunction (ug,v2) € X associated to Ay which is positive in €, there exists a constant C' > 0
such that (ug,vs) = (C%ul,C%vl).

(4) Assume that (us,v2) is an eigenfunction associated to X which is positive in X. If A > Ay,
then, according to Lemma 3.1, there exists a constant C' > 0 such that (ug,v2) = (C%ul, C%vl),

that is, A = A; by part (3). Similarly, for the case X < A1, we get A = \;.

4 The Case 0 < A < ¢

In this section, we use the Nehari manifold method to prove the existence and bifurcation
of the solutions for problem (1.4). First, put

Ay = {(u,v) eX: <I/’\(u,v), (%, %)> = O}.

Clearly, A is a closed subset of X, and all critical points of I are in Ay. We continue to call
Ay a Nehari manifold even if Ay may not be a manifold. It is easy to see that (u,v) € Ay if
and only if

J(u,v) = AK (u,v) — (Z—I—é)M(u,v):O. (4.1)

Hence, for (u,v) € Ay,
v 0
L(u,v)=(—4+—-—1|M(u,v).

A(w) = (742 1) M)

The Nehari manifold Ay can be described by the Fibering mapping, defined for all ¢ > 0 by
1 1
(I))\)uﬂ,(t) = I,\(ﬁu, ta’l})
= t[J(u,v) — MK (u,v)] — t3 79 M(u,v). (4.2)

Therefore, for all ¢ > 0,
/ vy, 6 T8
D\ () = J(u,v) = AK (u,v) — (— +-— l)tp e M (u,v).
o p q
With this starting we are now in a position to prove the following lemma.

Lemma 4.1 If (u,v) € X\{(0,0)} andt > 0, then (t%u, t%v) € Ay if and only if @, () =

A u,v

Proof The result is an immediate consequence of the fact that
() = <I;(t%u,t%v), (ﬁﬁﬁﬁ»
Uy i

oo L1 1,1 _
s1ncep+p/—1andq+q/ 1.
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Remark 4.1 From @/

% uv(t) = 0, we obtain at once

[

SR
+
Qo
|
—

J(u,v) — /\K(u,v))

(2 + 2)M(u,v)

tA,u,v =t= (

1 1
Hence, if (u,v) € X\{(0,0)} and t54,, > 0, then (5, u,t{, ,v) € Ay by Lemma 4.1.

The elements of Ay correspond to the stationary points of the maps ®y 5, (1) by Lemma 4.1,
i.e.,
(u,v) € Ay if and only if @) , (1) =0.

Hence it is natural to divide A into three subsets Aj, A} and A§ corresponding to the local
minima, the local maxima and the saddle points of the fibering mapping. In other words,

AL = {(u,v) € Ay = @5, (1) > 0},
Ay ={(u,v) € Ay : Y, (1) <0},

A u,v

A = {(u,v) € Ay : @Y, (1) =0}.

A u,v
Now

¥ = (24 2)(1-2 = D))

Consequently, since % + g > 1 by (Hy),

>
>
I

(u,v) € Ax + M(u,v) < 0},
(u,v) € Ay : M(u,v) >0},
A = {(u,v) € Ay : M(u,v)=0}.
We shall prove the existence of solutions of problem (1.4) by investigating the existence of
minimizers of the functional I on Ay). Although A, is a small subset of X, we shall see that

local minimizers on the Nehari manifold Ay are the usual critical points of Iy in X. Indeed, we
have the following result.

Lemma 4.2 If (ug,vo) is a local minimizer of I on Ay and (ug,vo) & AS, then (ug,vo) is
a critical point of I in X.

Proof It is enough to use the same method used in the proof of [4, Lemma 2.2] to obtain
the desired conclusion, with obvious changes.

To achieve a detailed characterization of the sets AY, A} and A, we start by proving a
lemma.

Lemma 4.3 For any A, with 0 < X\ < A1, there exists a constant px > 0 such that

T, ) — AK (1, 0) > iy /RN(|u|p +Jo]7) de (4.3)

for all (u,v) € X\{(0,0)}.
Proof Otherwise, for any n € N there exists (u,, v,) € X\{(0,0)} such that

1
J(Un, vn) — AK (U, vp) < —/ (lunl? + Jvn|?) da.
n RN
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Let Gy = |lunllh + lvnlld, un = C,:%un, Up = ;%vn, which is possible, since C,, > 0. Thus,
[@nlls + [[Unll = 1 for all n € N. Then, up to a subsequence, still denoted by {(tn,vn)}n,
we get that (i, 0,) — (g, 00) in X for some (ug,vo) of X. Therefore, %, — g in LP(RY),
Un — Vo in LY(RY) by Lemma 2.1(1).

On the other hand, putting S = max{S,, S,}, where Sp, S, are the best constants of the
Sobolev embeddings from W? into LP(RY) and from WY into L9(R"), respectively, we have

1 N
2> L [l + k) do
n n Jr

> J(analﬁn) - )‘K(ﬁn75n)

A th L
bW [TJ(un,vn) — AlK(un,vn)}

_ %[(% ) ) (s B) — M K i )|

Letting n — oo, we get

which is the required contradiction.

Now, if A € (0, A1) Lemma 4.3 ensures that A} = 0 and A = {(0,0)} by (4.1) and (4.3).
Therefore, Ay = Ay U{(0,0)}, and Ix(u,v) > 0 for all (u,v) € Ay. Hence, inf I)(u,v) > 0.
A

Lemma 4.4 If 0 < XA < Ay, then Iy is coercive on Ay.

Proof Fix A € (0,A1). For all (u,v) € Ay, using (4.1) and (4.3), we have

v, 9 S
(T 2)0w0) = o [l + o

so that, since I + g > 1 by (Hy), we get

I(u,v) = (%—l—g—l)M(u,v): (%—i—g)(l— 1_1i_ )M(u,v)

2>

p

1
> (1-3 +§)m/wumu|v|q>doc.

The Holder inequality gives

g||u||§—i—é||v|\g = (g/\/ alulP dz 4+ é/\/ c|v|qu+/ b|u|o‘|v|ﬂ dx)
p q P Jrwy q JrN RN

+ (% + S)M(u,v)

a
< AmaX{E(HaHLw + bl L),

< ™

(It + lell)} [l + ol da
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< Chq Ix(u, v),

where

™

A @
= 52 (omax { S lalle + bl (s + llellie) } +1) > 0.

Hence I, is coercive on Aj.

Theorem 4.1 Assume that (Hy)—(Hs) hold and let 0 < X\ < A\1. Then there exists a positive
solution of problem (1.4).

Proof Let {(un,vn)}n C A} be a minimizing sequence of I in Ay, i.e.,

lim Iy(up,vy,) = inf I (u,v).

Since I is coercive in Ay = Ay U {(0,0)} by Lemma 4.4, {(un,vn)}n is bounded in X. Thus,
passing if necessary to a subsequence still denoted by {(un,vn)}n, we get (un, vn) = (ug, vo) in
X for some (ug,v0) € X. Again u, — ug in LP(RY) and v,, — v in L4(RY) by Lemma 2.1(1).
Passing if necessary to another subsequence, we assume that

[[(uo, vo)llx < lim ||(tn, vn)l|x-
n—oo
Hence, in particular,
luolly < m funllp, Jlvolly < lim [fon],. (4.4

First, we assert that inf I, (u,v) > 0. Indeed, suppose inf Iy (u,v) = 0, i.e.,

Ay Ay

Ity 0) = 0, M) = [ pla)un o[ do =0
]RN

as n — 00. By (4.1) and Lemma 2.2, we have

0 < J(ug,vo) — AK (ug,vo) < liminf J(uy, v,) — A lim K (uy,v,) = 0.

n—roo n—oo

Hence (ug,vg) = (0,0). Consequently, using also (4.4), we have
0= J(0,0) = J(ug, v0) = < lim un|? + 2 tim [Jon |2
’ ’ p n—oo miip q n—oo e

Therefore, (un,v,) — (0,0) in X by Lemma 2.1(2).

_1 _1
Let G = unll2 + [[vnll2, @n = Cr *tin, B = Cr “vp, s0 that |[T|[2 + [T]2 = 1 for all

n € N. We may assume that (,,v,) — (U, vp) in X as n — oo for some (up,vp) € X. Put
0= pl* + q% € (0,1) by (Hy). Hence, 0p% > p and 6¢% > ¢, so that

[l all oo 1en 13e 10 15
C_lM(u vp) < P EH
" e lunllp + llvnlld

X 3
< lpell oo (Sgpe llunlly ™ + Sgg

—0

vnllg ™)
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asn — oo, since 1 <p<~yand1l<gq<4§by (Hy). By (4.1), we get
J (@, T) — AK (T, Bn) = (_ + _) — M(up,vp) — 0 (4.5)

as n — oo. Therefore,

0< J(ao,ao) - /\K(ao,ijo) < lim (J(ﬂn,ﬂn) - /\K(ﬂn,ﬂn)) = 0,
n—r00
and so (g, vp) = (0,0). Combining with the compactness of K, given in Lemma 2.2, we obtain
that J(up,v,) — 0 as n — oo. Therefore, (U, vn) — (Uo,v9) = (0,0) in X. This contradicts
the fact that [|u, |5 + [[vn]|Z = 1 for all n € N and shows the assertion inf I (u,v) > 0.
e

A
Now we prove that (u,,v,) — (uo,v0) in X as n — co. We claim that the limit (ug,vo) #
(0,0). Otherwise,
0
I (U, Un) = MK (U, 0p) + (1 + —)M(un,vn) =0
p q

as n — oo. This contradicts that inf I(u,v) > 0. By Remark 4.1, there exists ¢o > 0 such that

Ax

1 1
(tg U, tg ’Uo) € A;
If (wn,vn) - (ug,vo) as n — oo, then in (4.4) at least one inequality should hold with the
strict sign. Otherwise, if both limits in (4.4) are valid with the equality sign, then by Lemma
2.1(2) this would imply that (u,,v,) — (ug,vo) in X as n — co. Hence

) Y48
liminf @) , . (t9) = liminf | J(un, vn) — AK (Un, vy) — (1 + - - 1)top+" 1M(un,vn)
e p q

n—oo n—oo
) oAy

> J(UQ,'UQ) — )\K(UQ,’UQ) — (% + 6 — 1)t6)+q 1M(u0,vo)

= (E/A,’LL(),'UO (to) = O
by Lemma 2.2. That is, ®) ,  (to) > 0 for n large enough. Since (un,v,) € A} for all n, one
has @Y~ (t) <Oforallt>0,and ®) , (1) =0 for all n. Thus we must have 0 <to < 1.
On the other hand, since ® ,  (t) > 0 for all ¢ € (0,1), we have @ 4, v, (fo) < Pxu, v, (1),
and so

(b>\7u07v0 (to) < ]‘lm lnf ¢)\)u7lxv7l (to) S hm 1nf (b>\7un7vn(1)7
n—oo n—oo

in other words,
1 1

IA(tguo, tgvo) < liminf Iy (up, v,) = inf Iy (u, v),
which is a contradiction. Consequently, (ty,,v,) — (ug,vo) in X as n — oc.

Lemma 4.3 implies that (ug, vo) is a critical point of I (u,v) in X. Since I (|u|, [v]) = Ix(u,v)
for all (u,v) € X, the solution (ug,vp) must be nonnegative in Q. Again, as explained in the
proof of Theorem 3.1, the strong maximum principle, given in [14, Lemma 2.3] and in [15,
Theorem 1.2], ensures that actually (ug, vp) is a positive solution of (1.4) in Q by symmetry.

Theorem 4.2 Assume that (H1)—(Hs) and condition (1.6) hold. If A, — A\] as n — oo,
then
(1) lim inf I, (u,v) = 0;

n—00 A
An

(2) if (un,v,) € X is a minimizer for Ix on Ay, , then (un,v,) — (0,0) as n — oo.
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Proof (1) For (u1,v1) € X, by Remark 4.1, there exists t,,, with

-

J(ul,vl) — )\nK(ul,’Ul)
Y48
P+q

tn = t>\nyulyvl = ( M(U]_,'Ul)) %+%71 > O

1 1
such that (t)uq,t3v1) € Ay . Hence, by (4.2),

1 1
inf I)\n (u,v) S I)\n (tﬁul,tﬁvl)
A;n
l_;,_i

= tn[J(ul,vl) — )\nK(ul,vl)] — tﬁ "M(ul,vl)

1
=t, (1 — 1——|—§) [J(ul,vl) — )\nK(ul,’Ul)]

p q

= (A1 — At (1 -

ol
» T

)K(ul,vl).

2>

Then lim inf Iy, (u,v) = 0, as desired.

(2) Let us first show that {(un,vn)}n is a bounded sequence in X. Otherwise, we may
_1
assume either [|u, ||, — 0o or [[vallq = 00 as n — co. Put Gy = [[unllh + vall, Un = Cp 7 un,
1

Tp = Cy “vp, so that [@nllh + [[0n]|§ = 1 for all n € N and C,, — o0 as n — oo. Hence, up
to a subsequence, (ty,,v,) — (Up,Up) in X as n — oo for some (g, vp) € X. Then, since
Iy, (tun,v,) — 0 by part (1), we obtain

M (1, v :/ (@) un | |oul’ dz — 0
RN
as n — 0o. Hence
)
0 < J(tun,vn) — A K (un,vp) = (— + —)M(un,vn) -0
as n — oo. Multiplying both sides by C;; 1, we get
J(Un, Un) — M K (U, 0,) — 0, CF

as n — Q. SinceCn—>ooasn—>ooand%+g>1by(H1),

/ (@) [fio | | dar = 1im/ (@) ][5 da = 0
RN n— 00 RN

as n — 00.
Now we claim that (,,v,) — (4,?) in X as n — oo. Otherwise, as in the proof of
Theorem 4.1, passing if necessary to a subsequence, we have

[[(to, o)l x < lim |[[(tn, 0n)l|x-
n—oo
Hence, in particular,

olly < lim ([Tl [Follg < lim [Tl (4.6)
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Therefore, in (4.6) at least one inequality should hold with the strict sign by Lemma 2.1(2).
Thus,

J(ﬂo,fﬁo) — AlK(ﬂo,fﬁo) < llIglnf J(ﬂn,fﬁn) — 11_)111 /\nK(’En,fﬁn) =0

by Lemma 2.2. On the other hand,
J(ﬂo,fﬁo) - /\1K(ﬂ0,f170) = J(ﬂo,fﬁo) - 11_}111 )\nK(’EQ,EQ) Z 0.

This contradiction implies the claim and so (uy, v,) — (%o, Vo) in X as n — oco. Therefore, we
immediately obtain

J(ao,ao) — AlK(ﬂo,f}b) = lim [J(ﬂn,ﬂn) — AnK(ﬂn,in)] =0.

n—r oo

Hence (g, 0p) is a eigenfunction associated with A\; for problem (1.5), and there exists a constant
1 1
C > 0 such that ug = Cruy, g = C'7v; by Theorem 3.1(3). As

/ () [to|7[o|* da = 0,
]RN

it follows that C' = 0. But [|w,|[} + [[vn]|2 = 1 for all n € N. This is clearly impossible.
Consequently, the sequence {(uy,v,)}n is bounded in X, as claimed.

Therefore, eventually up to a subsequence, (un,v,) — (ugp,vp) in X as n — oo. Hence,
applying to {(un, vn)}n the same argument used for { (@, Un) }n, we show that (u,,v,) — (0,0)
as n — oo. This completes the proof.

5 The Case A > )\,

In this section, we prove a nonexistence result for problem (1.4) via the Picone identity. We
shall assume

(Hg)" p € L*°(Q) is a nonnegative function in €.

Theorem 5.1 Assume that (H1)—(Hz) and (H3)" hold. Then problem (1.4) has no nonneg-
ative nontrivial solutions for every A > \1.

Proof Suppose on the contrary that the assertion is not true and let (u,v) € X\{(0,0)}
be a nonnegative nontrivial solution of (1.4) corresponding to some A > A;.

Let ty, v, € C§°(82), with u,, v, > 0 in ©, such that the sequence {(uy,vy,)}, converges to
some (u,v) in X. Fix e > 0. Applying the Picone identity to the functions u,, u + ¢ and v,
v + €, we obtain

ub vl
P _ n q _ n
Huan Bp(ua (u—l—&‘)p_l) >0, HUan Bq(u, (U_|_5)q—l) > 0.

Using Definition 2.2 and the fact that & + g =1 by (H;), we have

p q
g ||Un||g+§|‘vn||g— g)\/ aup—luin_l dx — E)\ C’Uq_lvin_1 dx
p q P Jrny (u+e)p q" Jan (v+e)e
p q
> g/\/ cuo‘_lvﬂuindx—i— é)\/ buavﬁ_lvindx
p g~ (u+e)p~t q Jp~ (v+e)t
1 1 g
+ — uu"‘lvé# dr + — mﬂv‘s_lvin dx.

pd S (u+e)p—t qy Jr~ (v+e)at



Fractional (p,q)-Laplacian Systems 371

Letting ¢ — 07, we obtain

o B o B
;Hun”g + EHU"”Z — ;)\~/]RN aub dz — —/\/RN v dz

q
- a—p, B, p B a,B—q,4
> = bu*"Polul de + — A\ bu“v” vl dx
D JrN q Jrvy
+ 1 pu Pl da + i/ pu 000 da. (5.1)
pd Jr " Qv Jrx "

Now put 6; = O‘—f and 0, = 22 Since o+ % =1 by (H;), the Young inequality yields

a, B _ o, —01,02 B,,01,—02
usvy = unu” " x vy utv
o _pb1  pby 91 _ qf3
< —ubu avﬂ—|—§vguﬁv ]

o - B _
—uPu PP 4 Zoyly P,

Moreover, A > 0 and b > 0 in Q by (Hs), so that

)\/ butv? do < g/\/ bu®"PoPuP dx + é)\/ bu“v? = dz. (5.2)
RN D Jry q Jry

Similarly, since 1 4 & >1 by (Hy),

_ J _
ulvd < 1 uPuY Py 4 — vy v° .
p q

Now, 11> 0 in Q by (Hs)’ implies

1 1
25w puY PSP da + o /]RN p v~ e da

1 0
= 5—(1/ uu"‘pvéuﬁdx—i——/ uu'yv‘s_qv%dx)

YD JrN q JrRN

1
> — 700 da. 5.3
> 5 [ il (53)

Combining (5.1)—(5.3), we get
@ llwnll + é||vn||g - g/\/ auf dz — é)\ cvd dx
p q p RN q RN

1
> A bulvl dx + —/ pud v da,
RN 0y Jry

that is,
J(Upy U5) — AK (Up, v5) > M (U, vy).

Since {(up, vy)}n converges to (u,v) in X,
J(Un, ) — AK (Up, vp) = J(u,v) — AK (u,v), M (up,v,) = M(u,v)

as n — o0o. Hence
J(u,v) — AK (u,v) > M (u,v) > 0,
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that is A < 1. This is impossible since A > A; by assumption. The proof is now complete.
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