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Homogenization of Periodically Heterogeneous Thin
Beams
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(Dedicated to Philippe G. Cliarlet on the occasion of his 80th birthday)

Abstract Consider an elastic thin three-dimensional body made of a periodic distribution
of elastic inclusions. When both the thickness of the beam and the size of the hetero-
geneities tend simultaneously to zero the authors obtain three different one-dimensional
models of beam depending upon the limit of the ratio of these two small parameters.

Keywords Bernoulli-Navier model, Beam, Korn’s inequalities, Dimensional reduction,
Homogenization
2000 MR Subject Classification 17B40, 17B50

1 Introduction

The aim of this work was to establish the modeling of a thin elastic beam made of elastic
inclusions periodically distributed along its length. More precisely let § and £ be two smal-
|1 parameters respectively the thickness of the beam and the size of the inclusions, and both
are supposed to vanish. Several works have shown how to derive rigorously the reduced one-
dimensional models of elastic beams, starting from the three-dimensional equilibrium equations
and letting the size ¢ of the cross-section tend to zero (just to mention some of the pioneer
papers for plates and rods (see [2, 13])); on the other hand the limit model of structures made
of periodically heterogeneous elastic material has been established by the homogenization ap-
proach, when the number of inclusions tends to infinity, i.e., € tends to zero (just to mention
some of the pioneer papers in elasticity (see [1, 11])). In this paper we let both parameter-
s tend to zero simultaneously, which gives rise to three different one-dimensional models of

homogeneous beams depending upon the limit of the ratio  lim 2.
(,6)—(0,0) ©

In the classical Euclidean space the Cartesian coordinate system attached to the beam is
denoted Oxyx9x3 and we associate an orthonormal basis (eg, e, e3) (this will be defined more
precisely later). The three-dimensional body is thin in the direction e, eq; let § be a small
parameter which takes into account the thinness of the beam. The scaled cross-section of the
beam occupies the bounded domain (with Lipschitz boundary) w C R?. Hence the straight
beam occupies the cylinder Q5 C R3, Q5 = w; x]0, L[ of length L and section ws = dw. A
generic point in s is denoted by x = (21, 22, x3) with (21, z2) € ws, x3 € (0, L), and therefore
(5.2) cw.
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Let! u = (u;) be the three-dimensional displacement field attached to an elastic solid under
the action of applied body forces; it can be decomposed as the sum of a displacement field
U. = (U.;) (rigid in the cross-sections) and a warping u = (@;) (see (2.5)). The elementary
displacement field U, is the sum of a Bernoulli-Navier displacement described by a vector
U = (U,,0) and a scalar © and a contribution u = (u;) to complete the centerline displacement
U (see (2.11)):

for a.e. Qs.
Ue(z) =U(xs) + u(xs) + dU, (z3) A (z1€1 + Taes) or a.e. x € Qs

The structure is clamped on a part I'g 5 = ws x {0} of the boundary 9.
In Section 2 we begin to recall Korn’s type inequalities (2.13) for thin beams (see [7, 10]):

dU, CL
||®||L2(0,L) + Hd—:zrg < 6_2"6(71/)”[[/2(96)]1%(37

L2(0,L)

CL?
Ul (a200,)2 < 52 lle(u)ll[£2(es))2 %3

|2

o < 5 1@ el < S e
das 20,08 = 6 [L2(Qs)]3%3> YUjl[L2(0,L)]? = 5 [L2(025)]3%35

where e(u) represents the linear strain tensor.

Under the action of applied volume force Fy, the beam, made of an elastic material char-
acterized by its elastic tensor a’, undergoes a displacement field u° solution to the variational
problem (the regularities of a® and Fj are detailed later):

Find u? € V(Qs) = {v € [H*(Q2)]> | v =0 on T's0} such that?

/ a’ e(u’) : e(v)dx = Fs-vdz, YveV(Qs).
Qs

We assume that the applied forces have a specific dependence (2.14) with respect to d, so that
the strain tensor [|e(u®)|[(z2(q,)xs is of order 62 (see (2.18)), thus we are in a position to infer
that the sequence u’

In Section 3 we introduce the second small parameter £ which is also supposed to tend to
zero. We describe the thin beam as made of an heterogeneous material whose elasticity tensor
a®% depends also upon ¢; the heterogeneities are distributed along the es axis with periodicity .
In order to study the displacement field, now denoted u*?, we introduce the unfolding operator
Tes; for all p € [1,+00] and ¢ € LP(§s) it associates a function 7z s5(¢) € LP((0,L) x Y)
where Q = (0, L) X w is the dilated domain and ¥ = w x (0,1) is the unit cell occupied by the
heterogeneities. In Section 4 we state the existence of a unique limit displacement field U, and

converges in an appropriate space.

1Greak indices or exponents, except € and J, take their values in the set {1,2}, Latin indices (except e and y)
take their values in the set {1,2,3}. The Einstein summation convention of repeated indices is applied.
2The “dot” notation is for vector product and the “colon” notation is for the tensor product:

AE : F = AWM B By,

where A = (A¥F!) is a symmetric fourth-order tensor and E = (E;;), F = (F};) are two second-order symmetric
tensors.
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a displacement corrector U. and we establish a weak convergence result (4.3),

STes(e(UE) = B(U) + By (@) in [E2(0, 1) x V),

where the symmetric third-order tensors® E and E,, are the strain tensors (3.4), (4.1) (the
functional spaces are completely described in Section 3).
In Section 5 we show that the convergence of the second part of the strain tensor 272 s(e(7*?))
3

)
depends upon the ratio — and we study the three possibilities taken by § = 1 . More
€

im
(,8)—(0,0) ©
precisely we establish the existence of limit fields w and @ in appropriate spaces such that the
following weak convergences take place:

0 = +oo, %ﬁ,g(e(w)) ey (@) + @) in [L2((0,1) x V)P,

0 finite, %ﬁ,g(e(afﬁ)) ey @+ @) in [L((0,1) x V)P,

0=0,  SToalel@) —ey(@+eh @) in [L2(0, L) x V[,

where the limit strain tensors are given in (3.5), (5.5), (5.7) and (5.9). In Section 6 we study the
convergence of the sequence {u5>5}(€)5)_)(070) in the three cases: 8 = +o00, 0 is finite and § = 0.
However, it could be of interest to compute a lower dimensional approximation of the “real
displacement field”, i.e., with a finite value of the small (but not “equal to zero”) parameters
¢ and 0; this is done in Section 7 where the first terms of an asymptotic expansion of u? (see
(7.1)) are given.

Finally we mention the continuity of the function # — «? in an appropriate functional space.

2 Displacement Field in a Thin Structure

Let § be a small parameter which takes into account the thinness of a straight beam. The
beam occupies the cylinder Q5 C R?, Qs = wsx]0, L[ of length L and section ws = dw (where
w is a bounded domain of R? with Lipschitz boundary). The Cartesian coordinate system
attached to w has the gravity center of the structure for origin and the direction of its main
inertia axes as the orthonormal basis (e, e2), i.e.,

/a:a doidas = / 1172 doydas =0, I, = / (a:a)2 dzidxs, (2.1)

and I, I5 are the two principal moments of inertia.

The beam is supposed to be fixed on its extremity I's o = ws x {0}.

The structure is made of a material characterized by its elasticity tensor a® = (a”*9) with
the classical properties of symmetry, boundedness and coercivity, i.e., for all symmetric second
order tensor e there exist two positive constants ¢, C' such that

QIR0 — qItkLO — gkl eijeij < ale:e= a”kl7‘seijekl < O ejjei. (2.2)

Under the action of applied volume forces Fs the beam undergoes a displacement field
us € V(Qs) solution to the variational problem

/ a’ e(u’) : e(v) do = Fs-vdx, YveV(Qs),
Qg in

3The subscript y stands for derivative with respect to (y1,y2,ys3), the subscript ¢’ is for derivative with
respect to (y1,y2), and the subscript ys is for derivative with respect to ys3.
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posed in the functional space
V(Qs) = {ve[H ()| v=0o0nTso}. (2.3)

In this space the classical Korn’s inequality reads: For all v € V(Qy), there exists a positive
constant C'(2s) which depends upon the domain 5 such that

IVl 205y + 10l L2(05) < C(Qs)lle(v) ] L2(0s)- (2.4)

Hence, for F5 € [L?(Q5)]® and a® € [L>(Qs)]2*3%3%3 we can apply Lax-Milgram theorem to
obtain the existence and uniqueness of the solution u® € V().

2.1 Decomposition of the displacement field in a cylinder

In order to study the behavior of the sequence {u°}s when § goes to zero it is of interest
to introduce the fixed bi-dimensional domain w C R? (the reference cross-section of the beam),
hence ws = dw, and the three-dimensional cylinder = w x (0, L). We also consider the decom-
position 4 of any displacement field u € [L(£25)]® as the sum of an elementary displacement
field U, € [L'(Q5)]® and a warping @ € [L1(Q5)]? (see [5, 12]):

u(x) = Ues(z) +u(x) for a.e. x € Qy, (2.5)

where u satisfies

/ u(x) depdas =0, / xauz(z) dryday =0,
rs v for a.e.z3 € (0, L). (2.6)

/ (xlﬂg({b) — xgﬂl(l')) dxidars =0
ws

The last equality above means that the warping @ does not capture the couple of torsion forces
(see Section 2.4). The same approach was considered for plates (see [8]). The elementary
displacement U, is given by the displacement of the middle line U € [L'(0, L)]® and the small
rotation along the vector R € [L'(0, L)]?:

Ue(x) =U(xs) + R(xz3) A (z1€1 + 22€2) fOr ae. x € Q. (2.7)
We recall here the Definitions 2-3 of [9-10].

1 1
Uzs) = — u(x) deydze = ST / u(x) deydws,
62w| Jus

|wsl Jews
1
R1($3) = —/ 1‘2U3(CL‘) dxldl'g,
0% J,,

) (2.8)

RQ({E:;) = ——/ x1U3(x)dx1dx2,
L6 ),

L / (x1us(x) — x2us(2)) doypdas,

Rs(z3) = O(z3) = AL

where the two principal moments of inertia Iy, I are given by (2.1).

Remark 2.1 From now on, we assume the displacements to be in V(€s). As a consequence,
for every u € V(£2s), the terms U and R of the decomposition belong to [H*(0, L)]3, while the
warping @ belongs to V(€25). The terms of the decomposition also satisfy the boundary clamping
condition

U0)=R(0) =0, u(zry,72,0)=0 fora.e. (z1,72) € ws.

4The case of a curved beam was consider in [7].
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We recall the bounds on the displacement fields given in [10, Theorem 3.1, p. 206].
For all u € H'(Q4;R?) and § < L, we have

IVl 205 < Clle()llz20,),  [Tll205) < Chlle(w)lL2(ay),

dn

C
dz3 < —<lle(w)|l2s)>

d$3

L2(0,L) L2(Q5)

where the positive constant C' depends neither on ¢ nor on the length L of the beam.
Corollary of [10, Theorem 3.1] (Korn’s Inequality with Boundary Conditions) For all
v € V(Qs), we have
C
[VvllL2(as) + [vllr2es) < = lle()llrz;)- (2.9)
We note that in this expression of Korn’s inequality the bound depends explicitly on the thickness

of the thin beam (compare to (2.4)). More precisely, one has

C
uallres) < gHe(U)llm(Q&), llusll2(0s) < Clle(uw)|lL2(s)
(2.10)

C
[Vullr2(0,) < gH@(U)Hm(m)'
The constant C' is independent of §.

2.2 Introduction of a new decomposition

We introduce a new decomposition of the elementary displacement part U., in order to
simplify the expression of the strain tensor e(U,) = $(VU, + V'U,),

v, 40
0 0 W R0
: : diZ?g R2 2 d$3
1 AUy 46
U) =+ 4 49
e(Ue.) 5 0 : 0 : dos + Ry + 21 i
au, 46 AUy 46 dUs  dR,  dR»
R e -2 == o223 - 22
d, g, | g, thitng, | (dxg R P o )

More precisely let (U,u) be the new functions defined by
T3
Uls) = / R(t) Nes df, u(ws) = Ulzs) — Ulzs) for ae. 23 € (0, L),
0

Then we can eliminate the first two components of the rotation and get
dRy  d?U; dR,  d?U,

dzs  da2’  das  dad

dU1 d(Ul — Ul) dﬂl dUQ d(UQ — UQ) dQQ
L _R-————U_ 2 p 2 22
dl‘3 d$3 d$3 d$3 d$3 dl‘3

and U3z = 0. From now on, we denote ©® = R3 the third component of the rotation; therefore
we have a new decomposition of the field Ul,:

Ue(;zj) = U(Zbg) —|—ﬂ(;p3) + dU; (ZC3) A (:z:lel =+ 13292) for a.e. © € Q5
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or component-wise

U, (xg,) + uy(x3) — 220 (x3)
U

Un(x) 2(x3) + ug(z3) + 210 (23) ' (2.11)

dU dU
1y (@3) = 2 () = w27 = (o)

This decomposition yields the new expression of the strain tensor as

du de
0 0 =1
: : d$3 2 diZ?g
1 duy de
= = 0 0 =2 _
e(UE) 2 : : dl‘3 Tt d$3
du, de du, de dug d?U, 42U,
e =2 - of(=2=8 g2 = L
Qos Pz | dws T Vdmy | (darg 0z T A )

We note that the clamping condition © = 0 on I'g 5 implies boundary conditions on the decom-
position:

= d—(O) =0(0)=0, u(x)=0 forae zeTys=uwsx{0}. (2.12)
3

We also note that, since R, € H'(0, L), one has U, € H2(0, L).

2.3 First bounds
In the sequel C represents any positive constant which depends neither on ¢ nor on the
length L of the beam.

When u belongs to V(€s) then, taking into account the boundary conditions (2.12), one
obtains the bounds on the new fields (U,,u;, ©):

CL
meu+MmL%m_ywwmmmm
CL
Ul 20,2 < 5—2”8(”)”@2(95)]3%, (2.13)

C CL
[l e < Flet@lizz@apsss: Talizza < S lewlizzos-s

2.4 Assumption on the applied volume forces

Let v be a general elastic displacement field belonging to V' (§25) decomposed as follows:

v="V,+7,
dVsy
—E(iﬂs)
Ve(z) = V(z3) + v(xs) + _i_%(%) A (z1€1 + 12€2) for a.e. T € Qs.
d$3
W(zs3)

We rely on the bounds (2.13) and (2.10) and we consider, for simplicity, the scaled forces and
moments.
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(1) Influence of a volume force f5(x3) = (6 f1(x3),6% f2(x3),0 f3(x3)) :
0 fs-Vedx = |W| /OL(54fa(Va +Qa) + 53f3£3) dxs.
5
(2) Influence of a moment fass(x) = (=2 fr(x3), z1 fr(2s), x191(23) + 22g2(23)):
; fars - Ve do = 6* /OL((Il + L) fr¥ — [1g1 V] — Irg2V5) das.
&

The quantity —xs fr(x3)e; + 21 fr(x3)es represents the torsion forces acting on the beam.

(3) Influence of f (z) = (5i1(x3),5i2(x3), %i?’(a:)), fa(@) = 219, (23) + 229, (23) With g_
given by the solution of the ODE, where I, is given by (2.1):

dga

d{E3

L
/Q f5-Vedr= /O ((53|w|ia(Va +u,) — 53(I1Q1V'1 + IQQQV/Q)) das
)

I, +|wlf, =0 in(0,L), g (L)=0, nosummationona=1,2,

L L
= I8 [, (Vo) = £, Vo) dog = ol [ v, das
0 oY aeY 0 EaeY
Now let us combine all those elementary forces to define the global one

Fs=fs+ fus + £
or component-wise

0 fi(xs) +0f (3) — w2 fr(xs)

Fy(z) = 8? f2(23) + 0, (23) + 21 fr(ws) 1 ' (2.14)

0fs(w3) + 2191(23) + 2292 (w3) + 5(219, (23) + 229,(23))

Note that, due to the definition (2.6) of T, one has fQ Fs -7 dx = 0. With the decomposition
(2.11) of the displacement field and assumption (2.14) on the forces we get the expression of
the potential energy

L
Fs-vde = 54/ (|w|fa(Va +v,) + (I + L) f7¥ — (I1g1 V] + I2g2V})) das
Qs 0

L
+ 53/ w[(f, v + faus) das, (2.15)
0

and the bound follows:

‘/F(;-’de‘
Q

< C& (I flirzco,ny + IS o,y + 1l 2o,y + lgllpzco,ny2)le(@)ll L2y
< C8le(v)||r2(ay) for all v € V(). (2.16)

Remark 2.2  The specific choice (2.14) is made so that every component of the force
contributes equally to the total elastic energy as we can see in (2.16) and, consequently, will
appear through (6.2) in the expression of the limit models.
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The variational problem: Find u® € V().

/ a’ e(u®) : e(v)dx = / Fs-vdxe, YveV(Qs) (2.17)
Qs Qs

has a unique solution and the a priori bound on the strain tensor e(u’) can be derived from
(2.16):
C||€(U6)||2L2(QJ)
< / a’ e(u®) : e(u)dzx = / Fs-u’ dz
Qs Q

< C& (I £ ll1z2c0,2y2 + 1z o,y + Il z20,0) + gl 2o, o) lle(®) | 2oy

< C8%|le(u’) [l z2 ()75
which in turns yields

||e(u6)H[L2(QS)]3x3 < 052, (2.18)

where the constant C' > 0 does not depend upon .

2.5 A priori estimates

Any displacement field u’ satisfying (2.18) can be decomposed as presented in the previous
subsections. Therefore, the appropriate choice of the applied forces and moments (2.14) leads
to the following bounds on the different fields (u®, U?,u®, ©°,%%) associated to (2.13):

(1) Bound on the total displacement u°:

C
ludllzzas) < 5 lle(’)lza,) < €8,
[ulll 2y < Clle(?)| 2, < CO>
(2) Bound on the principal flexion U°:

CL?
HU6||[H2(O7L)]2 S 52 He(u6)||L2(QS) S C.

(3) Bound on the stretching or complementary flexion u’:

CL
HQ(;H[HI(QL)]-% < THe(u‘s)HLz(Q&) < (6.
(4) Bound on the angle of torsion of the sections (around the middle straight line) ©°:
CL
||®6||H1(O,L) < 5—2||e(u5)||L2(96) <C.

(5) Bound on the warping @°:

17 [[1z205)8 < Cdlle(u’)| 12y < C8%
IVE (L2050 < Clle(w®)]|12(y) < C6°.

To sum up, we get

19 10,0y + 10N (m20,002 < C, W]l m 0,2 < C9,

_ ’ (2.19)
12 liL2@ys < O, [IV8 || 12(0) < CF°.
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In the sequel, we consider periodically heterogeneous thin beams: More precisely, the material
is described by an elasticity tensor a®° € [L>(Qs)]3*3*3*3 (with the same kind of coercivity
and symmetry properties as in (2.2)) whose components are periodic along the eg direction and
depend, now, upon two small parameters 6 and ¢ (the applied forces are independent of ). The
variational problem: Find u®° € V(Qs) such that

/ a®°® e(u®°) : e(v)da = / Fs-vdz, YveV(Qy)
Qg Q&

£,0

has a unique solution u This paper aims at studying the behaviour of the sequence of

solutions {us"s}g,g when both parameters € and d go to zero independently.

3 Introduction of Another Small Parameter: The Size € of the
Inclusions

3.1 The unfolding operator 7., definition and first properties

The beam is made of periodic cells distributed along the direction ez, in such a manner that
each of these identical cells occupies a domain of thin section ws and of small length €. In order
to simplify the presentation we assume that the macroscopic domain (0, L) is covered by an
integer number of elementary cells®: ¢ = L/N, N € N*,

We define the unique decomposition of almost every real number z € R as the sum of its
integer part [z] (also called the “slow” evolving part) and the remainder {z} (also called the
“fast” evolving part) which belongs to the microscopic domain (0,1)):

=[z]+{z}, []e€eZ, {z}€(0,1).
The unfolding operator 7; maps LP(0, L) into LP((0,L) x (0,1)) for all p € [1,+o0]:
Vo € LP(0,L), T(p)(z,y) = go(a {g] + Ey) for a.e. (z,y) € (0,L) x (0,1).

An immediate property of this linear operator is that for all functions ¢, ¢ € L'(0, L) we have

L L 1
/0 p(@)dz = / dz / T @ y)dy,  Te(¢d) = T-()To(8).

Let us introduce the spaces

HLp(0.1) = {w e H'(0,1) [ (0 / by
(0,1) = {4 € H*(0, 1)mH1 (0,1) [ 4'(- ,1)}.

per per

In the sequel we will make use of important results of convergence gathered in the following
three theorems (see [3, p. 1599, p.1603]), in which the variable z lies in (0, L) and y in (0, 1).

5The domain 25 does not depend upon ¢.
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Theorem 3.1 Let {v.}. be a sequence in L*(0, L) satisfying ||v:| 120,y < C. There exists
a subsequence, still denoted {e}, and limits v € L*(0,L) and v € L*((0,L) x (0,1)) such that

Ve — v weakly in L*(0, L),
1
To(w) = v+5  weakly in L2((0, L) x (0,1)), / (-, 1) dy = 0.
0

Moreover, if H o , then v € L?(0,L; H!..(0,1)) and

o <

per
0Tz(ve) dw, N ov —
oy - ETE(dx ) a weakly in L7((0, L) x (0,1)).

Theorem 3.2 Let {v.}. be a sequence in H'(0, L) satisfying ||ve|| g0,y < C. There exists
a subsequence, still denoted {¢}, v € H'(0,L) and v € L*(0,L; H',.(0,1)) such that

per
Ve v weakly in H'(0, L),
Te(ve) = v strongly in L*(0, L; H'(0,1)),

dUa dv 67[)\ ) 5
(%) = @ty weakly in L((0.L) x (0,1))

Theorem 3.3 Let {v.}. be a sequence in H*(0, L) satisfying ||ve||g2(0,1) < C. There exists
a subsequence, still denoted {¢}, v € H*(0,L) and v € L*(0, L; H2,,(0,1)) such that

per
Ve = v weakly in H%(0, L),
Te(ve) = v strongly in L*(0, L; H*(0,1)),
T(dva) — dv strongly in L?(0,L; H'(0,1))
€ d:z:‘ dx ) b ) )
d%v, d>v 0% . 5
7;( 2 ) 2 + a7 weakly in L*((0,L) x (0,1)).

We are then in a position to extend these results to the study of sequences {w5’5}575 according
to the limit of the ratio g when both the two small parameters converge to zero.

In the lemma below, we consider a sequence {(e,d)} converging to (0,0).

Lemma 3.1 Let {wg";}g,g be a sequence converging weakly to w in L?(0,L) and satisfying

dw® ,0

el

If £ — 0 then there exists @ in L*((0,L) x (0,1)) satisfying fol w(-,y)dy = 0 such that the
following convergences hold:

(i) To(w=%) = w+w weakly in L?(0, L; H'(0,1)),

<C

L2(0,L)

£,
dwx ) — 0 weakly in L*((0,L) x (0,1)).

(i) 072

Ifg — 400 then there exists @ in L?(0, L; HY, (0,1)) such that the following convergences hold:

per
(i) (™) = w  weakly in (0, L; H'(0, 1),
dw® 0w -
(iv) (5T( P ) n weakly in L*((0, L) x (0,1)).
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Proof We begin with the obvious estimates

OT-(w™?) ‘
dy

€

dw67
Lz(O,L) (5

172 (W) I £2((0,2) % (0,1)) < C, H i

=
L2((0,L)%(0,1))
Step 1 We prove (i) and (ii). Convergence (i) is an immediate consequence of the first part
of Theorem 3.1. Since the sequence g is bounded from above we get
) ]
<CZ, |27 (o))
L2((0,L)x(0,1)) € €

<C.
L2(0,L;H(0,1))

ST (")

From the above estimates and the fact that g — 0 we deduce

gTa(wE’é) — 0 weakly in LQ(O, L; Hl(oa 1)).
And 5 8T( 5) g
(W) dw*®
= )

gives convergence (ii).
Step 2 We prove (iii) and (iv). In this second case, since § is bounded from above, from

Theorem 3.1, up to a subsequence, there exists W € L2(0, L; H!_ (0,1)) such that

per
To(w™) —w+ W weakly in L(0, L; H'(0,1)).

Taking into account the fact that 5 — 0, we get 66—2/ = 0, then W is independent of y. And
fol W(z,y)dy = 0 for a.e. x € (0,L) gives W = 0 and convergence (iii).

Applying Theorem 3.2 to the sequence {51115’6}575, which is uniformly bounded in H*(0, L),
and weakly convergent to 0 in H'(0, L), we obtain a function @ in L?(0, L; H}..(0,1)) such that

per

(up to a subsequence)

d(Ow=?)\  ow T2
E(T) 8_y weakly in L*((0, L) x (0,1)),

whence convergence (iv).

3.2 The dilation operator Il5; and the unfolding operator 7; s

Associated to the scaled domain Qs we introduce another unfolding operator Il : L?(s) —
L?(Q) defined for all ¢ € L?(Qs) by

H§(¢)($3, yhy?) = ¢(6y176y27x3)7 (CE3, yhy?) S Qa
and we note that
1
1TL5 (D)l L2y = 5”¢HL2(QJ)' (3.1)

Moreover, for every ¢ € H'(Qs) one has

0(55) =5 5o, Ts(52) = 5o (o)) (3.2
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Next, we combine the two previous scalings due to the thinness of the geometry and the peri-

odicity of the elasticity tensor and we introduce the third unfolded operator
Tes =Tcolls =15 0 Te.

From now on, the reference microscopic domain is denoted ¥ = w x (0,1) and we get the
definition

Tews 0 € L'(Qs) = Tes(p) € LY((0,L) x Y),

£,0
Tes(0)(x3,y) = ¢l e [%} e3 + 0yie1 + dyaes + 5?4393)
and the main properties
Tes(0p) = Te5(0)Tz,5(0) for all (p,¢) € L' (Qs) x L*(Qs),

/ o dr = 52/ Te5(p) dy das for all p € LY(Qs),

Qs (0,L)xY

/ lo2de = 52/ |Tz5(p)* dy das  for all ¢ € L?(Qs).
Qs (0,L)xY

Remark 3.1 Let us observe that when dealing with the operator 7;, only the variable x3 is
unfolded (w is just a set of parameters), when dealing with the operator Ils, only the variables

x1, x2 are unfolded, while with the operator 7z s the three variables (x1, z2, x3) are unfolded.

3.3 The periodically heterogeneous beam

% we assume that there

In order to take into account the periodicity of the elasticity tensor a*
exists a tensor A € L (Y)3X3%3%3 (with the classical properties of symmetry, boundedness and
coercivity) such that

i i ry T2 (T3 .
aTRLE0 (1) = AWK (—, —=, {—}) a.e. in Qj.
(@) 570 e ’
This yields

To5(a®)(x3,y) = A(y) for ae. (x3,y) € (0,L) x Y. (3.3)

The problem we have to solve now is to find the limit of the sequence {u°}. s whose elements

are solution to the variational problem: Find u®° € V/(£s),
/ a® e(ud) s e(v)de = / Fs-vdz, YveV(Qs).
Qs Qs
Asin (2.5), (2.11) we have the decomposition
us? () = U (z) + 7 (2),

Ui’[s(ﬁm) + y?[s(ﬁm) — 2905 (z3)
U;’[s(ﬁm) + y§76(ﬁc3) + 21059 (13)

) £,0
e, . dUi’ _ dU2
uy’ (r3) — 1 drs (x3) — 2 drs

(w3)
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3.4 First convergences
Let us introduce the following vector spaces:

av
- d_%(o) =¥ (0) =v(0) = 0}7

V= {U € [L*(0,L; H' (w))]? ‘ / i3, Y1, y2)dy1dys = / YaT3(23, Y1, y2)dy1dys = 0,

Vi = {(V.W,0) € [H3(0, L)]2 x H'(0, L) x [H'(0, L)]* | V(0)

/ (y102(23, y1, y2) — Y201 (23, y1,y2))dyrdys = 0 for a.e. a3 € (OaL)}'

For every (V,¥,v) € Vi, we define the symmetric tensor E by

1 /dy, dw
! ’ 3(as ;)
1 /dv, dw
E(V,¥,v) = 0 0 E(d—xg +y1d—x3) . (3.4)

1 /dw, dw 1 /dw, dw dug d?v, d?V,
Z(dxg Y2 dxg) 2(da:3 T darg) dxs o dx% 92 dx%

and for every 7 € V, we define the symmetric tensor e, by

10v
11,y (V)  e12,(D) 53—£
_ _ _ 1 653
ey (V) = | e12,/ (V)  e22,/(V) 30m | (3.5)
10w 10%
2 Byl 2 Byg

where the subscript ¥’ emphasizes the derivation with respect to variables (yi1,y2) only.

Then we can state the first convergence result.

Lemma 3.2 There exists a subsequence of (g,9), still denoted (g,0), and limit displacement
fields

(U,0,u) e Vm, ueV (3.6)
such that

Usd — U, weakly in [H*(0, L)]?,
1
gfﬁ —u weakly in [H(0, L)]3,

g,0 _\ ) 1
o) e) weakly in H'(0, L), (3.7)
1 —
5_21‘[5(@5’5) —u  weakly in 'V,
1 9115 (7°
S% — 0 weakly in [L((0, L) x w)]>.

€3
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Moreover, one has

1 o5 du,
gﬂa(ug ) — ug — N,
1

51s(e(UE") = B(U, 6,u)

ST (@) = ey ()

U,
diZ?g

G. Griso and B. Miara

weakly in L*(0, L; H' (w)),
weakly in L?(0, L; H' (w)),
weakly in [L*(Q)]3*3,

weakly in [L%(Q)]3*3,

where the limit symmetric tensors E(U, O, u) and e, (@) are given by (3.4) and (3.5).

Proof The convergences (3.7) and the boundary conditions (3.6) are the immediate conse-
quences of the estimates (2.19), (3.1)—(3.2) and the boundary conditions satisfied by the terms
of the decomposition of u?. Moreover, since the field @ verifies the equalities (2.6); dividing

them by 62, then transforming with II; and passing to the limit show that the limit field &

belongs to V. Then the convergences (3.8); and (3.8)3 are the consequence of the convergences

in (3.7) and the decomposition of u.

A straightforward computation yields the symmetric tensor

0 0 |
|
STeUE) = |« | 0|
|

S B

6
1[40  1duiy
ol "2 Ay TS duy
1 [+ 0= | 1duj’)
oL e TS s
?uy’ dPUy’ | 1dug’y
a2z a5 das |

Then (3.8)3 is the consequence of the convergences in (3.7)1 2,3

A similar computation yields

1
ST (o)
—&,0 —&,0 —&,0 —&,0
8H5(u1 ) l(aﬂg(ul ) (91_.[5(11,2 16[[5(’113 )
o 2 Oy o 2 On
=5 . A5 (u5®) 1000,(a3°) | +
0y 2 Y2
* * 0

Then (3.8)4 is the consequence of the convergences in (3.7)4,5.

In the next sections we study separately the two components of the complete unfolded strain

tensor

Tea(e(u™) = Tes(e(UE)) + Te ale(@s”):

6To save space, the star * indicates a symmetric term.

| =

0 0

0

1 0TI (1)

2 6!E3

1 9l (

2 82133

—&,0
Ugy

)

oMl (u5°)
81‘3
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4 Expression of the Unfolded Strain Tensor 7: ;(e(U:*)) and
Convergence Result

Let

Voor = {(V.9,8) € L2(0, L5 [0 (0, )] X Hjey(0,1) X [Hp (0, 1))

(v,
1 N 1

/ - y3)dys = 0, / (-, y3)dys = 0, / U(,y3)dys = 0},
0 0

and for every (WA/ 7 ,0) € Vper, we define the symmetric tensor E,, (WA/ 7 ,0) by

0 0 (2—2 —yzg—i)
0 0 (g;’z J: qu;) . (4.1)

L 00y 10 0y O 0% 0,
dys 2Oy ays  Moys) oys Vo dy3 S dy3

In an obvious way, to the displacement field US*% we associate the new unknowns (U9, @59 457

and a straightforward computation yields the unfolded scaled symmetric tensor

0 : 0 : _y27§(df;:)+%7;((zﬂ_§)
S () L (95
I R S R SR G

dl‘3
and we get the following convergence result.

Lemma 4.1 There exists a subsequence of (g,9), still denoted (g,0), the limit of Bernoulli-
Navier displacement field (U, ©,u) and the correctors ([[AJ, @,@)

(U,0,u) € Vi, (U,0,0) € Vper (4.2)

such that

Tes(u 576) — Uq weakly in L*(0, L; HY(Y)),

%7})5( - U7 %) =y — 20 weakly in L?(0, L; HY(Y)),

1

57;5(1@’5 — UZ’J) — uy + 910 weakly in L*(0,L; HY(Y)), (4.3)

1 NN dU1 dU, g e

57;,6('“3 ) — ug — dx — Y2 T weakly in L*(0, L; H(Y")),

1 ~ ~

57;,5(6(U:>5)) — B(U,0,u) + E,,(U,0,7) weakly in [L*((0,L) x Y)]°,

where the symmetric strain tensors E(U,0,u), E,, (U,0,3) are given by (3.4) and (4.1).
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Proof Again, from the bounds (2.19), and now with the help of Theorem 3.2, we infer the
existence of a subsequence of (g,9) and of limit corrector fields ([[AJ, (:),@) € {\/’per such that the

following weak convergences hold:
T.(Us°) - U  weakly in [L?0, L; H%(0,1))]?,
T.(©5%) =~ © weakly in L?(0, L; H*(0,1)),

ST(u) = u weakly in [L2(0, L; H'(0, 1))

and e
( Az ) dazg weakly in [L2(0, L; H(0,1))]?,
ﬁ(dzzg) jjj ZZH; weakly in [L*((0, L) x (0,1))]?,

() = e e weldy i £20.0) % 0.1),

weakly in [L2((0, L) x (0,1))]3.

g £

Hence, the convergences in (4.3) are obtained.

(du”)ég ]

dJ?g d$3 8y3

Remark 4.1 The limit (U, ©,u) is the same as the one obtained in Lemma 3.2.
5 Expression of the Unfolded Strain Tensor 7. ;(e(u?)) and
Convergence Results

This section is devoted to the contribution of the warping part of the displacement field @,

for which we use the bounds given in (2.19),
HEE’JHLz(QCS) < 053, ||Vﬂs’6||L2(Q5) < 082 (5.1)

Let us recall the chain rule which gives the transformation of the gradient for any vector-field
v € H (),

dp 1 0 dpy _ 1 0
Too(gu) =5 3n oo Tea(5) = 2 5, (To(o)) (5:2)
Then, a straightforward computation yields
- csyy 10Tes(@”
ey Teal@™) eray(Ts(a) 52000 )
1 . 1 107 5(u5°
§Talelm™) = 3 | ey (Ta@™) enny(Tsaet)) 570
107z 5(u5°) 107 5(u5”) 0
2 oy 2 Oy
—e,0
0 0 OT5(uy”)
. o)
I s\u
+ 5 0 0 o (5.3)

OTs(u®)  OTz.5(15°) ,OT: 5(@°)
0ys 0y3 dys
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Because of the chain rule (5.2) and estimates (3.1) and (5.1), we deduce that there exists a
constant C' > 0 such that we have the bounds

S T
(L2(0,0)xv)s 1193 292 ~

1 0T, 5(u® H H 1 ous®

- GlesU ) = <, A4
02 Yo [L2((0,L)xY)]? 02 Oxg l[L2(s))3 (54)
Laﬁ,awa’%H 5L W‘*H <o

52 Oys (2(0.0)xy)s 61162 dxs 2@ = 6

Therefore, the limit of the unfolded strain tensor 17z s(e(@*°)) and, consequently that of the
unfolded tensor +7Z 5(e(u*?)) will depend upon the relationship between € and §. Let us denote

0= lim g; there exist three possible cases which are
(,6)—(0,0)

e (= +o0,
e 0 is finite,

e 0 =0.

The remain of this section is devoted to the study of these three possibilities.

5.1 The case lim
(£,6)—(0,0)

[LNISY)

= 400

In order to study the convergence of the unfolded strain tensor 7z s(e(@?)), in the case

0 = 400, we introduce the vector space:

V= {oe 22(0.0) < B 0.0 | [ witas,n)dmndse = [ pava(oa,p)dindye = .
/(y1v2 (z3,y) — yav1(z3,y))dyidy2 =0 for a.e. (x3,y3) € (0,L) x (0,1),
1
/ vi(xs,y)dys =0 for a.e. (z3,y1,Y2) € Q}
0

For any v € [L*(w; H'(0,1))]?, let e5° be the strain tensor defined by

1
0 |0 | 1on
20y
| |
1 3’()2
©v)=10 0 - 5.5
e (v) : : 5 0 (5.5)
Louw \ L0vy - Ous
2 dys 2 0ys dys
Lemma 5.1 There exists U € %oo such that (up to a subsequence)
1
6—27;,5@5’5) -7 weakly in [L*((0, L) x w; H(0,1))]3,
(5.6)

%7;)5(8(@5"6)) — ey (T) + ef/‘;(ﬁoo) weakly in [L?((0,L) x Y)]3%3,

where U was introduced in Lemma 3.2, with e, defined by (3.5) and where €5, is given by (5.5).
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Proof We still have the bounds as given in (2.19),

7= llz20qs < C8°, [IVE™?|

[L2(Q5)]373 < Ccs?
and the conditions given by (2.6). Therefore, on the one hand, recall (3.7)4—5,

sy 7 weakly in [L2(0, L; H' ()],

52
1 0I5 (u™°
g% —0 We&kly in [LQ (Q)]B

On the other hand, the sequence {w® = &II5(u } satisfies the assumption of Lemma 3.1

(second part):
.y B H 1 8@5’5‘
L2(Q 02 6!E3

L2(Q5)

[|w® HLz(Q (5H(52 L2(95) Ha—xg

Hence, there exists 7 € V' such that the weak convergences (5.6) hold.

5.2 The case lim £ =0 €]0,00]

(,6)—(0,0) ©

Denote

=0
vV = {v € [L*(0,L; H) (V)] ‘ / (23, y)dy1dys = / Yav3 (3, y)dy1dys = 0,

w

/ (ylvg(xg,y) — ygvl(xg,y))dyldyg =0 fora.e. (z3,y3) € (0,L) x (0,1),

1
/ ’U'L'(x3vy)dy3 =0 fora.e. (1173,?41792) € Q}
0

For any v € [H'(w x Y)]?, let ¥ be the strain tensor defined by

(%1 1 (%1 81}2 1 6’03 (%1
-t (=22 (=2 e
oy : (3?42 * ayl) : 2 (3y1 3y3)
1/0v v v 1/0v v
0(y) = S, P2 72 (228 p2
W =1 3 (am + ayl) : 90 : > (ay2 + oay3) (5:7)
1 3’()3 8111 1 8113 3’()2 8113
o o) | alen ) | e
Lemma 5.2 There exists ﬁe € %e such that (up to a subsequence)
1 ~
5 Tea(@0) =T+ T weakly in [L2(0, L; H(Y))]?,
(5.8)

1 _ _ ~0 .
57;5(6(’11676)) — ey (@) +ef ()  weakly in [L*((0,L) x Y)]3*3,
where U is introduced in Lemma 3.2 with e, defined by (3.5) and where €f is given by (5.7).

Proof Proceeding as in Lemma 5.1, we introduce the sequence {w® = 5%1‘[5(65’5)}5. From
(5.4), the sequence 7 (w, ), is uniformly bounded in [L2(0, L; H'(Y))]?, satisfing the assumption
of Theorem 3.1. Hence, there exists 7 e V' such that the weak convergences (5.8) hold.
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5.3 The case lim L)
(£,6)—(0,0) ©

vV = {U € [L*((0,L) x (0,1); H' (w))]? ‘ / vi(z3,y)dy1dys = / Yav3(z3,y)dy1dys = 0,

w

/ (y1v2(zs,y) — yovr(23,y))dyrdys =0 for a.e. (x3,y3) € (0,L) x (0,1),

1
Ui(x:ia y)dy3 =0 for a.e. (Q?g, Y1, .742) € Q}

o

For every v € [L*(0,1; H' (w))]* we define ¢f), by

1 8113
ey (v) | ey (v) | 30m
| |
1 6’03
ey ()= | ey @) | exnylv) | 300 (5.9)
| |
10vs | 10vs |0
20y 2 Oyo

~0 =0
Lemma 5.3 There existsu € V  such that (up to a subsequence)

1 ~0
STa(m) =W+ T

1 ~
STes(e(T@ ) = ey (@) + €3, (@) weakly in [L2((0, L) x V)|,

weakly in [L*((0,L) x (0,1); HY(w))]?,

where @ is introduced in Lemma 3.2 with e, defined by (3.5) and where €, is given by (5.9).

Proof We proceed as in the two previous Lemmas 5.1-5.2, but here using part 1 of Lemma
3.1.

The following section is devoted to the study of the whole limit field u according to the
different values of 6.

6 The Limit Problems

Let us make more precise the framework in which the convergences and, consequently, the
limit problems are obtained.

(1) First, based on the decomposition

0] 01 0 0] 0] 0
42U 42U
EU,0u=—5|0 1] 0| 0 2o ] 0] o0
Wi\o o] /) W \o|o| —p
tae (O 10 | —w du, (O 1O |1
+§£0|0|y1 §£0|0|0
\N=y2 |y | O 3\1 ] 0] o0
0] 0] 0 0] 0] 0
%%0|0|1 %o|0|0,
Ao | 1] o0 N0 | o |1
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we can represent this strain tensor in a more compact form (recall that Y = w x (0, 1))

E(U, 0,u)(x3,y) = gi(r3)Ai(y) for ae. (z3,y) € (0,L) x Y (6.1)
with an obvious definition of the matrices A; and unknowns g;,7 = 1,--- ,6, formed with the
unknowns (U”, ©,u').

(2) Under the assumptions on the forces given in Subsection 2.4, (fi, f1, ga. f,) € [L2(0, L))°
and for all displacement field (V, ¥, v) € Vq we have introduced the potential energy

L
/ F(Va \I/,y)dZEg
0
L
I + I I I
= |w|/ (faVa + ( 1|w| 2)fT\Ij — (| 1| 1V/ | 2| QQVQ) —|—iaya + f3y3)dx3. (6.2)
0
In the sequel we will also make use of another set of unknowns, namely, for the displacement

field V = (V| ¥, 0v), with (V,¥,v) € Vi we will associate the equivalent formulation of the
potential energy

L
/ W|F -V das (6.3)
0
with

/fl dt— 91 /fz 2| ) I1|—|—|Ing7 I anf) (6.4)

Even though the treatment of the three different values of 8 is quite similar, we decided to

present them in three self-contained sub-sections.

6.1 The case lim s — “+o00
(£,6)—(0,0) ©

To any ((V, \Il,@,%) € Vper x V we associate the corrector field
@1 + /E\l - yQ(I}
@2 +7, + yl(l\/

A
Y1 T Y25 Dys

<)

V= + (6.5)

belonging to
1
V= {V € [L2((O L); H;er ))]3 ‘/ V(zs,y)dys =0 for a.e. (x3,91,y2) € Q}
0

The spaces \Afpe, <V (endowed with their usual norms) and V are isometric. To any Vev
we associate the symmetric tensor (see (4.1) and (5.5))

16V1
0 0
2393
0o (T 19Vs
EX(V) = 0 0 —_Z2 1. 6.6
=) 35y, (6.6)

1oV 1oV oW
20ys 20ys  Oys
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By collecting the convergence results given by Lemmas 4.1 and 5.1 we can state the following

result.
Corollary 6.1 There exists a subsequence of (¢,6), still denoted (e,9), limit displacement
fields and correctors (U,0,u) € Vg, w € V and U €V such that
1 ~
57;5(6(’(1,5"6)) — E(U,0,u) + ey (u) + E;(U)  weakly in [LQ((O7 L) x Y)]gxg, (6.7)

where the strain tensors are given by (3.4)~(3.5) and (6.6).

We endow Vi x V x V with the following norm:

I(V, ,2),7, V)|

-~ ~

— \// (E(V,0,v) 4 ey (D) + E2(V)) : (E(V,0,0) + ey (V) + Ege(V))dazdy.
(0,L)xY

Lemma 6.1 On the space Vi x V x V, the norm Il - || is equivalent to the usual norm of

this product spaces.
Proof Due to the fact that fol V(zs,y)dys = 0 for ae. (z3,y1,y2) € Q, we first have
H((V, V,v),7, ‘7)"2 = / (BE(V,0,v) + €y’ @) : (E(V,0,v) + Cy’ (0))dz3dy:dy2
Q

+ / EX(V): BZ(V))dzsdy.
(0,L)xY ‘

The 3D Korn’s inequality, the periodicity of V and its mean value property imply the existence
of a constant C' > 0 such that

HV||[2L2(O,L;H1(Y))]3 <C © L)XYE;):(V) : E;;’(V)dxgdy.

Then we easily prove (see [7])

IVIIEe20,002 + elfano,nye + 191 0.2) + 1811720,y w2
< /(E(V, 0,v) + ey (0)) : (E(V,0,v) + ey (v))drzdyrdys.
Q

The existence and uniqueness of the limit fields and correctors (U, ©,u,u) and U are given

in the following theorem.

Theorem 6.1 The limit fields (U,0,u) € Vv, T E V, U €V solve the coupled variational

problems:

/ A(y)(E(U,0,u) + ey (@) + EX(U)) : (B(V,¥,0) + ey (v) + E2(V))dzsdy
(0,L)xY

L
:/ F(V,0,0)des, V(V,U,0) €V, TV, VeV, (6.8)
0

where the potential energy is given by (6.2).
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Proof Based on the decomposition (2.11) we choose (V,¥,v) € Vi, 7 € [CHQ)P NV
vanishing on I'g s and we select the test-function
Vl(Zbg) +Ql ($3) — $2\I/(ZE3)

i = | ot ¥ | g 212
(5) 11 St — 2, 2
V3(T3 1?1d T3 deg

A straightforward calculation leads to the convergences

%7;,5(6(@&5)) L B(V,U,0) + ey (5)  stromgly in [L2((0, L) x Y)**?,

1

L
52 F§ 050 dz — / F(V, U, v)dxs.
0

Now, dividing (2. 17) by 82 then transforming with 7¢ s (the left hand-side) leads to

1 1

1
[ Tsa®) STs(eu ) s Toslelvdaady = 55 [ Fy-o%aa,
(0,L)xXY 0 0 6% Jo,

and by passing to the limit, we get

/ AW)(B(U,0,u) + ey (@) + B2 (U)) : (E(V,,0) + e (7)) dagdy
(0,L)xY

L
:/ F(V, ¥, v)dxs.
0

Let us introduce the correctors V € [C(0,L; H) ., (Y))]° N V and consider the second test-
~E, 6

@Eﬁ(x):g? (3,921 ? { }) for a.e. z € Q.
=542 +

10550 _ oV 109°° 5 OV
The simple computation §%-— = Sua and 3 e < Bus

functions v

yields the strong convergence
1 00 /5 .
57;,5(6(66=5)) — E°(V)  strongly in [L*((0,L); H'(Y))]**?

which, since fm F5-7%°dx — 0, achieves establishing (6.8).

Set C*° the 6 x 6 symmetric matrix defined by its elements
= [ AwB ) Ay = | AGB ) < B ), (6.9)

where the second order tensors B5° are given in (6.13).

Theorem 6.2 Under the assumptions on the forces given in Section 2.4, (fi, fT,ga,L_) €
[L2(0, L)]°, the limit displacement field (U, ©,u) € Vi is the solution of the variational problem

L L
/ CoU -V g — / F(V,9,v)dzs, Y(V,0,0) € Var, (6.10)
0 0

where the symmetric matriz C* is given in (6.9) and where

u:(UI1|UI2|®|£1|22|23)T7 V:(V11|V12|‘1’|21|22|23)T-



Homogenization of Periodically Heterogeneous Thin Beams 419

Proof Forall5 eV, Ve \A/, set ¥ =T+ V and denote

G2 (D) = ey (0) + E(V),

We rewrite (6.8) with (V, ¥, v) = 0 that as:
Find o € V @ V such that for all 7 € V @ {\7,

/AG;"(&):G;O(%)dy:—/ AE(U,0,u) : G (@)dy. (6.11)
Y Y

We consider the decomposition of the strain tensor E as given by (6.1), and we introduce
the 6 auxiliary fields £° € V@V, i = 1,---,6, as the unique solution to the following six
independent variational problems:

/ AGYE (%) : G (D)dy = —/ AA; : G (v)dy. (6.12)
Y Y

The solution of problem (6.11) is under the form u(xs,y) = g;(x3) Ego (y).
Hence e, (u) + E;’O(ﬁ) = Gy (u) = 9GP (£2°). Let us return to the limit homogeneous
problem (6.8) with T =0, V = 0:

L
/ A(gmAm + gleo(ﬁfo)) : hj.Ade?gdy = / F(V, \I/,y)dZEg, V(V, \IJ,Q) € Vm,
(0,L)xY 0
where h is formed with the unknowns (V”, ¥’ v'). Letting

B = A+ GF(€°), i=1," 6, (6.13)

we get

/OL gi(xg)hj(xg)(/yA(y)Bfo(y) : Aj(y)dy)dxg = /OL F(V, ¥, v)dxs.

6.2 The case lim £ =0 €]0,00]
(£,6)—(0,0) ©

~

~ o~ ~ =0
To any ((V,¥,7),7) € Vper X V we associate the corrector field

1~ N ~
5V1 +0U; —y2 ¥

<
|

s ~ -

g2t +n¥ +T (6.14)
o O 0V
S Y3 vz 0ys3

S

belonging to

~

V= {V € [L*((0, L); H) (V)] ‘/0 V(zs,y)dys =0 for ae. (x3,51,92) € Q}
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~ =0 ~ ~ ~
The spaces Vper x V' and V (endowed with their usual norms) are isometric. To any V € V

we associate the symmetric tensor (see (4.1) and (5.7)),

% 5 1,0V,  9Vs
e11.y (V) €12,y (V) 5(98—yg+3—y1)
% % - 1, 0V, OV
Ee V = , , 1 —2 —3 6'15
" Az (V) @22y (V) 2( dys 8y2) (6.15)
L(pOlh | V) 100k, OVay Vs
2\ Jdys  On 2\ Jys  Oys dys

By collecting the convergence results given by Lemmas 4.1 and 5.2 we can state the following
result.

Corollary 6.2 There exists a subsequence of (,9), still denoted (e,0), limit displacement
fields and correctors (U,0,u) € Vo, T € V and U €V such that

%ﬁ,g(e(us"s)) — E(U,0,u) +ey(u) + Ez(ﬁ) weakly in [L*((0, L) x Y)]**3, (6.16)

where the limit of the symmetric strain tensor is obtained using (3.4)—~(3.5) and (6.15).

We endow Vi x V x V with the following norm:

I(V, ,2),7, V)|

~ -~

= \// (E(V,0,v) 4+ ey (D) + ES(V)) : (E(V,0,v) + ey (0) + ES(V))dw3dy .
(0,L)xY

Lemma 6.2 On the space Vi x V x V, the norm I - || is equivalent to the usual norm of
this product spaces.

Proof Due to the fact that fol V(xs,y)dys = 0 for a.e. (z3,y1,y2) € Q, we first have
1V, ,0),5,V)|* = / (E(V,0,v) +ey(0)) : (E(V,0,2) + ey (V))dzsdydy,
Q

+ / ES(V): BS(V))dzsdy.
(0,L)xY

Now, consider the change of variable y = (y1,v2,%3) € Y & 2z = (y1,y2,0y3) € Y? =
w x (0,6) which transforms the scaled beam of section w and length 1 to a beam of section w
and length 6. We define the new function V? € [L2((0,L); Hllmr(Ye))]3 associated to V given
by (6.14),

\79(2') = 17(2'1,22, %3), VzeY?. (6.17)

One has

E.(V)(2) = (ei.-(V')(2) = E(V) (Zl’ = %3)
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The 3D Korn’s inequality, the periodicity of V and the mean value property of 1% imply the

existence of a constant C' (which depends on ) such that

VO 20,101 (royys < C E.(V?): E.(V?))dzsdz.
(0,L)xY?

Hence, there exists a constant C' (which depends on ) such that

IV I1E20.Lem vy < € EY(V) : BS(V)da;dy. (6.18)
(0,L)xY

We easily prove (see [7]),
VI 0,22 + Nl e o,nye + 1l a0,y + 11702 (00,0) xw2
< / (E(Vv 672) + ey’(ﬁ)) : (E(Vv 672) + ey’(ﬁ))dx3dyldy2~
Q

The existence and uniqueness of the limit displacement fields and correctors (U, O, u, @) and

U are given in the following theorem whose proof is obtained as in the previous section.

Theorem 6.3 The limit fields (U,0,u) € Vi, T € V, U €V solve the coupled variational
problems:

/ A(E(U,8,u) + e, (@) + Ey(0)) : (E(V,¥,0) + e, () + E)(V))dwsdy
(0,L)xXY

- /OL F(V,U,0)dzs, V(V,U,0) € Var, 7€V, VeV, (6.19)
where the potential energy is given in (6.2).
Then we are in the position to state the main result in the case 6 €]0, co].
Theorem 6.4 Under the assumptions on the forces given in Section 2.4, (f;, fT,ga,L.) €

[L2(0, L)]°, the limit displacement field (U, ©,u) € Vi is the solution of the variational problem

L L
/ U - V'das = / F(V,¥,v)dzs, Y(V,¥,0) € Vym (6.20)
0 0

and the 6 x 6 symmetric matriz C? is given in (6.22) and where

u:(U/1|U/2|9|H1|22|Q3)T7 V:(V’1|V’2|\Il|y1|y2|y3)T.

Proof The proof follows the same scheme as before. For allv € V, Ve V we set v = v+\7
denote GY(?) = e, (v) + Ef (V) and introduce the 6 auxiliary fields & e VoV, i =1,--- 6,

as the unique solution to the following six independent variational problems:
/ AGO(E) : GO / AA; G (6.21)
The limit problem (6.20) is obtained by defining the 6 x 6 matrix C? by its elements, as
/ A(y)By, (y) : Ap(y)dy = /Y A(y)BE,(y) : Bo(y)dy (6.22)

with
0 ) -
Bi = A +Gy(&), i=1,---,6.
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6.3 The case lim LI
(£,6)—(0,0) ©

o~ o~ ~ ~ =0
To any ((V,¥,7),7) € Vper X V we associate the corrector field
Vi + Uy — yz\f/
Vo +3, + ¥

S Y3 vz 0ys3

(6.23)

<)

<
[

+

belonging to

V= {‘7 € [L*((0,L); H) (. (V)] ‘/( V(zs,y)dys =0 for ae. (z3,51,92) € Q}
0,1)

~ =0 ~ ~ ~
The spaces (endowed with their usual norms) Vper x V- and V are isometric. To any V € V

we associate the symmetric tensor (see (4.1) and (5.9))

N N 10V
ey (V) | ey (V) | Ea_yf
| |
PN N N 19V
Ep(V)= ey (V) | emy(V) | === (6.24)
2 0y
| |
Lovs 1oV
26y1 28y2

By collecting the convergence results given by Lemmas 4.1 and 5.3 we can state the following

result.

Corollary 6.3 There exists a subsequence of (,9), still denoted (,0), limit displacement
fields and correctors (U,0,u) € Vg, T € V and U €V such that

1 R _ ~ )
57;5(6(’11 ) = E(U,0,u) + e, (7) + Eg,(U) weakly in [L*((0, L) x Y)]3*3, (6.25)
where the strain tensors are given by (3.4)~(3.5) and (6.24).

We endow Vi x V x V with the following norm:

(Y, @, v),5, V)|

- \/ / (E(V,0,v) + ey (@) + EL (V) : (E(V,0,0) + ey () + B (V)) dwsdy.
(0,L)xY

Lemma 6.3 On the space Vi x V x V, the norm I - || is equivalent to the usual norm of

this product spaces.
Proof Due to the fact that fol ‘7($3, y)dys = 0 for a.e. (x3,y1,y2) € Q, we first have
(V. ,0),7, V)| = / (E(V,0,v) + ey (D)) : (E(V,0,0) + ey (v))drsdyidyz
Q

+ / ES(V): ES(V))dasdy.
(0,L)xY ‘
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The 3D Korn’s inequality, the periodicity of V and the mean value property of 1% imply the

existence of a constant C'. Hence, there exists a constant C' such that

||V||[2L2(O,L;H1(Y))]3 <C ES(V) : ES(V))dJCde-
(0,L)xXY

We easily prove that (see [7])

||V||[21L12(0,L)]2 + ||EH[2H1(0,L)]3 + 1 ¥z 0,2) + ||5|\[2L2((0,L)xw)]3
< /(E(V, 0,v) + ey (0)) : (E(V,0,v) + ey (v))drzdyidys.
Q

The existence and uniqueness of the limit fields and correctors (U, ©,u, ) and U are given

in the following lemma.

Theorem 6.5 The limit fields (U,0,u) € Vi, T € V, U €V solve the coupled variational
problems:

/ A(E(U,0,u) + e, (@) + EY (D)) : (E(V,¥,0) + ey (0) + E(V))dzady
(0,L)xY
L
:/ F(V, ¥, v)dzs, Y(V,¥,0)€ VM, 0V, VEV, (6.26)
0

where the potential energy is given by (6.2).
Then we are in the position to state the main result in the case 6§ = 0.

Theorem 6.6 Under the assumptions on the forces given in Section 2.4, (fi, fT,ga,L_) €
[L2(0, L)]°, the limit displacement field (U, ©,u) € Vi is the solution of the variational problem

L L
/cou’~v’da:3:/ F(V,¥,v)dxs, Y(V,¥,v) € Vi, (6.27)
0 0

where the 6 x 6 symmetric matriz C° is given in (6.30) and where

u:(UI1|UI2|9|H1|92|23)T7 v:(V11|V12|‘I’|21|22|23)T'

Proof The proof follows the same scheme as before. For all 7 € V, Ve \Af, set =7+ V
and denote
GO() = ey (T) + EY(V).
We rewrite (6.26) with (V, ¥, v) = 0 as: Find o € V@ V such that for all 5 € V@ V,
0/ . A0/ A0
/YAGy(u) 1 Gy (v)dy = —/YAE(U, 0,u) : Gy (v)dy. (6.28)

We consider the decomposition of the strain tensor E as given by (6.1) and introduce the 6
auxiliary fields E? € VEBV, i=1,---,6, as the unique solution to the following six independent

variational problems:

/ AG () Y@ / AA; : Gy (6.29)
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The solution of problem (6.28) is under the form

(a3, y) = gi(zs) & (y).

~

Hence e, (_) ( ) = 2( ) = g:GY (£9). Let us return to the limit homogeneous problem
(6.26) with 7 = 0 V=

_ L
/ A(gmAm —l—giGg(@Q)) thjAjdesdy = / F(V, 0, v)das, Y(V,T,0) € Vyr,
(0,L)xY 0

where h is formed with the unknowns (V”, ¥’ v’). Letting
0 _ 020 L
BZ_AZ+Gy(€z)7 i=1,--,0,
we get
L L
/ gi($3)hj($3)(/ A()B(y) - Aj(y)dy)d5€3 =/ F(V, ¥, v)dxs.
0 Y 0

The limit problem (6.27) is obtained by defining the 6 x 6 matrix C° by its elements
= [ AW Ay = [ AwBLG) < B (6.30)

6.4 Strong formulation

Let us remark that the six order unknown U = (U;) = (U’,0,u) € [H'(0, L)]® obtained for

( 6}111%0 x 2 = 400, 0,0 solve respectively the limit problems (6.10), (6.20), (6.27) which can be
£,0)—

written in the form
L L
/ cu' -V das :/ F -V daxs,
0 0
where

V=V |Vy ||y [vy|uy)", (V,¥,0)€VMm

and where F is given in (6.4), and the fourth order symmetric positive elasticity tensor takes
respectively the value C>,CY, C° associated to the fields u>=.u’,u’.

Since, whatever the value of ( 6}11%0 0 g, we have the boundary condition U(0) = 0. One
€,6)—(0,
can also write these problems as
U du
—C—5=F, U0)=0, —(0)=0.

das dzs

Remark 6.1 Even though the initial elasticity tensor a®° is diagonal and depending only
upon the variable 3, generally, the homogenized six-order elasticity tensor C*°, C? and C°, given
respectively by (6.9), (6.22) and (6.30), will be coupled so that the limit fields U4, U’ U° will
be the solution of coupled systems.



Homogenization of Periodically Heterogeneous Thin Beams 425
7 Asymptotic Expansion

We recall the decomposition (2.11),
AUy’
B dZZ?23 (CE3)

u (z) = US° (23) + u° (x3) + +d[Ui"5 (z3) A (z1€1 + T9e0) + T (x)  ae. x € Q5.
d$3

@s,é(xg)

With appropriate definition of the vectors T, U and of the functional spaces V, \Ys (according to
the value of the limit ), we have established in (4.3), (6.7), (6.16) and (6.25) the existence of

limits

(U,0,u) e Vy, TweV, TeV, UeV
such that
Tos(ws?) = U weakly in [L?(0, L; H'(Y))]?,
1
gﬁ,g(ufﬁ ~U%) ~u+R weakly in [L2(0, L; H'(Y))]?,
1 ~ .
57;5@6’5 — U’ —~Tu+a weakly in [L2(0, L; H'(Y))]?,
1 —~
57;5(6(U§’5)) — B(U,0,u) + e, (@) + E,(U) weakly in [L?((0, L) x Y)]°
with U
2
—d—%(%)
R(z) = dU; A (z1€1 + xae2) for a.e. (z € Qs).
+d—( 3)
x3
O(x3)

This suggest an asymptotic expansion up to the second order in ¢, 6,

u=?(z) = Ulxs) + R(z) + eRe(2) + Sulxs)
—i—a&@(x&{%})_,_52@(563’&’@)+525(x37ﬂ7ﬁ’{%})+_,,

) )
with
“ae {2}
Re(z) = _’_((11;21 (%37 {$3 }) A (z1€1 + 29€3). (7.1)

~ x
o(=-{7})
€
It is of interest to note that the corrector u appears in the expansion at the same order §2 as .

Remark 7.1 Following the lines of [4, Chapter 10, Section 9] we obtain these two results.
(1) The function 6 ~ C? from [0, +-oc] into R6*% is continuous and uniformly elliptic. And
as an immediate consequence we can establish that the function 6 — U? = (U, 0% u?) from

[0, +00] into Vi is continuous.
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(2) We can also prove that the limit problem corresponding to § = 0 is the one obtained

when first € goes to 0 and then § while the limit problem for §# = +o00 is the one obtained when

first 0 goes to 0 and then & (see also [6]).
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